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Multielectron effect in the strong-field ionization of aligned nonpolar molecules

M. Abu-samha
College of Engineering and Technology, American University of the Middle East, Egaila 54200, Kuwait

Lars Bojer Madsen
Department of Physics and Astronomy, Aarhus University, 8000 Aarhus C, Denmark

(Received 27 March 2022; revised 19 June 2022; accepted 14 July 2022; published 29 July 2022)

We revisit strong-field ionization of aligned O2, CO2, and CS2 molecules in light of recent advances in
the field of strong-field physics, in particular the inclusion of multielectron polarization in the numerical
solution of the time-dependent Schrödinger equation (TDSE) within the singe-active-electron approximation.
Multielectron polarization is modeled by the introduction of a long-range induced dipole term based on the
polarizability of the cation, and a field at short distances that counteracts the applied external field and leads
to a vanishing time-dependent interaction within a certain cutoff radius. For the probed molecules, the main
effect of including multielectron polarization is the reduction of the total ionization yields (TIYs), and for
molecules with large polarizability of their cation (CO2 and CS2), the alignment angle of maximum TIY will
shift. The photoelectron momentum distributions and above-threshold ionization spectra show little imprint of
the multielectron polarization associated with the long-range part of the laser-induced dipole potential. For CO2

and CS2, the inclusion of multielectron polarization and the associated induced dipole potential in the TDSE
model gives alignment-resolved distributions of total ionization yields which are in better agreement with the
available experimental results.
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I. INTRODUCTION

In strong-field ionization of atomic and molecular targets
by intense laser pulses, the time-dependent Schrödinger equa-
tion (TDSE) is often used within the single-active-electron
(SAE) approximation to describe the ionization process. In
this approach, the SAE orbital is propagated in the combined
potential of the atom or molecule and the external field. SAE
potentials have been successfully applied for some atoms [1,2]
and molecules [3–6].

While the performance of the SAE approximation is gen-
erally accepted, some cases where account of multielectron
effects are needed have been discussed in the literature in-
cluding, for example, the CO [7,8] and OCS [9] molecules.
For these molecules, the calculated ionization yields and their
orientation dependence are affected by multielectron polariza-
tion (MEP) or some artifacts of solving the TDSE within the
SAE approximation such as the shifting of population from
the highest occupied molecular orbital (HOMO) to lower-
lying orbitals of the potential. The latter observation was
recently illustrated for CO in Ref. [8]: the dipole matrix el-
ements which couple the HOMO to lower-lying orbitals are
strongly dependent on molecular orientation, and the total
ionization yields (TIYs) calculated at different orientation
angles are strongly affected by such dipole transitions and the
associated artificial shifting of population. As a consequence,
for CO, solving the TDSE within the SAE approximation
without accounting for MEP predicts the wrong orientation
dependence of the TIYs [8]: the TDSE results predict a

maximum TIY at the orientation angle β = 180◦, that is, when
the maximum of the electric field points from the O-end to
the C-end, which is contrary to experimental observations
[10]. The performance of the TDSE method for CO was
significantly improved upon inclusion of MEP [8]. Indeed, by
extending the TDSE method with a MEP treatment following
the approach of Refs. [11,12], the inclusion of MEP within the
SAE model results in negligible dipole coupling of the HOMO
to lower-lying orbitals and the predicted angular distribution
of TIYs is in good agreement with the experimental [10] and
theoretical [11,13] data. In this connection, we also note that
inclusion of MEP recently led to improved agreement between
theory and experiment for odd-even high harmonic generation
in CO [14].

In the case of CO, the long-range correction term of
the induced dipole potential was not needed to produce
the correct trend in TIYs for the CO molecule. It is suffi-
cient to simply turn off the laser interaction within a certain
molecular cutoff radius, rc. The effective turning off of the
molecule-laser interaction for r < rc is a consequence of the
polarization of the remaining electrons. The electric field
associated with this polarization counteracts the applied ex-
ternal field and leads to a cancellation of the interaction. In
this sense, the cancellation is a result of the rearrangement
of the remaining electrons until they feel no effective field,
i.e., a rearrangement that leads to a field inside rc that has
a direction opposite to the applied field, but with the same
magnitude. We will come back to this effect and the value of rc

below.
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FIG. 1. Illustration of the degenerate HOMOs of π symmetry in
CO2 in the molecular fixed (superscript M) (a) (xz)M and (b) (yz)M

planes. In (a), the laboratory-frame zL axis and alignment angle
(β) are illustrated. The HOMO(yz) in (b) always has a node in the
polarization direction. This is not the case with the HOMO (xz)
in (a).

