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Collective excitations in cigar-shaped spin-orbit-coupled spin-1 Bose-Einstein condensates
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We study theoretically the collective excitations of a spin-orbit-coupled spin-1 Bose-Einstein condensate with
antiferromagnetic spin-exchange interactions in a cigar-shaped trapping potential at zero and finite temperatures
using the Hartree-Fock-Bogoliubov theory with Popov approximation. The collective modes at zero temperature
are corroborated by real-time evolution of the ground state subjected to a perturbation suitable to excite a density
or a spin mode. We also calculate a few low-lying modes analytically and find very good agreement with the
numerical results. We confirm the presence of excitations belonging to two broad categories, namely, density
and spin excitations, based on the calculation of dispersion. The degeneracy between a pair of spin modes is
broken by the spin-orbit coupling. At finite temperature, spin and density excitations show qualitatively different
behavior as a function of temperature.
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I. INTRODUCTION

The first multicomponent Bose-Einstein condensate
(BEC), known as a spinor condensate, was experimentally
realized with a simultaneous optical trapping of three
hyperfine spin states from the F = 1 spin manifold in a gas
of 23Na atoms [1] and was followed by the demonstration
of the condensation with gas of 87Rb atoms in F = 1 [2]
and F = 2 [3–5] manifolds. The vast literature on the
spinor condensates covering both the experimental and the
theoretical progress has been reviewed in Refs. [6,7]. One of
the most important advances in the field of cold-atom physics
in the past decade has been the experimental demonstration
of synthetic spin-orbit (SO) coupling in a pseudospin-half
quantum gas [8] via light-atom interactions, which has opened
up new perspectives in exploring many-body phenomena
using ultracold atoms, such as topological insulators [9],
quantum anomalous Hall conductivity [10], and topological
superconductors [11]. In the case of spin-1 BECs, SO
coupling has also been experimentally realized in a gas
of 87Rb [12,13] atoms by coupling three hyperfine states
with Raman lasers, thus paving the way to explore the rich
physics of SO-coupled spin-1 BECs. Theoretical predictions
and experimental observations of SO-coupled spin-1
BECs render various novel ground-state phases including
plane-wave, stripe (standing-wave), and zero-momentum
phases [14,15]. Distinguishing the different phases close to
the phase-transition boundaries through equilibrium density
profiles is a challenge [16]. Nonequilibrium transport of
spinor BECs entails various topological excitations such
as solitons [17] and vortices [17,18]. To characterize the
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static and dynamical properties of such systems, it is then
imperative to study the collective excitations manifesting
through fluctuations.

Collective modes, which are the low-energy excitations
of a quantum gas, can reveal fundamental information about
the ultracold quantum state such as the stability of different
different ground-state phases, fluctuations, and superfluidity
[19,20]. To this end, it is experimentally possible to excite
the low-lying dipole and breathing modes by modulating
the harmonic trap and carry out spectroscopic studies with
utmost precision [21]. At zero temperature, the collective ex-
citations of the trapless pseudospinor and spin-1 BECs with
Raman-induced SO coupling have been studied theoretically
[22–24] and have been found to exhibit roton-maxon struc-
ture in zero-momentum and plane-wave phases. Dynamical
and energetic instabilities in the Raman-induced SO-coupled
pseudospinor BEC in a uniform plane-wave phase have also
been studied [25]. Experimental measurement of collective
excitations through Bragg spectroscopy in Raman-induced
SO-coupled pseudospinor BECs, revealing the roton-maxon
structure, have been carried out [26,27]. The excitation spec-
trum of a one-dimensional quantum droplet for a binary
mixture has been examined in Ref. [28]. In contrast, theo-
retical studies of spinor condensates at finite temperatures
are few and demand a thorough investigation. Experiments
usually are performed in harmonic traps and at finite tem-
peratures. It is therefore essential to include the effects of
the trapping potential and fluctuations to theoretically address
such systems. It has been shown that an antiferromagnetic
spin-1 Bose gas with fixed norm and magnetization under-
goes double condensation using Hartree-Fock-Popov [29] and
Hartree-Fock theories [30]. Phuc et al. [31] have studied the
finite-temperature phase diagram of a trapless ferromagnetic
spin-1 Bose gas in the presence of quadratic Zeeman terms
using Hartree-Fock-Bogoliubov theory with Popov approx-
imation. Within the framework of Hartree-Fock theory, the
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finite-temperature phase diagram of a trapless spin-1 BEC
with both linear and quadratic Zeeman terms has also been
calculated [32]. Experimentally, the phase diagram of an anti-
ferromagnetic spin-1 Bose gas has been studied in Ref. [33].
The spin-mixing dynamics of a spin-1 condensate in a highly
elongated trap has been studied at zero and finite temperature
[34,35]. The effect of thermal fluctuations on the quantum
phase transition from an antiferromagnetic to phase-separated
ground state in a spin-1 BEC has been studied in [36]. The
finite-temperature phase diagram of a uniform pseudospinor-
half BEC with a Raman-induced SO coupling shows that
quantum and thermal fluctuations enlarge the phase space of a
plane-wave phase [37]. A finite-temperature phase transition
from a stripe to a plane-wave phase in a Raman-induced
SO-coupled pseudospinor-half 87Rb Bose gas has been ex-
perimentally observed [38]. A perturbation approach, valid
for small Raman coupling strengths, has been used to study
the transition between the plane-wave and stripe phases for
a Raman-induced SO-coupled pseudospinor-half BEC at fi-
nite temperatures [39]. The stability of the plane-wave phase
in the Rashba SO-coupled pseudospinor condensate with
equal intra- and interspecies interactions against quantum and
thermal fluctuations has been studied [40]. The Berezinskii-
Kosterlitz-Thouless (BKT) superfluid phase transition in an
anisotropically SO-coupled two-dimensional pseudospinor
BEC has been studied using classical-field Monte Carlo cal-
culations [41] and the stochastic projected Gross-Pitaevskii
equation [42]; the latter study showed the emergence of a true
long-range order in the relative phase sector and the quasi-
long-range BKT order in the total phase sector [42].

In this work we study theoretically the collective excita-
tions of an SO-coupled spin-1 BEC, with antiferromagnetic
spin-exchange interactions, in a quasi-one-dimensional har-
monic trapping potential at zero and finite temperature using
the Hartree-Fock-Bogoliubov (HFB) theory with Popov ap-
proximation. Excitation spectra of SO-coupled spin-1 BECs
in harmonic trapping potentials have not been studied at
zero or finite temperature. We calculate the collective ex-
citation spectrum by numerically solving the generalized
Gross-Pitaevskii (GP) and Bogoliubov–de Gennes (BdG)
equations self-consistently at zero and finite temperatures. In
addition to this at T = 0 K, we also calculate the collective
oscillations by simulating the real-time propagation of the
ground state using T = 0 GP equations subjected to different
kinds of spin and density perturbations. We also calculate the
dispersion relation [43] to ascertain the nature of the excita-
tions. To augment our numerical results, we use the variational
method to calculate the frequencies of a few low-lying modes
analytically.

