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Spontaneous emission of a quantum emitter near a graphene nanodisk under
strong light-matter coupling
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We investigate the dynamical evolution of the spontaneous emission of a two-level quantum emitter near a
graphene nanodisk. We employ the macroscopic quantum electrodynamics methodology to study the reversible
population dynamics of the excited state of the quantum emitter in the non-Markovian limit. Our results indicate
that the quantum-emitter–nanodisk interaction enters the strong light-matter coupling regime, as manifested in
the excited-state probability where Rabi oscillations and population trapping effects are observed. The level of
non-Markovianity is estimated by computing three different well-established measures and relate them to the
quantum speedup due to the strong-coupling interaction of the emitter with the graphene nanodisk. Importantly,
high values of the non-Markovianity and quantum speedup measures are achieved when the emitter-nanodisk
interaction is strong, whereas decreasing coupling strength leads to smaller values.
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I. INTRODUCTION

In the area of quantum plasmonics the strong coupling
between quantum emitters (QEs) and the modified elec-
tromagnetic field by plasmonic nanostructures has attracted
significant interest in recent years due to several emerging
applications in sensing, chemical reactivity, and quantum
technology, among others [1–7]. In the time regime, the
strong light-matter coupling manifests itself as reversible,
non-Markovian, spontaneous emission dynamics of the QE.
The QEs are usually combined with noble metal nanostruc-
tures (typically Au and Ag), that support surface plasmon
modes to achieve the strong coupling regime; different nanos-
tructures have been used, such as finite nanoparticles, metallic
or metal-dielectric surfaces, as well as metallic and metal-
dielectric cavities [8–25]. Additionally, the strong light-matter
coupling effects in QEs near metallic nanostructures in the
frequency regime have been observed in several important
experiments [26–29].

Graphene is a two-dimensional material with important
optical properties that also supports surface plasmons; it has
been studied as an alternative for metallic nanostructures in
nanophotonics [30,31]. The graphene surface plasmon modes
lie in the near to far infrared part of the electromagnetic
spectrum [32] and can be tuned by voltage gating, doping,
or multilayer stacking. The interaction of QEs with light near
graphene monolayers and graphene nanostructures is a topic
of intense active research [32–57].

Among the graphene nanostructures, significant interest
has been attracted to graphene nanodisks interacting with QEs
by light [32–34,39,48,50,55]. The seminal work of Koppens
et al. [32] showed that graphene nanodisk is an ideal platform
for strong light-matter coupling; it can be used for quan-

tum optics at the single-photon level when a QE is placed
near the graphene nanodisk. In particular, for the model-
ing of the light-matter interaction in this paper, they used a
non-Hermitian Jaynes-Cummings Hamiltonian showing that
significant vacuum Rabi splitting is possible in a QE near the
graphene nanodisk. Furthermore, Manjavacas and co-workers
have shown that a QE coupled to a graphene nanodisk struc-
ture can result to strong plasmon-plasmon interaction, leading
to a plasmon blockade effect [34], as well as an enhancement
of the quadrupolar transitions of QEs when located in the
vicinity of the graphene nanodisk [48]. In addition, Karaniko-
las et al. have shown tunable and efficient long-range energy
transfer between two QEs via a graphene nanodisk [39],
whereas Cox et al. have studied the dipole-dipole interaction
and energy transfer in a system consisting of a three-level
QE and a graphene nanodisk embedded in a nonlinear pho-
tonic crystal [33] by analyzing the nonlinear optical response
and coherent control in a strongly driven QE-graphene nan-
odisk structure [50]. More recently, Zeng and Zubairy studied
surface-plasmon excitation in a graphene nanodisk using the
transmission of a two-level QE in its ground state through the
nanodisk [55].

Here, we explore the spontaneous emission dynamics of a
QE near a graphene nanodisk. Thus, we investigate the non-
Markovian behavior of the spontaneous emission dynamics of
a QE placed near a graphene nanodisk using the macroscopic
quantum electrodynamics approach [58], which we [59–61]
and others [62] have used in investigating the spontaneous
emission dynamics of a QE next to a MoS2 nanodisk. More
specifically, we perform electromagnetic calculations for the
calculation of the Purcell factor and the spectral density for the
QE near the graphene nanodisk; here, we note that the Purcell
factors in the case of the graphene are about two orders of
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magnitude larger than in the case of a MoS2 nanodisk which
allows for investigating the spontaneous emission dynamics of
a QE under stronger light-matter interaction conditions than in
the MoS2 nanodisk case [59–61]. Then, we use these results in
the integrodifferential equation for the probability amplitude
of the excited state of the QE, which we solve numerically in
order to obtain the QE spontaneous emission dynamics.

