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We study the coherent single-photon scattering in a one-dimensional waveguide coupled to a giant artificial
molecule consisting of two coupled giant atoms. Since each giant atom couples to the waveguide via two
coupling points, the couplings of the molecule with the waveguide have three different coupling configurations:
the separated-, braided-, and nested-coupling cases. We obtain the exact expressions of the single-photon
transmission and reflection amplitudes with the real-space approach. It is found that the behavior of the scattering
spectra depends on the phase shift between two neighboring coupling points, the coupling configuration, and the
coupling between the two giant atoms. Concretely, we study the photon scattering in both the Markovian and
non-Markovian regimes, in which the photon propagating time between two neighboring coupling points is
neglected and considered, respectively. Under the Markovian limit, the asymmetric Fano line shapes in different
coupling configurations of the giant-molecule waveguide-QED system can be obtained by choosing proper phase
shift, and the transmission window can be adjusted by the coupling strength between the two giant atoms in these
three coupling configurations. In particular, multiple reflection peaks and dips in these configurations are revived
in the non-Markovian regime. This paper will pave the way for the study of controllable single-photon devices
based on the giant-molecule waveguide-QED systems.
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I. INTRODUCTION

The finding, understanding, and applications of the phys-
ical effects induced by the quantum light-matter interactions
are at the heart of the field of quantum optics [1]. The quantum
light-matter interactions can be well realized in many physical
platforms, such as cavity quantum electrodynamics (QED)
systems [2—4], circuit-QED systems [5-7], and waveguide-
QED systems [8—10]. Different from the cavity-QED systems,
the waveguides usually support a continuum of modes, and
hence the finite bandwidth of the fields can be relaxed [8].
Significant progress on both theoretical and experimental
works has been made in the field of waveguide QED. In
particular, various setups have been developed in waveguide-
QED systems, such as various qubits coupled to transmission
lines [11-13], photonic crystal waveguides [14,15], and
coupled-resonator arrays [16,17]. These systems provide a
good candidate for studying few-photon scattering [18—43].
Meanwhile, chiral quantum optics [44] and bound-state
physics [27,28,45,46] have also been widely investigated
in waveguide-QED systems. In addition, it has been found
that the propagating photons in a one-dimensional waveg-
uide can mediate the long-range interactions between remote
atoms [47], which are critical for the realization of quantum
networks [48].
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In waveguide-QED systems, several methods have been
developed to study few-photon scattering. These meth-
ods include the real-space Bethe-ansatz method [18,19,21],
the Lehmann-Symanzik-Zimmermann reduction [22,32],
the wave-packet evolution approach [25-27,31,36,39], the
Lippmann-Schwinger formalism [28,30,37], the input-output
theory [29,33], the master equation method [34], various dia-
grammatic techniques [35,40,41], as well as the Dyson series
summation [42]. In particular, the two-photon scattering has
been analytically solved in a Kerr nonlinear cavity [27] and
a cavity optomechanical system [36] with the wave-packet
evolution approach.

It should be pointed out that the light-matter interactions
have previously considered small atoms coupled to elec-
tromagnetic fields, where the atomic dimensions are much
smaller than the wavelengths of the fields. Thus we can rea-
sonably regard the atoms as pointlike and utilize the dipole
approximation [49] to deal with the light-atom interactions.
Recently, the giant atoms [50], as an emerging playground
in quantum optics, have attracted great interest from many
peers. Many interesting quantum optical effects induced by
giant atoms have been predicted, including the frequency-
dependent relation and the Lamb shift [51], decoherence-free
subspace [52-55], nonexponential decay [56—60], creation
of bound states [61-63], and electromagnetically induced
transparency [64,65]. Up to now, the giant atoms have been
experimentally realized in several physical platforms [57,66—
70], such as superconducting qubits coupled with either sur-
face acoustic waves (SAWSs) or open transmission lines.
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Recently, much attention has been paid to the study of pho-
ton scattering in giant-atom waveguide-QED systems [62,71—
77]. In these systems, giant atoms can be engineered to couple
with the waveguide at multiple points with large separation
distance, and hence the dipole approximation is no longer
valid. In particular, the distance between different coupling
points can be comparable to or much larger than the general
wavelengths, which leads to many interesting phenomena in-
duced by the quantum interference effect. Additionally, the
decoherence-free interaction has been predicted [52] and ex-
perimentally observed [69]. In Ref. [75], the single-photon
scattering in a waveguide-QED system containing double
giant atoms has been studied via the real-space method. In
the multiple-scatter scheme, a natural and important ques-
tion is how do the inner couplings between scatters affect
the photon transport properties. Physically, the inner cou-
pling provides new excitation transfer channels, and hence
quantum interference will modulate the photon scattering
process.

Motivated by the above question, in this paper we
study single-photon scattering in the giant-artificial-molecule
waveguide system, where the giant molecule is formed by two
coupled giant atoms. Both the exact transmission and reflec-
tion amplitudes are derived by using the real-space method.
In the Markovian regime, we find the asymmetric Fano line
shapes [78,79] and the Rabi-splitting-like phenomenon in this
system. In particular, we investigate the phenomenon of the
Fano resonance in different coupling configurations when
the phase shift takes various values in detail. Moreover, we
study the influence of the coupling strength between the two
giant atoms on the locations of the reflection peaks and the
transmission window in the single-photon scattering spectra.
Finally, we consider the single-photon scattering when the
system is in the non-Markovian regime, where the propa-
gating time of the single photon between two neighboring
coupling points is non-negligible. In this case, the scattering
spectra are characterized by more complicated line shapes due
to the joint influence of the strong detuning-dependent and
constant-part phases.

The rest of this paper is organized as follows. In Sec. II,
we present the Hamiltonians and the equations of motion
for probability amplitudes. In Secs. III and IV, we study the
single-photon scattering in the Markovian and non-Markovian
regimes, respectively. In particular, we consider three differ-
ent configurations of couplings between the giant molecule
and the waveguide. Finally, we conclude this paper in
Sec. V.

