PHYSICAL REVIEW A 106, 012806 (2022)

Model-QED operator for superheavy elements

A. V. Malyshev®,! D. A. Glazov®,! V. M. Shabaev®,' 1. I. Tupitsyn®,! V. A. Yerokhin®,? and V. A. Zaytsev ©!
' Department of Physics, St. Petersburg State University, Universitetskaya 7/9, 199034 St. Petersburg, Russia
2Peter the Great St. Petersburg Polytechnic University, Polytekhnicheskaya 29, 195251 St. Petersburg, Russia

® (Received 23 April 2022; accepted 22 June 2022; published 12 July 2022)

The model-QED-operator approach [V. M. Shabaev, 1. 1. Tupitsyn, and V. A. Yerokhin, Phys. Rev. A 88,
012513 (2013)] to calculations of the radiative corrections to binding and transition energies in atomic systems

is extended to the range of nuclear charges 110 < Z

< 170. The self-energy part of the model operator is

represented by a nonlocal potential based on diagonal and off-diagonal matrix elements of the ab initio self-
energy operator with the Dirac-Coulomb wave functions. The vacuum-polarization part consists of the Uehling
contribution, which is readily computed for an arbitrary nuclear-charge distribution and the Wichmann-Kroll
contribution represented in terms of matrix elements similarly to the self-energy part. The performance of the
method is studied by comparing the model-QED-operator predictions with the results of ab initio calculations.
The model-QED operator can be conveniently incorporated in any numerical approach based on the Dirac-
Coulomb-Breit Hamiltonian to account for the QED effects in a wide variety of superheavy elements.
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I. INTRODUCTION

Recent advances in the synthesis and experimental in-
vestigation of electronic-structure and chemical properties
of superheavy elements as well as the prospects for further
progress in this field [1-12], prompt the theory to study these
complex many-particle systems. The interest is also fueled
by the fact that a strong interplay between the correlation,
relativistic, and quantum-electrodynamics (QED) effects for a
large amount of core and valence electrons may manifest itself
in qualitatively new properties of superheavy elements com-
pared to their lighter homologues. In this regard, the ability
of oganesson (Og, Z = 118), despite its noble-gas electronic
configuration, to form a negative ion has already become a
textbook example [13-17].

The question of whether the periodic law holds for chemi-
cal elements beyond the seventh period [18-23] is one of the
fundamental motivations to study the physics and chemistry
of superheavy elements. These investigations are unfeasi-
ble without the proper treatment of the QED effects. The
state-of-the-art QED calculations of the middle- and high-Z
systems are performed within the 1/Z perturbation theory
or its generalization based on a modification of the zeroth-
order approximation by including some effective screening
potential, see, e.g., Refs. [24-28] for review. The correspond-
ing sophisticated and laborious ab initio methods cannot be
directly incorporated into standard approaches based on the
Dirac-Coulomb-Breit Hamiltonian [29-39]. For this reason,
there is a vital need for a simple and effective approximation
for taking into account the QED corrections in the electronic-
structure calculations. A number of such approaches were
proposed in the literature [40—-47]. For the purpose of de-
scribing the QED effects on binding and transition energies
in relativistic many-electron systems, our group suggested the
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model-QED operator in Ref. [48]. This operator was success-
fully applied to the approximate QED calculations in various
atomic systems including the superheavy ones [17,49-59], see
also Refs. [60,61].

The model-QED-operator approach is worked out within
the two-time Green’s function (TTGF) method [62] and based
on the fact that the QED corrections can be systematically
treated by constructing an effective Hamiltonian which acts
in an appropriate active space [63]. In the case of ab initio
QED calculations for highly charged ions, unperturbed wave
functions for a single level or a set of few quasi-degenerate
states generally span the active space, see, e.g., Refs. [64—66]
and references therein. For the needs of the model-QED-
operator construction, one should include into the active
space all the Slater determinants made up of positive-energy
Dirac-equation eigenfunctions with the total (many-electron)
energies lying lower than the pair-creation threshold. Since
our consideration is restricted to the lowest-order QED terms
depicted in Fig. 1, the active space can actually be ex-
tended beyond this threshold [63]. The model-QED-operator