In our paper we go beyond the calculation of the popu-
lation dynamics of the excited state of the QE by additionally
analyzing the non-Markovian spontaneous emission dynamics
using three widely used non-Markovianity measures, namely,
the Breuer, Laine, and Piilo (BLP) measure [63] and the two
measures proposed by Rivas, Huelga, and Plenio (RHP) [64].
In addition, we calculate the quantum speed limit presented
in Ref. [65] for the evolution of the QE near the graphene
nanodisk using the time evolution of the spontaneous
emission.

In particular, we analyze the spontaneous emission dy-
namics of a QE modeled as a two-level system located at
5 and 15 nm from a graphene nanodisk of radius 30 nm,
when the free-space decay time of the emitter lies between
100 ps and several microseconds. The population dynamics
ranges from Markovian decay or weak non-Markovian re-
sponse at long distances of the QE from the nanodisk and
weak free-space decay rates to pronounced decaying Rabi
oscillations or complex Rabi oscillations at shorter distances
or for larger free-space decay rates. At short distances and
even stronger free-space decay rates, population trapping in
the excited state is also observed, which can be explained by
the creation of a bound state, which lies in our case outside the
photonic continuum [66,67]. These results are in agreement
with the non-Markovianity measures and quantum speed limit
calculations, which show large measures values and poten-
tially large quantum speedup in the case of quantum dynamics
under strong-coupling conditions, whereas both properties are
decreasing as the coupling diminishes.

This paper is organized as follows: In Sec. II, we present
the electromagnetic methodology for calculating the Purcell
enhancement factors of a QE near a graphene nanodisk and
the equation for the QE spontaneous emission dynamics. In
Sec. III, we present the results for the excited-state popu-
lation dynamics for two different distances of the QE from
the center of the graphene nanodisk and for various free-
space decay widths as well as the results for the different
non-Markovianity measures and the quantum speed limit. We
finally conclude our findings in Sec. IV.

II. THEORY

In this section, we present the theory describing the re-
laxation of a two-level QE when placed nearby a graphene
nanodisk with radius R. We consider a coordinate system with
the origin at the center of the nanodisk, which coincides with

FIG. 1. Schematic of a two-level QE with transition frequency
ω0 in proximity to a graphene nanodisk of radius R.

the xy plane, and the QE is located above the disk center on
the z axis, i.e., at rQE = (0, 0, z), see Fig. 1.

Within the electric dipole and rotating-wave approxima-
tions, the total Hamiltonian of the system is written as [58]
(we use h̄ = 1 in this paper)

Ĥ = ω0|1〉〈1| +
∫

d3r′
∫ ∞

0
dω ωf̂†(r′, ω) · f̂ (r′, ω)

+
∫ ∞

−∞
dω

∫
d3r′{g(r′, ω)[f̂ (r′, ω)|1〉〈0| + H.c.]}.

(1)

Here, ω0 is the transition energy of the QE, and f̂†(r′, ω) and
f̂ (r′, ω) denote the creation and annihilation bosonic vector
field operators for the elementary excitations of the electro-
magnetic field, which obey the usual commutation relations
[58]. Also, g(r′, ω) is the coupling between the QE and the
photonic field given by

g(r′, ω) = −i

√
1

πε0

ω2

c2

√
εI (r′, ω)G(r′, r′, ω)μ, (2)

with μ being the transition dipole moment operator of the QE
and

√
εI (r′, ω) denoting the imaginary part of the dielectric

function. A crucial quantity, which describes the contribution
of the modified nanophotonic environment, is the classical
electromagnetic Green’s tensor G(r, r′, ω). For the graphene
disk considered here the electrostatic approximation is applied
where the total Green’s tensor is written as G(r, r′, ω) =
G0(r, r′, ω) + Gind(r, r′, ω); G0(r, r′, ω) is the homogeneous
part of Green’s tensor and Gind(r, r′, ω) stands for the induced
part of the Green’s tensor accounting for the presence of the
graphene nanodisk in the vicinity of the QE, which affects the
coupling g(r′, ω).

