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We report theoretical investigation of the twisted-electron-impact single-ionization dynamics of an H,O
molecule. The triple-differential cross sections for 1b,, 3a;, 1b,, and 2a; orbitals are obtained by a twisted-
electron-impact multicenter distorted-wave method. The coplanar asymmetric kinematic condition is adopted
at incident electron energy E; = 250 eV and ejected electron energy E, = 10 eV. By integrating the impact
parameter, all possible rotation angles ¢, of the projectile are averaged for the triple-differential cross section,
which is independent of the orbital angular momentum and varies as a function of opening angle 6. The results
show that the ionization by a plane-wave projectile is more likely than by a twisted-electron projectile if the
scattering angle is smaller than a critical value. However, when the scattering angle exceeds the critical point,
the twisted-electron projectile can possess higher ionization probability, which will reach a maximum when the
opening angle numerically approaches the scattering angle.
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I. INTRODUCTION

Bliokh ef al. [1] suggested that free-electron beams can
carry intrinsic nonzero orbital angular momentum (OAM) in
the propagation direction, called twisted- (or vortex) electron
beams. Subsequently, Uchida and Tonomura [2] and Verbeeck
etal. [3] generated the twisted-electron beams through a spiral
phase plate and a versatile holographic mask in a transmis-
sion electron microscope, respectively. Then twisted-electron
beams [4] with high quanta (up to mh = 100%) of OAM were
produced. Since these pioneering works, research on how to
generate [5,6], measure [7-9], and manipulate [10] twisted-
electron beams has attracted much interest in both theory and
experiment in the past decade. The extra degree of freedom for
twisted-electron beams might have potential applications in
nuclear and high-energy physics [11,12], atomic and molec-
ular physics [12—14], and even nanoparticle research [15] in
materials science.

Electron-impact single ionization, termed (e, 2e), is one
of the most fundamental processes in collision physics. The
full information of the ionization dynamics can be obtained in
an experiment in which the energy and momenta of the two
outgoing electrons are determined, giving triple-differential
cross sections (TDCSs). The (e, 2e¢) process has been ex-
tensively studied in both theory and experiment for various
kinds of atoms and molecules, for the purpose of investi-
gating the electron-impact ionization cross section [16—19],
atomic and molecular orbital imaging [20,21], molecular ori-
entation [21,22], and radiation physics [23]. However, the
complete understanding of the ionization dynamics is still one
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of the biggest challenges, especially for molecular targets.
It originates from the difficulty resulting from the Coulomb
multibody scattering states and the multicenter nature of
molecules in the (e, 2¢) process.

Nevertheless, plenty of theoretical methods have been
developed to treat the problems, including nonperturbative
and perturbative methods. The nonperturbative treatments,
such as the exterior complex scaling method [24], the
converged close-coupling method [25], the time-dependent
close-coupling method [26], and the B-spline R-matrix ap-
proach [27], have been applied to some simple atomic and
molecular targets [28-30]. Basically, these kinds of ab ini-
tio methods can be very accurate, but do not possess high
extensibility to complex molecules. On the other hand, the
perturbative method, such as the distorted-wave impulse ap-
proximation [31] and distorted-wave Born approximation
[31,32] for atoms and molecular three-body distorted-wave
approximation [16] and multicenter (three) distorted-wave
methods [18,19] for molecules, can be extended to complex
molecules, but usually lack accuracy.

Theoretical investigations of the twisted-electron-impact
(e, 2e) process for atoms and molecules are comparatively
scarce. Harris et al. [13] reported TDCSs for fast (e, 2¢) col-
lisions with atomic hydrogen, indicating that twisted-electron
ionization is less likely than a plane-wave projectile. Singh
et al. [14] studied the TDCSs of Ar(3p), Kr(4p), Xe(5p),
and H, using the twisted distorted-wave Born approximation
with impact parameter p = 0, the results showing that the
TDCS is strongly influenced by the opening angle and angu-
lar momentum number of the twisted-electron projectile. A
semirelativistic (e, 2¢) study using the Coulomb wave model
with twisted-electron beams on Cu and Ag [12] was also
reported.