The paper is organized as follows. In Sec. II we describe
the HFB theory with Popov approximation for an SO-coupled
spin-1 BEC in a quasi-one-dimensional trapping potential.
In Sec. III A we discuss the spectrum of the noninteracting
SO-coupled spin-1 BEC. We calculate the collective excita-
tion of an SO-coupled spin-1 BEC of 23Na at zero temperature
with and without SO coupling by solving the generalized GP
and BdG equations in a self-consistent manner in Secs. III B
and III C. In Sec. III D we simulate the real-time dynamics of
a suitably perturbed ground state to monitor the dipole and
breathing modes corresponding to density and spin channels,

followed by a calculation of a few low-lying modes using
the variational method in Sec. III E. In Sec. IV the excitation
spectra at finite temperatures are discussed.

II. MODEL

We consider a spin-1 SO-coupled spinor BEC in a
highly anisotropic harmonic trapping potential V (x, y, z) =
m(ω2

x x2 + ω2
y y2 + ω2

z z2)/2, where m is the atomic mass and
ωy = ωz = ω⊥ � ωx. The transverse degrees of freedom are
then considered to be frozen and the system is confined in
the harmonic-oscillator ground state along this direction with
Rx � ξ � l⊥, where Rx is the half-length of the condensate
along the x axis, ξ is the density-coherence length, and l⊥ =√

h̄/mω⊥. In this case, we can integrate out the y and z coor-
dinates from the condensate wave function and describe the
system as a quasi-one-dimensional system along the x axis.
This allows us to consider excitations only along the axial
direction x. The grand-canonical Hamiltonian in the second-
quantized form for a spin-1 BEC is H = H0 + Hint, where
single-particle part of the Hamiltonian H0 and interaction part
of the Hamiltonian Hint are [44,45]

H0 =
∫

dx ψ̂
†
i [Li j − ih̄γ fx∂x]ψ̂ j, (1a)

Hint =
∫

dx

[
c0

2
ψ̂

†
i ψ̂

†
j ψ̂ jψ̂i + c2

2
ψ̂

†
i ( fα )i jψ̂ jψ̂

†
k ( fα )kl ψ̂l

]
,

(1b)

where ∂x = ∂/∂x and Li j = [(−h̄2/2m)∂2
x − μ + V (x)]δi j . In

Eqs. (1a) and (1b), i, j, k, l , which can have values +1, 0,−1,
are the hyperfine spin states of the F = 1 manifold; repeated
indices are summed over; fα with α = x, y, z denote the spin-1
matrices in the irreducible representation; ψ̂i(x, t )[ψ̂†

i (x, t )] is
the quantum field for annihilating (creating) an atom in state i
at position x; μ is the chemical potential; γ is the strength of
spin-orbit coupling; and c0 and c2 are spin-independent and
spin-dependent interactions, respectively, which, expressed
in terms of the s-wave scattering lengths a0 and a2 of bi-
nary collisions with total spin Ftotal = 0 and 2, respectively,
are c0 = 2h̄2(a0 + 2a2)/3ml2

⊥ and c2 = 2h̄2(a2 − a0)/3ml2
⊥.

Depending on the values of c2, a spin-1 BEC in the ab-
sence of SO coupling and Zeeman terms admits two phases,
namely, ferromagnetic for c2 < 0 and antiferromagnetic for
c2 > 0. In the rest of the paper we will work with dimen-
sionless variables (except when stated otherwise) defined as
x̃ = x/l0, Ẽ = E/h̄ωx, t̃ = ωxt , γ̃ = γ /

√
mh̄ωx, c̃0 = 2(a0 +

2a2)l0/3l2
⊥, and c̃2 = 2(a2 − a0)l0/3l2

⊥, where l0 = √
h̄/mωx;

we further denote the dimensionless variables without a tilde
in the rest of the paper.

Fluctuations

To address the effects of quantum and thermal fluctuations
in the BECs of dilute atomic gases, we generalize the HFB
theory within the Popov approximation [46–48] and adapt it
to an SO-coupled spin-1 Bose gas. We start with the second-
quantized form of the Hamiltonian H for a dilute, weakly
interacting Bose gas and derive the generalized GP and the
BdG equations. We separate the Bose field operator ψ̂i(x, t )
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into a condensate wave function φi(x) and a fluctuation oper-
ator δψ̂i(x, t ) as ψ̂i(x, t ) = φi(x) + δψ̂i(x, t ). Employing the
Bogoliubov transformation, fluctuation operators δψ̂i can be
expressed as a linear combination of quasiparticle creation
(α̂†

λ) and annihilation operators (α̂λ) given by

δψ̂i(x, t ) =
∑

λ

[uλ
i (x)α̂λ(x)e−iωλt − v∗λ

i (x)α̂†
λ(x)eiωλt ], (2)

where i ∈ (+1, 0,−1) represents the component index and λ

represents the eigenvalue index for the corresponding energy
ωλ, with uλ

i and vλ
i the quasiparticle amplitudes of the ith com-

ponent. The quasiparticle creation and annihilation operators
satisfy the usual Bose commutation relations. We consider the
Heisenberg equation for the Bose field operator ψ̂i(x, t ), i.e.,

ih̄
∂

∂t
ψ̂i(x, t ) = [ψ̂i(x, t ),H], (3)

and then Wick decompose the cubic terms in fluctuation
operators as δψ̂

†
i δψ̂ jδψ̂k � 〈δψ̂†

i δψ̂ j〉δψ̂k + 〈δψ̂†
i δψ̂k〉δψ̂ j +

〈δψ̂ jδψ̂k〉δψ̂†
i . We consider the ensemble average of Eq. (3)

and define nc
i = |φi|2, ñi, j ≡ 〈δψ̂†

i δψ̂ j〉, m̃i, j ≡ 〈δψ̂iδψ̂ j〉,
and ni = nc

i + ñi,i as the local condensate, noncondensate,
anomalous, and total densities, respectively, for the ith com-
ponent and nt = ∑

i(n
c
i + ñi,i ) as the total density of the

system. To simplify the notation, we denote the thermal
density of the ith component ñi,i by simply ñi. The anoma-
lous average terms m̃i, j are further neglected to satisfy the
Hugenholtz-Pines theorem [49]. This forms the essence of
the Hartree-Fock-Bogoliubov-Popov approximation. Based
on these considerations and definitions, we arrive at two
coupled sets of equations, one for the condensate wave func-
tions and the second for quasiparticle amplitudes. One set of
equations describing the dynamics of the condensate are the
following coupled generalized GP equations:

i
∂φ±1

∂t
= [L±1,±1 + c0(nt + ñ±1,±1) + c2(n±1 + n0 − n∓1 + ñ±1,±1)]φ±1 + c2φ

2
0φ

∗
∓1

+ [(c0 + c2)ñ0,±1 + 2c2ñ∓1,0]φ0 + (c0 − c2)ñ∓1,±1φ∓1 − i
γ√

2
∂xφ0, (4a)

i
∂φ0

∂t
= [L0,0 + c0(nt + ñ0,0) + c2(n+1 + n−1)]φ0 + 2c2φ+1φ

∗
0φ−1 + [(c0 + c2)ñ+1,0 + 2c2ñ0,−1]φ+1

+ [(c0 + c2)ñ−1,0 + 2c2ñ0,+1]φ−1 − i
γ√

2
(∂xφ+1 + ∂xφ−1). (4b)