The optical response of the graphene disk is described
through its in-plane conductivity σ , which is calculated in the
random-phase approximation [68,69]. It is expressed via the
chemical potential μ and the temperature T ,

σ = σintra + σinter, (3)

where the intraband and interband contributions are [70]

σintra = 2ie2kBT

π (ω + i/τ )
ln

[
2 cosh

( μ

2kBT

)]
, (4a)

σinter = e2

4

[
1

2
+ 1

π
arctan

(
ω − 2μ

2kBT

)
− i

2π
ln

(ω + 2μ)2

(ω − 2μ)2 + (2kBT )2

]
. (4b)
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The intraband term σintra describes the Drude-type response,
which is corrected for scattering by impurities through a term
containing τ , the relaxation time. In this paper we consider
room-temperature T = 300 K, relaxation time of τ = 1 ps,
and chemical potential μ = 0.5 eV [71].

Using an expansion of the charge density of the
graphene disk over an appropriate set of functions, ρ(r) =∑∞

n=0 rlcl
nP(l,0)

n (1 − 2r2), the induced part of the Green’s ten-
sor is calculated with l being the angular and n the radial
eigenmode, and P(l,0)

n standing for the Jacobi polynomials.
Since we consider the QE placed above the center of the
graphene disk, r = (0, 0, z), the induced part of the Green’s
tensor in the electrostatic regime [39,72] reads

Gind
xx (r, r, ω) = − c2

2ω2

∞∑
n=0

c1
n(z, ω)

[Z (z, R) − z/R]2n+2

Z (z, R)
,

(5)
and

Gind
zz (r, r, ω) = ±c2

2ω2

∞∑
n=1

c0
n(z, ω)

[Z (z, R) − z/R]2n+1

Z (z, R)
, (6)

where Z (z, R) =
√

(z/R)2 + 1 and cl
n, (l = 0, 1) are the ex-

pansion coefficients that yield the influence of the graphene
disk on the dipole source with l = 1 related to a QE with a
transition dipole moment along x and l = 0 when the transi-
tion dipole moment of the QE is along z.

The time-dependent state vector of the QE in proximity to
the graphene nanodisk is given by

|�(t )〉 = c1(t )e−iω0t |1; 0ω〉
+

∫
dr

∫
dω c(r, ω, t )e−iωt |0; 1r,ω〉, (7)

with |n; a〉 = |n〉 ⊗ |a〉. Here, the vector |n〉 (n = 0, 1) repre-
sents the quantum states of the two-level QE, and |a〉 describes
the states of the modified photonic modes due to the presence
of the graphene nanodisk. These photonic states have the form
|0ω〉, describing the photonic vacuum (no photon excitation),
and |1r,ω〉 describing the single-photon states (one-photon
excitation). The probability amplitude c1(t ) is obtained by the
solution of the integrodifferential equation [12],

ċ1(t ) = i
∫ t

0
K (t − t ′)c1(t ′)dt ′, (8)

K (t − t ′) = ieiω0(t−t ′ )
∫ ∞

0
J (ω)e−iω(t−t ′ )dω, (9)

with J (ω) = 	0(ω0)λm(ω, d )/2π (m = z, x) being the spec-
tral density of the electromagnetic mode continuum around
the QE. Here, 	0(ω0) is the free-space decay rate of the QE
with free-space resonance energy (angular frequency) ω0, and

λm(ω, d ) = 1 + 6πc

ω
Im Ĝmm(d, d, ω), (10)

being the directional Purcell enhancement factor, when the
transition dipole moment orientation of the QE is along the
m axis (m = z, x) and the location of the QE is at distance
d above the center of the nanodisk. The probability ampli-
tude evolution is obtained from the numerical solution of the
above equation using the effective mode differential equa-
tion (EMDE) methodology [12].
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FIG. 2. The Purcell enhancement factor for a QE with transition
dipole moment along the x axis (upper panel) and along the z axis
(lower panel) at various distances from a graphene nanodisk of radius
R = 30 nm.