For OCS, experimental measurements of TIYs and their
orientation dependence have attracted much attention in the
recent literature [15–19] due to discrepancies between exper-
imental observations and theoretical predictions. In Ref. [17],
the experiments were conducted using linearly polarized laser
pulses with 30-fs duration at an 800-nm wavelength and inten-
sities of 1.5×1014 and 1.8×1014 W/cm2. At these conditions,
the TIY was measured as a function of the orientation angle,
and a minimum TIY was obtained at laser polarization par-
allel to the molecular axis (β = 0◦), whereas the maximum
TIY was obtained at laser polarization perpendicular to the
molecular axis (β = 90◦). The orientation dependence of the
TIYs presents a challenge to ionization models. For the OCS
molecule, the molecular Ammosov-Delone-Krainov model
[20] and the strong-field approximation (SFA) [21–23] predict
the angular dependence of TIYs to follow the orbital structure.
In these models, the maximum TIY is predicted at β close
to 35◦. Also the Stark-corrected molecular tunneling theory
[24,25] and the weak-field asymptotic theory of tunneling,
which includes dipole effects [26,27], did not reproduce the
experimental results for the OCS molecule [28]. In Ref. [9],
we presented theoretical calculations of orientation-dependent
TIYs from the HOMO of OCS in a strong linearly polarized
laser field by solving the TDSE within the SAE approximation
and including MEP effects. The MEP term was represented
by an induced dipole term which contains the polarizability
of the OCS+ cation parallel to the laser polarization. After
adequately accounting for the laser-induced dipole potential
associated with the MEP term, the calculated TIYs and their
orientation dependence are in good agreement with the ex-
perimental measurements reported in Ref. [17]. The results
indicated that the polarizability anisotropy of OCS+ was pri-
marily responsible for the orientation dependence of TIYs
from the HOMO of OCS.

In this paper, we study strong-field ionization of aligned
nonpolar molecular targets: O2, CO2, and CS2. The HOMOs
of these molecules have πg symmetry; see the degenerate
HOMOs of CO2 in Fig. 1, and the ionization potentials are
comparable; for the ionization potentials, we use the negative
of the HOMO energies listed in Table I. The HOMO(yz) in

TABLE I. HOMO energies (EHOMO) and molecular-fixed frame
polarizability components (αxx , αzz) of the O+

2 , CO+
2 , and CS+

2 cations
as obtained from quantum chemistry calculations at the B3LYP level
of theory (MP2 for CO+

2 polarizability). All quantities are in atomic
units.

EHOMO αxx αzz

O+
2 −0.3199 5.08 9.41

CO+
2 −0.3845 7.29 30.42

CS+
2 −0.2805 28.32 76.77

Fig. 1(b) has a node in the polarization direction; it is there-
fore expected that its contribution to ionization is negligible
compared to that of the HOMO(xz) in Fig. 1(a).

For CO2, experimental measurements [29] revealed a nar-
row angular distribution of TIYs with a maximum TIY at
alignment angle β = 45◦. For CS2, the experimental data [30]
are consistent with those for CO2 in that an alignment angle of
β = 45◦ provides the largest ionization yield. Moreover, the
CS2 measurements revealed sharp radial structures in the pho-
toelectron momentum distributions (PMDs) of aligned CS2,
an effect that was attributed to Rydberg states brought into
resonance by the ac Stark shift [30].

In our earlier work on CO2 [31], strong-field ionization
from the HOMO of CO2 was modeled by SAE-TDSE calcu-
lations without accounting for MEP, and although our TDSE
calculations predicted the correct alignment angle of the TIYs,
the calculations suffered from shifting of population into
lower-lying orbitals. Here, we revisit strong-field ionization
of CO2 in light of the recent advances in the treatment of
MEP within the SAE approximation. The questions we ad-
dress here are whether the TDSE results for O2, CO2, and
CS2 can be improved simply by turning off the external field
within rc, thereby minimizing the shifting of population to
lower-bound states, or whether the long-range part of the
MEP term, represented by a field-induced dipole term, which
depends on the polarizability of the cations (see Table I and
discussion below), has an effect on the angular distributions
of the TIYs and PMDs. To address these questions, TDSE
calculations were conducted using linearly polarized laser
pulses with different laser peak intensities and pulse durations.
First, we show how the SAE-TDSE performance is improved
once the external field is turned off within rc; we use the CO2

as a proof-of-principle case. Then, we discuss the effects of
long-range MEP on the alignment dependence of TIYs and
PMDs for O2, CO2, and CS2.

The theoretical and computational models are presented in
Sec. II, followed by results and discussion in Sec. III and
conclusions in Sec. IV. Atomic units are used throughout,
unless otherwise stated.