The BdG equations for quasiparticle amplitudes are given as(
M1 −M2

M∗
2 −M∗

1

)(
uλ

vλ

)
= ωλ

(
uλ

vλ

)
, (5)

where

M1 =
⎛
⎝h+1,+1 + c0n+1 + c2(2n+1 + n0 − n−1) h+1,0 + hSOC (c0 − c2)(φ∗

−1φ+1 + ñ−1,+1)
h∗

+1,0 + hSOC h0,0 + c0n0 + c2(n+1 + n−1) h0,−1 + hSOC

(c0 − c2)(φ∗
+1φ−1 + ñ+1,−1) h∗

0,−1 + hSOC h−1,−1 + c0n−1 + c2(n0 − n+1 + 2n−1)

⎞
⎠,

M2 =
⎛
⎝ (c0 + c2)φ2

+1 (c0 + c2)φ0φ+1 (c0 − c2)φ−1φ+1 + c2φ
2
0

(c0 + c2)φ+1φ0 c0φ
2
0 + 2c2φ+1φ−1 (c0 + c2)φ−1φ0

(c0 − c2)φ+1φ−1 + c2φ
2
0 (c0 + c2)φ0φ−1 (c0 + c2)φ2

−1

⎞
⎠,

with

hi, j =
[

− 1

2
∂2

x − μ + V (x) + c0nt

]
δi j, hSOC = −iγ√

2
∂x,

h+1,0 = (c0 + c2)(φ∗
0φ+1 + ñ0,+1) + 2c2(φ∗

−1φ0 + ñ−1,0),

h0,−1 = (c0 + c2)(φ0φ
∗
−1 + ñ−1,0) + 2c2(φ+1φ

∗
0 + ñ0,+1),

uλ = (uλ
+1, uλ

0, uλ
−1)T, vλ = (vλ

+1, v
λ
0 , vλ

−1)T,

where T denotes the transpose. The number density of the
noncondensate atoms is related to the Bogoliubov quasipar-
ticle amplitudes through

ñi, j =
∑

λ

{(uλ∗
i uλ

j + vλ
i vλ∗

j ) fωλ
+ vλ

i vλ∗
j }, (6)

where fωλ
= (eωλ/kBT − 1)−1 is the Bose factor of the λth

quasiparticle state. Furthermore, the quasiparticle ampli-
tudes are normalized as

∫ ∑
i(|uλ

i |2 − |vλ
i |2)dx = 1 and total

number of atoms is given by N = ∫
ntdx. On diagonalizing

Eq. (5), the energy of the collective excitations and the quasi-
particle amplitudes are obtained. These can be used in Eq. (6)
to obtain the noncondensate densities, which are eventually
used in a self-consistent computation of Eqs. (4a)-(4b) and (5)
to arrive at the condensate and the noncondensate densities. It
should be noted that when T → 0, the Bose factor fωλ

→ 0
and ñi reduces to

∑
λ |vλ

i |2, which accounts for the condensate
depletion due to quantum fluctuations at T = 0. The station-
ary ground-state solution at T = 0 is numerically obtained
following Refs. [50,51], which serves as an initial input for
computing the noncondensate densities. Using this solution
and then discretizing Eq. (5) by finite-difference methods
[52], we cast Eq. (5) as a matrix eigenvalue equation and then
solve it using standard matrix diagonalization algorithms to
obtain the eigenenergies ωλ and quasiparticle amplitudes uλ

i
and vλ

i . It should be noted here that we have included the
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noncondensate density terms ñi, j (i = j) in the spin channel
in the above equations. These coherence terms between the
thermal atoms of different components have negligible contri-
bution in scalar BECs but become important and comparable
to the spin-dependent interaction terms in the case of spinor
BECs. Furthermore, if one does not include these coherence
terms, the excitation spectra for two SO-coupling models,
namely, HSOC = γ px fx and H ′

SOC = γ px fz, which are related
by a rotation about the y axis by an angle π/2, turn out to
be different at finite as well as at zero temperature in the
presence of quantum fluctuations. The inclusion of ñi j with
i = j renders the excitation spectra for the two models equiv-
alent, which illustrates the important role of these terms in
accounting for quantum and thermal fluctuations. In fact, even
in the absence of SO coupling, if these terms are not included,
the excitation spectrum of a polar spin-1 BEC is not equivalent
to that of an antiferromagnetic BEC with the same interaction
strengths in the presence of fluctuations. In this context, it
is relevant to point out that these terms were not included
in several studies on spin-1 BECs based on self-consistent
solutions of Eqs. (4a), (4b), and (5) [30,53].

After calculating the collective excitations, one can also
compute the associated wave numbers, which essentially es-
tablishes the dispersion relation. We first compute ũλ

i (k) and
ṽλ

i (k), the Fourier transforms of the Bogoliubov quasiparticle

amplitudes uλ
i (x) and vλ

i (x), respectively, and then calculate
the root-mean-square wave number krms of the λth quasiparti-
cle mode as [43,54,55]

kλ
rms =

√∑
i

∫
dk k2[|ũλ

i (k)|2 + |ṽλ
i (k)|2]∑

i

∫
dk[|ũλ

i (k)|2 + |ṽλ
i (k)|2]

. (7)

In Sec. III we will demonstrate that density and spin modes
have distinct dispersion curves.