III. RESULTS AND DISCUSSION

In Fig. 2, we present the Purcell factors of a QE with a
x-oriented (upper panel) and z-oriented (lower panel) tran-
sition dipole moment, at various distance values of d =
5, 10, 15, 20, 30, 50 nm between the QE and a graphene nan-
odisk of radius R = 30 nm. One clearly observes that the peak
positions in the Purcell factor spectrum, which correspond
to plasmon resonance modes of the graphene nanodisk, de-
pend on the transition dipole moment orientation of the QE,
but remain practically unaffected by the QE and nanodisk
separation distance. The two transition dipole moments of
the QE excite different set of resonances. The peak value is,
however, affected by the distance d; expectedly, the Purcell
enhancement factors decrease as the distance d grows.

In Fig. 3, we show the Purcell enhancement factor of a
QE with z-oriented (lower panel) and x-oriented (upper panel)
transition dipole moment located at d = 10 nm from graphene
nanodisks of various radii R = 7.5, 30, 50 nm. We observe
that the peak positions in the Purcell enhancement factor
spectrum depend on the nanodisk radius, being redshifted as
the radius grows. Moreover, we observe that as the radius
of the nanodisk increases, the number of resonance peaks
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FIG. 3. The Purcell enhancement factor for a QE with transition
dipole moment along the x axis (upper panel) and along the z axis
(lower panel) at distance d = 10 nm from a graphene nanodisk of
various radii.

also increases due to the fact that the higher-order resonance
modes can be supported in the larger nanodisk. Also, the near
field of the QE couples stronger with the larger disk leading
to higher Purcell factor values.

In the following, we present the spontaneous emission
dynamics of a QE next to a graphene disk of radius R = 30
nm under various coupling strength conditions between the
QE and the nanodisk. We also study the non-Markovianity of
the spontaneous emission process under these conditions by
computing three well-established non-Markovianity measures
and relate them to the quantum speedup of the corresponding
dynamics.

In Fig. 4 we present the spontaneous emission dynamics
of a QE with transition frequency ω0 = 0.223 79 eV and
x-oriented transition dipole moment for various free-space
decay rates 	0 in the range of 0.0008–41.36 μeV. In the
upper panel of this figure, the QE is located at d = 5 nm
from the nanodisk, and in the lower panel, it is located at
d = 15 nm. In the inset of the upper panel of Fig. 4, we present
the spontaneous emission dynamics for the largest 	0, which
implies that in this case, the light-matter interaction strength
between the QE and the electromagnetic mode continuum
modified by the graphene nanodisk is the strongest between
the cases presented since the coupling strength is directly
proportional to the free-space decay width 	0. We find, that
at such coupling conditions, the excited-state population at
early times rapidly oscillates in part between the QE and
the electromagnetic mode continuum, and gradually attains
a steady nonzero value, about 30% of the initial population.
This is a clear indication of (partial) population trapping in the
QE, which can be attributed to the formation of a stationary
superposition state between the QE and the electromagnetic
mode continuum due to the very strong coupling between
them [13]. Below, we discuss in detail several aspects of the
population trapping effect.
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FIG. 4. Excited-state population dynamics for different 	0 val-
ues for a QE with ω0 = 0.223 79 eV and x-oriented transition dipole
moment located at d = 5 nm (upper panel) and d = 15 nm (lower
panel) from a graphene nanodisk of R = 30 nm.

In the main part of the upper panel of Fig. 4, we present
the excited-state decay dynamics for smaller free-space decay
widths, corresponding to weaker-coupling conditions between
the QE and the electromagnetic mode continuum. In these
cases, no partial population trapping is observed; however,
clear decaying Rabi oscillations are found where the excited-
state population oscillates in total back and forth between
the electromagnetic mode continuum and the QE, whereas
overall it gradually wanes out within about 2–2.5 ps. Thus, we
conclude that the observed spontaneous emission dynamics in
all such cases is distinctly non-Markovian.

In the main part and in the inset of the lower panel of
Fig. 4, the spontaneous emission dynamics is similar to the
corresponding dynamics shown in the upper panel of this
figure when one takes into account that the Purcell enhance-
ment factor along the x axis for a QE located at d = 15
nm is smaller than when located at d = 5 nm as shown in
Fig. 2. In the inset of this panel, we observe again population
trapping of about 25% of the initial population, whereas in all
cases, but the smallest 	0, the spontaneous emission dynam-
ics has non-Markovian features with pronounced decaying
Rabi oscillations indicating the strong coupling between the
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FIG. 5. Comparison of the excited-state population dynamics ob-
tained with the EMDE method and analytically using Eq. (12) for
different 	0 values of a QE with ω0 = 0.223 79 eV and x-oriented
transition dipole moment located at d = 5 nm from a graphene
nanodisk of R = 30 nm.

