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We show that in the presence of an extreme terahertz (THz) field an additional weak field in the optical
frequency range can modulate ionization probability and thereby generate high-order harmonics. The extreme
THz pump suppresses recollisions, thereby also fully suppressing the recollision-based harmonics. Nevertheless,
high-order harmonics are effectively generated via an alternative mechanism, the so-called Brunel mechanism,
based on ionization and subsequent acceleration in the driving field (but not on reabsorption). Using ab initio
simulations for the hydrogen atom and short few-cycle optical driver, we show the appearance of a coherent
carrier-envelope-phase-insensitive supercontinuum formed by such harmonics, compressible into an isolated
pulse with 100-attosecond-scale duration.
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I. INTRODUCTION

Studies of the extreme-field terahertz (THz) interaction
with matter are in their infancy due to quite a few available
sources of extreme THz fields. The situation is changing cur-
rently, in particular, due to the novel sources of THz fields
exceeding 100 MV/cm in 1- [1] and 30-THz [2] ranges. This
allows us to consider processes appearing in the extreme-field
regime at THz frequencies, such as THz-induced nonlinearity
[3], generation of high-order harmonics of the THz field [4],
semiconductor materials bleaching [5], and even thin-film
breakdown under the action of the extreme THz pulses [6].

It is well known that for high enough optical intensities,
when the atoms and molecules undergo tunnel ionization,
high-order harmonic generation (HHG) appears due to the
subsequent return of electrons to their parent cores [7],
allowing to break the femtosecond limit for the pulse du-
ration possessed by other techniques [8,9]. Some work was
done before in the THz domain by exploring the influ-
ence of a “strong” dc or quasi-dc (THz) field on HHG
by an optical field [10], on the generation of even-order
high-order harmonics for imaging operating electronic cir-
cuits in the nonperturbative mode [11], and the generation
of attosecond pulses [12]. Here the dc or THz field, which
is not high enough to cause ionization, controls quantum
paths of an electron ionized by the optical [or midinfrared
(mid-IR)] pulse. In particular it was shown [13] that HHG
from the intense mid-IR field (670 MV/cm) can be con-
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trolled efficiently with a strong THz field (100 MV/cm
at 33 THz).

The limit where the THz field can ionize atoms, molecules,
and/or solids directly is of special interest since achievable
THz field strengths exceed greatly the dc breaking threshold
of a medium [14,15]. In particular, impact-ionization-induced
transient optical nonlinearity was considered recently in p-Si
at a THz field above 10 MV/cm [16].

It is known that the appearance of an electron in the con-
tinuum and subsequent acceleration in a strong field also lead
to harmonics [17] via bound-free and free-free transitions
[18,19], that is, without the need for the electron to come back.
Here we will call the corresponding nonlinearity the “Brunel
nonlinearity” [20,21], and the arising harmonics will be de-
noted “Brunel harmonics.” Note that the ionization-induced
nonlinearities are “nonperturbative”; that is, one cannot ob-
tain the harmonics as a series expansion in the vicinity of
zero driver field—in contrast to a typical case of nonresonant
bound-bound nonlinearities.

In this paper, we consider HHG created by a weak probe
pulse at optical (in particular, mid-IR) frequencies in the
presence of an extreme THz transient that is strong enough
to cause a certain level of tunneling via ionization. Under
these circumstances, even a weak optical probe modulates
the ionization probability with optical frequency, leading to
a strong nonlinear response. We observe that the strong THz
driver suppresses recollision-based harmonics, making dom-
inant the harmonics generated by the Brunel mechanism.
In the situation when the optical probe has a few-cycle
duration, such harmonics may form a broad coherent su-
percontinuum with a flat spectral phase profile, independent
of the carrier-envelope phase of the optical probe, which is
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FIG. 1. Nonlinear response of argon to a weak optical probe pulse in the presence of a strong THz field—a simple-man picture.
(a) Exemplary electric field (upper blue line) consisting of a strong THz field (ETHz = 0.06 a.u.) centered at 100-μm wavelength and a
weaker fundamental harmonic at 800-nm wavelength (Eopt = 0.018 a.u.), together with the ionization rate W (t ) (lower red curve) induced
by such a wave shape in argon according to the simple-man tunnel model. The lower inset shows the composition of the full driver signal
from strong THz ETHz and weak optical Eopt field. The upper inset shows the schematics of the basic mechanism. (b) Corresponding Brunel
harmonic response as given by Eq. (1) (blue solid line) and Brunel harmonics created by the optical field alone with the amplitude Eopt = 0.078
a.u. [corresponding to Eopt + ETHz from (a); black dashed line] and Eopt = 0.018 a.u. [corresponding to Eopt from (a); green dashed line]. The
orange dotted line shows the impact from bound-bound transitions for the two-color case. The inset shows the intensity of nth harmonics (for
several values of n) depending on Eopt (solid lines) as well as the impact of bound-bound transitions (dotted lines).