III. COLLECTIVE EXCITATIONS AT ZERO
TEMPERATURE

A. Noninteracting spin-1 BEC

We first analyze the spectrum of the single-particle
SO-coupled Hamiltonian

H0 = 1 ×
[

− 1

2
∂2

x + x2

2
− μ

]
− iγ fx∂x, (8)

where 1 is a 3 × 3 identity matrix. As H0 and U †H0U , where
U is a unitary operator, have identical spectra, we consider the
U †H0U with U defined as a rotation operator which rotates
the spin state of a spin-1 particle about y by an angle π/2
in a counterclockwise direction. The unitary operator U is
defined as

U =

⎛
⎜⎜⎝

1
2 − 1√

2
1
2

1√
2

0 − 1√
2

1
2

1√
2

1
2

⎞
⎟⎟⎠. (9)

The U †H0U thus obtained in momentum space is⎛
⎜⎜⎝

− 1
2

∂2

∂k2 + (k+γ )2

2 − γ 2

2 − μ 0 0

0 − 1
2

∂2

∂k2 + k2

2 − μ 0

0 0 − 1
2

∂2

∂k2 + (k−γ )2

2 − γ 2

2 − μ

⎞
⎟⎟⎠,

with eigenfunctions⎛
⎜⎝

1√
2n

√
πn!

exp
(−(k+γ )2

2

)
Hn(k)

0

0

⎞
⎟⎠,

⎛
⎜⎝

0
1√

2n
√

πn!
exp

(−k2

2

)
Hn(k)

0

⎞
⎟⎠,

⎛
⎜⎜⎝

0

0
1√

2n
√

πn!
exp

(−(k−γ )2

2

)
Hn(k)

⎞
⎟⎟⎠ (10)

and eigenspectrum

ε±1(n) =
(

n + 1

2

)
− γ 2

2
− μ, ε0(n) =

(
n + 1

2

)
− μ,

(11)
where n = 0, 1, 2, . . ., μ = (1 − γ 2)/2, and Hn(k) is the
Fourier transform of the nth-order Hermite polynomial. So we
get two degenerate eigenfunctions and the third is shifted up
by γ 2/2 for each value n. In the absence of a trap, the energy
dispersion is

ε±1(k) = (k ± γ )2

2
− γ 2

2
− μ, ε0(k) = k2

2
− μ, (12)

where μ would be fixed by the number density. The effect
of SO coupling is therefore to open a gap and also shift
the minima of ε±1 with respect to ε0. The eigenfunctions
of H0 corresponding to eigenenergies ε±1(n) and ε0(n) are,
respectively,

1√
2n

√
πn!

exp(−{x/2 ± iγ }x)Hn(x)

⎛
⎜⎝

1
2

± 1√
2

1
2

⎞
⎟⎠, (13)

1√
2n

√
πn!

exp(−x2/2)Hn(x)

⎛
⎜⎝

− 1√
2

0
1√
2

⎞
⎟⎠. (14)
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FIG. 1. Low-lying excitation spectrum for the 23Na spin-1 BEC
with c0 = 0.0119N , c2 = 0.000 424N , and γ = 0 as a function of the
number of atoms N at zero temperature. Each set of three degenerate
modes in the noninteracting limit splits into two branches in the pres-
ence of interactions: The low-lying branch consists of two degenerate
spin modes and the other corresponds to a single density mode.

B. Interacting spin-1 BEC without SO coupling

We now discuss the role of contact interactions on the
ground state of spin-1 spinor condensates at T = 0 K and
associated excitation spectra in the absence of spin-orbit
coupling and quantum fluctuations. In particular, as a repre-
sentative example, we consider the antiferromagnetic phase
of 23Na [1] atoms in the F = 1 manifold confined in a
cigar-shaped trapping potential with the trapping parameters
ωx = 2π × 5 Hz and ωy = ωz = 20ωx and having scattering
lengths a0 = 48.91aB and a2 = 54.54aB [56], where aB is
the Bohr radius. The interaction strengths, in dimensionless
units, translate to c0 = 0.0119N and c2 = 0.000 424N . With
an increase in the number of atoms, the spatial extent of the
ground-state density profiles increases. The antiferromagnetic
order constrains zero population in the m f = 0 hyperfine state
but with an equal population in the m f = 1 and −1 states or
all the atoms in the m f = 0 state. The longitudinal magne-
tization Mz = ∫

dx(|φ+1|2 − |φ−1|2) is hence equal to zero.
We further investigate the excitation spectrum of the anti-
ferromagnetic phase which is accomplished by diagonalizing
the BdG matrix in (5). In Fig. 1 we show the variation in
the excitation frequencies with the total number of atoms N .
For a single particle, i.e., when the interactions are absent,
the excitation spectrum is exactly equivalent to the spectra
of three independent harmonic oscillators. However, in the
presence of interactions, the equations get coupled. Here
the spectrum is characterized by the three Goldstone modes
with zero excitation frequency. These modes also serve as
a self-consistency check for the accuracy of our numerical
calculations. The presence of three Goldstone modes is at-
tributed to the fact that for the antiferromagnetic phase, the
symmetry group is U(1) × S2 [44] such that we can have
three broken symmetries. Apart from the one density Gold-
stone mode arising out of the breaking of U(1) gauge
symmetry, the other two spin Goldstone modes emanate from

0 1000 2000 3000 4000

N

0

0.5

1

1.5

2

ω

FIG. 2. Excitation spectrum for the 23Na spin-1 BEC with c0 =
0.0119N , c2 = 0.000 424N , and γ = 0.5 as a function of the num-
ber of atoms N at zero temperature. The two degenerate modes in
the noninteracting limit bifurcate with the energy of the spin mode
(marked with red stars), becoming lower than the corresponding
density mode (marked with black triangles).

the breaking of two symmetry generators of the spin rotation
[57]. Among the nonzero low-lying modes, with introduction
of the interactions, the degeneracy between the modes with
ω = 1 is lifted with a bifurcation into two branches. One
branch corresponds to the density-dipole mode whose energy
remains constant with increasing N satisfying Kohn’s theorem
[58]. The other branch consists of two degenerate spin-dipole
modes. At the outset with an increase in N , the energy of
these spin modes decreases sharply and then gets saturated
for higher values of N . Similarly, three degenerate modes with
ω = n for a noninteracting system where n = 2, 3, . . . lead to
two degenerate spin modes and a density mode having energy
higher than that of the corresponding spin modes with the
introduction of interactions as shown in Fig. 1.

C. Interacting spin-1 BEC with SO coupling

In Fig. 2 we show the variation in the excitation frequencies
as a function of the total number of atoms N with fixed
SO coupling strength (γ = 0.5). The excitation spectrum is
characterized by two zero-energy modes which are identified
as two Goldstone modes. One of these is a density Goldstone
mode arising out of the breaking of U(1) gauge symmetry
and the other is a spin Goldstone mode originating from
the breaking of global SO(2) spin-space rotation symmetry
[14]. For a small number of atoms, the first nonzero mode is
shifted approximately by γ 2/2 as shown in Fig. 2. Among
the nonzero low-lying modes, in the presence of SO coupling,
is the density-dipole mode, with frequency ω = 1, which re-
mains constant with increasing N satisfying Kohn’s theorem.
Another consequence of SO coupling is the lifting of the
degeneracy between two spin modes as can be seen by com-
paring Figs. 1 and 2. On increasing the interaction strengths,
the energy of these nondegenerate spin modes decreases and
then gets saturated for higher values of N . The energy sepa-
ration between these two spin modes remains approximately
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ω

FIG. 3. Excitation spectrum for the 23Na spin-1 BEC with c0 =
0.0119N , c2 = 0.000 424N , and N = 4000 as a function of SO cou-
pling strength γ at zero temperature. The modes bifurcating from
γ = 0 are the spin modes (marked with red stars), whereas the
remaining modes not changing with a variation in γ are density
modes (marked with black triangles).

equal to γ 2/2 with a variation in the number of atoms. As
expected, for a fixed value of N , increasing γ increases the
energy of one of the spin modes in the pair, whereas the energy
of the other spin and density modes remains unchanged. This
is demonstrated in Fig. 3, where the excitation spectrum is
plotted as a function of SO-coupling strength. The modes
which are bifurcating from γ = 0 in Fig. 3 are the spin modes,
while the remaining modes are the density modes.