II. HAMILTONIANS AND EQUATIONS OF MOTION

We consider a giant-molecule waveguide-QED system, in
which a giant artificial molecule couples to a one-dimensional
waveguide. Here, the giant molecule consists of two cou-
pled giant atoms a and b. Each giant atom is coupled to
the waveguide via two coupling points. For simplicity, here-
after we assume that the distances between any two adjacent
coupling points are equal. According to the different arrange-
ments of the coupling points between the giant atoms and
the waveguide, we can construct three different coupling
configurations [52] of the coupled giant-molecule-waveguide

x=2x, x =3x,

FIG. 1. Schematic of the giant-molecule waveguide-QED sys-
tem. The giant molecule consists of two coupled giant atoms a and
b. The coupling between the giant atoms and the waveguide has
three different coupling configurations: (a) separated-coupling case,
(b) braided-coupling case, and (c) nested-coupling case.

system, including the separated-coupling case [Fig. 1(a)], the
braided-coupling case [Fig. 1(b)], and the nested-coupling
case [Fig. 1(c)]. In the rotating-wave approximation, the
Hamiltonian of the total system reads (& = 1)
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where P;(x) = 8(x) 4+ 8(x — m;xo) and Q;(x) = 8(x — n;xg) +
8(x — lixp) with i = S, B, and N corresponding to the three
coupling configurations in Figs. 1(a), 1(b), and 1(c), respec-
tively. The §(x) is the Dirac delta function. The Hamiltonian
H; includes the free and interaction parts of the two giant
atoms a and b, where w, (w;) denotes the transition frequency
of the two-level atom a (b), g represents the coupling strength
between the atoms a and b, and 6,7 (6,") = (6,)'[(6;)']
= |e)aa (gl (le)pp(gl) is the raising operator of the atom a (b)
with the excited state |e), (|e)) and the ground state |g),
(1)»). The term H,, is the free Hamiltonian of the waveguide
with the group velocity vg. The operators ¢,(x) [ér(x)] and
éi(x) [¢L(x)] are the field operators describing the creation
(annihilation) of a right- and left-propagating photon at posi-
tion x in the waveguide, respectively. The term V; describes
the interactions between the waveguide and the giant atoms,
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where A (n) is the coupling strength between the waveguide
and the giant atom a (b). The coefficients m;, n;, and ; in P;(x)
and Q;(x) for these three different coupling configurations are
given by

ms = 1, ng = 2, lS = 3, (221)
mg=2, ng=1, Ip=3, (2b)
my = 3, ny = 1, lN =2. (20)

We assume that a single photon with energy E is injected
from the left-hand side of the waveguide. Since the total
excitation number of the system is a conserved quantity, in the
single-excitation subspace the eigenstate of the system can be
expressed as

V) = /dx{tbR(X)@R(X)+¢L(X)5L(X)]|@>

+u,6,719) + up6,110), 3)

where ¢r(x) [¢r(x)] is the single-photon wave function of
the right-propagating (left-propagating) mode at position x,
u, (up) is the probability amplitude of the giant atom a
(b), and |@) represents the vacuum state, which means that
there are no photons in the waveguide and the two atoms
are in their ground states. By substituting Eq. (3) into the
stationary Schrodinger equation H|y) = E|¥), we can ob-
tain the following equations of motion for the probability
amplitudes:

dPr(x)
g P 4 P )+ ) = Ey(o),
Aoy (x
g P h B0 + i) = Eu (),
WaUy + gty + AA; = Eug,
wplty + Gita + NB; = Euy, 4)

where we introduce
A; = ¢r(0) + ¢1.(0) + Pr(mixo) + ¢r.(mixo),
B; = ¢r(nixo) + ¢r(nixo) + ¢rlixo) + ¢r(lixg).  (5)

In this paper, we consider the single-photon scattering in
the waveguide. Assuming that initially a photon with wave
vector k (k > 0) is injected from the left-hand side of the
waveguide and the two atoms are in their ground states
|g)s and |g)p, then the wave functions in Eq. (3) take the
form

Pr(x) = X [O(—x) + 11 O(X)O(xg — x)
+150(x — x0)O(2x) — x)
+170(x — 2x0)0Bxp — x) + 1O (x — 3x)],

(6a)
or(x) = e_ik"[r(f‘)@(—x) + r}f)(a(x)@(xo —X)
+r0(x — x0)O(2x) — x)
+r70(x — 2x9)0(3x — x)], (6b)

with f = S, B, and N. In Egs. (6a) and (6b), 1) (r() rep-
resents the transmission (reflection) amplitude for the last

(first) coupling points, t(f )1 23 (r(f )1 »3) is the transmission

(reflection) amplitude for the jth [( j + Dth] coupling point,
and ©(x) is the Heaviside step function with ®(0) = 1/2.
Note that the three different coupling configurations of the
artificial-giant-molecule waveguide-QED system in Fig. 1
have the equivalent form as Eqgs. (6a) and (6b) due to the same
number of equidistant coupling points in the waveguide.

III. SINGLE-PHOTON SCATTERING IN THE WAVEGUIDE
COUPLED TO THE GIANT MOLECULE WITH THREE
CONFIGURATIONS

In this section, we study single-photon scattering in the
giant-artificial-molecule waveguide-QED system. In particu-
lar, the couplings between the giant molecule and the waveg-
uide have three different coupling configurations. Concretely,
we calculate the corresponding single-photon transmission
and reflection amplitudes and then obtain the transmission and
reflection coefficients.