©2022 American Physical Society
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In the present work we report a theoretical investigation
of the twisted-electron-impact single-ionization process of
a molecule based on multicenter distorted-wave (MCDW)
theoretical calculations, called the twisted-MCDW method.
The method is in the framework of the first Born approxi-
mation (FBA), which requires that the projectile electron is
fast enough to be described by plane waves and the contin-
uum wave function of an ejected electron is solved in the
anisotropic multicenter potential of a molecular ion under a
sudden approximation. Owing to the adopted approximations
and the multicenter wave functions, the method can readily
be applied to various molecules. The (e, 2¢) dynamics for
an H,O molecule by a twisted electron is presented in the
coplanar asymmetric kinematic condition, with an incident
electron energy of E; = 250 eV, an ejected electron energy
of E, = 10 eV (8 eV if the electron is ionized from the 3a; or-
bital), and scattering angle of 6; = 15°. The cross sections for
different opening angles of twisted-electron beams and differ-
ent scattering angles are also analyzed in detail.

The paper is organized as follows. In the next section we
briefly outline the theoretical method. The results and a dis-
cussion will be presented in Sec. III, followed by a summary
in Sec. IV. Atomic units are used throughout the paper unless
explicitly stated otherwise.

II. THEORETICAL METHODS
A. Bessel states of a free twisted electron

A free electron with intrinsic OAM mh and energy ¢
can be described in the cylindrical coordinates r = (r,, z) =
(r1, ¢r,z). The momentum vector of an incident elec-
tron is defined as k; = (k;, ki;) = (kiL, ¢k, ki;), which lies
on the surface of a cone with an opening angle 6; =
arctan(|k;, |/k;;) = arctan(k /k;;). Here ¢ is the rotation an-
gle. The stationary Bessel solution [11,33,34] of the field-free
Schrodinger equation is

Akir
(rlkizikm) = "=yt (r o) o))
and the transverse component of the wave function is equal to
img,

Vo

where J,,(x ) is the mth Bessel function of the first kind. The
momentum representation of the stationary Bessel solution is
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Then the wave function of Eq. (1) can be written in the
momentum space
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Equation (4) can be conveniently used to the subsequent tran-
sition amplitude calculation.

B. Cross section and impact parameter

According to the scattering theory [35], the eightfold-
differential cross section for a given molecular orientation can
be expressed as

ddc 1 keks
dQ.dQ,dQdE; (271 )y k

|Tf,(sz ki ko, k)I*,  (5)

where 2 and €2, represent the solid angles of direction for
the scattered and ejected electrons, respectively; €2 represents
the solid angle of molecular orientation; and k; and E;, k; and
E;, and k, and E, are momentum vectors and energies for
incident, scattering, and ejected electrons, respectively. The
transition amplitude 7y;(£2) gives rise to

Tyi(2, ki, kg, k)
= (ks W§7 (kes RGP IV ()l ¥, (R {r})). (6)

The operator R; represents the rotation of the target. The
scattering potential is the interaction between the projectile
and molecular target, where an approximated three-body po-
tential is employed,
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Here |V;) is the initial bound wave function and {r} refers to
the set of electronic coordinates. In the final state |W), the
ionized orbital is replaced by the continuum wave function of
the ejected electron. The incident and scattered electrons are
described by the plane waves |k;) and |k;). With the help of

the Bethe integral
ik-r’
e 4 .
dr = zk<r7 8
/ 1] ¢ ®)

the system can be simplified as a one-active-electron problem
under the sudden approximation, giving rise to the expression

4 .
Tr(2. K. k,) = K—’Z<f<—>(ke;7z—'re>|e"‘"f

_ Zn Z”e R
N

where K = k; — k; is the momentum transfer; R, is the posi-
tion of the nth nucleus and Z, indicates its charge; the vector
r, represents the position of the active electron; | F(7)) is the
continuum wave function of the ejected electron; and |¢,) is
the bound orbital to be ionized.