To further understand the role of SO coupling in the excita-
tion spectrum, we consider H ′

SOC = γ px fz, where the absence
of the m f = 0 component as shown in Fig. 4(a) at T = 0 K
results in the decoupling of the BdG equations (5) corre-
sponding to quasiparticle amplitudes (uλ

±1, v
λ
±1) from those

for (uλ
0, v

λ
0 ). On the other hand, for HSOC = γ px fx all m f =

0,±1 components are nonzero, as shown in Fig. 4(b) [14].
The solution shown in Fig. 4(b) can be obtained by operating
U in Eq. (9) on the solution shown in Fig. 4(a). The resultant
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ñ−1

-15 -10 -5 0 5 10 15

x

(b) nc
+1

ñ+1

nc
0

ñ0
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FIG. 4. (a) Condensate densities nc
i (x) and thermal densities

ñi(x) for the 23Na spin-1 BEC with c0 = 0.0119N , c2 = 0.000 424N ,
N = 4000, γ = 0.5, and SO coupling H ′

SOC = γ fz px . (b) Same as in
(a) but for HSOC = γ fx px .

eigenvalue equation for (uλ
±1, v

λ
±1) with H ′

SOC = γ px fz is⎛
⎜⎝

A + iγ ∂x −B C −D
B∗ −A + iγ ∂x D∗ C∗
C∗ −D E − iγ ∂x −F
D∗ −C F ∗ −E − iγ ∂x

⎞
⎟⎠

×

⎛
⎜⎜⎝

uλ
+1

vλ
+1

uλ
−1

vλ
−1

⎞
⎟⎟⎠ = ω±λ

⎛
⎜⎜⎝

uλ
+1

vλ
+1

uλ
−1

vλ
−1

⎞
⎟⎟⎠, (15)

where

A = [− 1
2∂2

x − μ + V (x)
] + 2(c0 + c2)nc

+1

+ (c0 − c2)nc
−1, B = (c0 + c2)φ2

+1,

C = (c0 − c2)φ+1φ
∗
−1, D = (c0 − c2)φ+1φ−1,

E = [− 1
2∂2

x − μ + V (x)
] + 2(c0 + c2)nc

−1

+ (c0 − c2)nc
+1, F = (c0 + c2)φ2

−1.

and that for (uλ
0, v

λ
0 ) is(

R −S
S∗ −R

)(
uλ

0
vλ

0

)
= ω0λ

(
uλ

0
vλ

0

)
, (16)

where R = [−∂2
x /2 − μ + V (x)] + (c0 + c2)(nc

+1 + nc
−1) and

S = 2c2φ+1φ−1. Equation (15) is the same as the BdG
equations of a pseudospinor- 1

2 BEC consisting of m f = ±1
components with an SO coupling of γ pxσz, where σz is a Pauli
spin matrix for the spin- 1

2 system. Moreover, the eigenmodes
in (16) are shifted upward by γ 2/2 compared to the spin mode
in (15). As mentioned earlier, spin-1 BECs with HSOC and
H ′

SOC have identical spectra; the quasiparticle amplitudes with
the former can be obtained from a unitary transformation,
defined by U in (9), of the quasiparticle amplitudes for the
latter. In Sec. III E we use the variational method to calculate
a few low-lying modes corresponding to Eq. (15).

To understand the breakdown in the degeneracy between
the pairs of spin modes in the presence of SO coupling,
we analyze their Bogoliubov amplitudes and phases.
As an example in Figs. 5(a) and 5(b), the Bogoliubov
amplitudes of the two spin-dipole modes for c0 = 0.0119N
and c2 = 0.000 424N with N = 4000 are plotted. The |ui| and
|vi| for the two modes are identical without and with γ fz px SO
coupling. The excitation frequencies of the modes with γ = 0
and 0.5 were already shown in Figs. 1 and 2, respectively. The
phase profiles corresponding to the Bogoliubov amplitudes
in Figs. 5(a) and 5(b) with γ = 0 are shown in Figs. 6(a)
and 6(b), respectively, and the same with H ′

SOC = 0.5 fz px

are shown in Figs. 6(c) and 6(d), respectively. With SO
coupling the mode with lower excitation frequency acquires
an SO-coupling strength-dependent phase gradient, whereas
the phase profile of the mode with higher excitation frequency
remains unchanged. Without SO coupling these Bogoliubov
modes can be transformed from one to another by a rotation
in spin space about the y axis by an angle π/2, whereas in
the presence of SO coupling the modes are not connected by
such a unitary transformation. The breakdown in degeneracy
of the spin-dipole modes is also accompanied by distinct
spin-density vectors (f = 〈 fx〉, 〈 fy〉, 〈 fz〉) as shown in
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FIG. 5. Bogoliubov amplitudes for the spin-dipole modes with
c0 = 0.0119N , c2 = 0.000 424N , and N = 4000. Without SO cou-
pling, (a) and (b) show |ui| and |vi| for two degenerate spin-dipole
modes. These are also identical to the spin-dipole modes in the
presence of H ′

SOC = 0.5 fz px , where (a) and (b) are equivalent to
the amplitudes for the spin-dipole modes with lower and higher
frequency, respectively.

Figs. 6(e) and 6(f) for lower- and higher-frequency spin
modes, respectively.

We have also numerically computed the dispersion curves
for the system as shown in Fig. 7. For the spin-1 BEC, the
spin-independent interaction strength is higher than the spin-
dependent interaction strength, making the energy of density
excitations greater than the spin excitations for any given
krms as shown in Fig. 7(a) in the absence of SO coupling.
In Fig. 7(a) the dispersions for the two spin modes overlap,
indicating the degeneracy between the modes. Furthermore,
the presence of SO coupling lifts the degeneracy between
these modes, as is shown in Fig. 7(b). The dispersions in the

FIG. 6. (a) and (b) Phase profiles of the spin-dipole modes in the
absence of SO coupling corresponding to the Bogoliubov amplitudes
shown in Figs. 5(a) and 5(b), respectively. (c) and (d) Corresponding
phase profiles with H ′

SOC = 0.5 fz px of the lower- and higher-
frequency spin-dipole modes. (e) and (f) Spin textures corresponding
to the lower- and higher-frequency spin-dipole modes in the pres-
ence of H ′

SOC = 0.5 fz px . Here 〈. . .〉 represents the expectation with
respect to the perturbed order parameter.