A. Separated-coupling case

To start with, we consider the separated-coupling case, as
described in Fig. 1(a). In this case, the coefficients m;, n;, and
l; in P;(x) and Q;(x) are given by Eq. (2a). Substituting these
coefficients and Eqs. (6a) and (6b) into Eq. (4), one can obtain
the following equations:

ivg(1—1/”) + Ay =0,

ivg(r(s) — r(S)) + Au, =0,
lUg(ll(S) tés))eik)“J + Au, =0,
lvg(rés) rfs))efikx° + Au, =0,
ivg(t(s) - tés))eZik)‘” +nu, =0,
ivg(r® — r®)e 2k 4y = 0,
ivg (1> — 1) 4 puy, = 0,

—iv rgs) =3k 4y, =0, @)

and

Auy = guy + 2[1 + 110+ 4 1 4 (1P + 1Y) e
Auy = g, + g[( O t(S))eZikxo + ( ) 4 r(S)) —2ikxo

+( (S) +t) 3ikxo +V(S) 731kx0] (8)

where A =F —w, = E —w, = E — Q is the detuning be-
tween the resonance frequency of the photon propagating in
the waveguide and the transition frequency associated with
le)a <> 12)» (le)p <> |g)p) of atom a (b). Here, we assume that
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w, = wp = 2. In this situation, the two giant atoms are reso-
nant with the traveling photons with wave vector k. According

J

(S —

to Egs. (7) and (8), the transmission and reflection amplitudes
in this case can be obtained as

—[A — 2T sin@][A — 2T, sin 6] + g2 + 4g/T1 T2 sin (20)(1 + cos 6)

H8)

, (%a)
[iA — (T + Do)(1+ ) — (I = T22(1+ ) — [ig 4+ TiT2e# (1 + )]
4ie’® cos (%)Z{A[(Fl +Iy) cos (260) + i(T', — I'y) sin (26)] 4 41", 'z [sin (0) + sin (20)] + 2g/ 1172} )

[iA — (T) + Da)(1 + ) — () = T)2(1 + ¢)? — [ig+ /TiTae (1 + €]’

where we introduce the decay rate I'y = A2/ v, (I = n%/ U,)
related to the decay from the excited state |e), (]e)p) to the
ground state |g), (|g)»). We point out that hereafter we neglect
the intrinsic dissipation rate « of the giant atoms decaying out
of the waveguide modes. This approximation is valid because
the intrinsic dissipation rate « is much smaller than the decay
rates I'; and I', of the giant atoms in typical experiments [69].
Therefore, we do not include the dissipation rate « of the giant
atoms in the following discussions. Note that the effect of the
dissipation rate k can also be estimated by replacing A with
A + ik in the transmission and reflection amplitudes.

In Egs. (9a) and (9b), we introduce 6 = kxy to denote
the accumulated phase shift of the photon with wave vector
k propagating between two adjacent coupling points in the
waveguide. Based on the relations A = E — Q and E = vk,
the phase shift 8 can be written as

0 =1A + 6, (10)

where T = xp/v, is defined as the propagating time of the
single photon between two neighboring coupling points and

J

(

B0 = x02/v, is a constant part. When the propagating time t
is comparable to or larger than the atomic lifetime 1/T", the
retarded effect induced by t cannot be neglected. Therefore,
the giant atoms enter the so-called non-Markovian regime.

In Sec. III, we will focus on single-photon scattering in
the Markovian regime, in which the propagating time satisfies
the condition tI" « 1 [56], and hence the detuning-dependent
terms TA in Eq. (10) can be neglected. In this case, the
phase shift 6 in Egs. (9a) and (9b) can be replaced with 6.
In principle, the phase shift 6y = xy$2/v, can be adjusted in
the region of 6y € [0, 2] by changing the distant between
adjacent coupling points and the frequency of the giant atom.
In the following discussions, we focus on the reflection coef-
ficient R = |r®|2, since the reflection coefficient R* and
the transmission coefficient T = |+®|? satisfy the relation
R®) 4+ T® = 1. Note that the single-photon scattering in the
non-Markovian regime will be considered in Sec. I'V.

For simplicity, hereafter we consider the case where the
two giant atoms have the same decay rates,i.e.,I'y =, =T,
then the amplitudes given in Egs. (9a) and (9b) can be simpli-
fied as

(® _ ~1A—2sin fo)” + & + 4gL sin(26p)(1 + cos fy)
[iA — 2T (1 + ei®)]> — [ig + Teifo(1 + eito)2]?
4iT e cos (%")Z{ZA cos(26p) + 4T'[sin 6y + sin(26y)] + 2g}

A9 —

(11a)

[iA — 2T(1 + €i%)]* — [ig + [eio(1 + eif0)2]?

We point out that when the coupling between the two
coupled atoms is turn off, i.e., g =0, Eqs. (11a) and (11b)
can be reduced to the results of the two separated giant atoms
described in Ref. [75].

In Fig. 2(a), we show the reflection coefficient R® as a
function of the detuning A and the phase shift 6y. One can
see that the width and the location of the reflection peak
can be modified by adjusting the phase shift 8y, and that the
scattering characteristics is phase dependent with a period
of 2x. Different from the results in Ref. [75], the coupling
strength between the two giant atoms leads to the relation
RS(A, 0y) # RS (—A, 2w — 6y). Therefore, the phase shift
considered here is 8y € [0, 27]. As 6y goes from O to 27, the
width of the reflection peak exhibits nonmonotonic changes.
According to Egs. (11a) and (11b), we find that the two
reflection peaks with R®) = 1 (the complete reflection) are
located at A =2I'sinfy =+ \/gz + 4gI" sin(26y)(1 + cos 6y)
under the condition g + 4gI" sin(26)(1 4 cos6y) > 0. The

(11b)

(

reflection spectrum takes the minimal value R®) =0 at
A = —{2I[sin(6y) + sin(26p)] + g}/ cos(26p). In addition,
the two peaks of the reflection coefficient always appear at the
same side of the minimal value [namely the right-hand side
when 8y — 0 and 2, and the left-hand side when 6y — /2
and 37 /2].

In Figs. 2(b)-2(q) we plot the profiles of Fig. 2(a) at dif-
ferent phase shifts in the region of ) € [0, 27r]. We find that,
when 6y = 0, /2, and 37 /2 [see Figs. 2(b), 2(f), and 2(n)],
the reflection spectra are characterized by the Lorentzian line
shapes. To see this feature more clearly, we substitute 6y = 0,
m /2, and 37 /2 into Eq. (11b) and obtain & = —8iI'/(A —
g+ 8ilN),4T /(A + g— 2T + 4il"),and —4T" /(A + g+ 2I" +
4iT"), respectively. The corresponding reflection peaks appear
at A = g, 2I" — g, and —2I" — g with the widths 16I", 8T", and
8T, respectively.