II. THEORETICAL MODELS

The SAE potentials describing O2, CO2, and CS2 were
determined from quantum chemistry calculations [32], fol-
lowing the procedure detailed in Ref. [3]. For O2 and CO2, the
HOMO was obtained in TDSE calculations by propagation in
imaginary time. For CS2, the HOMO was obtained following
the procedure laid out in Ref. [8].
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In our TDSE method, the time-dependent wave function
ψ (�r, t ) of the active orbital is represented by a partial wave
expansion in which the spherical harmonics Ylm(�) are used
to describe the angular degrees of freedom and a radial grid
is used for the time-dependent reduced radial waves, flm(r, t ),
i.e.,

ψ (�r, t ) =
∑
lm

flm(r, t )

r
Ylm(�). (1)

The TDSE is solved for an effective one-electron potential
describing the interaction with the nucleus, the remaining
electrons, and the external field. The TDSE is propagated in
the length gauge (LG) [33] with a combined split-operator
[34] Crank-Nicolson method. The electric field E (t ), linearly
polarized along the laboratory-frame z axis (from now on the
superscript “L” denoting the laboratory-fixed frame is skipped
for brevity), is defined in terms of the vector potential A(t ) by

�E (t ) = −∂t �A(t ) = −∂t

[
E0

ω
sin2(πt/τ ) cos(ωt + φ)

]
ẑ, (2)

where E0 is the field amplitude, ω the angular frequency, and
φ the carrier-envelope phase (CEP) for a laser pulse with
duration τ . We use a frequency of ω = 0.057 a.u., corre-
sponding to a wavelength of 800 nm. The CEP is kept fixed
(φ = −π/2). The radial grid contains up to 4096 points and
extends to 320 a.u. For the listed molecules, the size of the
angular basis set is limited by setting lmax = 30 (lmax = 40 for
convergence tests) in Eq. (1).

The above-threshold ionization (ATI) spectra and PMDs in
the polarization plane, dP/dkxz, were produced by projecting
ψ (�r, t = τ ) at the end of the laser pulse on scattering states of
the Coulomb potential in the asymptotic region, and the TIYs
were obtained by integrating the ATI spectra. This approach
was recently implemented successfully to obtain TIYs from
oriented CO [8] and OCS [9]. In all the PMDs presented in
Sec. III, the signal at momenta below 0.1 a.u. is removed
from the PMDs: we find very high yields at low momenta
and keeping this inner part of the signal would prevent the
resolution of the features in the PMD that we wish to discuss.

A. Extending TDSE methodology
with multielectron polarization

The theory for the effect of MEP on strong-field ioniza-
tion was developed in Refs. [24,25,35,36]. For the nonpolar
molecules addressed here, in the case when MEP is taken into
consideration, the effective potential describing the interaction
of the active electron with the core and the time-dependent
external field is given asymptotically at large distances as

Veff (�r, t ) = �r · �E (t ) − 1

r
− �μind · �r

r3
· · · , (3)

where �μind is the induced dipole of the cation. Notice that the
SAE potential used in most TDSE calculations is missing the
induced dipole potential, −�μind · �r/r3. The MEP term is ex-
pressed as −�μind · �r/r3 = −[α · �E (t )] · �r/r3, where α denotes
the polarizability tensor. For the linear molecules considered
here, and a linearly polarized field with polarization along the
z direction, the product α · �E (t ) simplifies to (α⊥Ez, 0, α||Ez ).
In the laboratory frame, the components perpendicular (α⊥)

and parallel (α||) to the laser polarization can be obtained from
the molecular-fixed frame components αxx and αzz in Table I
by a simple rotation:

α⊥ = (αzz − αxx ) sin(β ) cos(β ), (4)

α|| = αxx sin2(β ) + αzz cos2(β ). (5)

At alignment angles β = 0◦ or 90◦, α⊥ and the correspond-
ing induced dipole component vanish. At other alignment
angles, however, there is a nonvanishing contribution to the
induced dipole from α⊥. We have checked for the molecules
considered here that the induced dipole component from
α⊥ can be omitted: For CO2 (CS2) at β = 45◦ within a
static external field Ez = −0.035 a.u., the laboratory-fixed
frame induced dipole components are μind,x = 0.59 (2.60) and
μind,z = −1.71 (−6.15) Debye, as obtained from quantum
chemistry calculations in GAMESS [32]. For the O2 molecule
at alignment angle β = 45◦ and at the same external field
strength as for CO2 and CS2, the induced dipole components
are quite small (μind,x = 0.35 and μind,z = −1.1 Debye) since
the polarizability components are small; see Table I. For the
considered molecules, the contribution to the induced dipole
from α⊥ will be neglected in the present work. This approach
was recently applied successfully to strong-field ionization of
CO [8] and OCS [9] with theoretical results in agreement with
the experimental data.

Based on the preceding discussion, the MEP term is ap-
proximated as −�μind · �r/r3 ≈ −α|| �E (t ) · �r/r3, where α|| is the
static polarizability of the cation parallel to the laser polariza-
tion axis. A cutoff radius is chosen close to the core at a radial
distance

rc = α
1/3
|| , (6)

such that the MEP cancels the external field at r � rc

[12,35,36]. The interaction term including MEP correction is
expressed in the LG at each radial grid point ri as

V Ext
LG (ri, t ) =

{(
1 − α||

r3
i

)
E (t )

√
2
3 riP̄1(ζ ), r > rc

0, r � rc,
(7)

where E (t ) is the electric field at time t , P̄1 is a normalized
Legendre function, and ζ = cos(θ ) where θ is the polar angle
of the electron coordinate �r. Based on the above equation, one
can see that MEP results in two related effects: the electrons
in the cation polarize and set up a field that counteracts the
externally applied field at short distances. Hence, the inter-
action between the single-active electron and the laser field is
effectively turned off at r � rc [35,36]. At long range, that is at
r > rc, the MEP is represented by an induced dipole potential
with a magnitude that depends on the external field strength
and the polarizability of the cation.