also capable of compression to an isolated attosecond-scale
pulse.

II. SIMPLE-MAN PICTURE

To start with, we formulate our idea using a simple-man
quasistatic tunnel-based model of the ionization in strong op-
tical fields [22]. In this framework, the electron tunnels from
the ground state to the continuum through the barrier created
on the one side by the core potential and on the other side
by the strong external driving field [see Fig. 1(a)]. Effectively,
the electron can be considered as being born in the continuum
with the ionization rate W (t ) = (α/|E|) exp (−β/|E|), where
α and β are some coefficients, depending on the ionization
potential, and E is the driving field strength [22]. The free
electrons form a current [21,23,24] given, under the assump-
tion that the initial velocity is negligible, by

dJ
dt

= e2

m
ρ(t )E(t ). (1)

Here e and m are the electron charge and mass, respectively,
and W (t ) and the free-electron density ρ(t ) are connected
by dρ(t )

dt = W (t )[ρ0(t ) − ρ(t )], where ρ0(t ) is the density of
neutrals before the field is switched on.

The change in the current, according to the Maxwell equa-
tions, serves as a source of electromagnetic radiation Er ∝
dJ/dt , which is here referred to as Brunel harmonics. When
the initial driving pulse is a strong THz wave with intensity
near the onset of the tunnel ionization, the presence of even
a weak pulse at the optical frequency leads to a significant
modulation of the tunneling probability at the subcycle scale
and thus to a strong nonlinear response [see inset in Fig. 1(a)].
An exemplary simulation is shown in Fig. 1, where Fig. 1(a)
shows the dynamics of the ionization of an argon atom (Vi =

15.6 eV) for the case of the pump given by a linearly polarized
THz field with a duration of 100 fs, a central frequency of 3
THz, and amplitude ETHz = 0.06 a.u. (305 MV/cm), whereas
the optical driver has linear polarization, codirected with the
THz field, with 10-fs duration and field amplitude Eopt =
0.018 a.u. (92 MV/cm), centered at 800-nm wavelength. In
Fig. 1(b) the corresponding spectrum is shown for this pump
configuration by the blue solid line. As one can see by a
comparison to the case of the same Eopt but zero ETHz [green
dashed line in Fig. 1(b)], the presence of a strong THz pump
leads to a significant amplification of harmonic intensity.

Following from the previous description, the basic mech-
anism of these harmonics is the Brunel nonlinearity, but
enhanced by the optical modulations of the ionization rate.
The inset in Fig. 1(b) also shows that this intensity grows
quickly with increasing Eopt. We see also that the Brunel
harmonics decay exponentially with the harmonics number,
as is known for other pump configurations [25]. Nevertheless,
harmonics up to order ∼7 are still visible. In contrast to
a single-pump configuration, both even and odd harmonics
are present. This is the obvious consequence of the fact that
the THz wave breaks the inversion symmetry of the whole
system. Also, for the sake of comparison, in Fig. 1(b) (black
dashed line) we plot Brunel harmonics given by the purely
optical field Eopt = 0.078 a.u. (397 MV/cm), corresponding
to ETHz + Eopt in the previous configuration. Although for
odd harmonics the latter case produces radiation with higher
efficiency, this radiation is dominated by the bound-bound
transitions. In addition, a higher number of harmonics pro-
vides an additional advantage: The possibility to produce very
broad continuous spectra, as described below.