(a) (b) (©)

FIG. 1. Lowest-order QED terms: (a) one-photon-exchange,
(b) self-energy, and (c) vacuum-polarization diagrams. The double
line corresponds to the electron propagator in the local binding
potential. The wavy line denotes the photon propagator.
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FIG. 2. Decomposition of the self-energy diagram. The single
line represents the free-electron propagator. The double line with a
cross on it corresponds to the mass counterterm. The line ending with
a small cross denotes the interaction with the binding potential V.

approach formulates the effective Hamiltonian in a form
suitable for the atomic-structure calculations. The QEDMOD
Fortran package for computing the model-QED operator in
the range 3 < Z < 120 was presented in Ref. [67]. The
main goal of the present paper is to extend the region
of supported nuclear charges up to Z = 170. The nuclear
charge Z =~ 173 1is usually considered as a critical one,
at which the ls state of a hypothetical hydrogen-like ion
with the extended nucleus reaches the negative-energy con-
tinuum [68-71]. Therefore, the proposed operator should
make it possible to study the QED effects on binding
and transition energies in a wide range of superheavy ele-
ments. Merging the model-QED operator with the various
electron-correlation methods allows one to take the advan-
tage of the rigorous calculations for hydrogen-like ions in
many-electron systems where the ab initio treatment is cur-
rently rather problematic.

In the next section, we briefly describe the structure of
the model-QED operator and outline the modifications made
compared to Ref. [48]. Then we discuss the evaluation of the
self-energy and vacuum-polarization matrix elements within
the rigorous QED approach in the range 110 < Z < 170.
Finally, the model-QED operator is tested by performing
the radiative-correction calculations for superheavy ions with
hydrogen- and alkali-metal-like electronic configurations as
well as for neutral atoms and comparing the obtained results
with the ab initio ones.

Relativistic units (# =1 and ¢ = 1) and the Heaviside
charge unit (¢* = 4mwa, where e < 0 is the electron charge)
are used throughout the paper.

II. MODEL-QED OPERATOR

The Dirac equation represents the natural zeroth-order ap-
proximation for middle- and high-Z atomic systems

WPy =la-p+pm+VIy =ey. e
In the case of the potential induced by a point nucleus,
V(r) = —aZ/r, the eigenvalue of the Dirac Hamiltonian for

Oz
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FIG. 3. Decomposition of the vacuum-polarization diagram.

the principal quantum number n and relativistic angular quan-
tum number k = (—1)/+*+1/2(j 4 1/2) reads as

Ene =m[1+( oz )2}—1/27 )

where n, =n — || and A = /k2 — (aZ)?2. The solutions for
|k| = 1 do not formally exist for Z > 137 due to a singularity
at «Z = 1. To deal with the higher values of Z, one has to
regularize the Hamiltonian (1), see, e.g., Ref. [72]. The most
direct way is to employ a more realistic nuclear-potential
model, i.e., to take into account the finite size of the nucleus.
Then the energy of the 1s state will keep decreasing with Z
and at Z = 170 almost reach the onset of the negative-energy
continuum. Despite the fact that for high Z the binding energy
of low-lying levels exceeds m and, accordingly, &,, < 0, we
will refer to these states as the positive-energy ones to distin-
guish them from the negative-energy continuum. Attributing
the electron-nucleus interaction to the initial approximation
with subsequent accounting for interactions of electrons with
each other and with the quantized electromagnetic field by
perturbation theory leads to the Furry picture of QED [73].