The polarizability components for the O+
2 , CO+

2 , and CS+
2

cations were obtained from the NIST computational chem-
istry database (CCCBDB) [37]; see Table I. The quantum
chemistry calculations of molecular polarizability were con-
ducted at the B3LYP (MP2 for CO+

2 ) level of theory.
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FIG. 2. Bound state spectrum of CO2 after the end of an 800-
nm laser pulse containing five optical cycles with peak intensity of
5.6×1013 W/cm2. The solid (dotted) line denotes TDSE calculations
without (with) MEP correction.

III. RESULTS AND DISCUSSION

A. Improving the single-active-electron approximation for CO2

Our earlier TDSE calculations for CO [38] and CO2 [31]
within the SAE approximation suffered from shifting of the
population to lower-lying orbitals of the potential, as was re-
cently discussed for CO in Ref. [8]. The problem is illustrated
for CO2 in Fig. 2 (solid line). In this figure, the bound state
spectrum is produced for CO2 after probing the molecule by
a five-cycle laser pulse with an intensity of 5.6×1013 W/cm2

and ω = 0.057 a.u. In Fig. 2, the peaks at ∼ − 0.4 a.u. and
−0.55 a.u. correspond to the (g) HOMO (see Fig. 1) and
HOMO-1 of CO2. In the present approach, we consider only
the HOMO as being active and it should not populate the
HOMO-1 since the latter orbital is already occupied.

Here, we consider an improved theory for calculating the
TIYs from aligned CO2 which takes into account the MEP
effect and, thereby, resulting in minimized shifting of the
population from the HOMO to the lower-lying occupied or-
bitals of the potential. This is accomplished by turning off the
external field within rc of Eq. (6), such that the MEP cancels
the external field at r � rc [12,35,36]. The improvement of
the SAE approximation following the implementation of this
effect is illustrated in Fig. 2 (dotted line). Here it can be
seen that the population in the HOMO-1 (at energy −0.55
a.u.) is reduced by 3–4 orders of magnitude. Meanwhile, the
population in the excited states is less sensitive to turning the
external field off within the cutoff radius rc. The effective
turning off of the external field within the radius rc means that
there is very little coupling to states that are mainly localized
within that radius. This is the reason why the coupling to
the lower, localized states is decreased substantially, while
the coupling to the excited states (which are more diffuse) is
affected to a lesser extent. This is promising in particular for
cases where strong-field ionization is affected by the excited-
state manifold. The preceding results and discussion show that

it is necessary to turn off the external field within rc in all
TDSE calculations within the SAE approximation.

B. Effect of long-range multielectron polarization
on alignment-dependent total ionization yields

and photoelectron momentum distributions of CO2

Now we discuss, in addition to turning off the time-
dependent interaction below rc, the effect of accounting for
the long-range MEP correction in TDSE calculations on the
calculated TIYs from the degenerate HOMOs of aligned CO2

(shown in Fig. 1). The probe laser pulses contain five optical
cycles, a wavelength of 800 nm, and peak laser intensities of
1.4×1013, 3.2×1013, 5.6×1013, and 8.8×1013 W/cm2. The
effect of the long-range MEP correction on angular distri-
butions of TIYs is shown in Fig. 3. The TIYs presented in
Fig. 3 are incoherent sums of the ionization yields from the
HOMO(xz) and HOMO(yz) of CO2. The TIYs were calcu-
lated by integrating the ATI spectra produced by projecting
the wave packet at the end of the laser pulse on Coulomb
scattering states in the asymptotic region; see Sec. II and
Refs. [8,9,39].

We judge the quality of the theoretical TIYs for aligned
CO2 based on the following two criteria: the alignment an-
gle of maximum TIY and the ratio of TIYs at alignment
angles β = 45◦ and 0◦. Based on early experimental measure-
ments on CO2 [29], the alignment angle of maximum TIY
should be β = 45◦ and the ratio TIY(β = 0◦)/TIY(β = 45◦)
is approaching zero. In Fig. 3, we compare the angular dis-
tributions of TIYs for CO2 obtained from TDSE calculations
with and without accounting for long-range MEP correction,
implemented in Eq. (7). Notice that in both cases, the field
is turned off within rc, as we have established based on the
results of Sec. III A.