For comparison, the impact from perturbative
(bound-bound) transitions in this situation is shown
in Fig. 1(b) by the orange dotted line. The action of
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FIG. 2. Slope l in the expression Ir (n) ∼ 10nl as a function of the
ionization energy with simultaneously rescaled frequencies, pump
intensities, and durations as described in the text (red solid curve)
and for fixed frequencies, pump durations, and intensities (black
dashed line). Nearly constant slope indicates equivalent combs, that
is, the same number of effectively radiated harmonics. Vertical lines
exemplify ionization energies and band gaps of several materials
(black labels) and the THz field strengths used for the simulations
(red labels).

bound-bound transitions was calculated as dJb−b/dt =
d2Pb−b/dt2 = ε0

d2

dt2

∑
j χ

( j)(Eopt + ETHz) j , where χ ( j) =
(1 − ρ/ρ0)χ ( j)

0 + ρ/ρ0χ
( j)
+ , χ

( j)
0 , and χ

( j)
+ are the nonlinear

susceptibilities for nonionized and ionized atoms,
respectively. We have taken j = 3 and 5 into account
with the values [26] for argon, χ

(3)
0 = 3.5 × 10−26m2/V2 and

χ
(5)
0 = −2.0 × 10−47 m4/V4, whereas χ

( j)
+ were neglected.

As we see, for most harmonics and most intensities, the
impact of this mechanism is one to several orders of
magnitude smaller than that of the mechanism presented
here. This is different from the case of only a single color,
where bound-bound transitions typically overcome the action
of the Brunel mechanism [26] (not shown).

Returning to the decay of harmonic intensity Ir (n) in
Fig. 1(b) with the harmonic number n, we can estimate the
slope l in the dependence Ir (n) ∝ 10nl as l ≈ −1.93. On the
other hand, in Fig. 1(b) we used argon with ionization energy
Vi = 15.6 eV as the model atom for which efficient excitation
requires a high THz field in the 100-(MV/cm) range, which
is difficult to achieve in experiments currently. We can try
to reproduce this comb structure with the same number of
effectively excited harmonics since lower Vi needs lower THz
field intensity. To do this we repeated our simulations from
Fig. 1 with varying Vi, modifying at the same time other
parameters as described below. Namely, modification of Vi

can be understood as rescaling Vi → Vi/X with varying X .
In these terms, together with the rescaling of Vi, we rescaled
all driver frequencies as ωopt → ωopt/X , ωTHz → ωTHz/X to
keep the number of photons needed to ionize the medium
fixed. In addition, we also rescaled the pulse durations τ →
τ/X so that every pulse contains a fixed number of cycles.
Finally, we rescaled the fields as Eopt → X 2/3Eopt, ETHz →
X 2/3ETHz in order to keep the effective Keldysh parameters
γ j = √

2mViω j/e|Ej | for both optical and THz frequencies
j = {opt, THz} fixed.

The result is shown in Fig. 2 (red solid line). Although, for-
mally speaking, it is impossible to describe the ionization with

two separate Keldysh parameters, we see that the rescaling
above leads, indeed, to essentially the same frequency combs,
characterized by nearly the same slopes l , leading therefore to
effectively the same number of harmonics in the comb. As one
can see, with decreasing Vi one needs a significantly smaller
THz field to generate such a comb. For instance, for Vi corre-
sponding roughly to the band gap of GaAs, only ∼10 MV/cm
are needed, which is much easier achievable experimentally
[16].

Dramatically different from the rescaling described above,
if we modify only Vi, keeping all other parameters (field
amplitudes, frequencies, pulse durations) the same, decreas-
ing Vi leads to a decrease in the number of harmonics
(Fig. 2, black dashed line), visible as a significant increase
of |l|.

III. BEYOND THE DIPOLE APPROXIMATION

It is known that for the strong low-frequency pump in
far-infrared and THz ranges the maximal electron velocity
increases, and the terms which one might call relativistic start
to play a role [27–30]. In particular, the impact of the Lorentz
force due to the magnetic field of the pump grows with the
pump wavelength.