When 6y € (0, 7/2)U (x/2, w)U (7,37 /2),0) = 1.53m,
and 6y = 1.97x, there are two peaks of the reflection
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FIG. 2. (a) Reflection coefficient R as a function of the detuning A and the phase shift 6,. The profiles of panel (a) are shown by the
curves in (b)—(q) at different phases: (b) 6y = 0, (c) 6y = 0.037, (d) 6y = 7 /4, (e) 6y = 0.477, (f) 6y = 7w /2, (g) 6p = 0.537, (h) 6y = 37 /4,
(1) 6o =0.937,(G)6y =7, (k)6 = 1.077,(1) 6y = 57 /4, (m) 6 = 1.477, (n) 6y = 37 /2,(0) 6 = 1.537, (p) 6y = Tm /4, and (q) p = 1.977.

In all panels, the coupling strength is g/T" = 2.

spectra as shown in Figs. 2(c)-2(e), 2(g)-2(1), 2(k)—
2(m), 2(0), and 2(q), which indicate that the locations and
widths of the peaks depend strongly on the phase 6. From
Figs. 2(d), 2(h), 2(1), and 2(p), we see that the reflection
spectra are symmetrical to A = 2I"sinf, when 6y = 7 /4,
3m /4, S /4, and Tm /4. According to the condition for the
existence of two complete reflection peaks, we can obtain
two roots for g2 + 4gl" sin(26p)(1 + cosGy) = 0 at g/I" =2,
which are 6y ~ 1.57m and 1.957. When 6y € (1.57x, 1.957),
the injected single photon can only be reflected partially.
In particular, when 6y = 77 /4 and g/T" = 2, the reflection
coefficient RS = 0.5 [see Fig. 2(p)], which means that this
giant-molecule emitter can act as a 50 : 50 beam splitter for
a single-photon by properly choosing the coupling strength
g and the phase shift 6. In some regions, we also find that
the reflection spectra near their minimal values can exhibit the
phenomenon of Fano resonance, where the minimal values are
determined by A = —{2I'[sin(6y) + sin(26y)] + g}/ cos(26y).
Therefore, the position of the Fano minimum can be regarded
as an estimation of the coupling strength between the two
atoms. As shown in Figs. 2(c), 2(e), 2(g), 2(i), 2(k), 2(m), 2(0),
and 2(q), the reflection spectra are similar to the asymmetric
Fano line shapes when 6, takes some specific values. Mean-
while, the reflection peaks always appear at the same side
of the dip. One can prove that the reflection amplitude in
Eq. (11b) can be decomposed as the superposition of two
Lorentzian spectra with shifted centers of symmetry, that

is, 1 = ' + % with

e,
i(Ay —Ay)— T4
Here the effective detuning, the peak points, and the half
widths are defined, respectively, as

o

(12)

Ar=AFg (13a)
Ay =2Tsinf(1 £2cos = 2cos’6y),  (13b)
[y = 2T(1 + cosfp)[1 % cos(26p)]. (13¢)

When the half widths satisfy the condition I'y > I'_ (or
'_>T,), we can obtain Ay ~ A_ for the peak points.
Therefore the reflection coefficient near Ay can be approxi-
mated as a standard Fano line shape, that is,

(gs+ex)

R® ~C
Tt

, (14)
where we introduce the reduced detunings ey = (AL —
A<)/T'+, the asymmetric parameters g+ = (Ay+ — Az)/T'4,
and the modified coefficients C+ = I'2 /[(A+ — A)? +T1l.
Here, the upper and lower indices in these subscripts +
correspond to the cases of 'y > I'_ and I'_ > I',, re-
spectively. On the one hand, when 'y > 15I"_, we have

'y > I'_. Then the reflection spectra can be approximated
as the Fano line shapes at 6y € (0,0.087) U (0.927, w) U
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FIG. 3. (a, b) Reflection coefficient R® vs A and g with
6o = m /4 and 37 /4, respectively. The curves in (c) and (d) show
the profiles of (a) and (b) at given values of g.

(, 1.087) U (1.927, ) [see Figs. 2(c), 2(i), 2(k), and 2(q)].
On the other hand, for I'_ > 15"y, we obtain the
Fano line shapes when 6y € (0.427,0.57) U (0.57,0.587) U
(1.427,1.57) U (1.5, 1.587) [see Figs. 2(e), 2(g), 2(m),
and 2(0)].

To investigate the influence of the coupling between the
two giant atoms on the single-photon scattering, we show
the reflection coefficient R as a function of A and g with
6y = m /4 and 37 /4 in Figs. 3(a) and 3(b), respectively. In
principle, we can obtain the reflection spectra as functions of
A and g for all phase shifts 8y. In order to exhibit typical
features of the reflection spectra, we take the phase shifts

J

0y = /4 and 37 /4 in the simulations. In these cases, the re-
flection spectra are symmetric to A = 2TI" sin 6 [see Figs. 2(d)
and 2(h)]. Figure 3(a) shows that the number of the peaks in
R®) varies from 1 to 2 as g increases from zero to g/T' =5
when 0y = /4, which can be seen more clearly from the
profile of R in Fig. 3(c). The separation of the two peaks
and the width of the valleys of the spectra gradually increase
with the increase of g. This means that the incident photon can
transmit the waveguide with a certain probability by tuning
the coupling strength between the two giant atoms. Accord-
ing to the locations of the two reflection peaks, we can obtain
the separation between the two peaks, which is determined
by d® = 2,/g? + 4¢T sin(26p)(1 + cos 6y). Therefore, in the
case of Oy = /4, it can be seen that the larger the cou-
pling strength is, the wider the transmission is. However,
this feature becomes different when 6y = 37 /4, because d®
is an imaginary number when g/T" € (0,4 — 24/2], which
leads to the reflection coefficient with only one peak located
at A =2I"sin#, [see the purple dotted line for g/I" =1 in
Fig. 3(d)]. In addition, when 6y = 37 /4, the widths of the two
reflection peaks are narrower than those in the case of 9y =
7 /4, as shown in Fig. 3(b). Similarly, we plot the profiles of
R® in Fig. 3(d) when 6y = 37 /4, which indicate that, in the
region g/I" € [0,4 — 2\/5], there is only one reflection peak
and the peak value first decreases and then increases to 1 as the
coupling strength g/T" goes from 0 to 4 — 2+/2. As g continues
to increase, two peaks appear in the reflection coefficient and
the separation between the peaks gradually enlarges.