In the practical experiment, the incident electron has an
impact parameter p relative to the target, that is, the incident
wave function is multiplied by a factor e~#*i. Considering
Egs. (4) and (9), the transition amplitude for twisted-electron-
impact single ionization with impact parameter p can be
expressed as

Cga(R7'r), (©))
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Integrating |T}LW(Q, K, k., p)|> over the impact parameter p in
the transverse plane,

/ dpITf Q. K. k. p)P

_
7)Yk

/ dp / M (c — ki )Tri(2, K, ko )e ™ P % dke;
x / e (ke — K| T K ke ndk, (1)
with the help of the integral
/ d*pe? PP = 2mY8(p — ), 12)
Eq. (11) can be simplified by integrating d p and dk;, ,

1
f apITH (@K ke pF = f 180c = kiv)
TK
x Tri(Q, K, ko) *dk;; . (13)

Using the expression of the § function squared from [11] and
performing the integration over k;, , the eightfold differential
cross section for the twisted-electron-impact single-ionization
process finally yields

dSO' (T) 1 1 keks

dQ.dQdQdE, 2w cosb, 27)° ki

X f T (Q, K, k)P dgy. (14)

By averaging over all molecular orientations, the fivefold
differential cross section, or commonly termed TDCS, is ob-
tained:

o (T) 1 1 kk 1

dQ.dQ2dE; B 27T cos O (271)5 k_lg

X /:/|Tf,»(S2,K,ke)|2de<pk. (15)

The magnitude of momentum transfer is given by
K? = k? + k? — 2kik;cos 6, where cos@ = cos 6y cos b; +
sin 6y sin O; cos(gx — ¢s). The cross section of the
twisted-electron-impact ionization process by integrating
the impact parameters does not depend on the magnitude of
the angular momentum of the projectile. Equation (15) is a
classic expression as the TDCS of twisted-electron-impact
single ionization is simply obtained by averaging over all
directions of k; along the cone surface.

C. Multicenter distorted waves

In the single-ionization process, the active bound electron
is assumed to be ionized to the continuum orbital. Then the
ejected electron is regarded as moving in the anisotropic
residual ion potential under a sudden approximation, while
the scattering electron is too fast to affect the motion of the
ejected electron. In order to obtain an accurate continuum

FIG. 1. Coordinate system in the present calculations.

wave function of the ejected electron, a model potential [18]
is adopted to include the response of bound electrons and the
exchange effect

ym — Vsl + VCP + Vmodel exc’ (16)

where V*' is the electrostatic potential between the incident
electron and the residual molecular ion and VP and V/model exe
are the correlation-polarization potential and the model ex-
change potential, respectively.

The continuum wave function of the ejected electron F~)
in Eq. (9) is obtained by solving the effective Schrodinger
equation

(=AV2+ V" — E ) F D (keire) = 0. (17)

The anisotropic multicenter feature of 7~ (k,; r.) is inherited
from V™. To solve this equation, the single-centered expan-
sion technique [36-38] is employed, where the wave function
and potential are expanded over the symmetry-adapted angu-
lar functions [36-38]. It should note that the model potential
V™ is anisotropic and introduces couplings between terms of
different angular momentum in the partial wave expansion of
F(k,;r,), resulting in a set of coupled equations. As shown
in our previous work [18], the diagonal terms in the potential
matrix are considered dominant. Thus, in practical calcula-
tion, we will ignore the off-diagonal elements and solve the
decoupled partial wave equations.

D. Details of calculation

The H,O molecule belongs to the G,y point
group and its ground electronic configuration is
(1ay)*(2a1)*(1h2)*(3a;)*(1b;)> with bond length Ropy =
1.81 a.u. and bond angle Zy.opy = 104.5°. It is a typical
candidate for theoretical investigations, as it has been
studied by various theoretical models [39,40]. Experimental
date for (e,2e) by twisted-electron impact on an H,O
molecule are lacking; theoretical research to show the
different physics is needed. In the present work we choose
kinematic conditions adopted by Milne-Brownlie ef al. [45]
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FIG. 2. TDCSs of a H,O molecule for different orbitals: (a) 16, + 3ay, (b) 15y, (c) 3a;, (d) 1b,, and (e) 2a,. The incident electron energy
E; is 250 eV, the ejected electron energy E, is 10 eV (8 eV if the electron is ionized from the 3a; orbital), and the scattering angle is 15°.
The experimental data (closed circles) are taken from [45]. The red solid line represents the MCDW calculation, while dotted lines are
twisted-MCDW calculations for different opening angles of the twisted-electron beams.

to study the single-ionization process. The experiments
were performed under coplanar asymmetric geometry at an
incident electron energy of E; = 250 eV, an ejected electron
energy of E, =10 eV (8 eV for ionization from the 3a,
orbital), and a scattering angle of 6, = 15°.

