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Electric-field-dependent bimodal distribution functions for electrons in argon, xenon, and krypton
owing to the Ramsauer-Townsend minima in the electron-atom momentum-transfer cross sections
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This paper considers solutions of the linear Fokker-Planck equation for the steady velocity distribution
functions of electrons dilutely dispersed in an excess of either argon, xenon, or krypton. Owing to the large
Ramsauer-Townsend minima in the electron-atom momentum-transfer cross sections for these atoms, the steady
electron distribution, often referred to as the Davydov distribution, exhibits a bimodal distribution which varies
dramatically with the strength of the external electric field. This effect provides a unique verification of the
location and shape of the Ramsauer-Townsend minima in the cross sections. It is anticipated that current
experimental techniques that probe the details of nonequilibrium electron distributions will verify the results
reported in this paper. In addition, these nonequilibrium, non-Maxwellian distributions cannot be rationalized in
terms of either the Gibbs-Boltzmann entropy nor the Tsallis nonextensive entropy.
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I. INTRODUCTION

The statistical mechanics of electrons dilutely dispersed in
a heat bath of atoms and subjected to an external electric field
has provided a rich set of phenomena. Under the influence
of an external electric field, the electron distribution function
departs from a Maxwellian and is referred to as a Davydov
distribution [1]. The effects reported include the transient
negative mobility of electrons in xenon [2–5] and the negative
differential conductivity of electrons in He-Xe and He-Kr
mixtures [6–9], and other systems notably molecular [10–12].
The relaxation of electrons from some initial distribution to
a steady nonequilibrium distribution referred to as the Davy-
dov distribution [1] has been studied in detail [12–16]. The
investigation of the charged particle transport in the inert
gases has important applications [17] in numerous fields. The
analyses of the nonequilibrium distributions associated with
these phenomena are based on the Fokker-Planck equation for
the electron energy distribution function.

The present work is directed towards a study of the bimodal
nature of the distributions of electrons in the heavier inert
gases, Ar, Kr, and Xe, over a narrow range of external electric
field values. The bimodality arises form the Ramsauer-
Townsend minima in the electron-atom momentum-transfer
cross sections for these atoms. This effect does not appear to
have been previously studied in depth except for the work of
Makabe and Mori [18] and Zigman [19]. A bimodal particle
velocity distribution has also been observed in granular flows
[20], in laser-cooled atoms [21,22], and laser ablation [23].
The results reported here could potentially be used to better
parametrize the electron-atom cross sections.

In Sec. II, the Fokker-Planck equation that describes the
time evolution of the electron distribution is presented. This
has been employed extensively in the study of the relax-
ation of electrons in the inert gases as well as for several
molecular systems including electron attachment [24–27]. In

this paper, the steady solution is considered in detail and the
time-dependent approach to the bimodal distributions will be
reported in a subsequent publication.

In Sec. III, the details of the bimodal distributions are
presented for the three noble gases (Ar, Kr, and Xe) and
the origin of the bimodality identified. It arises from the
Ramsauer-Townsend minima in the momentum-transfer cross
sections for these atoms. A comparison of the effect in the
different atomic systems is presented as well as the use of
different electron-atom momentum-transfer cross sections re-
ported in the literature.

In Sec. IV, a review of numerous collision cross-
section data for electron-atom systems is provided with
special emphasis on the minima in the cross sections known
as the Ramsauer-Townsend minimum. The data reviewed are
not entirely consistent and there is no effort made to reconcile
the differences. The purpose is to use these data as model
cross sections to illustrate the manner in which the Ramsauer-
Townsend minima dictate the bimodal features of the electron
distributions for a small range of electric fields. These features
of the electron distribution functions are discussed.

In Sec. V, the physical origin of the bimodal form of
the distribution functions is demonstrated from the Pearson
differential equation [28,29] that defines the stationary distri-
butions. A comparison between electrons in Kr with electrons
in Xe is presented. A summary of the results is also pro-
vided with the suggestion that the effects reported here could
potentially be observed experimentally based on historical
measurements of non-Maxwellian distributions in different
physical systems.