FIG. 7. (a) Dispersion curves of the 23Na spin-1 BEC with
c0 = 0.0119N , c2 = 0.000 424N , N = 4000, and γ = 0. (b) Same
as (a) but for γ = 0.5. Red stars represent the dispersion for the
density modes, whereas up- and down-pointing triangles correspond
to dispersion for spin modes. The lifting of degeneracy between the
spin modes in the presence of SO coupling results in three distinct
dispersion branches in (b).

presence and absence of SO coupling are consistent with the
excitation spectra in Figs. 1 and 2, respectively.

D. Dynamics

In order to examine the nature of the low-lying collective
excitations through physical observables and validate our the-
oretical predictions of mode frequencies obtained from the
BdG equations, we perform direct numerical dynamical real-
time simulations of the system by evolving the ground state
with appropriate perturbations. The time evolution is done
using T = 0 K coupled GP equations. This type of proce-
dure has already been used experimentally to study low-lying
collective excitations by modulating the trapping potential for
density [21] and spin-dipole modes [59]. We, however, use
perturbation by constructing the fluctuation operator corre-
sponding to the dipole and breathing modes in the density
and spin channels. The fluctuation is constructed with the
Bogoliubov quasiparticle amplitudes u and v corresponding to
the frequency ω of the relevant mode. To execute, we add the
fluctuation δψi ∝ uλ

i − v∗λ
i to the ground-state wave function

at time t = 0 to excite a mode with frequency ωλ. The system
is then evolved and a relevant physical observable is moni-
tored over time. We consider the 23Na spin-1 BEC consisting
of 4000 atoms with c0 = 0.0119N , c2 = 0.000 434N , and a
SO coupling H ′

SOC = γ px fz, where γ = 0.5 in the remainder
of this section.

1. Density-dipole and breathing modes

To excite the density-dipole mode, we study the center-of-
mass motion via xc.m.(t ) = 〈x〉 = ∑

i=−1,0,+1

∫
x|φi(x, t )|2dx,

where 〈. . .〉 corresponds to an expectation with respect to
the time-evolved ground state. In Fig. 8(a) we plot the time
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FIG. 8. (a) Center-of-mass oscillations, i.e., xc.m.(t ), as a function
of time and (b) the Fourier transform of xc.m.(t ) with a dominant peak
at ω = 1. Similarly, (c) shows the oscillations in the mean-square
size of the system x2

ms(t ) and (d) the Fourier transform of x2
ms(t )

with a dominant peak at ω = 1.73. The dynamics corresponds to
the 23Na spin-1 BEC consisting of 4000 atoms with c0 = 0.0119N ,
c2 = 0.000 424N , and γ = 0.5. Both (a) and (c) represent the density
excitations.

dependence of xc.m.(t ). We compute the Fourier transform
(FT) of xc.m.(t ) to demonstrate that the dominant frequency
resonates at ω = 1; the FT is shown in Fig. 8(b). Experimen-
tally, the density-dipole mode is excited by a translational
shift in the external trapping potential [21]. Furthermore, to
examine the excitation of the breathing mode, we consider the
corresponding observable x2 and calculate the mean-square
radius x2

ms(t ) = 〈x2〉 = ∑
i=−1,0,+1

∫
x2|φi(x, t )|2dx as a func-

tion of time. In Figs. 8(c) and 8(d) we show the variation in
x2

ms(t ) and the most dominant peak at ω = 1.73 in the FT
of x2

ms(t ). The density-breathing mode can also be excited
by perturbing the trap strength [21]. It is worth mention-
ing here that the frequency of oscillations obtained from the
real-time dynamics indeed agrees quite well with the corre-
sponding collective excitations obtained from the equilibrium
BdG analysis as shown in Fig. 2 for N = 4000 and γ = 0.5.

2. Spin-dipole and spin-breathing modes

We now turn our attention to excite the spin chan-
nel where we first choose the observable x fz which
corresponds to the spin-dipole mode. We study the
dynamics of dx(t ) = 〈x fz〉 = ∫

φ∗
i (x, t )(x fz )i jφ j (x, t )dx =∑

i=−1,1

∫
x|φi(x, t )|2dx. In Fig. 9(a) we plot the time depen-

dence of dx and in Fig. 9(b) the frequency dependence of
the FT of dx with a primary peak at ω = 0.25. Similarly, the
spin-breathing mode corresponds to the observable x2 fz. In
Figs. 9(c) and 9(d) we show the dynamics of d2

x = 〈x2 fz〉 =∑
i=−1,1

∫
x2|φi(x, t )|2dx, i.e., the relative difference in the

mean-square radii of the m f = ±1 components and the as-
sociated FT with a dominant peak at ω = 0.55, respectively.
The frequencies of oscillations thus obtained from the dy-
namics conform to the BdG analysis of the antiferromagnetic
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FIG. 9. Plots showing (a) dx (t ) = 〈x fz〉 as a function of time
and (b) the Fourier transform of dx (t ) with a dominant peak at
ω = 0.25. (c) and (d) Same as (a) and (b) but for d2

x (t ) = 〈x2 fz〉 and
its Fourier transform with a dominant peak at ω = 0.55, respectively.
The peaks in (b) and (d) are the frequencies of spin-dipole and
spin-breathing modes, respectively. The dynamics corresponds to
the 23Na spin-1 BEC consisting of 4000 atoms with c0 = 0.0119N ,
c2 = 0.000 424N , and γ = 0.5. Both (a) and (c) represent the spin
excitations.

spinor condensates at equilibrium, as illustrated in Fig. 2 for
N = 4000 and γ = 0.5.

3. Shifted spin-dipole and spin-breathing modes

We now discuss the excitation of the spin modes whose
energies increase with an increase in SO-coupling strength
as discussed in Sec. III C. As mentioned earlier, these are
precisely the modes appearing in Eq. (16). Here we first
consider the observable x fx corresponding to the shifted spin-
dipole (SSD) mode and study the time dependence of its
expectation, i.e., lx(t ) = ∫

φ∗
i (x, t )(x fx )i jφ j (x, t )dx. We show

lx(t ) as a function of t and the frequency dependence of
its FT with a primary peak at ω = 0.395 in Figs. 10(a)
and 10(b), respectively. Similarly, the shifted spin-breathing
(SSB) mode corresponds to the observable x2 fx. In Figs. 10(c)
and 10(d) we illustrate the dynamics of l2

x (t ) = 〈x2 fx〉 =∫
φ∗

i (x, t )(x2 fx )i jφ j (x, t )dx and the corresponding FT with a
dominant peak at ω = 0.685, respectively. The frequencies of
oscillations thus obtained from the dynamics, i.e., 0.395 and
0.685 for SSD and SSB modes, respectively, agree very well
with the BdG analysis of the antiferromagnetic spinor con-
densates at equilibrium, as illustrated in Fig. 2 for N = 4000
and γ = 0.5.