QE and the electromagnetic mode continuum. In case when
	0 = 0.0008 μeV, although, the coupling has decreased sig-
nificantly when the QE is at d = 15 nm resulting in dynamics
with weak non-Markovian features.

We may obtain an approximate analytical solution for the
excited-state probability amplitude when the spectral density
J (ω) is approximated by a Lorentzian function [73],

JL(ω) = 1

2π

	0(ω0)λ(ω0, d )β2

(ω0 − ω − �)2 + β2
, (11)

where � ≡ ω0 − ωc describes the detuning between the QE
frequency ω0 and a cavitylike central mode frequency ωc.
Also, β denotes the spectral width of the coupling to the
central mode. Taking the limit of the integral in Eq. (9) to −∞
and using the Laplace transform, it follows that the upper level
probability amplitude of the QE is obtained as

cL
1 (t ) = e−0.5β̃t

[
cosh

(qt

2

)
+ β̃

q
sinh

(qt

2

)]
, (12)

with q =
√

β̃2 − 2	0(ω0)λ(ω0, d )β and β̃ = β − i�.
In Fig. 5, we compare the spontaneous emission dynamics

obtained using the exact EMDE method for cases presented in
Fig. 4 for which the QE population decays totally with the an-
alytically obtained dynamics according to Eq. (12) using the
corresponding fitting parameters [74]. Apparently, the agree-
ment between the EMDE method and the analytical result is
very good, which clearly means that the excited-state popula-
tion dynamics at this transition frequency is mainly affected
by the corresponding peak in the Purcell enhancement factor
as shown in Fig. 2, and the decaying Rabi oscillations reflect
the dynamics between the bound state and the one resonance
in the Purcell spectrum; moreover, this fact clearly indicates
the absence of any influence of overlapping resonances in
the Purcell spectrum on the decay dynamics. Also, this result
confirms that for these system parameters the non-Hermitian
Jaynes-Cummings model is validly justified for the study of

the spontaneous emission dynamics of the QE near a graphene
nanodisk [8,73].

We now turn our attention to the population trapping effect,
which cannot be predicted by the non-Hermitian Jaynes-
Cummings model [13,19], and explore the formation of a
hybrid stationary bound state. A semianalytical estimate for
the value of the trapped population when such a bound state
|ψB〉 is formed can be derived by writing

|ψB〉 = c1B|1, 0z,ω〉 +
∫

dr
∫

dωCB(r, r1, ω)|0, 1z,ω〉,
(13)

where c1B and CB are the time-independent population coef-
ficients. Since |ψB〉 obeys the Schrödinger equation H |ψB〉 =
ωB|ψB〉, we obtain two secular equations,

ωBc1B = ω0c1B +
∫

dω

∫
dr g(r, r′, ω)CB(r, r′, ω), (14)

ωBCB(r, r′, ω) = ω0CB(r, r1, ω) + g†(r, r′, ω)c1B. (15)

Hybrid bound states would appear if the secular equa-
tions have solutions that lie outside the energy spectrum of
the EM continuum of modes as modified by the presence
of a nanostructure [75]. Using the above two equations we
extract the relation ωB − ω0 − ∫ ∞

0 dω J (ω)
ωB−ω

= 0 as a such hy-
brid bound state formation requirement; we further define the
function,

f (ωB) = ωB − ω0 −
∫ ∞

0
dω

J (ω)

ωB − ω
, (16)

which for f (ωB) = 0 and ωB < 0, the system under considera-
tion has a bound state. The integral is a monotonically increas-
ing function, thus, there is only one point that can satisfy the
above condition in the relevant energy range of (−∞, 0]. The
time evolution of a state describing the QE being initially ex-
cited and the electromagnetic field modified by the graphene
nanodisk in the ground state, |�(0)〉 = |e, {0r,ω}〉 follows
|�(t )〉 = c1Be−iωBt |�B〉, with c1B = 〈�B|�(0)〉 at t = 0. The
overlap with the system initial state is given by 〈�(0)|�(t )〉 =
|c1B|2e−iωBt .