The bound wave functions of molecular orbitals (MOs)
are calculated using the GAUSSIAN 09 [41] program with
density-functional theory employing a B3LYP hybrid func-
tional [42,43] and cc-pVTZ basis set [44]. Then the MOs
are expanded over symmetry-adapted angular functions. Let
lbmax and Il.max denote the upper limits of angular momenta

in the partial-wave expansions for bound orbital and contin-
uum wave functions, respectively. In the present calculations,
convergence of TDCSs is achieved with lyn.x = 10 and
lcmax = 18. In the single-center expansion, r ranges from O to
8.47 a.u. with increasing step size from 0.01 to 0.128 a.u. The
numerical spherical average of the Euler angle mesh N, =
Ng =N, =12, where N,, Ng, and N, represent the number
of points for Euler angles «, 8, and y, respectively. Fig-
ure 1 shows the coordinate system in the present calculations.
The twisted-electron projectile propagates along the z axis,
with the scattering electron momentum vector being fixed at
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FIG. 3. Magnitude of the electron momentum transfer vector
|K| as a function of ¢, for different opening angles of the twisted-
electron projectile 6.

6, = 15° and ¢, = 180° and the ejected electron lying in the
xz plane. For the twisted-electron impact, it is actually not
a strict coplanar geometry, as the twisted electron possesses
OAM in the transverse plane. Here we still use the termi-
nology as in the conventional (e, 2¢). Note that the present
method has been used to check the calculations for the ion-
ization of atomic hydrogen and it generates the same results
obtained by Harris et al. [13].

III. RESULTS AND DISCUSSION

Figure 2 shows the TDCSs of 1by, 3a;, 1b,, and 2a,; or-
bitals as a function of ejection angle 6,. The red solid lines
represent the result of the MCDW method or the twisted-
MCDW calculation with an opening angle of 6; = 0°. The
closed circles represent the experimental data, reported by
Milne-Brownlie et al. [45] using a conventional electron
beam, and can be reasonably reproduced by the present
MCDW calculations, indicating the validity of present model.
The binary region, approximated between 6, = 0° and 6, =
180°, represents the binary collision between incident and
active bound electrons. The recoil region, which is approx-
imately the opposite direction of the momentum transfer
vector, is usually regarded as the backward reflection of an
ejected electron by the residual ion potential. Actually, the
MCDW method is not capable of completely reproducing the
experimental data at E; = 250 eV; the FBA approximately
holds at the impact energy. In Figs. 2(a)-2(d) the double-peak
structure in the binary region reflects the p character of 15,
3a;, and 1b, orbitals and is well described by the MCDW
method. In the recoil region, the MCDW method fails to
reproduce the distribution of experimental data. In Fig. 2(e),
for the ionization of a typical s-type 2a; orbital, the single
binary and recoil peaks are both well described by MCDW
calculations.

It has been well established that the traditional (e, 2¢)
experiment does not measure the impact parameter. In the
practical calculation, it is necessary to average over all impact

parameters. Unfortunately, that means a loss of information
on OAM and only leaves the dependence of the opening angle
of the projectile, as Eq. (15) shows. In order to investigate
the effect of twisted-electron beams on the cross sections,
four nonzero opening angles (6y = 1°, 10°, 15°, and 20°)
are considered in the twisted-MCDW calculations, as shown
by the dotted lines in Fig. 2. The calculation at 6; = 1° is
nearly the same as the MCDW result, while calculations for
0 = 10°, 15°, and 20° are largely different from the MCDW
results. Note that in Figs. 2(a)-2(d), the calculated TDCSs at
6, = 10°, 15°, and 20° have multiplied by a factor 0.2. For the
s-type 2a; orbital, there is no additional factor to be multiplied
in Fig. 2(e). Obviously, the twisted-electron-impact single
ionization is more likely than the plane-wave projectile for
p-type 1by, 3ay, and 1b, orbitals and less likely for the s-type
2a; orbital, which is partially different from the conclusions of
Harris et al. [13] when investigating the ionization of atomic
hydrogen.