B. Braided-coupling case

Next, we consider the braided-coupling case, as shown in
Fig. 1(b). In this case, the coefficients m;, n;, and /; in P;,(x) and
Q;i(x) are given by Eq. (2b). By substituting Egs. (6a) and (6b)
into Eq. (4), one can obtain the corresponding reflection and
transmission amplitudes as

—[A — (T'; + T'2)sin (20)]? + (I'; + I'2)?sin® (20) + 4T Ta sin® @ + g% + 2g/T 23 sin 6 + sin (30)]

= [iA = (D) + T2)(1 4 €29)] = [(T) + D)2 + [ Tpe20|(1 + €20)? + 40 Ty + g — 2igy/T T2 (3¢ + 37) (o
o _ 4ie* cos? O A(T'1e™ + Tpe™) + 4T Ty sin 6 + 2g/T 15 | . (15b)
[iA — (T + T2)(1 4 €20))" — [(T} + T2)? + [ T2e20](1 + €29)° 4+ 40 Ty + g2 — 2igy/T T2 (3 + €3i%)
Considering the Markovian limit & & 6, and the same decay rates I'y = I';, = I', Egs. (15a) and (15b) are reduced to
ap _ Tla-or $in(260)1? + 402 [sin?(26p) + sin 6] + & + 2¢T[3 sin 6 + sin(36,)] (160
[iA — 2I(1 + €2)]* — [ig 4 (3¢l + £3f)]? ’
B _ 8iT'e¥% cos? By[ A cos By + 2T sin Oy + g] (165)

[iA —20(1 4 €20)]* — [ig 4+ ['(3eio 4 £30)]*

Figure 4(a) shows the dependence of the reflection
coefficient R® on A and 6. Here we find that the period
of the spectra is still 27r, which is different from the case of
g =0, in which the period of the spectra becomes 7w [75].
According to Egs. (16a) and (16b), we know that the two
reflection peaks with R®) = 1 appear at A = 2I" sin(26,) &

(

V4T2[1 — cos 6y cos(36p)] + g2 + 2gT[3 sin 6y + sin(36p)]

in the scenario of 0y # nx and under the condition 4I'2[1 —
cos 6y cos(36p)] + g + 2gT[3sin Oy + sin(36p)] > 0. When
6o = 0 and (2n + 1)z with integer n, the reflection amplitude
given in Eq. (16b) is reduced to r® = —8iI'/(A — g+ 8iT")
and —8iI" /(A + g + 8iI"), respectively, which both behave as
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FIG. 4. (a) Reflection coefficient R® as a function of the detuning A and the phase shift 6y. The profiles of panel (a) are shown by the
curves in (b)—(i) at different phases: (b) 6y = 0, (c) 6y = 0.057, (d) 6y = 0.457, (e) 6y = 7 /2, (f) By = 7, (g) 6p = 1.057, (h) 6y = 1.457, and

(1) 6p = 37 /2. In all panels, we choose g/T" = 3.

the Lorentzian line shapes with the same width 16" but dif-
ferent centers (at A = g and —g) [see Figs. 4(b) and 4(f)]. In
terms of Egs. (16a) and (16b), the minimum of the reflection
coefficient occurs at A = —2I"tan6fy — g/ cos 6y. In particu-
lar, one can find that the minimal value is always located either
at the left-hand side [when 6y € (0, 7 /2) U (37 /2, 27 )] or the
right-hand side [when 6y € (7 /2, ) U (;r, 37 /2)] of the two
peaks of the spectra. To see the influence of the phase
delay 6y on the reflection coefficient R®, we plot the
profiles of Fig. 4(a) in Figs. 4(b)—4(i) when 6, takes
some special values in 6y € (0,7 /2)U (;wr, 37 /2), due to
RB(A,0)) =RB(=A, 7 —6y) and RP(A, 7 +6))=
RB(—A, 2w — 6)).

As shown in Figs. 4(c) and 4(g), the reflection spectra near
its minimal value can also be characterized as the Fano line
shape when the phase shift takes appropriate values. Similar
to the separated-coupling case, the reflection amplitude in
Eq. (16b) can also be decomposed as r® = r'® 4+ r® where
the Lorentzian spectra rf) have the same form of Eq. (12),
with

A+ = T[2sin(26p) £ 3 sin Gy £ sin(36y)],
'y = 2I'[1 4+ cos(26p)](1 % cos by).

(17a)
(17b)

Equation (17b) indicates that, to obtain the Fano line
shapes for the reflection spectra, we need to ensure the
condition I'x 3> I'y.. Then the reflection spectrum near A4
can be approximated by the Fano line shape characterized
by Eq. (14). In the region of 6y € (0, w/2) U (7, 37 /2), the
phase shift should be chosen as either 6, € (0, 0.177) to ensure
'y >T_ or6fye (m,1.17) to ensure I'_ > I';. Therefore
the reflection spectra in Figs. 4(c) (with 6y = 0.057 yield-
ing 'y > I'_) and 4(g) (with 6y = 1.057 leading to I'_ >
') behave as the Fano line shapes. In addition, when 6,
takes these typical values, we can find that there will be
a minimum for the reflection coefficient which occurs at
A = —2I"tan 6y — g/ cos By, which depends on the coupling
strength g and the phase shift 6.

