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Fast electron impact was used to study the generalized oscillator strengths of the inner-shell excitations in
atoms and molecules previously. In this work, a nonresonant inelastic x-ray scattering technique is extended
to determine the generalized oscillator strengths of (1σg → 1πg) + (1σu → 1πg) inner-shell excitations of
molecular nitrogen in the squared momentum transfer range of 0.86 to 14.40 a.u. at a photon energy of about 10
keV and an energy resolution of about 1.3 eV. The present generalized oscillator strength strictly follows the first
Born approximation and thus provides a rigorous test to the previously calculated results and the experimental
ones measured by the electron energy loss spectroscopy. The presently extrapolated optical oscillator strength at
zero momentum transfer is in accord with most experimental results and the theoretical data with the correlation
effect considered carefully. This work indicates that the nonresonant inelastic x-ray scattering technique is a
powerful tool to study the core excitation mechanism in atoms and molecules.
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I. INTRODUCTION

Core excitation is a unique characteristic of elements
and attracts widespread attention. Generally, the core excited
states of atoms or molecules were studied by x-ray pho-
toabsorption spectroscopy, and the dynamical processes were
explored by the resonant inelastic x-ray scattering (RIXS) and
resonant Auger spectroscopy (RAS) techniques. From these
dynamical processes, many phenomena [1–3], such as the
spatial quantum beats and the collapse of vibrational struc-
ture, were observed and the potential energy surfaces were
extracted [4,5]. The core-hole created in the inner-shell ex-
citation of the molecule with inversion symmetry encounters
the well-known localization puzzle, i.e., whether the created
core-hole is localized around a single atom or delocalized
over different ones. For the homonuclear diatomic molecule
such as N2, the localization picture predicts one final states
for the 1s ionization or excitation, while the delocalization
picture predicts two final states due to the g-u splitting of
1s core holes. Furthermore, the localization or delocalization
picture also presents the asymmetric or symmetric angu-
lar distribution of the photoelectrons, Auger electrons, and
ionic fragments. As a result different experimental techniques
including photoelectron, Auger electron, ionic fragment spec-
troscopies, as well as the coincidence one were used to explore
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this issue [6–9]. More recently, the 1s core hole created in the
excitation of N2 was studied by using a high-resolution angle-
resolved electron energy loss spectrometer [10]. In addition,
the relaxation [11] and electron correlation effects accompa-
nied with the core excitation further complicated theoretical
studies. Usually, these effects could be tested by comparing
the experimental results with the theoretical calculations, with
and without the corresponding corrections [12].

In addition to the excitation energy, the generalized and
optical oscillator strengths can also be used to test the
calculated wave functions of the inner-shell excited states.
Photoabsorption measurements were widely used to de-
termine the excitation energy and corresponding optical
oscillator strength (OOS). The generalized oscillator strength
(GOS) was first introduced by Bethe [13,14] to describe
the collisional excitation by charged particles in atoms and
molecules. For a definite transition at the excitation energy
En, the GOS is defined as [15,16]

f (K, En) = 2En

K2

1

4π

∫
ζ (K, En)d�, (1)
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∣∣∣∣∣
〈
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Here, f (K, En) stands for the GOS, and ζ (K, En) is the inelas-
tic squared form factor (ISFF). �0 and �n are the N-electron
wave functions for the initial and final states, respectively. K
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is the momentum transfer vector from the the charged particle
or x ray to the target and K is the norm of the vector K. r j

is the position vector of the jth electron. The integration of
� represents the average over the orientation of the molecular
axis with respect to K. The momentum transfer dependence
behavior of GOS provides fresh insight into the theoretically
calculated wave functions of inner-shell excited states. A fast
electron was commonly used to probe the GOS for atoms and
molecules previously by using an angle-resolved electron en-
ergy loss spectrometer. Usually, the first Born approximation
(FBA) works well for low-lying valence excited states when
the incident electron energy approaches several keV [15,16].
However, the core excitation energy usually reaches several
hundreds eV, making it difficult to satisfy the FBA by increas-
ing the incident electron energy. In addition, many difficulties
are brought about by the small scattering cross sections and
the complicated normalization procedure. Therefore, the ex-
periments for core excitation GOSs are much less than those
of valance ones [17].