II. FOKKER-PLANCK EQUATION FOR ELECTRONS
IN AN ATOMIC MODERATOR

We consider an ensemble of electrons dilutely dispersed in
a large excess of an inert gas (argon, krypton, or xenon) at

2469-9926/2022/106(2)/022805(7) 022805-1 ©2022 American Physical Society

https://orcid.org/0000-0003-2372-6894
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.106.022805&domain=pdf&date_stamp=2022-08-10
https://doi.org/10.1103/PhysRevA.106.022805


BERNARD SHIZGAL PHYSICAL REVIEW A 106, 022805 (2022)

temperature Tb, density n, and subject to an external electric
field of strength E . With the definitions of the reduced elec-
tron speed, x = v

√
m/2kBTb, where m denotes the electron

mass and kB the Boltzmann constant, the electron distribution
f (x, t ) is given by the Fokker-Planck equation [2,3],

∂ f (x, t )

∂t
= 1

x2

∂

∂x

[
2x4σ̂ (x) f + x2B(x)

∂ f

∂x

]
, (1)

where

B(x) = xσ̂ (x) + α2

xσ̂ (x)
, (2)

and σ̂ (x) = σ (x)/σ0, where σ0 is a convenient hard-sphere
cross section generally chosen as 1 Å2. The electric field
strength parameter α is defined by

α2 = M

6m

[
eE

nσ0kBTb

]2

, (3)

where e is the electron charge. The dimensionless time is
defined as t = t ′/τ where

τ =
[

nmσ0

2M

√
2kBTb

m

]−1

. (4)

The steady-state distribution function is given by a Pearson
differential equation [28,29] of the form

1

fss

dfss(x)

dx
= −2x2σ (x)

B(x)
. (5)

The Fokker-Planck equation, Eq. (1), describes the evolution
of the isotropic portion of the distribution function. The main
objective in the present paper is the nature of the steady-state
distributions versus the electric field strength for different
electron-moderator cross sections. With Eq. (1), the steady
nonequilibrium electron distribution arising from an interplay
of the acceleration in a steady electric field and moderated by
electron-atom collisions is given by

fss(x) = C exp

[
−2

∫ x

0

y2σ (y)

B(y)
dy

]
, (6)

where C is a normalization. The distribution function fss(x)
given by Eq. (6) is often referred to as the Davydov distribu-
tion [1,4].

III. ELECTRIC-FIELD-DEPENDENT BIMODAL
ELECTRON DISTRIBUTIONS: A REFLECTION

OF THE RAMSAUER-TOWNSEND MINIMA

There have been many determinations of the momentum-
transfer cross sections for collisions of electrons with the inert
gas atoms argon, krypton, and xenon with different techniques
both experimental and theoretical as reported by numerous
researchers[17,30–39]. A comparison of the energy variation
of the momentum-transfer cross sections for electron colli-
sions with argon, krypton, and xenon are shown in Figs. 1–3.
The choice of the log-log plots enhances the Ramsauer min-
ima in the cross sections which occur at very low energies.
Kurokawa et al. [37] show a useful comparison of the linear
and logarithmic representations of the cross sections. Some of
the cross-section data shown are used in this work as models
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FIG. 1. Momentum transfer cross sections σ (ε) in Å2 vs energy ε

in electron volts for electron-argon collisions. The nearly coincident
curves denoted by P (solid line) and HO (dashed line) are the cross
sections reported by Pitchford et al. [35] and Haddad and O’Malley
[31], respectively. The solid curve with square symbols denoted by
KK is the momentum-transfer cross section reported by Kitajami
et al. [37] whereas the solid curve with circles denoted by HCC
is the cross section reported by Hunter, Carter, and Christophorou
[34]. The log-log plot enhances the Ramsauer-Townsend minimum
in the momentum-transfer cross section. The symbols are used to
identify the momentum-transfer cross section and are not actual
data.

of the actual cross sections although some may reflect the
actual cross-section properties better than others. The results
reported in this paper could be used together with additional
experiments to better parametrize these cross-section data.