All of these modes can also be excited for HSOC = γ px fx

with exactly the same excitation frequencies. The relevant
observable in this case can be obtained by a transformation
UÔU †, where Ô is the observable for H ′

SOC = γ px fz. This
implies that with HSOC, the observable for the density modes
will remain the same, i.e., x and x2 for density-dipole and
density-breathing modes, respectively. On the other hand,
the observables for spin-dipole and spin-breathing modes are
x fx and x2 fx, respectively, while for the shifted spin-dipole
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FIG. 10. Plots showing (a) lx (t ) = 〈x fx〉 as a function of time and
(b) the Fourier transform of lx (t ) with a dominant peak at ω = 0.395.
(c) and (d) Same as (a) and (b) but for l2

x (t ) = 〈x2 fx〉 and its Fourier
transform with a dominant peak at ω = 0.685, respectively. The
peaks in (b) and (d) are the frequencies of SSD and SSB modes,
respectively. The dynamics corresponds to the 23Na spin-1 BEC
consisting of 4000 atoms with c0 = 0.0119N , c2 = 0.000 424N , and
γ = 0.5. Both (a) and (c) represent the spin excitations.

and spin-breathing modes, the operators are x fz and x2 fz,
respectively.

E. Variational analysis

For a quasi-one-dimensional spin-1 BEC, the spectrum of
the low-energy excitations can be studied by using a time-
dependent variational method introduced in Refs. [60,61]. For
simplicity, we have considered H ′

SOC = γ px fz, which, as dis-
cussed earlier, allows the spectrum analysis as a composition
of the spectra of two subsystems: one of which corresponds
to a pseudospin- 1

2 BEC of m f = ±1 components with γ pxσz

SO coupling and the second corresponding to the excitation
in the m f = 0 component of the SO-coupled spin-1 BEC. We
calculate a few low-lying modes of the pseudospinor subsys-
tem using the variational method. We consider the Gaussian
variational ansatz

φ±1(x, t ) = A(t ) exp

[
− {x − x±1(t )}2

2σ (t )2
+ iα±1(t )

×{x − x±1(t )} + iβ(t ){x − x±1(t )}2

]
, (17)

where σ , x±1, α±1, and β, which denote the condensate width,
displacement of the m f = ±1 components from the center of
a harmonic trap, phase gradient, and chirp, respectively, are
the time-dependent variational parameters. The Lagrangian of
the subsystem is

L =
∫ ∑

j=−1,+1

dx
i

2

(
φ∗

j

∂φ j

∂t
− φ j

∂φ∗
j

∂t

)
− E , (18)

where the energy E is defined as

E = N
∫ ∞

−∞

{ ∑
j=−1,+1

(
1

2

∣∣∣∣dφ j

dx

∣∣∣∣
2

+ V nc
j

)

+ c0

2

(
nc

+1 + nc
−1

)2 + c2

2

(
nc

+1 − nc
−1

)
nc

+1

+ c2

2

(
nc

−1 − nc
+1

)
nc

−1

+ γ

(
−iφ∗

+1
dφ+1

dx
+ iφ∗

−1
dφ−1

dx

)}
dx. (19)

We insert Eq. (17) in Eq. (18) and then compute the
Euler-Lagrange equations. The Euler-Lagrange equations for
the phase gradients are α±1 = mẋ±1/h̄ and for the chirp β =
σ̇ /2σ , which are then used in the equation of motion for x±1

and the condensate width σ , respectively. After linearizing the
resultant Euler equations, we get the equations of motion

δσ̈ (t ) + δσ (t ) = −
√

2

π

c0

σ 3
δσ (t ) − 3

σ 4
δσ (t )

+
√

2

π

c0 − c2

σ 5
(x+1 − x−1)2δσ (t )

− 1√
2π

c0 − c2

σ 4
(x+1 − x−1)

× [δx+1(t ) − δx−1(t )], (20a)

δẍ+1(t ) + δx+1(t ) = 1

2
√

2π

c0 − c2

σ 3
[δx+1(t ) − δx−1(t )]

− 3

2
√

2π

c0 − c2

σ 4
δσ (t )(x+1 − x−1),

(20b)

δẍ−1(t ) + δx−1(t ) = − 1

2
√

2π

c0 − c2

σ 3
[δx+1(t ) − δx−1(t )]

+ 3

2
√

2π

c0 − c2

σ 4
δσ (t )(x+1 − x−1),

(20c)

where σ and x±1 are to be understood as the equilibrium
values. For breathing oscillation, we consider δx±1(t ) = 0.
The equation of motion from (19) for the condensate width
σ results in

δ̈σ (t ) +
(

1 + 3

σ 4
+

√
2

π

c0

σ 3

)
δσ (t ) = 0. (21)

The equilibrium width σ of the condensate satisfies

σ 4 − c0σ√
2π

= 1 (22)

and the eigenfrequency of the oscillations in the width about
its equilibrium value is

ωb =
[

1 + 3

σ 4
+

√
2

π

c0

σ 3

]1/2

, (23)

which is equal to 1.737 for c0 = 0.0119N with N = 4000. The
variational result matches with the density-breathing mode
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of the BdG spectrum shown in Fig. 2. For dipole and spin-
dipole oscillation, we consider δσ (t ) = 0 and add and subtract
Eqs. (20b) and (20c) to obtain the equations of motion

[δẍ+1(t ) + δẍ−1(t )] + [δx+1(t ) + δx−1(t )] = 0, (24a)

[δẍ+1(t ) − δẍ−1(t )] + [δx+1(t ) − δx−1(t )]

= 1√
2π

c0 − c2

σ 3
[δx+1(t ) − δx−1(t )]. (24b)

In terms of the center-of-mass coordinate δx1(t ) + δx−1(t )
and relative coordinate δx1(t ) − δx−1(t ), Eq. (24a) corre-
sponds to the center-of-mass motion oscillating with trap
frequency ω = 1 satisfying Kohn’s theorem and Eq. (24b)
corresponds to the frequency

ωsd =
√

1 −
√

1

2π

c0 − c2

σ 3
(25)

of the spin-dipole mode. For c0 = 0.0119N and c2 =
0.000 424N with N = 4000, we get ωsd = 0.23, which is very
close to the spin-dipole frequency 0.25 calculated from the
BdG analysis shown in Fig. 2. Equations (24a) and (24b) also
indicate that in the presence of a harmonic trap, the center-of-
mass and relative motions are decoupled.