Nonresonant inelastic x-ray scattering (NRIXS) technique
was already used to measure the GOSs of low-lying valence
excited states in atoms and molecules since 2010 [18,19],
and has also been used to study vibronic effects in the x-
ray absorption near the edge structure of N2, N2O, and CO2

molecules [20]. When the energy of the incident photon is far
away from the resonance, the relationship between the GOS
and the x-ray scattering cross section can be described as

f (K, En) = 1

r2
0

2En

K2

ωi

ω f

1∣∣εi · ε∗
f

∣∣2

(
dσ

d�

)
γ

. (3)

Here, ( dσ
d�

)γ stands for the x-ray scattering cross section, ωi

and ω f are the energies of the incident and scattered photons,
and r0 ≡ e2/mec2 is the classical electron radius. εi and ε f are
the polarized vectors of the incident and scattered photons,
and |εi · ε∗

f |2 equals 1 if the polarization directions of the
photons are perpendicular to the scattering plane, which is
the adopted arrangement of this work. The major advantages
of x-ray scattering are as follows [21]: (1) The form of the
NRIXS transition matrix element is equal to the FBA satisfied
electron energy loss spectroscopy (EELS) one, while the va-
lidity condition in the electron impact method is a complex
and difficult problem [22,23]; (2) the scattering cross sec-
tions do not decrease according to the law of 1 / K4 as in the
EELS method when the momentum transfer increases [24];
and (3) the normalization procedure is very simple. To date,
NRIXS has not been used to determine absolute GOS data for
core excited states in atoms and molecules. Here, we extend
its application for measuring the GOS of the (1σg → 1πg) +
(1σu → 1πg) core excitation in molecular nitrogen (N2).

The GOSs for the (1σg → 1πg) + (1σu → 1πg) core ex-
citations in N2 were studied both experimentally (electron
scattering) and theoretically [25–29]. Experimentally, the
measured GOSs are highly correlated to the incident elec-
tron energy. The recent study on the core excitation in N2

[10] by the high-resolution EELS focused on resolving the
dipole-allowed and dipole-forbidden transition components.
However, the incident electron energy of 1500 eV was far
from satisfying the FBA, and the absolute GOS for the core
excitations were not available in their work. The FBA seems

to be satisfied when the incident electron energy is as high
as 25 keV because the experimental results are very close
to the GMSCI-calculated results [26,28]. However, it is still
necessary to use another completely different method to cross
check it. Therefore, in the present work, the absolute GOS for
the (1σg → 1πg) + (1σu → 1πg) core excitation in N2 is mea-
sured by using x-ray scattering, demonstrating the feasibility
of NRIXS in determining GOSs for core excitations of atoms
and molecules.

II. EXPERIMENTAL METHODS

The experiment was carried out at the beamline BL15U at
Shanghai Synchrotron Radiation Facility (SSRF). A detailed
description of the instrument can be found in Ref. [30], and
the measurement was performed at incident photon energies
around 9885.7 and 10286 eV with an energy resolution of
about 1.3 eV to measure the elastic and inelastic scattered
signals, respectively. During the measurement, the Si(555)
spherical crystal photon analyzer was operated at a fixed en-
ergy of 9885.7 eV. The energy loss spectra were collected by
scanning the incident photon energy. The squared momentum
transfers from 0.86 to 14.40 a.u. were realized by varying
the scattering angles from 20◦ to 90◦. Considering the small
excitation cross section, the N2 gas was compressed in a
chamber sealed by the beryllium window at a pressure of
10 atm to increase the scattering intensity. The incoming and
outgoing photon paths were filled with helium gas to avoid
strong absorption by the air.

Absolute GOS data were obtained by normalizing the
inelastic scattering intensity to the elastic scattering signals
measured at the same angle via

f (K, En) = 2En

K2

ωinel

ωel

Ninel(En, θ )

Nel(θ )

1

4π

∫
ζ (K)d�. (4)

Here, Ninel and Nel are inelastic and elastic scattering intensi-
ties that are normalized to the photon flux monitored in real
time. ωinel and ωel are the energies of the incident photons for
the measurements of inelastic and elastic signals, respectively.
θ is the scattering angle. The gas pressure and the effective
interaction length are eliminated since they are identical for
the inelastic and elastic scatterings. The elastic squared form
factor (ESFF) ζ (K) is defined as