The steady electron distribution function for electrons in
argon is given by Eq. (6) and shown in Fig. 4 as F (x) =
x2 f (x). The added x2 factor is responsible for the occurrence
of the maxima in the distribution functions as it does for the
Maxwellian. The electron distribution function is given by
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FIG. 2. Momentum transfer cross sections σ (ε) in Å2 vs en-
ergy ε in electron volts for electron-krypton collisions as reported
by Mozumder [30] (MOZ: solid line with circles), Koizumi, Shi-
rakawa, and Ogawa [32] (KSO: solid line with squares), England and
Elford [33] (EE: solid line), and Hunter, Carter, and Christophorou
[34] (HCC: dotted line). The log-log plot enhances the Ramsauer-
Townsend minimum in the momentum-transfer cross section. The
symbols are used to identify the momentum-transfer cross sec-
tion and are not actual data.

022805-2



ELECTRIC-FIELD-DEPENDENT BIMODAL DISTRIBUTION … PHYSICAL REVIEW A 106, 022805 (2022)

-3 -2 -1 0 1
-1

-0.5

0

0.5

1

1.5

2

e-Xe cross section

MOZ
KSO
HCC
KK

FIG. 3. Momentum transfer cross sections σ (ε) in Å2 vs energy
ε in electron volts for electron-xenon collisions. The solid curve
with circles is the momentum-transfer cross section reported by
Mozumder [30]. The solid curve with squares is the momentum-
transfer cross section reported by Koizumi, Shirakawa, and Ogawa
[32]. The heavy solid curve denoted by HCC is the momentum-
transfer cross section reported by Hunter et al. [34]. The dotted line
denoted by KK is the cross section reported by Kurokawa et al. [37].
The log-log plot enhances the Ramsauer-Townsend minimum in the
momentum-transfer cross section. The symbols are used to identify
the momentum-transfer cross section and are not actual data.

Eq. (6) and the integral is evaluated with a Simpson’s rule.
The analytic representation of the energy dependence of the
e-Ar cross section [4] is given by

σe-Ar(ε)

= (7.8945 − 30.3097
√

ε + 30.7265ε)/(1 + 5.1640
√

ε),
(7)

with ε in eV and σ (ε) in Å2, was reported in Ref. [4] in
comparison with the cross-section data by Mozumder [30] and
Haddad and O’Malley [31]. A typographical error in Eq. (7) in
Ref. [4] is here corrected. The electric field strengths shown
in the figure are chosen to show the change in the bimodal
structure of the electron distribution function.
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FIG. 4. Bimodal distributions of electrons in argon for different
electric field strengths E/n, x = √

mv2/2kBTb, E/n in townsend,
Td = 10−17 V/cm2; Tb = 290 K. The e-Ar momentum-transfer cross
section is the analytic fit reported in Ref. [26] as given by Eq. (7).
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FIG. 5. Bimodal distributions of electrons in Kr for differ-
ent electric field strengths E/n with the momentum-transfer cross
section reported by Hunter, Carter, and Christophoru [34]; x =√

mv2/2kBTb, E/n in townsend, Td = 10−17 V/cm2; Tb = 290 K.