The particular approximation when the magnetic field is
neglected (and the corresponding Hamiltonian can be, fur-
thermore, considered space independent) is often referred to
as the dipole approximation. In the case of linearly polarized
monochromatic field (with frequency ω) polarized in the x
direction, in the dipole approximation the electron moves,
therefore, along the x direction as well. On the other hand, if
the magnetic field of the driving field is taken into account, the
electron trajectory forms a figure eight, located in the x-z plane
(assuming z is the propagation direction). The maximal excur-
sions in the z and x directions are given by cζ/8ω and c

√
ζ/ω,

respectively (c is the speed of light in vacuum); therefore, their
ratio rd is given by rd = √

ζ/8, where ζ = 2z f /(1 + z f ) and
z f = 2Up/mc2 is related to the relativistic mass shift of the
electron in the field [28], Up = e2E2/4mω2 is the ponderomo-
tive energy. In the other words, the parameter rd determines
the “squeezing” of the figure eight in the z direction. For
instance, for the parameters in Fig. 1z f ≈ 0.5, ζ ≈ 0.6, and
rd ≈ 0.1. Although this perturbation of the electron trajectory
does not seem to be too significant yet, this has a dramatic
impact on the recollision harmonics since the absolute value
of the excursion in the z direction is around 2 × 104 a.u., that
is, much larger than the size of the atom. This leads to a
significant decrease in the probability of the recollision and
therefore in the amplitude of the recollision-based harmonics.

As the discussion above shows, the central mechanism in
our case is however the Brunel nonlinearity. In contrast to the
recollision-based harmonics, Brunel harmonics are known not
to decrease but, in contrast, to increase with the driving wave-
length [31,32] due to several effects, in particular, because of
the increasing of the electron acceleration.

To inspect more closely the influence of the nondipole
effects described in the previous paragraphs we consider the
trajectory of a classical electron, born due to ionization at
some exemplary time t0 at the point r = 0 and driven with
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FIG. 3. Radiation in the dipole approximation and beyond from a
classical electron born at t = 0 with zero initial velocity. (a) Nonzero
components of the second derivatives of the electric d and magnetic
m dipoles as a function of time for the parameters in Fig. 1. The other
components related to the dipole and quadrupole electric and dipole
magnetic moments are negligible. (b) Ratios of energy radiated by
the electric dipole component dz in the z direction Edz (red dashed
line) and of the energy radiated by the dipole magnetic momentum
Em (blue solid line) to the energy Edx radiated by the electric dipole
component dx .

the field according to

r̈ = eE + ev × B, (2)

where the dots mean the time derivative, × denotes the cross
product, r = r(t ) describes the time-dependent electron posi-
tion, v = ṙ is the electron velocity, and B is the magnetic field
of the driving pulse. In the same approximation as Eq. (1),
that is, neglecting the size of the system (which also assumes
neglecting the electron excursion compared to the radiation
wavelength), radiation, produced by the electron and mea-
sured at the position R0, is given by

Er = 4πε0

c2R0
(d̈ × n) × n, (3)

where R0 = |R0|, n = R0/|R0| and d = er is the dipole mo-
ment of the resulting electron-ion pair (we assume that the ion
remains at r = 0).

Note that neglecting the size of the radiating system com-
pared to the radiation wavelength is also called the dipole
approximation [27]. In contrast to the dipole approximation
mentioned earlier in this section, this approximation is related
to the overall size of the radiating system rather than the
details of the electron movement and describes the properties
of the radiated field rather than the properties of the electron
motion.