ζ (K) =
∣∣∣∣∣
〈
�0

∣∣∣∣∣
N∑

j=1

exp (iK · r j )
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〉∣∣∣∣∣
2

. (5)

The ESFF of N2 are calculated with the theoretical ground-
state wave function prepared by the GAUSSIAN16 program
using density functional theory (DFT-B3LYP) with the aug-
cc-pVTZ basis set [31–33]. Note that the core excitation
signals are actually superimposed on the Compton profile
and the stray photons constitute the background. To extract
the absolute inelastic scattering intensities for core excitation,
the Compton profile was also calculated with the ground-
state wave function. The Compton profile and the calculated
GOS by Bielschowsky et al. [28] are used to calculate the
x-ray scattering intensities. Figure 1(a) presents the simulated
NRIXS spectrum by convoluting the calculations with the
present instrumental function at 30◦. As shown in Fig. 1(b),
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FIG. 1. (a) The calculated NRIXS spectrum at 30◦. (b) The
comparison of the present experimental data and calculated results
between 10.284 keV and 10.289 keV.

the simulated spectrum is in fair agreement with the experi-
mental data. The background signals could be subtracted with
a linear function in the least-squares fitting since the line width
of the core excitation is quite narrow compared to the width
of the Compton profile.

Since the instrumental function cannot be described by a
single Gaussian function [30], we use three Gaussian func-
tions to fit the elastic peak as shown in Fig. 2(a), and take it
as the instrumental function. An additional Gaussian profile
accounting for the broadening effect of core excitation is con-
voluted with the instrumental function to fit the core excitation
spectra [21]. Figure 2(b) shows the inelastic core excitation
spectrum at 30◦ and the fitted curve. The excitation energy is
determined as 401.1 eV.

The experimental error of the present GOS includes the
contributions from the finite angular resolution, the angle
determination, the statistical counts, the least-squares fitting,
and the normalizing procedure. The total experimental errors
are generally around 10–15% as shown in the corresponding
figures.

III. RESULTS AND DISCUSSION

N2 is a molecule with the ground-state configuration of
1σ 2

g 1σ 2
u 2σ 2

g 2σ 2
u 1π4

u 3σ 2
g 1π0

g 3σ 0
u . In this work we describe the

excited states in the delocalized frame, i.e., the core excitation
does not break the symmetry and the excitation feature at
around 401.1 eV consists of the dipole-forbidden 1σg → 1πg

and the dipole-allowed 1σu → 1πg components. The energy
interval between these two states is 67 meV [10,27,28,34,35],
which is much narrower than the present energy resolution

-2 -1 0 1 2
0

2000

4000

6000
NRIXS data
Fitted curve

C
ou
nt
s

(a)

(b)

399 400 401 402 403
0

100

200

300

Energy Loss (eV)
C
ou
nt
s

FIG. 2. The present data and fitted results at 30◦ for (a) the elastic
peak and (b) the 1s preionization peak.

of 1.3 eV. Therefore, the sum GOS of these two states is
determined in the present work.

Figure 3 shows the comparisons of the present GOS with
the previous experimental [25,26] and theoretical [27–29]
data. The EELS measurement at 3.4 keV is generally lower
than the present x-ray scattering data and the calculations
except the data in K2 � 1 a.u., which may be caused by
the failure of the FBA. At high electron energy of 25 keV
[26], the EELS data agree better with the x-ray scattering
and FBA calculated results. The oscillatory GOS data with
respect to K2 and the slightly lower values in K2 � 1 a.u.
at 25 keV are likely to be attributed to the limited angu-
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FIG. 3. The sum GOS of 1σg → 1πg and 1σu → 1πg along with
the previous experimental and theoretical results for comparison.
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FIG. 4. Comparison between the present GOS of (1σg → 1πg)
+(1σu → 1πg) and the calculated results in Ref. [28]. The green
and blue dashed curves represent the separate GOS of these two
transitions. The red curve is the sum GOS of these two transitions
and the gray line represents the result fitted by the Lassettre formula
[36].

lar resolution and the difficulty in angle determination at a
very high incident electron energy. Rescigno and Orel [27]
calculated the GOS for the core excitation in N2 using the
limited configuration-interaction (CI) calculations with local-
ized 1σ orbitals. Theoretical results were also obtained by the
Hartree-Fock frozen-core calculation (HFFC) and by using a
generalized multistructural wave function in a nonorthogonal
configuration interaction (GMSCI) approach [28]. The HFFC
data, which do not include the relaxation, localization, and
correlation effects, are prominently higher than the electron
impact and x-ray scattering data. The GMSCI calculation,
incorporating all the important effects necessary to describe
the core excited state, yields a fair agreement with the present
measurement. More recently, the core excitation in N2 has also
been studied by the distorted-wave approximation [29].