IV. COLLECTIVE EXCITATIONS AT FINITE
TEMPERATURE

We now analyze the excitation spectra of the SO-coupled
23Na spin-1 BEC with c0 = 0.0119N , c2 = 0.000 424N , and
γ = 0.5 at finite temperatures and consisting of N = 2000
and 4000. The excitation spectrum is calculated by solving
Eqs. (4a), (4b), and (5) self-consistently with the noncon-
densate density computed from Eq. (6). As an example of
static density profiles, the condensate and the nonconden-
sate densities of the system with N = 4000 are shown in
Fig. 11 at T = 0.2Tc and 0.4Tc, where Tc = 40.56 nK is the
critical temperature for an ideal spin-1 Bose gas in a quasi-
one-dimensional harmonic trap [62–64]. In Figs. 11(a) and
11(b) we show the density profiles with HSOC = γ px fx, and
in Figs. 11(c) and 11(d) the same but with H ′

SOC = γ px fz.
With increasing temperature, the number of thermal atoms in-
creases along with the spatial extent of the thermal cloud. This
is accompanied by a corresponding decrease in the condensate
density. The repulsive interaction between the condensate and
noncondensate clouds results in a dip in the noncondensate
density at the center of the trap and emergence of density
peaks towards the edges of the trap as shown in Figs. 11(a)–
11(d). In Figs. 12(a) and 12(b) we show the excitation spectra
of nonzero modes as a function of temperature in the pres-
ence of SO coupling for N = 2000 and 4000, respectively.
With an increase in temperature, the density and the spin
modes show qualitatively distinct behavior. We observe that
the frequencies of density modes decrease with an increase in
temperature, whereas those of spin modes increase with the
temperature. The behavior of density modes can be under-
stood by the fact that at higher temperatures, the excitations
are those of a condensate in an effective potential and that
the effective potential is weakened [65] by the presence of
the static thermal cloud, thus lowering the harmonic potential
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FIG. 11. Condensate densities nc
i (x) and thermal densities ñi(x)

for the 23Na spin-1 BEC with c0 = 0.001 19N , c2 = 0.000 424N ,
N = 4000, γ = 0.5, and HSOC = γ fx px at (a) T = 0.2Tc and (b) T =
0.4Tc. (c) and (d) Same as (a) and (b) but for H ′

SOC = γ fz px at
T = 0.2Tc and 0.4Tc, respectively.

and thereby decreasing the frequency. On the other hand, the
increasing of the spin modes’ frequencies can be understood
by the fact that at finite temperature, the numbers of atoms
in the condensates are decreasing, so by using an equivalent
zero-temperature condensate [66] solution, we get qualita-
tively the same behavior for spin modes as shown in Fig. 12.
It should be noted from Fig. 2 that for N � 2000 the spin
modes are much more sensitive to a change in the number
of atoms in the condensate compared to the density modes
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FIG. 12. Excitation spectrum of the 23Na spin-1 BEC at finite
temperature with c0 = 0.001 19N , c2 = 0.000 424N , γ = 0.5, and
(a) N = 2000 and (b) N = 4000.
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such as breathing and dipole modes. The former decrease
with an increase in the number of atoms, whereas the latter
remain almost unchanged. The spin modes therefore increase
with an increase of temperature as the number of atoms in
the condensate is decreasing. The density modes, on other
hand, are more sensitive to change in the effective potential
due to the thermal cloud. In order to further ascertain the role
of the thermal cloud for the density modes, we extend the
variational analysis of Sec. III E to finite temperatures [67] for
a density-breathing mode. We assume the thermal cloud as a
static classical gas and write [67]

ñi = r(T ) exp[−V (x)/kBT ], (26)

where r(T ) is the normalization constant. The thermal-cloud
density is normalized as

∫ ∑
i dx ñi(x) = NT , where NT is the

number of atoms in the thermal cloud. The energy with the
thermal cloud’s contribution included can be written as E +
ET , where

ET = [(c0 + c2)(ñ+1|φ+1|2 + ñ−1,−1|φ−1|2)

+ (c0 − c2)(ñ+1|φ−1|2 + ñ−1,−1|φ+1|2)] (27)

and E is defined in Eq. (19). Replacing E by E + ET in
the Lagrangian (18) and using the ansatz (17), the linearized
equation of motion for the condensate width σ is

δ̈σ (t ) +
(

1 + 3

σ 4
+

√
2

π

c0

σ 3
− f (T )

)
δσ (t ) = 0, (28)

where f (T ) =
√

1
2π

c0NT /(kBT )3/2 and the condensate width
has been considered to be much smaller than the width of the
thermal cloud. The frequency of the density-breathing mode
from Eq. (28) is

ωb =
[

1 + 3

σ 4
+

√
2

π

c0

σ 3
− f (T )

]1/2

, (29)

where f (T ) results in the decrease in ωb as a function of
temperature T .

V. CONCLUSION

In this work we have investigated the collective excitations
of a quasi-one-dimensional interacting SO-coupled spin-1
BEC with antiferromagnetic spin-exchange interactions at

zero and finite temperatures by employing the HFB-Popov
approximation. In this approximation, the static properties of
the system are very well described by GP equations which are
coupled to BdG equations. Although, as per the Popov ap-
proximation, we have neglected the anomalous average terms
in the generalized GP equations and the BdG equations, we
have included and illustrated the importance of the coherence
terms between the thermal atoms of different components.
The low-lying modes of the interacting spin-1 BEC in the ab-
sence of SO coupling are characterized by the three Goldstone
modes and doubly degenerate spin modes. With the intro-
duction of an SO coupling, the degeneracy between the two
spin modes is lifted, where one of the modes increases with
an increase in SO coupling strength while the other remains
unchanged. We calculated the dispersion curves, showing ex-
plicitly that the energy of density excitations is always higher
than that of the corresponding spin excitations and, moreover,
in the presence of SO coupling, dispersion has three distinct
branches consistent with a breakdown in the degeneracy of
the spin modes. To substantiate our theoretical prediction of
the low-lying modes through physical observables useful for
experiments, we performed dynamical real-time simulations
of the system by evolving the ground state in the presence of
perturbations. We indeed found that the dominant frequencies
of oscillation in the center of mass and mean-square radius in
both the spin and density channels are in excellent agreement
with the Bogoliubov calculations. Considering a pseudospinor
subsystem, we also carried out a time-dependent variational
analysis and demonstrated that the analytical and numerical
results match quite well with each other. The collective excita-
tions and equilibrium density profiles at nonzero temperatures
were also presented. While the energy of the density modes
decreases with an increase in temperature, the energy of the
spin modes increases. A natural extension of this work would
be to compute systematically the phase diagram of the inter-
acting SO-coupled spin-1 BEC and to study the dynamics of
the collective excitation at finite temperatures.
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