From the TDSE calculations for CO2 at the relatively lower
intensities of 1.4×1013 and 3.2×1013 W/cm2 [see Figs. 3(a)
and 3(b)], it is evident that although the maximum ioniza-
tion yield is predicted correctly simply by turning off the
external field within rc, the alignment dependence of the TIY
seems to be correctly described only when the full MEP
term, including the long-range induced dipole potential, is
accounted for. The effect of including long-range MEP seems
to decrease the relative ionization probability at β = 30◦.
For CO2 at the higher intensities of 5.6×1013 and 8.8×1013

W/cm2 [see Figs. 3(c) and 3(d)], the full MEP term, in-
cluding the long-range induced dipole potential, should be
accounted for in order to correctly predict the alignment an-
gle of the maximum TIY. Regarding the ratio of TIYs, i.e.,
TIY(β = 0◦)/TIY(β = 45◦), we note that while the experi-
mental results predict that this ratio should approach zero [29],
it seems that the MEP-corrected TDSE calculations presented
here and in Ref. [11] overestimate the ratio of TIYs at the
higher intensities. On a positive note, based on Fig. 3, the ratio
TIY(β = 0◦)/TIY(β = 45◦) is smaller when the long-range
MEP term is accounted for. In this sense, accounting for MEP
seems to reduce the gap between the theory and experiment.

Notice that for CO2, the TIYs presented in Fig. 3 are inco-
herent sums of the contributions of the ionization yields from
the HOMO(xz) and HOMO(yz); see the sketch of HOMOs
in Fig. 1. To explore the effect of including MEP on these
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FIG. 3. Effect of MEP on the alignment dependence of TIYs from the HOMOs of the CO2 molecule at peak intensities of (a) 1.4×1013,
(b) 3.2×1013, (c) 5.6×1013, and (d) 8.8×1013 W/cm2. The dotted lines denote no field within rc, while the solid lines denote full MEP
including the long-range laser-induced dipole potential.

orbitals, we show separate angular distributions of ionization
yields from HOMO(xz) and HOMO(yz) in Fig. 4. Notice that
at an alignment angle β = 0◦, the HOMO(xz) and HOMO(yz)
orbitals give the same ionization yields. In Fig. 4, however, the
TIYs in each panel are normalized to unity in order to clearly
display the effect of including MEP. As can be seen from
Fig. 4 at high intensities, while the effect of including MEP
is very significant for the HOMO(xz), it has little effect on the
angular distributions of ionization yield from the HOMO(yz).
We also note that the angular distributions of ionization yields
from the HOMO(xz) closely resemble the summed-up TIYs
shown in Fig. 3, which is as expected since the HOMO(yz) has
a node in the polarization direction and therefore contributes
less to the TIYs. In the following, the results on angle-resolved
TIYs show the yields incoherently summed over the contribu-
tions from the two orbitals. In all cases, the contribution from
the HOMO(xz) orbitals dominates.

Next, we discuss the connection between the MEP effect
and pulse length, for TDSE calculations at a laser intensity
of 8.8×1013 W/cm2. To this end, alignment-dependent TIYs
were calculated for CO2 probed by laser pulses containing
two, five, and eight optical cycles, and the results are shown
in Fig. 5. For all considered pulse lengths, the alignment
angle of maximum TIY shifts from 30◦ (when the long-range
MEP term is omitted) to 45◦ (when full MEP is accounted
for), indicating that this characteristic result is insensitive to

pulse length. In short, taking MEP into account improves the
prediction of alignment angle (β) of the maximum TIY, in
comparison with the experimental measurements, in particular
at high laser intensities.

To shed some light on the physics underlying the results
in Fig. 3, in particular the effect of long-range MEP on the
angular distributions of TIYs, we refer to tunneling theory. It
is well known that for electron tunneling through a potential
barrier, the tunneling rate decreases as the height or width
of the barrier increases. In our TDSE model, the long-range
effect of MEP is represented by an induced dipole term based
on the polarizability of the cation; see Eq. (7). From plots
of the field-dressed SAE potential for CO2 at an alignment
angle β = 0◦ (see Fig. 6), we conclude that including the
long-range MEP will increase the height of the tunneling
barrier and therefore reduce the ionization yield. This explains
why the ionization yield is suppressed when the MEP term
is accounted for. This effect becomes more pronounced as
the laser intensity increases; cf. Figs. 6(a) and 6(b). We have
also calculated the tunneling exit points for CO2 at orientation
angles β = 30◦ and 45◦ based on Eq. (15) in Ref. [40]. At a
field strength (of 0.04 a.u.) corresponding to a laser intensity
of 5.6×1013 W/cm2, the tunneling exit points at β = 30◦ and
45◦, respectively, are −9.34 a.u. (−9.32 a.u. without MEP)
and −9.38 a.u. (−9.36 a.u. without MEP). Hence the differ-
ence in the tunneling exit at β = 30◦ and 45◦ is relatively

FIG. 4. Contributions from the (a)–(d) HOMO(xz) and (e)–(h) HOMO(yz) of CO2 to the TIYs shown in Fig. 3. In each panel, the TIYs
are normalized to unity.
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FIG. 5. Effect of MEP on the alignment dependence of TIYs from the HOMOs of the CO2 molecule at peak intensity of 8.8×1013 W/cm2

for pulses containing (a) two, (b) five, and (c) eight optical cycles. The dotted lines denote no field within rc, while the solid lines denote full
MEP including the long-range laser-induced dipole potential.

small and insensitive to the MEP correction. We can therefore
explain the change in TIYs based on the change in tunneling
barrier height. To be more precise, we can explain the shift of
the ionization peak from β = 30◦ to 45◦ based on the paral-
lel polarizabilities (and corresponding rc values) for CO+

2 at
β = 30◦ and 45◦ as follows: at β = 30◦ (45◦), α|| = 26.1375
a.u. (20.355 a.u.) and rc = 2.968 a.u. (2.730 a.u.). Based on
these numbers, it can clearly be seen that the polarizability
at β = 30◦ is larger than at 45◦, meaning a higher tunneling
barrier and therefore more suppression of TIYs.