From Eq. (14), and the normalization condition 〈ψB|ψB〉 =
1, the population coefficients satisfy the relation,

|c1B|2 +
∫

dω

∫
dr|CB(r, r′, ω)|2 = 1. (17)

Thus, the QE population for t → ∞ when a bound state is
formed, is given by

PB =
[

1 +
∫ ∞

0
dω

J (ω)

(ωB − ω)2

]−2

. (18)

Application of Eq. (18) to the cases with the largest 	0’s
in the insets of the upper and lower panels of Fig. 4 gives
PB = 0.296 and PB = 0.256, respectively, which is in very
good agreement with the obtained numerical values shown
using the exact EMDE methodology.

We further investigate the non-Markovian behavior of the
spontaneous emission dynamics of the QE by using differ-
ent non-Markovianity measures [63,64] for the interaction
between the QE and the electromagnetic continuum which
is modified by the presence of the graphene nanodisk. We
use three measures for the non-Markovianity of the quantum
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TABLE I. Non-Markovianity measure values [63,64] for various
	0’s of a QE with a x-oriented transition dipole moment located at
d = 5 and d = 15 nm from a graphene nanodisk of radius R = 30
nm.

d = 5 nm d = 15 nm

	0/μeV N I (E ) I N I (E ) I

41.36 14.2 26.12 51.63 16.64 33.04 71.49
0.414 12.44 24.89 272.70 9.11 18.22 125.71
0.041 5.45 10.89 131.54 2.82 5.64 62.34
0.004 1.51 3.02 33.52 0.561 1.12 11.74
0.0008 0.43 0.86 9.21 0.06 0.12 1.83

evolution. The BLP measure N as defined in Ref. [63] and
the two RHP measures IE and I as defined in Ref. [64]. We
note that Ref. [76] showed that these three non-Markovianity
measures are equivalent when they are used in the case of a
two-level QE interacting with a photonic environment via a
frequency-dependent coupling.

For the calculations, we first obtain the time-dependent
decay rate,

γ (t ) = −2 Re

(
ċ1(t )

c1(t )

)
= − 2

|c1(t )|
d

dt
|c1(t )|, (19)

and then determine the function,

F (t, a, b) = a2e−(3/2)	(t ) + |b|2e−(1/2)	(t )√
a2e−	(t ) + |b|2

, (20)

where

	(t ) =
∫ t

0
dt ′γ (t ′). (21)

Here,

a = 〈1|ρ1(0)|1〉 − 〈1|ρ2(0)|1〉 (22)

is the difference of the populations and

b = 〈1|ρ1(0)|0〉 − 〈1|ρ2(0)|0〉 (23)

is the difference of the coherences between two arbitrary
initial states.

Using the above formulas, the BLP measure [63] is ob-
tained by

N = −max
a,b

∫
γ (t )<0

γ (t )F (t, a, b)dt (24)

for F (t, a, b) with fixed values for a and b. Also, the RHP
measures [64] are given by

I (E ) = −
∫

γ (t )<0
γ (t )e−(1/2)	(t )dt, (25)

and

I = −
∫

γ (t )<0
γ (t )dt . (26)

In Table I we present the values for the N , IE , and I
non-Markovianity measures, noting that the values among the
three measures are not comparable since each value is not
normalized. As a general trend, we observe that the value

FIG. 6. Quantum speed limit τQSL for the spontaneous emission
dynamics of a QE with ω0 = 0.223 79 eV with x-oriented dipole
moment located at d = 5 nm (lower panel) and d = 15 nm (upper
panel) from a graphene disk of radius R = 30 nm.

of each measure increases as the coupling strength between
the QE and the graphene nanodisk increases. We, however,
note that the values of the measures might decrease as the
oscillation period of the population dynamics become shorter
since all three measure definitions consider only the part of the
dynamics for which γ (t ) < 0. This is the case, in particular,
for the I measure, which is just the sum of such intervals,
under population trapping coupling conditions; thus, in such a
case, its value is not anymore directly related to the coupling
strength.