For the same driving field as in Fig. 1, Fig. 3(a) gives
nonzero components of d̈ produced during the electron motion
according to Eq. (2), assuming the electron is born at the
most probable position—the center of the pulse t0 = 0 [see
Fig. 1(a)]. One can see that the component of the dipole
moment corresponding to the movement along the z direction,

which arises because of the influence of the magnetic field
of the pump, is already compatible with the x component,
which appears due to the action of the driving electric field.
However, because of the angular radiation diagram of this
particular dipole component I (θ ) ∝ sin2 θ , where θ is the
angle to the z axis, if we measure radiation close to the z
axis, the z component is less visible. More quantitatively, the
ratio of energies rEd radiated into a cone defined by a small
angle δ to the z axis by these two dipoles therefore can be
estimated as rEd = δ2

2
Edz

Edx
, where Ed j = ∫

(d̈ j )2dt , j = {x, z},
d j is jth component of d. This ratio is shown in Fig. 3(b) by
the red dashed line for δ = 10◦. One can see that, despite the
relatively large angle δ, this ratio is still below 10−2 for the
parameters we consider.

Furthermore, the electron excursion in the x direction for
the parameters in Fig. 1 is already around 10 μm, which is
much larger than the wavelength of the optical field and only
10 times smaller than the wavelength of the THz field we con-
sider here. Further terms in the decomposition to the powers
of a/λ, where a is the system size (in our case it must include
the full excursion) and λ is the radiated wavelength, must
be taken into account [27]. That is, we must go beyond the
dipole radiation decomposition in Eq. (3). The corresponding
extended equation including the next two terms, the so-called
magnetic dipole and the electric quadrupole, is given by [27]

Er = 4πε0

c2R0

{
(d̈ × n) × n + 1

6c
(D̈ × n) × n + m̈ × n

}
,

(4)

where m = 1
2c r × v is the magnetic dipole momentum and

vector D is defined as Dj = Di jn j via components n j , j =
{x, y, z}, of n and via the electric quadrupole tensor Di j =
e(3rir j − δi j r2), where ri and r j are the components of r, δi j

is the Kronecker delta and r2 = |r|2.
For the parameters in Fig. 1 our simulations show that the

amplitude of radiation caused by the electric quadrupole is
around 14 orders of magnitude smaller than that from the
electric dipole and therefore is completely negligible. The
only nonzero component is my, shown by the green dot-dashed
line in Fig. 3(a). One can see that its amplitude is already only
one order of magnitude smaller than the dipole contributions.
The term m̈, representing nonzero magnetic dipole, is shown
in Fig. 3(a). This component does radiate a significant amount
of energy in the z direction, which we, as already mentioned,
consider the observation direction. Nevertheless, the ratio of
energies emitted by the electric dipole (more specifically, its
x component) and by the magnetic dipole is still below 0.1,
as shown in Fig. 3(b). Multipoles with yet higher orders as
considered here have significantly smaller impact than the
multipoles we already considered and therefore can be ne-
glected.

Concluding this section, we see that there are non-
negligible contributions beyond the dipole approximation
with respect to the electron motion as well as to the radiation
created by this motion. In the former case, if we observe radia-
tion in the propagation direction, all these nondipole terms can
still be neglected. This is in drastic contrast to the recollision-
based harmonics, which are significantly influenced by the
nondipole terms at already much lower THz fields. Therefore,
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FIG. 4. The response of the hydrogen atom according to TDSE simulations [Eqs. (5) and (6)] with Eopt given by a 5-fs-long pulse (a) and
(b) with and (c) and (d) without a strong THz field. (a) and (c) The harmonic spectrum of the atomic response Er according to Eq. (7). Spectral
amplitudes for CEO phases of 0 (red solid lines) and π (blue dashed line) and spectral phases (black solid and dashed lines for CEO phases of
0 and π , respectively). (b) and (d) Corresponding XFROG traces (see text for details). Additional parameters are given in the text.

in the next sections we neglect the nondipole terms both in the
electron motion and in the radiation.