Recently, the effect of including MEP on alignment-
dependent TIYs from the HOMO of CO2 was investigated by
a TDSE method in Ref. [11]. Based on their results for CO2

(cf. Fig. 6(c) of Ref. [11]), the alignment angle of the maxi-
mum TIY (β = 45◦) is not sensitive to the inclusion of MEP
in the TDSE treatment. This is in surprising contrast to the re-
sults presented here. According to Ref. [11], the TIY for CO2

at alignment angle β = 0◦ should increase upon inclusion of
MEP, which is rather contrary to the common understand-
ing of the MEP effect based on Eq. (7) and the behavior
of the field-dressed potential as shown in the plots of the
field-dressed SAE potential for CO2 in Fig. 6: inclusion of the
induced dipole term increases the height of the tunneling bar-
rier and therefore reduces the ionization yield compared to the
case without inclusion of MEP. Notice that for CO2, the polar-
izability of the cation is largest at β = 0◦ (α|| = 30.42 a.u.),
which suggests that inclusion of MEP should result in a signif-
icant suppression (not enhancement) of the TIY at β = 0◦. We

FIG. 6. Field-dressed SAE potential for CO2 along the molecular
axis (β = 0◦) at external field strength values (a) E = 0.04 a.u. and
(b) E = 0.075 a.u. In (a) and (b), solid lines denote full MEP; dotted
lines: no MEP; blue circles: field-free ionization potential.

also notice that the calculations in Ref. [11] were conducted
at a laser intensity (of 2×1014 W/cm2) which is well above
the over-barrier intensity (OBI) for CO2, as can be seen from
the sketch of the field-dressed potential for CO2 in Fig. 6(b),
whereas we consider laser intensities up to 8.3×1013 W/cm2.
In our approach, we represent MEP in the length gauge (see
Sec. II) and we found that the convergence of TDSE calcula-
tions becomes more challenging at higher intensities.

Now that we have addressed the effect of MEP on the
angular distributions of TIYs, we consider the question of
whether such an effect can be observed experimentally. Since
a full intensity averaging is unfortunately beyond the reach
of the present TDSE approach due to its high computational
cost, we have performed convolution of single-intensity theo-
retical distributions of TIYs, taken from Fig. 3(d), with the
experimental convolution function given in Ref. [29]. The
results are shown in Fig. 7. Here, Fig. 7(a) shows the data
from Fig. 3(d), but interpolated to a denser grid in alignment
angle. In Fig. 7(b), we then show the result of convoluting the
data in Fig. 7(a) by the function used in the experiment. From
Fig. 7(b), one can see that the convolution procedure smooths
the angular variation, such that although the peak position
shifts by 15◦, the convoluted data only change slightly. This
means that an analysis of MEP based solely on experimental
results will be challenging unless the MEP-induced change in
alignment angle is large.

FIG. 7. (a) Interpolation of the theoretical distributions of TIYs
from CO2 presented in Fig. 3(d) in order to obtain an estimate for
the TIYs at a denser angular grid. In (b), the theoretical yields in
(a) were convoluted with an experimental convolution function taken
from Ref. [29]. Solid lines denote full MEP; dotted lines: no field
within rc.
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FIG. 8. Effect of MEP on laboratory-frame PMDs and ATI spectra from the HOMO(xz) of the CO2 molecule at a peak intensity of
8.8×1013 W/cm2 and alignment angle β = 45◦ for 800 nm pulses containing (a)–(c) two and (d)–(f) eight cycles. The PMDs in (a), (d) refer
to TDSE calculations with no field within rc, while (b), (e) refer to the full MEP account. In the ATI spectra in (c), (f), the dotted lines (solid
lines) denote TDSE calculations with no field within rc (full MEP account).