In Fig. 6 we further present the quantum speed limit τQSL

for the spontaneous emission dynamics of a QE with ω0 =
0.223 79 eV located at d = 5 nm (lower panel) and d = 15
nm (upper panel) from a R = 30-nm graphene nanodisk. The
quantum speed limit places a bound on the minimal evolution
of an open quantum system [65]. It has been shown that the
quantum speed limit can be related to the non-Markovianity
of the open quantum system dynamics by [77]

τQSL = t

2 Ñ (t )
1−|c1(t )|2 + 1

, (27)

with

Ñ (t ) = 0.5
∫ t

0
|∂t ′[c1(t ′)c∗

1(t ′)]|dt ′ + [c1(t )c∗
1(t )] − 1, (28)

where t is the actual driving time of the open quantum sys-
tem. From Eq. (27) is evident that the quantum speed limit
is identical to the actual driving time when Ñ = 0, which
implies Markovian dynamics. In all other cases, the quantum
speed limit always attains a smaller value than the driving
time, indicating that by exploiting the non-Markovianity of
an open quantum system one can obtain a speedup of the
actual quantum dynamics in comparison to the corresponding
dynamics under Markovian conditions.

We now focus on the spontaneous emission dynamics of
a QE with a z-oriented transition dipole moment and ω0 =
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FIG. 7. Excited-state population dynamics for different 	0 val-
ues for a QE with transition energy 0.375 83 eV and z-oriented
transition dipole moment located at d = 5 nm (upper panel) and
d = 15 nm (lower panel) from a graphene nanodisk of R = 30 nm.

0.375 83 eV next to a graphene nanodisk of radius R = 30
nm. In Fig. 7 we present the results in case of a QE located
at d = 5 and d = 15 nm, which are shown in the upper and
lower panels, respectively. The spontaneous emission dynam-
ics of the QE at d = 5 nm is similar to the corresponding
results for a QE with x-oriented transition dipole moment
shown in the upper panel of Fig. 4. The main difference in the
dynamics between the two transition dipole polarization cases
is that in case of a QE with z-oriented transition dipole, the
excited-state population decays oscillating back and forth be-
tween the QE and the electromagnetic continuum with larger
period and showing incomplete oscillations than in case of a
QE with a x-oriented transition dipole moment. This fact can
be related to the small overlap of the Purcell enhancement
peak at ω0 = 0.375 83 eV with the next peak with higher
energy in the Purcell enhancement spectrum. Note that the
peak in the Purcell spectrum which is resonant to the QE with
ω0 = 0.375 83 eV is not as energetically distant to the next
higher-energy peak in the spectrum as in the case of a QE
with ω0 = 0.223 79 eV shown in Fig. 2.

In Fig. 7 population trapping occurs when the QE is lo-
cated at d = 5 nm from the graphene disk. The corresponding
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FIG. 8. Trapped-population PB and corresponding hybrid bound-
state frequency ωB for the spontaneous emission dynamics of a QE
with ω0 = 0.375 83 eV with the z-oriented dipole moment located
at d = 5 nm from a graphene disk of radius R = 30 nm for various
decay width values 	0.

excited-state population time-evolution features incomplete
oscillations of the initial population of the QE back and forth
to the graphene nanodisk-modified electromagnetic mode
continuum until it gradually attains a constant value, which re-
flects the amount of trapped population in the excited state of
the QE. The oscillatory features of the initial part of the spon-
taneous emission dynamics can be understood as interference
effects due to the overlapping resonances in the corresponding
Purcell spectrum, or, alternatively, as interference between an
overlapping bound state outside the continuum and a bound
state at the energetically lowest continuum edge as discussed
in Ref. [78].

Interestingly, we observe that the population trapping ef-
fect does not behave linearly to the decay width 	0, although
the coupling strength of the light-matter interaction does. This
fact is demonstrated by the QE decay dynamics presented in
the inset of the upper panel of Fig. 7, where, e.g., a small
change in 	0 from 5.17 to 5.91 μeV, i.e., an increase in 14.3%
of 	0, leads to the value of the trapped population in the
system being increased from about 0.06 to 0.22, about 267%.
Furthermore, in the same inset it is shown, that after some par-
ticular value of 	0, the amount of trapped population remains
practically the same, even if the 	0, and, correspondingly, the
coupling strength of the interaction, increases by even an order
of magnitude.