IV. HARMONICS IN HYDROGEN USING AB INITIO
QUANTUM SIMULATIONS

As a next step, we simulate the ionization process using the
time-dependent Schrödinger equation (TDSE) for the hydro-
gen atom:

ih̄∂tψ (r, t ) = Hψ (r, t ), (5)

H = 1

2m
[p + eA(t )]2/2 + V (r), (6)

where h̄ is the reduced Planck constant, ψ (r, t ) is the wave
function of the electron depending on space r (with r ≡ |r|)
and time t coordinates, H is the electron’s Hamiltonian, p
is the momentum operator, A(t ) is the vector potential of
the driving field corresponding to the electric field strength
E(t ) = −∂t A, and V = −1/r is the potential created by the
hydrogen core. The optical response of the atom, which in
this case includes not only the Brunel mechanism but also
bound-bound transitions and recollision harmonics, is given

by

Er (t ) ∝ d2d(t )

dt2
, d(t ) = e〈ψ |r|ψ〉. (7)

The code developed in [33] based on an effective scheme
using expansion over spherical harmonics with space-varying
coefficients was used to perform the numerical integration
using a simulation box size of 500 a.u. and step size in time of
0.02 a.u. Angular harmonic numbers L and m up to 30 were
used. The transmission-free absorbing potential [34] was used
to treat the boundaries. The correction of the dipole d due to
absorption in the potential d2d/dt2 → d2d/dt2 + E(t )[1 −
||ψ (r, t )||], where ||ψ (r, t )|| is the norm of the electron wave
function, was taken into account to avoid spurious Brunel
harmonics arising due to absorption..

In the description equations (5), (6), and (7), nondipole
terms in both electron motion and radiation are neglected;
however, this is still a reasonable approximation, as shown
in the previous section. The simulations were checked for
convergence by considering different box and step sizes and
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FIG. 5. (a) and (c) Spatiotemporal dynamics of the electron wave packet |ψ (x, t )|2 simulated by 1D TDSE with the soft-core potential
(a) for the THz+optical field and (c) for only the optical pump. (b) and (d) The corresponding PESs calculated after the end of the pulse. The
inset in (b) shows the corresponding PESs on a larger energy scale. The parameters are the same as in Fig. 4.

numbers of harmonics. The driving field was given by A =
ATHz + Aopt,

Ax,opt = A0,opte
− t2

τ2 sin (ωoptt ), (8)

Ax,THz = A0,THze− t2

τ2 sin (ωTHzt ), (9)

Ay,opt = 0, Ay,THz = 0, (10)

where ωopt is the frequency corresponding to 800-nm wave-
length and ωTHz = 3 × 2π rad/ps and τ corresponds to 5-fs
FWHM.

The results of the simulation for the hydrogen atom,
ETHz = 0.03 a.u. and Eopt = 0.012 a.u., are shown in
Figs. 4(a) and 4(b). Figure 4(a) shows the spectrum of Er for
two different carrier-envelope (CEO) phases, 0 and π , and
in Fig. 4(b) the cross-correlated optical frequency-resolved
gating (XFROG) trace for the zero CEO phase is presented,
defined as IXFROG(ω, τ ) = | ∫ E (t )Eref (t − τ )e−iωt | with inte-
gration from −∞ to +∞, with E (t ) being the tested field and
Eref (t − τ ) being the reference pulse taken in the form of a
Gaussian shape with 2.7-fs FWHM duration. For comparison,
in Figs. 4(c) and 4(d) the same pictures are shown for only
the strong optical pump (Eopt = 0.033 au). As one can see,

in the latter case high-order harmonics up to ∼17 appear. Ex-
amining the XFROG [Fig. 4(d)], we see that these harmonics
originate from the recollision mechanism. This is indicated
by the characteristic time-dependent delay [35] in harmonic
emission visible in Fig. 4(d). In contrast, in the case of
THz+optical pump the harmonics have no systematic delay;
that is, they are created instantaneously, pointing clearly to the
non-recollision-based mechanism. We see also that the har-
monics are less localized in time in the two-color case, which
is also well explained by the Brunel mechanism since the
Brunel harmonics are born in the process of both electron birth
and acceleration, so their generation takes a certain amount
of time. The different generation mechanism is furthermore
indicated by radically different spectral phases for two- and
single-color cases, shown by the black lines in Figs. 4(a) and
4(d). The former is almost frequency independent, in strong
contrast to the latter. The spectrum in the two-color case is
extended only up to around the 10th harmonic, in qualitative
agreement with the simple-man theory [see Fig. 1(b)], there-
fore also supporting the Brunel nonlinearity as the leading
mechanism.