Specifically, when 6y = (n + 1/2)m with an integer n, the
reflection peak disappears completely, because the artificial
giant molecule is decoupled from the waveguide. Thus the
input photon can transmit the waveguide completely as shown
in Figs. 4(e) and 4(i). However, when 6, approaches to
Op=m+1/2)r such as 6y =0.457r and 1.457 [see
Figs. 4(d) and 4(h)], the spectra exhibit the vacuum Rabi-
splitting-like line shapes. To explain this phenomenon, we
choose 6y = /2 + 6 and 37 /2 + § with |§] < 1, and then the
transmission and reflection amplitudes can be approximated
as

—(A +4I'8)" + (g 2T')’

B) ~
o~ i(A +4T8)[i(A +4T'8) — 8T'82] + (g £ 2IN)?’
(18a)
B o 8T (g + 2I')82
i(A+4T8)[i(A +4T8) — 8I'82] + (g+2I')*°
(18b)

Equations (18a) and (18b) show that we can obtain the
two peaks of the vacuum Rabi splitting spectra, which are
located at A = —4T'§ &= (g+ 2I") for 9y = /2 + 5 and A =
—4T'$ £ (g — 2T") for 6y =37 /2 + 6. The corresponding sep-
arations between the two peaks in the two cases are given
by d® = 2(g + 2I") and |2(g — 2I')|, respectively. Therefore,
we see that the separation d'® between the two peaks in
Fig. 4(d) is larger than that in Fig. 4(h). This feature is de-
termined by the joint influence of the direction coupling g
and the exchange interaction g,, = I'[3 sin 6y + sin(36y)] for
the two braided giant atoms [52]. When 6y = (n + 1/2)m,
the individual decays for the two giant atoms are zero,
whereas the exchange interaction between them is nonzero,
which is also called the decoherence-free interaction [52].
Therefore, by choosing 6y = 7 /2 + §, we can obtain g,, ~
2T, leading to a positive contribution 2g,, = 4T to the
separation d® between the two reflection peaks [74]. How-
ever, when 6y =37 /2 + §, the decoherence-free interaction is
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FIG. 5. (a, b) Reflection coefficient R® as a function of A and
g with ) = 0.45m and 1.45m, respectively. The curves in (c) and
(d) show the profiles of (a) and (b) at given values of g.

ga» = —2T", which results in a negative contribution 2g,, =
—4Ttod®.

Similar to the separated-coupling case, we also investigate
the dependence of the reflection spectra R® on the
coupling strength g. Figures 5(a) and 5(b) show the
reflection coefficient R®® as functions of A and g when
6o = 0.457 and 1.45m, respectively. In these cases, the
reflection spectra exhibit vacuum Rabi-splitting-like line
shapes [see Figs. 4(d) and 4(h)]. It can be seen from
Fig. 5(a) that there are two reflection peaks for both g =0
and g# 0, which is different from the spectral feature
in the separated-coupling case (see Fig. 3). Based on the
locations of the reflection coefficient R®), the separation

J

) _ —[A — 2T, sinA][A — 2Ty sin (30)] + {g + 24/ T1 T3 [sin 6 + sin (20)]}°

between the two reflection peaks is given by d® =
2,/4T2[1 — cos B cos(36p)] + g* + 2¢T[3sin fy + sin(36p)].
Additionally, in terms of Eq. (18b), the separation between the
peaks can be approximated as d®) = 2(g+ I') at y = 0.457,
which increases monotonically as g increases. Note that
the width of the two peaks is independent of the value of
g and the width of the right peak is slightly larger than
that of the left one. However, the separation of the two
reflection peaks exhibits a nonmonotonic behavior when
6y = 1.45m, as shown in Fig. 5(b). To explain this feature,
we substitute 8y = 1.457 into d‘® and find that it becomes
an imaginary number when g/I" € (1.975,2.169). Then in
this region there is only one reflection peak appearing at
A = 2I"sin(26y) [see the blue dashed line in Fig. 5(d)]. It
can be seen from the profiles in Fig. 5(d) that the distance
between the two reflection peaks gradually decreases as g
goes from zero to g/I" = 1.975. As g continues to increase
from g/I" = 2.169, the separation between the two peaks
begins to increase monotonously. Meanwhile, we can also
obtain an approximate expression d‘® = |2(g— 2I')| for
the separation between the two peaks when 6y = 1.457
[corresponding to the case of 6y = 37 /2 + §]. This indicates
that the separation d® between the two reflection peaks
increases with the increase of g, only if the direct coupling
strength g is larger than the decoherence-free interaction g
between the two giant atoms. Based on the above analyses,
we know that the vacuum Rabi-splitting-like line shapes
can be obtained in the braided-coupling case, in which the
locations of the peaks are tunable by changing the coupling
strength g and the phase shift 6.

C. Nested-coupling case

We now turn to the nested-coupling case, as shown in
Fig. 1(c). In this case, the corresponding coefficients in P;(x)
and Q;(x) are my = 3, ny = 1, and Iy = 2. Taking a similar
method, the transmission and reflection amplitudes are ob-
tained as

T A = 205(1 4 ®)][iA — 2T (1 + €3)] — [ig + 2/ T Toe (1 + ei)]2”

SN

(192)

4ie¥ cos (4)*{A[3T + T'y) — 4T cos 6 4 2T, cos (20)] + 4T T [sin (260) — sin 6] — 2gy/TiTH (1 — 2 cos 6))

[iA = 205(1 + e®)][iA — 2T (1 + ¢39)] — [ig + 2/T T2 (1 + )2

(19b)

For simplicity, we consider the Markovian limit § ~ 6, and the same decay rates I'; = I'; = I, and then t™") and r¥) become

) _ —[A — 2T sin Gy ][A — 2T sin(36,)] + {g + 2T'[sin By + sin(26,)1}>
[iA — 2I'(1 4 €®)][iA — 2I'(1 + €3%)] — [ig + 2Tei®(1 4 ei®0)]*

(20a)

AN

8ile% cos (%)Z{A[Z — 2c0s 6y + cos(20y)] + 2T'[sin(26p) — sinby)] — g(1 — 2 cosby)}
[iA — 2T°(1 + e®0)][iA — 2T(1 4 €3%)] — [ig 4+ 2Tei® (1 + eifo)]* '

(20b)

In Fig. 6(a), we display the reflection coefficient R™ as a function of A and 6y. The dependence of RN on 6 is also 2
periodic. In terms of Egs. (20a) and (20b), we know that the reflection spectra have two peak values with R = 1 under the
condition I"?[sin 0y — sin(36)]* + {g + 2I'[sin 6y + sin(26,)]}> > 0, which are located at

A =T'[sin 6y + sin(36y)] £ \/Fz[sin 0y — sin(360p)]> + {g + 2T [sin Gy + sin(26,)]}%, 21
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FIG. 6. (a) Reflection coefficient R™) as a function of the detuning A and the phase shift 6. The profiles of panel (a) are shown by the
curves in (b)—(i) at different phases: (b) 8y = 0, (¢) 6y = 0.17, (d) 8y = 7 /3, (e) 6y = 7w /2, (f) 6y = 27 /3, (g) Oy = 47 /3, (h) 6y = 57 /3, and

(1) 6p = 1.8x. In all panels, g/I" = 5 is taken.

where the phase shift 8y # 2nw (n is an integer). As 6 in-
creases, there will appear a reflection minimum R?™) = 0 at

g(1 —2cos6y) — 2I'[sin(260p) — sin O]
2 —2cos by + cos(26p)

except for the phase shift 6y = 2n + 1)x.