Equation (15) tells us that the difference between twisted-
MCDW and MCDW calculations mainly comes from the dif-
ferent momentum transfer for the integration of ¢;. As stated
before, the magnitude of the momentum transfer is given
by K? = k? + k? — 2kik;cos 6, with cos® = cos 6y cos 6; +
sin 6 sin 0 cos(¢r — @5). In the present calculations, ¢, =
180°, for a fixed value of 6, and the magnitude of the momen-
tum transfer will be a minimum when ¢; = 180°. Figure 3
plots the magnitude of the momentum transfer as a function
of ¢y for five opening angles of a twisted-electron projectile.
There 6y = 0° corresponds to a plane-wave electron beam and
|K| is a constant. With the increase of 6; (6, = 1°, 10°, 15°,
and 20°), it becomes a more concave shape symmetrical about
@ = 180°. The term 1/K* in Eq. (15) will affect the TDCS
distribution to concentrate around ¢, = 180°. The effect is
further enhanced by the K-related integration over r, in Eq. (9)
and will be illustrated later.

To gain deeper insight into the twisted-electron-impact
cross sections, for the 1b; orbital, the two-dimensional (2D)
density images of TDCSs as functions of ¢; and 6, for
O = 0°, 1°, 10°, 15°, and 20° are displayed in Fig. 4. In
Fig. 4(a), for the non-twisted-electron beam, the distribution
of the TDCS as a function of ¢; and 6; will not change
with the increase of ¢;. From 6, = 1° to 20°, the TDCS
distribution gradually concentrates around ¢; = 180°. In the
coplanar asymmetric kinematic condition, the TDCS has a
preferred twisted-electron momentum direction of ¢, = 180°,
which is determined by the magnitude of the momentum
transfer vector. It is worth noting that Fig. 4(d) corresponds
to 6y = 6, = 15°, which means that a global minimum of |K|
exists under the kinematic condition. It can be simply proved
by the minimum of the green dash-dotted line in Fig. 3. The
distribution of the TDCS in the 6, dimension also changes
dramatically for different 6;, which also results from the vari-
ation of momentum transfer for the twisted-electron-impact
scattering process.

Since the 1by, 3a;, and 1b, orbitals behave as similar
p-type characters, we choose 1b; and 2a; orbitals for the
subsequent analysis. Figure 5 shows the 2D density maps
by integrating TDCSs over 6, in the coplanar geometry as
functions of the twisted-electron projectile parameters 6, and
¢k. In Fig. 5(a), the cross section for the 1b; orbital around
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FIG. 4. The 2D density maps of TDCSs as functions of ¢, and 6, for the 15, orbital in Fig. 2(b): (a) 6, = 0°, (b) 6, = 1°, (¢) 6 = 10°,

(d) 6, = 15°, and (e) B = 20°.

O = 15° and ¢, = 180° is more intense than other areas.
Also, the preferred twisted-electron momentum direction is
¢r = 180°, as mentioned before, but it will be slightly dif-
ferent for the 2a; orbital in Fig. 5(b). The full width at half
maximum of the cross section for each 6; gradually decreases
with the increase of ;. Unlike the 1b; orbital, if we integrate
¢ as in Eq. (15), 6, = 0° will give rise to the largest absolute
cross section. It should be noted that the absolute TDCSs at
6 = 10°, 15°, and 20° for twisted-MCDW calculations have
been multiplied by 0.2 in Figs. 2(a)-2(d), while the factor is
1.0 for the 2a; orbital, as shown in Fig. 2(e). This is consistent
with the results in Fig. 5. The twisted-electron-impact single
ionization yields different characters for p-type and s-type
orbitals of H,O for the kinematic condition of E; = 250 eV,
E, =10 eV, and 6; = 15°. The twisted-electron-impact ion-
ization by averaging over all ¢; for the p-type 1b; orbital
is more likely to happen than a plane-wave projectile if 6
numerically approaches 6; for the present kinematic condition
and less likely for the s-type 2a; orbital.