Next, we consider the effect of MEP on PMDs and
ATI spectra for CO2, probed by 800-nm laser pulses con-
taining two and eight optical cycles at a laser intensity of
8.8×1013 W/cm2. The PMDs were produced by projecting
the wave packet on Coulomb scattering states in the asymp-
totic region; see Sec. II. In Figs. 8(a), 8(b), 8(d), and 8(e), we
show PMDs for aligned CO2 at an alignment angle of the max-
imum TIY, β = 45◦, obtained with and without long-range
MEP correction. When we compare the two- and eight-cycle
results, we notice the emergence of multiple substructures
in the eight-cycle case, which are associated with above-
threshold ionization rings, that can be resolved for the longer
pulse. From the color bars in Fig. 8, we see that for both two-
and eight-cycle pulses, the inclusion of MEP results in the
suppression of the ionization yield, however, no clear imprints
are found on the fine structure in the PMDs. To capture the
quantitative effects of MEP more clearly, we plot ATI spectra
for CO2 at alignment angle β = 45◦ in Figs. 8(c) and 8(f).
The ATI intensities were normalized to unity for calculations
with and without the MEP effect to ease the comparison.
The two-cycle results are summarized in Fig. 8(c), where
the dotted line (solid line) denotes the results of TDSE cal-
culations without (with) MEP. The ATI spectrum does not
show multiphoton absorption peaks, which is characteristic
of ATI spectra for short pulses. Moreover, the figure shows
that the inclusion of MEP makes the ATI distribution slightly
narrower. Turning to the eight-cycle results in Fig. 8(f), the
ATI peaks are now characterized by multiphoton absorption
channels. In this case, the inclusion of MEP affects the relative
intensity of the ATI peaks, particularly the first couple of
peaks at energies of 0.012 and 0.072 a.u., which are affected
by the MEP effect. We have produced PMDs and ATI spectra

for CO2 at an alignment angle of β = 0◦ and reached the same
conclusion in that case regarding the effect of the long-range
part of the MEP term. We hence face a situation where the
long-range part of the MEP, the induced dipole potential, may
induce a substantial change in the ionization yields and their
alignment dependence, but the shape of the PMDs and ATI
spectra only change slightly.

C. Effect of long-range multielectron polarization
on alignment-dependent total ionization yields

and photoelectron momentum distributions of CS2

For the CS2 molecule, the HOMO(xz) and HOMO(yz)
were probed by laser pulses containing five optical cycles with
a laser peak intensity of 4.5×1013 W/cm2. The alignment-
dependent TIYs [incoherent sums of contributions from the
HOMO(xz) and HOMO(yz)] are shown in Fig. 9(a), where
the dotted line denotes no field within rc, while the solid line
denotes the full MEP treatment; see Sec. II. From Fig. 9(a),
we clearly see that MEP has a significant effect on the angular
distribution of TIYs: the alignment angle β of maximum TIY
shifts from β = 30◦ to 45◦ upon accounting for the long-
range MEP term in the TDSE treatment. We notice that the
effect of including MEP on the angular distribution of TIYs
from CS2 closely resembles the results for CO2 in Figs. 3(c)
and 3(d). This makes sense since the molecules have the
same orbital symmetry and comparable ionization energies.
Also, the Keldysh parameter (γ = 1.38) for CS2 at a laser
intensity of 4.5×1013 W/cm2 is comparable to that for CO2

at 8.8×1013 W/cm2, where γ = 1.2, suggesting that these
molecules are probed within similar ionization regimes.
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FIG. 9. Effect of MEP on (a) alignment dependence of TIYs for CS2 obtained as the incoherent sum of the yields from the HOMO(xz)
and the HOMO(yz) and (b),(c) photoelectron momentum distributions from the HOMO(xz) of the CS2 molecule at peak intensity of
4.5×1013 W/cm2 for pulses containing five cycles. In (a), the dotted line denotes no field within rc, while the solid line denotes full MEP; the
TIYs are given on a relative scale. The PMD in (b) refers to TDSE calculations with no field within rc, while (c) refers to the full MEP account.

Turning to the PMDs of aligned CS2, the effect of including
MEP is highlighted in Figs. 9(b) and 9(c) for aligned CS2 at
alignment angle β = 45◦. In Fig. 9(b), the external field is
turned off within rc, whereas in Fig. 9(c), the full MEP term
is accounted for. A qualitative comparison of the two distribu-
tions reveals a significant reduction of differential ionization
probability for CS2 upon inclusion of MEP [see the color bars
of Figs. 9(b) and 9(c)]; however, no clear observable imprint
is found on the fine structure in the PMDs. A detailed analysis
of the ATI spectra for CS2 (not shown here) led to the same
conclusions for CS2 as for the CO2.

As presented in Table I, the values of the static polariz-
ability components of the CS2

+ ion are around two or three
times larger than those for the CO2

+ ion. Accordingly, one
would expect stronger MEP effects on the angular distribution
of TIYs for CS2 compared with CO2. The dominant effect
of long-range MEP correction is reflected on the TIYs. For
example, from comparing the actual TIYs for CO2 and CS2

at alignment angle β = 45◦, the TIYs from CO2 and CS2

are reduced by 37% and 47%, respectively, upon inclusion of
MEP, based on TDSE calculations for pulses containing five
optical cycles with peak intensity of 4.5×1013 W/cm2 for CS2

(5.6×1013 W/cm2 for CO2). Hence, it can clearly be seen that
the effect of MEP is more substantial for CS2 than for CO2.
The suppression of TIYs for CS2 and CO2 is consistent with
the size of the anisotropic polarizabilities of their cations.