Figures 6(b)-6(i) show the profiles of the reflection spectra
when the phase shift 6, takes different values in the region
of 6y € [0,27] [note that here we also have the relation
RM(A, 6y) # RM(—A, 2w —6y)]. As shown in Fig. 6(b),
when 6y = 0, the reflection amplitude ™) is reduced to
r®™ = _8iT'/(A — g — 8iT"), which means that the reflection
spectrum is a Lorentzian line shape centered at A = g with
spectrum linewidth 16T. In particular, according to Eq. (22)
we find that the minimum of the reflection appears at A =
0 when 6y = 7 /3 and 57 /3. As shown in Figs. 6(c)-6(i),
there will appear two reflection peaks with R = 1 and one
dip with R™) = 0 when 6 increases from zero to 7 or from 7
to 2. In particular, the reflection dip exists always between
the two reflection peaks, which shows a different feature from
the braided-coupling case, where the two reflection peaks
always appear on the same side of the reflection minimum.
On the other hand, from Figs. 6(c) and 6(i) we find that
the reflection minimum appears at the left-hand side of A =
0 when 6y € (0,7/3)U (57 /3, 2m). From Figs. 6(e)-6(g)
we see that, when 6y € (7 /3, 7) U (mr, 57 /3), the reflection
minimum appears at the right-hand side of A = 0. When
0p=0.1m, 7 /2, 27 /3, and 1.8, the sharp Fano-like line
shapes can be observed, as shown in Figs. 6(c), 6(e), 6(f),
and 6(i).

Similarly, we also investigate the dependence of the
reflection coefficient R™) on the coupling strength g.
Figures 7(a) and 7(b) show the reflection coefficient as a
function of A and g when 6y = /3 and 57 /3, respectively.
In the cases for the two specific phase shifts, the minimum
of the reflection is located at A = 0. As shown in Fig. 7(a),
the separation between the two reflection peaks gradually

A =

; (22)

increases with the increase of g. This feature can be explained
from the separation between the two reflection peaks d¥) =
2\/F2[sin By — sin(369)1% + {g + 2T [sin fy + sin(26y)]}? in
the case of 6y = m/3, which is always a monotonically
increasing function of g. However, from Fig. 7(b) it can be
found that the two reflection peaks first gradually approach
until a minimum is reached, and then gradually separate when
6y = 57 /3. This is because d™ becomes a nonmonotonic
function of g in the case of 6y = 57 /3. In Figs. 7(c) and 7(d),
we plot the profiles of the reflection spectra at some given
coupling strength g, which show that the location of the
reflection minimum R®”Y) = 0 is immune to the changing of g
when 6y = /3 and 57 /3. To understand this phenomenon,
we substitute 6y = /3 and 57 /3 into Eq. (22) and can find
that the reflection minimum R®™) = 0 is always located at
A =0, which is independent of g. In addition, the profiles
of R™ in Fig. 7(d) at 6y = 57 /3 indicate that when g/T
goes from 0 to 24/3, the two peaks are getting closer and
closer. When g/I" approaches to 2+/3, such as g/T" = 3, the
reflection spectrum exhibits a sharp Fano-like line shape [see
the purple dashed line in Fig. 7(d)]. Specifically, there is only
one peak and one point with RY) = 0 located at A = 0 when
g/T = 2+/3. As gincreases from g/I" = 2+/3 to larger values,
the separation between the two peaks gradually increases.

IV. SINGLE-PHOTON SCATTERING
IN THE NON-MARKOVIAN REGIME

In this section, we study the single-photon scattering in
the non-Markovian regime, in which the retarded effect in-
duced by the 7 term in Eq. (10) cannot be neglected. This
non-Markovian effect should be taken into account in some
physical systems, such as a superconducting qubit coupled to
surface acoustic waves [56,57].

In this non-Markovian regime, the accumulated phase
shift is 6 = tA 4 6y. As a result, the phase shift 6y in
Egs. (11a), (11b), (16a), (16b), (20a), and (20b) should be
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replaced by 6. To see the influence of the non-Markovian
effect on the reflection coefficients in these three coupling
configurations, we first consider the case of g = 0, which
corresponds to the system with two independent giant atoms
coupled to a one-dimensional waveguide. It should be noted
that even if 6 is a periodic function of 2, we need to take
6y = Qt > 't to meet the parameter condition I' /2 <« 1 for
the rotating-wave approximation. As shown in Figs. 8(a), 8(c),
and 8(e), we plot the reflection coefficients R®), R®, and

A®) = 2T sin 9,

R™) as functions of A at given values of TI" and 6, when the
coupling strength g = 0. It can be seen from Figs. 8(a), 8(c),
and 8(e) that the reflection coefficients are symmetric to A =0
and exhibit complicated structures and there appear more re-
flection peaks and dips, which is due to the dependence of the
phase shift 6 on the detuning A. According to the analyses
in Sec. III, the locations of the complete reflection peaks for
RS, R®_ and R™ in the case of g =0 are, respectively,
determined by

AP = 2T sin(20®) £ 2I'/[1 — cos B cos(30B))],

AN = T[sin6™ + sin(36™M))] + I‘\/ [sin 6™ — sin(30M)]* 4 4[sin O™ + sin(20M)]?, (23)

which are transcendental equations, where 6, 9 and 6™
are the phase in the three coupling configurations defined by
0P =t AP 46, for f =S, B, and N. Here, we use the
superscript S, B, and N to mark the three coupling config-
urations. In the case of g # 0, as shown in Figs. 8(b), 8(d),
and 8(f), the reflection coefficients R, R®, and R™) also
behave as complicated but asymmetric line shapes (except for
the braided-coupling case when 6y = 100.57). Meanwhile,
more reflection peaks and dips appear, and the locations of
the complete reflection peaks for R, R®), and RN are also
determined by the transcendental equations

A® =2rsin 0% +£ VGO,
A® = 2T sin(20®))
+/4T2[1 — cos 0B cos(30®B)] + G,

AJT

FIG. 7. (a, b) Reflection coefficient R™’ as a function of A and g
with 6y = m /3 and 57 /3, respectively. The curves in (c) and (d) show
the profiles of (a) and (b) at given values of g.