The important different feature of 15, and 2a; orbitals
shows the complicated dynamics of twisted-electron-impact
ionization of molecules. A possible way to understand the pro-
cess is to see what will happen to the cross section for various
kinematic conditions. We know that the projectile scattering
angle is directly related to the momentum transfer vector.
Here we intend to change the projectile scattering angle while
keep other kinematic parameters fixed. Figure 6 shows the
2D density maps of cross sections by integrating ¢; and 6,
in the coplanar geometry at E; = 250 eV and E, = 10 eV as
functions of ; and 6, for 1b; and 2a, orbitals. In Fig. 6(a),

the cross section is mainly centered around the line 6, = 6. In
other words, the cross section is more intense when 6, = 6;.
However, if 6; is smaller than a critical angle of about 6°, the
cross sections for 6, = 0° show the maximum intensity. The
situation is quite different for the 2a; orbital, as indicated in
Fig. 6(b). The 2a; orbital has a larger critical scattering angle
of about 18°. So the different characters between 1b; and 2a;
orbitals at §; = 15° in Figs. 2 and 5 are directly explained. As
the twisted-electron projectile is described by the plane wave
in the present method, it is reasonably to doubt that the multi-
center distorted wave of an ejected electron is responsible for
the important different feature for 15, and 2a; orbitals. Our
further test calculations show that the Coulomb wave descrip-
tion displays similar results to the above exploration. This
indicates that the different characters from twisted-electron
impact are strongly related to the shape of the ionized orbital.
We believe that in the twisted-electron scattering experiment,
the extra degree of freedom for the twisted projectile is not
the only excuse to introduce new physics; additional different
kinematic conditions and targets are highly desired for future
exploration.

IV. SUMMARY

We have reported a theoretical study of the twisted-
electron-impact single-ionization dynamics of an H,O
molecule for the traditional (e, 2¢) experimental condition.
The TDCSs of 1by, 3a;, 1b,, and 2a; orbitals are obtained
by the twisted-MCDW method in the coplanar geometry at
E; =250¢eV, E, =10 ¢V, and 6, = 15°. The TDCS varies as
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FIG. 5. The 2D density maps of TDCSs by integrating 6, in the
coplanar kinematics as functions of the twisted-electron projectile
parameters 6; and ¢, for orbitals (a) 15, and (b) 2a;.

a function of opening angle 6, by averaging over all possible
rotation angles ¢y of the projectile and does not depend on the
orbital angular momentum. The twisted-MCDW calculations
successfully reproduced the TDCSs of the MCDW model for
O = 0°, suggesting the validity of the present model. The
cross sections for different 6, and ¢, show that the TDCS
is more intense around 6; = 6, and ¢, = 180°. The twisted-
electron-impact ionization for 1b;, 3a;, and 1b, orbitals is
more likely to happen than a plane-wave projectile for the
present kinematic condition, while it is the opposite for the
2a; orbital.

The cross sections of 1b; and 2a; orbitals for scattering
angles ranging from 0° to 30° have also been investigated. The
1b; and 2a,; orbitals have critical scattering angles of about
6° and 18°, respectively. The ionization by the plane-wave
projectile is more likely than by a twisted-electron projec-
tile if the scattering angle is smaller than a critical value.

24.5
21.4
-18.4
-15.3
-12.3
-9.19
-6.13

3.06

0.00

5 10 15 20 25
0, (deg)

[1.35
25 1.18
-1.01
-0.841
-0.672
-0.504
-0.336
0.168
0.00

20

6,(deg)

5 10 15 20 25
O(deg)

FIG. 6. The 2D density maps of cross sections by integrating ¢
and 6, in the coplanar kinematics as functions of 6, and 0; for orbitals
(a) 1b; and (b) 2a;.

However, when the scattering angle exceeds the critical point,
the twisted-electron projectile can possess higher ionization
probability, which will reach a maximum when the opening
angle of the projectile numerically approaches the scattering
angle. The results indicate that, for different types of orbitals,
the twisted-electron-impact cross section exhibits quite dif-
ferent character. The present work has clearly presented the
very different and complicated dynamics induced by twisted
electron; further, more in-depth investigation of different
kinematics and targets are required to reveal the underlying
dynamics.
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