The steady electron distribution functions for electrons in
krypton and xenon as given by Eq. (6) are shown in Figs. 5
and 6. The cross sections for e-Kr and e-Xe collisions are
those reported by Hunter, Carter, and Christophorou [34]. As
in Fig. 4, the electric field strengths shown in the figure are
chosen so as to show the change in the bimodal structure of the
electron distribution function. The range of electric fields in
these cases is somewhat larger than for electron distributions
in argon shown in Fig. 7. It would not be possible to report on
the occurrence of these bimodal distributions for all 12 elec-
tron moderator cross sections summarized in Figs. 1–3. The
bimodality arises owing to the Ramsauer-Townsend minima
in the cross sections. The model cross sections summarized in
Figs. 1–3 would yield different effects owing to the different
positions of the minimum and the different depths.

In Fig. 7, the bimodal structure of the electron distribution
for electrons in Kr is shown in the upper graphs and for
electrons in Xe in the lower graph. The distribution func-
tions shown with the solid curve are the results with the
cross section reported by Hunter, Carter, and Christophorou
[34] whereas the dashed curves are the results with the cross
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FIG. 6. Bimodal distributions of electrons in Xe for different
electric field strengths with the momentum-transfer cross section re-
ported by Hunter, Carter, and Christophoru [34]; x = √

mv2/2kBTb,
E/n in townsend, Td = 10−17 V/cm2; Tb = 290 K.
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FIG. 7. Upper graph: Bimodal distributions of electrons in
Kr, E/n = 0.025 Tn, with the momentum-transfer cross sec-
tions reported by England and Efford [33] (dashed line) and the
momentum-transfer cross section reported by Hunter, Carter, and
Christophorou [34] (solid line); x = v/vth with vth = √

2kBTb/m,
E/n in townsend, Tn = 10−17 V/cm2; Tb = 290 K. Lower graph:
Bimodal distributions of electrons in Xe, E/n = 0.062 Tn, with the
momentum-transfer cross sections reported by England and Efford
[33] (dashed line) and the momentum-transfer cross section reported
by Hunter, Carter, and Christophorou [34] (solid line); x = v/vth with
vth = √

2kBTb/m, E/n in townsend, Tn = 10−17 V/cm2; Tb = 290 K.

section reported by England and Efford [33]. For krypton, the
two cross sections are nearly coincident as shown in Fig. 7
and the distributions are nearly coincident. The electric field
strengths were chosen to have the maxima of the distribution
functions at approximately the same values.

IV. PHYSICAL ORIGIN OF THE ELECTRON
DISTRIBUTION BIMODALITY

The physical basis for the distribution function bimodality
is due to the Ramsauer-Townsend minimum in the electron-
inert atom momentum-transfer cross section. An important
point is that the distribution functions shown in the figures are
plotted as x2 fss(x) which exhibits the bimodality. The re-
lationship with the cross sections can be determined with
the defining equation for fss(x) from the steady state of the
Fokker-Planck equation, namely Eq. (1), and given by Eq. (6).

The relationship between the bimodal distribution func-
tions x2 fss(x), in Figs. 4–7 and the Ramsauer-Townsend
minima in the momentum-transfer cross section can be ex-
plained with the Pearson differential equation [28,29], Eq. (5),

for the steady distributions, that is,

1

fss

dfss

dx
= − 2x2σ̂(

xσ̂ + α2

xσ̂

) . (8)

The bimodality of F (x) = x2 fss(x) as depending on E/n and
the RT minimum in σ̂ (x) is given by

1

F

dF

dx
= 1

x2 fss

(
2x fss + x2 dfss

dx

)

= 2

x

(
1 − x3σ̂

xσ̂ + α2

xσ̂

)

= 2

x

(
xσ̂ + α2

xσ̂ − x3σ̂

xσ̂ + α2

xσ̂

)
. (9)

Thus, the maxima in the distribution function F (x) are defined
by

x2σ̂ 2 + α2 − x4σ̂ 2 = 0, (10)

or equivalently

σ̂ 2 = α2

x2(x2 − 1)
. (11)

Thus there can be several roots to Eq. (11) as dependent on
the electric field strength E/n which defines α.