\
AMN = T[sin W) + sin(36™)]
4 /T2[sin M) —sin(3OM)2 + GM,  (24)

with
G® = & + 4gI'sin(20)(1 + cos 69,
G® = g +2gT'[3s5in0® 4 5in(30®)],
G™) = {g+2I'[sin 0™ + sin(26™")]}2. (25)

In addition, we can find that the reflection coefficients R,
R®, and R™ are no longer characterized by the Lorentzian

(d) 9() = 100.57 00 = 1017w
A .

,‘\/l
VA
!

(W}
!

1

FIG. 8. Reflection coefficients (a) R, (c) R®, and (e) R as
functions of the detuning A when g/I" = 0. Reflection coefficients
(b) R, (d) R®, and (f) R™ as functions of the detuning A when
g/T" = 3. In all panels, we choose tI" = 2.
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FIG. 9. Reflection coefficients (a) R, (b) R®, and (c) R™ vs
the detuning A at different values of 7 and 6. In panels (a), (b), and
(c), the phase shifts are 8, = 1017, 100.57, and 1017, respectively.
The other parameter is g/I" = 3.

line shapes when 6y = 2nm in the cases of both g =0 and
g # 0, which is different from the situations in the Markovian
regime. In the non-Markovian regime, meanwhile, when the
phase shift 6p = (2n + 1)7 for the separated- and nested-
coupling cases and 6y = (n + 1/2)x for the braided-coupling
case, the retarded effect induced by the propagating time t
leads to the revival of the vanished reflection spectra in the
Markovian regime.

To better understand the single-photon scattering of the
three coupling configurations in the non-Markovian regime,
we plot R®, R® and R™ as functions of A when
t['=0.001, 0.1, and 1 in Fig. 9. It can be seen that in the
Markovian regime tI" = 0.001 the single photon is com-
pletely transmitted in all three coupling cases when 6y = 1017
for R® and R™, and 6, = 100.57 for R®. In the non-
Markovian regime, as the propagating time t increases, the
oscillation of the reflection spectra and their sensitivity to
the detuning A are enhanced. Another interesting feature
is the revival of the multiple reflection peaks in the non-
Markovian regime. As shown in Figs. 9(a) and 9(c), the
reflection spectra exhibit three-peak structures away from
A = +g. However, different from the separated- and nested-
coupling cases, there are no three-peak structures for the
reflection spectra R® in Fig. 9(b), but we can see that
the reflection spectra R® are always symmetric to A=0
due to the relation R® (A, tA + 6y) = RB(—A, —TA + 6p)
at 6y = (n+ 1/2)w. In addition, the maximal values of
the reflection coefficients R, R® and R™) in the non-
Markovian regime gradually decrease with the increase of the
detuning A.

V. DISCUSSION AND CONCLUSION

Finally, we present some discussions on the experimen-
tal implementation of the single-photon scattering in the
giant-molecule waveguide-QED system. In this system, there
exist both the two-point coupling of each giant atom with
the waveguide and the inner coupling of the two giant
atoms. Therefore, the candidate experimental setups should
be able to realize the two kinds of couplings. Concretely,
the experimental demonstration of the giant atoms has been
realized by coupling transmon qubits to surface acoustic
waves [57,66,67] or coupling Xmon qubits to a meandering
transmission line [69,70]. By changing the frequencies of the
qubits, the accumulated phase shift 6, between neighboring
coupling points can be tuned. The inner coupling between
the two transmon qubits can be realized by connecting
them to a common and tunable inductor. In our simulations,
we take the inner coupling strength g/I" > 1. It has been
reported that the inner coupling strength can be adjusted to
reach tens of MHz [80]. In addition, the recent experiments
have shown that the coupling strength between the transmon
qubits and the transmission lines can reach MHz [81,82]. For
the single-photon scattering in the non-Markovian regime of
this scheme, we consider that the propagating time t of single
photons between two neighboring coupling points is compa-
rable to the lifetime 1/T" of the transmon qubits, i.e., t[" = 1.
In Ref. [57], the giant atom is achieved by coupling a trans-
mon qubit with multiple interdigital transducers to SAWs.
As the speed of SAWs is very slow, the parameter condition
' & 1 can be well satisfied. Moreover, we can enlarge the
distances between the neighboring coupling points, and hence
the system can work in the non-Markovian regime [58]. All
these advances indicate that the giant-molecule waveguide-
QED system proposed in our paper can be implemented with
current and near-future conditions.

In conclusion, we have studied single-photon transport in
a one-dimensional waveguide coupled to a giant artificial
molecule consisting of two coupled giant atoms. The system
has three different coupling configurations based on the cou-
pling points of the two giant atoms with the waveguide. In
particular, we have considered the single-photon scattering in
both the Markovian and non-Markovian regimes, in which the
retarded effect of a single photon propagating between two
coupling points can and cannot be neglected, respectively. We
have obtained the exact results of the single-photon scattering
coefficients, and have found that the phase delay, the coupling
configurations, and the coupling strength between the two
giant atoms determine the scattering properties of the single-
photon transport. The scattering spectra and spectral features
have been analyzed in detail. The single-photon transport can
be controlled perfectly and hence single-photon switch can
be realized in this system. This paper will pave the way for
the study of single-photon quantum devices in giant-molecule
waveguide-QED systems.
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