Additionally, in Fig. 8 we present the trapped-population
PB (upper panel), obtained by Eq. (18), and corresponding
hybrid bound state frequency ωB (lower panel) for the spon-
taneous emission dynamics of a QE with ω0 = 0.375 83 eV
with z-oriented dipole moment located at d = 5 nm from a
graphene disk of radius R = 30 nm as function of the decay
width values 	0. It is clearly shown that increasing the 	0,
and, thus, the light-matter coupling between the QE and the
graphene nanodisk, the ωB decreases correspondingly, indi-
cating the formation of a bound state energetically farther
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TABLE II. Non-Markovianity measure values [63,64] for vari-
ous 	0’s of a QE with a z-oriented transition dipole moment located
at d = 5 and d = 15 nm from a graphene nanodisk of radius R =
30 nm.

d = 5 nm d = 15 nm

	0/μeV N I (E ) I N I (E ) I

41.36 7.85 15.19 33.52 18.32 36.65 843.32
0.414 3.17 6.33 37.08 3.10 6.20 141.70
0.041 2.31 4.62 54.07 0.65 1.30 33.19
0.004 0.54 1.09 17.92 0 0 0
0.0008 0.03 0.07 1.36 0 0 0

outside the continuum. Moreover, we find that the relation
between the decay width and the bound-state energy is for
the largest part of the 	0 range linear. However, this is not
the case between the 	0 and the trapped population value PB

as shown in the upper panel of Fig. 8 in which it is shown
that PB grows very fast as the decay width grows up to a value
that remains practically unaffected as 	0 grows further. Such a
nonlinear behavior between the amount of trapped population
and the 	0 have been observed (not shown here) also in all
previous cases of spontaneous emission dynamics discussed
in this paper. It is also in agreement with recent theoretical
and experimental works [79,80].

Lastly, in Table II we present the values for the N , IE , and
I non-Markovianity measures for the spontaneous emission
dynamics of a QE with z-oriented transition dipole moment
shown in Fig. 7. Here, as earlier, the values of the measures
are directly related to the coupling strength of the interaction
between the QE and the nanodisk in all cases except under
population trapping conditions. The comparison of the mea-
sure values given in Table II to the corresponding measure
values shown in Table I clearly indicate that the decay dynam-
ics of the QE with a z-oriented transition dipole moment has
less non-Markovian features, which implies weaker coupling
between the QE and the electromagnetic continuum, than in
case of a QE with a x-oriented transition dipole moment.

IV. CONCLUSIONS

In this paper, we studied the spontaneous emission dynam-
ics of a QE near a graphene nanodisk. We analyzed the re-

versible excited-state population dynamics and quantified the
non-Markovian behavior using different non-Markovianity
measures. We also related the non-Markovianity of the evo-
lution dynamics with the quantum speed limit, which can be
achieved under the given coupling conditions.

In particular, we investigated the spontaneous emission
dynamics of the excited-state population of a QE modeled as
a two-level system located at 5 and 15 nm from a graphene
nanodisk of radius 30 nm, whereas the free-space decay time
of the emitter lies between 100 ps and microseconds. We
find that at a close distance and under short free-space decay
times of the QE, the observed dynamics shows strong non-
Markovian features, depending on the distance among the QE,
the graphene nanodisk, and the free-space spontaneous decay
rate. As the distance from the nanodisk or the free-space decay
time increases, the non-Markovian features in the dynamics
diminish. These findings reflect the transition from conditions
under strong light-matter coupling to weak coupling. Under
strong-coupling conditions, we also observe pronounced de-
caying Rabi oscillations and population trapping effects in the
dynamical evolution of the excited-state population of the QE.

We also quantified the non-Markovianity of the sponta-
neous emission dynamics by computing different measures
as well as the quantum speed limit for each case. These
results are in agreement with the behavior of the QE excited-
state population dynamics under strong-coupling conditions,
giving large measures values and potentially large quantum
speedup for the dynamics under such coupling conditions,
whereas both properties are decreasing as the coupling dimin-
ishes. In conclusion, it is evident that the graphene nanodisk
can become a platform for achieving strong-coupling con-
ditions for light-matter interaction at the nanoscale even for
large free-space decay times and at long distances between
the quantum emitter and the nanophotonic structure when
compared to the metallic nanostructures.
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