Figure 8 verifies the bimodal distribution functions as aris-
ing from the Ransauer-Townsend minima in the momentum-
transfer cross section. The upper figure shows the bimodal
distribution for electrons in Kr with the cross section reported
by Hunter, Carter, and Christophoru [34] and E/n = 0.015
Tn. The solid circles identify the minimum and the outermost
maximum in the bimodal distribution function. The lower
graph shows the analysis based on Eq. (11) with the intersec-
tion of the dashed and solid curves identifying the minimum
and maximum in the distribution. This would not occur if not
for the minimum in the momentum-transfer cross Sec. IV.

Figure 9 verifies the bimodal distribution functions as aris-
ing from the Ransauer-Townsend minima in the momentum-
transfer cross section. The upper figure shows the bimodal
distribution for electrons in Xe with the cross section reported
by Hunter, Carter, and Christophoru [34] and E/n = 0.055
Tn. The solid circles identify the minimum and the outermost
maximum in the bimodal distribution function. The lower
graph shows the analysis based on Eq. (11) with the intersec-
tion of the dashed and solid curves identifying the minimum
and maximum in the distribution. This would not occur if not
for the minimum in the momentum-transfer cross section.

The results in Figs. 8 and 9 could potentially be used to
invert measurements of the bimodal distributions to extract
the momentum-transfer cross sections. The minimum and the
maximum in the upper graph of Figs. 8 and 9 identify two
values of the momentum-transfer cross section. With a change
in the electric field strength the minimum and the maximum
move in reduced speed x as shown in Figs. 4–6 and in this way
scan the momentum-transfer cross section. Ultimately, it may
be possible to extract the momentum transfer cross section for
a range of relative energies.
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FIG. 8. Upper graph: The solid line is the bimodal distribution of
electrons in Kr, E/n = 0.015 Tn, with the momentum-transfer cross
sections reported by Hunter, Carter, and Christophorou [34]; x =
v/vth with vth = √

2kBTb/m, E/n in townsend, Tn = 10−17 V/cm2;
Tb = 290 K. The solid circles identify the outermost extrema in
the bimodal distribution. Lower graph: Analysis of the bimodal
distribution based on Eq. (11). The solid curve is σ̂ 2(x) with the
Ramsauer-Townsend minimum and the dashed curve is as noted.

V. SUMMARY

In this paper, the bimodal nature of the electron distribu-
tion function in different inert gases that act as a heat bath
was demonstrated as arising from the Ramsauer-Townsend
minima in the electron-atom momentum-transfer cross sec-
tions. The range of the electric field strengths for which the
bimodality occurs is narrow and occurs for low E/n values
as dependent on the moderator. The origin of the bimodal
structure was reported in Sec. IV.

There have been numerous reportings of measurements of
non-Maxwellian features for electrons and ions in different
physical situations. In particular, one should note the work
reported by Milder et al. [40] on the measurement of the elec-
tron distribution functions during laser heating. Takahashi,
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FIG. 9. Upper graph: The solid line is the bimodal distribution of
electrons in Xe, E/n = 0.055 Tn, with the momentum-transfer cross
sections reported by Hunter, Carter, and Christophorou [34]; x =
v/vth with vth = √

2kBTb/m, E/n in townsend, Tn = 10−17 V/cm2;
Tb = 290 K. The solid circles identify the outermost extrema in
the bimodal distribution. Lower graph: Analysis of the bimodal
distribution based on Eq. (11). The solid curve is σ̂ 2(x) with the
Ramsauer-Townsend minimum and the dashed curve is as noted.

Charles, and Boswell [41] report measurements of the electron
energy distribution functions in a double layer. Blackwell and
Chen [42] report on the measurements of the electron energy
distribution in a plasma. Lohmann and Weigold [43] reported
a direct measurement of the electron distribution in atomic
hydrogen. Although these physical situations differ from the
systems reported in this paper it may be possible to adapt
these and similar diagnostics of electron distributions so as
to measure the bimodal distributions [44–50].
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