This suggests that the recollision-based harmonics are sig-
nificantly suppressed even in the dipole approximation. To
obtain additional confirmation of this, we made simulations
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of one-dimensional variant of Eqs. (5) and (6) with a soft-core
Coulomb potential V = −1/

√
x2 + a2, which for a = 1/

√
2

has the same ionization potential as the hydrogen atom [36,37]
and x is the spatial coordinate. The results of simulations
for the same parameters as in Figs. 4(a) and 4(d) are given
in Figs. 5(a) and 5(b), respectively. The advantage of the
one-dimensional simulation is that one can very clearly see
the trajectories of the electrons: If the strong THz field is
present [Fig. 5(a)], the electrons move from the core without
undergoing even a single recollision, in strong contrast to
the case of the single-color optical pump [Fig. 5(b)]. This is
explained by the fact that the ponderomotive energy gained
by the electron from the THz field over the half of the optical
field cycle ∝ E2

THzλ
2
opt, which is one order of magnitude larger

than the energy gained from the optical field ∝ E2
optλ

2
opt over

the same time (half cycle of the optical pulse λopt/2). Because
the subsequent optical half cycles are located within the very
same THz cycle, the electron has no chance to return.

We find it instructive to look at the photoelectron spectra
(PESs) after the pulse, which are shown in Figs. 5(b) and
5(d). PESs were obtained by extracting the part of the wave
function ψi(r) orthogonal to the wave function of the funda-
mental bound state and transforming it into the momentum
space ψi(p), which gives the corresponding energy distribu-
tion |ψi(p(h))|2, h = |p|2/2m.

We see [Fig. 5(d)] that for the single-color optical pump,
the PES has a width of the order of 10 eV. Fast, sub-eV-scale
oscillations are most likely the effect of the slow pulse en-
velope. The spectrum is also modulated on the eV scale, with
several peaks close to the multiples of the optical pump energy
nh̄ωopt. We note that these multiphoton channels appear on
the multicycle timescale as a result of interference between
different electronic wave packets [38,39]. The effect of such
intercycle interference is also visible in real space [Fig. 5(d)].
We note that it is not possible to distinguish which multipho-
ton channel is active if we look at only the subcycle scale
since for small time intervals the energy of the electron is not
defined.

However, in the optical case it is still possible to make
a decision about the leading ionization channel by looking
at the PESs after the end of the driving pulse. In our case,
the ionization energy Vi = 13.6eV would correspond, in the
multiphoton regime, to nine-photon ionization; therefore, the
presence of only the lowest multiphoton channels n � 9
shows that we are not in the multiphoton regime anymore;
tunneling would be a much better description.

In contrast, in the presence of strong THz field [Fig. 5(b)]
there is no interference between the parts of wave packets
ionized at different positions in time anymore since they are
quickly separated also in space. Therefore, there are also no
multiphoton peaks appearing in PESs after the pulse. The
spectrum is therefore flat (except for the sub-eV oscilla-
tions mentioned above) and extends up to the ponderomotive
energy Up [see inset in Fig. 5(b)], which is, in this case, sig-
nificantly higher than for the single-color optical driver. This
flat PES indicates that the tunneling (rather than multiphoton)
ionization picture is a suitable description in this situation [see
inset in Fig. 1(a)].

FIG. 6. The square of the electric field depending on time for
the Fourier-limited pulse obtained from the spectrum in Fig. 4(a) in
the range between ω = 1.5ω0 and ω = 10ω0 (solid blue line). The
FWHM duration of the resulting pulse is 120 as. To demonstrate the
CEO insensitivity, the dashed orange and dotted green lines show the
cases of the different CEO phases of the optical driver, compressed
with the phase mask for the zero CEO phase. The red dash-dotted
line shows the compressed pulse with the same lower but no upper
frequency filtering limit. In this case the FWHM duration is 85 fs.