Moreover, a shoulder structure around K2 = 8 a.u. is ob-
served in the present x-ray scattering data. As shown in Fig. 4,
the shoulder structure could be caused by the overlap of the
dipole-allowed (1σu → 1πg) and dipole-forbidden (1σg →
1πg) components. Note that the GOS for a dipole-allowed
transition has a maximum at K2 = 0 a.u. and decreasing with
increasing K2, while the GOS for a dipole-forbidden transition
has a maximum at nonzero K2. The calculated GOS profiles
show no evidence of shoulder structure. In all probability,
the calculated maximum GOS for the (1σg → 1πg) transition,
which is very sensitive to the accuracy of the wave functions,
is shifted to lower K2. The shifted maximum GOS of dipole-
forbidden transition was also observed in the valence-shell
excitations [37,38]. In addition, the present extracted excita-
tion energy of 401.1 eV is consistent with the calculated data
by Bielschowsky et al. [28] with localized orbitals. However,
the calculation with delocalized orbitals yielded a 9 eV shift
to higher energy, indicating that the correlation effect can be
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FIG. 5. Present OOS of 1σu → 1πg along with the previous
available experimental and theoretical ones.

effectively compensated by including the localized orbitals as
mentioned in Ref. [6].

Using the Lassettre formula [36], the experimental GOS is
extrapolated to K2 = 0 a.u., getting the OOS for the 1σu →
1πg transition. The extrapolated OOS of 0.198 provides an in-
dependent cross check to previous experimental [25,26,39,40]
and theoretical [27,28,41–45] results, as shown in Fig. 5. The
extrapolation agrees with the photoabsorption measurement
by Kay et al. [39] and the EELS results by Camilloni et al. [25]
and Barbieri and Bonham [26]. The photoabsorption measure-
ment by Ref. [40] is higher than the present extrapolation
beyond the error bar. Note that the correlation effect was not
considered seriously in most of the theoretical works and the
calculated data differ from the present data. The calculations
by Bielschowsky et al. [28] and Barth and Schirmer [44]
agree with the present data since the correlation effect was
included. The former authors incorporated the correlation by
using localized orbitals while the latter authors included three
electron excitation contribution in the configuration space.
In general, the correlation effect is crucial for obtaining an
accurate oscillator strength of the core excitations.

IV. CONCLUSION

In summary, the nonresonant inelastic x-ray scattering
method was extended to measure the generalized oscillator
strength for core excitation. The sum GOS of the 1σg →
1πg and 1σu → 1πg transitions in N2 is determined. The
measured GOS generally agrees with the high-energy EELS
measurement and the calculations under the FBA. Moreover,
the measured GOS is extrapolated to K2 = 0 a.u. to deter-
mine the optical oscillator strength for the dipole-allowed
1σu → 1πg transition. The extrapolation agrees well with
most photoabsorption and electron impact measurements.
Further comparisons between the experimental data and the-
oretical calculations indicate that the correlation effect is
crucial in obtaining an accurate oscillator strength for core
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excitation. The present work indicates that the NRIXS is a
powerful tool to provide reliable inner-shell GOS and OOS
data for molecules. The obtained data can be used to test the
theoretical wave functions strictly.

The implementation of the FBA in EELS studies has been
a complex problem since the validity condition depends not
only on the transition types for a definite target, but also
on the momentum transfers. The convergent behavior of the
measured GOS with increasing incident electron energy was
usually regarded as a criterion for the FBA in the EELS ex-
periment, while the convergence does not always indicate that
the FBA is feasible [38]. Nevertheless, the GOS determined
by the NRIXS method is identical to the data within the
framework of the FBA, which can serve as an independent

cross check to the EELS measurements. The rapid progress
of synchrotron radiation, x-ray free electron laser, and multi-
channel analyzer would offer great opportunities for the GOS
measurements of core excitations by using the NRIXS tech-
nique with high-energy resolution and good statistical counts
[46,47].
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