Now, regarding the impact of MEP on the alignment angle
of the maximum TIY, the results presented in Figs. 3 and 9(a)
show that the inclusion of long-range MEP shifts the ioniza-
tion peak from β = 30◦ to 45◦ for both molecules. However,
it should be noted that the HOMO orbitals of CS2 and CO2

have different structural factors: from analysis of the orbital
structural factors for CO2 and CS2 reported in Ref. [3], we
find significantly different structural factors. In particular, the
ratio of Cl=4/Cl=2 is 0.23 for CO2 vs 0.41 for CS2. Based on
the structural factors for the HOMO orbitals of CO2 and CS2,
tunneling rates were calculated and the results (not shown)
suggest that the differences in orbital structural parameters are
also important for the interpretation of the effect of MEP on
the angular distribution of TIYs. In brief, the TIY for CS2

exhibits a peak below an orientation angle of 30◦, whereas the
TIY for CO2 exhibits a peak at 30◦. In this sense, the shift to
a peak at 45◦ for both molecules indicates a relatively larger
role of MEP in the case of CS2 than CO2.

D. Effect of long-range multielectron polarization
on alignment-dependent total ionization yields

and photoelectron momentum distributions of O2

The HOMO(xz) and HOMO(yz) of O2 were probed
by laser pulses containing five optical cycles with a laser
peak intensity of 8.8×1013 W/cm2. The alignment-dependent
TIYs [the summed-up contributions from HOMO(xz) and
HOMO(yz) orbitals] are shown in Fig. 10(a), where the
dashed line denotes no field within rc, while the solid line
denotes the full MEP treatment; see Sec. II. From Fig. 10(a),
we can clearly see that the angular distribution of TIYs has a
sharp peak at an alignment angle of β = 45◦ and no significant
effect of MEP is observed. This can be due to the fact that the
O2

+ ion has a relatively small polarizability along the laser
polarization (α||) compared to CO2 and CS2; see Table I.

Now we refer to the effect of MEP on the PMDs of O2. We
compare the PMDs at the alignment angle of the maximum
TIYs, β = 45◦, in Figs. 10(b) and 10(c). From the color bars,
we observe a slight reduction in the differential ionization
probability for O2 upon inclusion of MEP with no clear ob-
servable effects on the fine structure in the PMDs. This can be
understood since the polarizability of the O2

+ cation along the
laser polarization (α||) is relatively small, compared to those
for CO2 and CS2.

IV. CONCLUSIONS

In this work, we revisited strong-field ionization of aligned
O2, CO2, and CS2 molecules. We investigated the effect of
accounting for MEP in the TDSE methodology within the
SAE approximation on the alignment dependence of TIYs,
PMDs, and ATI spectra. Generally, MEP results in two re-
lated effects. First, the electrons in the cation polarize and
set up a field that counteracts the externally applied field at
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FIG. 10. Effect of MEP on the (a) alignment dependence of TIYs for O2 obtained as the incoherent sum of the yields from the HOMO(xz)
and the HOMO(yz) and (b), (c) photoelectron momentum distributions from the HOMO(xz) of the O2 molecule at peak intensity of
8.8×1013 W/cm2 for pulses containing five cycles. In (a), the dashed line denotes no field within rc, while the solid line denotes full MEP, and
the TIYs are given on a relative scale. The PMD in (b) refers to TDSE calculations with no field within rc, while (c) refers to the full MEP
account.

short distances. This effect means that the interaction between
the single-active electron and the laser field is effectively
turned off at distances smaller than rc ∼ (α||)

1
3 . Second, the

interaction of the time-dependent laser field with the polariz-
ability of the cation results in an induced dipole potential for
r > rc. In general, TDSE calculations within the SAE approx-
imation and without the MEP effects suffered from shifting of
the population to lower bound states of the potential, as was
demonstrated for CO2. This problem is resolved by turning
off the external field within a critical radius rc. Now, turning
to the effect of accounting for long-range MEP, taking this
correction term into account improves the calculated angular
distributions of TIYs for molecules with large polarizabilities
of their cations, i.e., CO2 and CS2, in particular at high in-
tensities. For all three considered molecules, the maximum in
the TIY is at ∼45◦. The calculations show that the long-range
part of the induced dipole potential shifts the maximum of the

TIY from ∼30◦ to 45◦ for CO2 and CS2. For O2, which has
a relatively smaller polarizability, the change to the angular
distributions of TIYs induced by the long-range MEP term
is negligible. For CO2 and CS2, the MEP-induced shift in
the maximum of the TIY was rationalized in terms of the
alignment- and polarization-dependent changes of the tunnel-
ing barrier. In the PMDs and ATI spectra of CO2 and CS2, the
effect of including long-range MEP is seen as a small change
in the width of the distributions and relative intensities of the
low-momentum peaks. The present findings are relevant for
future investigations of MEP on angular distributions of TIYs
and PMDs of oriented molecules.
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