V. SUPERCONTINUUM AND ISOLATED ATTOSECOND
PULSES IN HYDROGEN

Importantly, the spectrum in Fig. 4(a) forms a broad contin-
uum in the range of n ≈ 1.5–9 harmonics. The most important
reason why separate harmonics join into a broad continuum is
the short optical probe, leading to broadening of every har-
monic. Further, in our case both odd and even harmonics are
present, so the distance between the subsequent harmonics is 2
times smaller than in a single-color case. The spectral phase of
the resulting continuum is very flat across the whole spectral
range [see black lines in Fig. 4(a)]. Removing this phase leads
to a stand-alone Fourier-limited compressed pulse of 100-as
duration, as shown in Fig. 6. If the spectral range from the
1.5th to 10th harmonic is taken for compression, the resulting
pulse is 120 as long, whereas if the whole spectrum above
1.5th harmonic is used, the final pulse duration is reduced to
85 as.

Quite remarkably, both the spectral intensity and the spec-
tral phase are rather insensitive to the CEO phase of the optical
probe [see Fig. 4(a), where the cases for different CEO phases
are shown by solid and dashed lines]. This is in strong con-
trast to the continua created by recollision-based harmonics
(which are also located at higher frequencies) [40–42]. These
continua are heavily CEO dependent since they rely on the
intercycle electron trajectories leading back to the core. In
contrast, the Brunel radiation is emitted during the ionization
event, taking place on subcycle scales. Interestingly, the CEO
insensitivity of the continuum is also rather different from the
behavior of separate harmonics obtained from longer pump
pulses [for instance, in Fig. 1(b)] where the CEO phase of the
nth harmonic is n times the CEO phase of the fundamental.
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This pronounced CEO insensitivity leads also to the insensi-
tivity of the resulting compressed pulse to the CEO phase, as
shown in Fig. 6, where compression of the spectra resulting
from an optical probe with different CEO phases is performed
using the same phase mask. That is, the compression scheme
does not require CEO stabilization of the optical probe. As we
can see, these pulses also do not require the gating necessary
for isolating attosecond pulses for recollision-based harmon-
ics [40–42].

VI. CONCLUSION AND DISCUSSION

In conclusion, we showed that in the presence of an
extreme almost ionizing THz driver, higher-order harmon-
ics can be generated by a weak optical probe pulse via
the Brunel (ionization-induced) mechanism. This mechanism
dominates over the recollision-based one since the recollisions
are strongly suppressed in the presence of the strong THz
field. The efficiency of the generated harmonics is, in our case,
comparable to the recollision-based ones. To avoid the phase-
matching and nonlinear-pump-propagation issues (neglected
in our consideration), dilute gases can be considered, which
might reduce the efficiency.

When considering the generation of such harmonics in
hydrogen driven by a few-cycle optical pump, the harmonics
in the range from visible to XUV are “glued” together, form-
ing a broadband supercontinuum, compressible to an isolated
100-as-scale pulse without the need for gating techniques.
Importantly, the resulting supercontinuum is fully insensitive
to the CEO phase of the optical driver, so CEO stabilization
is not required. CEO-phase insensitivity also implies shot-to-
shot coherence of the supercontinuum, the property which is

difficult to achieve using traditional fiber-based supercontin-
uum generation methods [43–45].

Although we focused in this paper on considering atomic
media, in particular the hydrogen atom, the resulting harmonic
combs are scalable to lower ionization energies if the driving
field intensities and frequencies are decreased accordingly.
Our results preliminarily indicate that similar harmonic combs
and therefore supercontinua are possible in semiconductors
with eV-scale band gaps. In that case, the THz field strengths
required for excitation of the combs can be around tens of
megavolts per centimeter.

The Brunel harmonic spectrum reflects energy band struc-
ture [46] and should be sensitive to the mutual orientation
of both the field polarization and crystal lattice. Thus, the
generated Brunel harmonics might be used as a sensitive tool
for time-resolved studies of the energy bands in solids under
the action of an extreme THz field with strength well above
the dc field breakdown threshold. Here it is important that the
probing optical field might be 1012 W/cm2 or lower and does
not disturb the sample.
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