To the first order in «, the QED effects can be described
by an effective Hamiltonian acting in the subspace, which
is spanned by Slater determinants made up of the positive-
energy solutions of Eq. (1), see Ref. [63] for details. The total
effective Hamiltonian can be expressed as

H=A®D |:Z (h? + hl.QED) + Zh;?t:| A(+), 3)

i i<j

where the sums run over all the atomic electrons and
A™) is the product of the one-electron projectors on the
positive-energy eigenfunctions of 4. The interaction term /™
arises from the one-photon exchange diagram in Fig. 1(a),
see Refs. [48,62,63]. We draw attention to the fact that
the entire discussed formalism remains true if the poten-
tial V in Eq. (1) includes some local screening potential
Vier- In this case, the operator hint corresponds to residual
electron-electron interaction. The term AP represents the
one-electron QED operator originating from the self-energy
(SE) and vacuum-polarization (VP) diagrams in Figs. 1(b)
and 1(c), respectively. Within the TTGF method, one can
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TABLE I. Matrix elements of the self-energy operator for the ns states evaluated with the Dirac-Coulomb wave functions. Labels (;, n;)
stand for the function F,,, defined by Eq. (17). R is the root-mean-square charge radius of the nuclei (in fm).

V4 R (1) (12 13 1Q4 (@5 22 23) 24 25 33 3.4) 3,5 @44 4.5) (5.5)

110 6.188 1.5744 1.9995 1.9788 1.9353 1.9006 2.6283 2.6172 2.5695 2.5278 2.6009 2.5505 2.5104 2.4980(1) 2.4559(1) 2.4137(5)
115 6.291 1.6401 2.1172 2.0862 2.0322 1.9901 2.8439 2.8170 2.7535 2.7008 2.7882 2.7215 2.6704 2.6547(1) 2.6015(1) 2.5492(4)
120 6.391 1.7275 2.2666 2.2210 2.1532 2.1015 3.1127 3.0636 2.9790 29117 3.0174 2.9296 2.8639 2.8440(1) 2.7769(1) 2.7117(4)
125 6.494 1.8402 2.4519 2.3854 22994 2.2354 3.4427 3.3621 3.2490 3.1625 3.2917 3.1762 3.0916 3.0663(1) 2.9815(1) 2.9001(3)
130 6.588 1.9832 2.6774 2.5809 2.4709 2.3911 3.8397 3.7149 3.5634 3.4518 3.6109 3.4597 3.3507 3.3184 3.2116(1) 3.1099(3)
135 6.691 2.1596 2.9412 2.8026 2.6615 2.5619 4.2976 4.1118 3.9099 3.7663 3.9627 3.7663(1) 3.6268 3.5859 3.4525(1) 3.3262(2)
140 6.785 2.3728 3.2372 3.0417 2.8616 2.7380 4.7978 4.5315 4.2662 4.0835 4.3250 4.0743(1) 3.8982 3.8474 3.6832(1) 3.5285(2)
145 6.883 2.6203 3.5445 3.2777 3.0518 2.9007 5.2928 4.9293 4.5900 4.3628 4.6570(1) 4.3459(1) 4.1293 4.0680(1) 3.8711(1) 3.6860(2)
150 6.983 2.8941 3.8316 3.4851 3.2099 3.0298 5.7178 52514 4.8341 4.5612 4.9159(1) 4.5442(1) 4.2866 4.2160(1) 3.9875(1) 3.7732(1)
155 7.075 3.1808 4.0637 3.6414 3.3182 3.1102 6.0137 5.4569 4.9665 4.6514 5.0765(1) 4.6504(1) 4.3556 4.2785(1) 4.0227(1) 3.7830(1)
160 7.170 3.4565 4.2051 3.7273 3.3632 3.1312 6.1433 5.5273 4.9772 4.6278 5.1351(1) 4.6664(1) 4.3411 4.2614(1) 3.9842(1) 3.7247(1)
165 7.268 3.6964 4.2393 3.7385 3.3445 3.0944 6.1212 54837 4.8897 4.5151 5.1181(1) 4.6186(1) 4.2697 4.1913(1) 3.8982(1) 3.6243(1)
170 7.358 3.8831 4.1722 3.6850 3.2731 3.0108 6.0026 5.3717 4.7466 4.3539 5.0656 4.5433 4.1759 4.1013(1) 3.7956(1) 3.5106(1)

derive the following symmetric expression for it [63]

Ei Ek>—m

W =pE L pYP = 3"y (vl

ik
1
x {5[22‘:‘(&-) + ZR% 0] + VRVP}II/kal/ka, @)

where T3E(¢) and VP are the renormalized SE and VP oper-
ators, respectively, and the sums over i and k run over all the
positive-energy one-electron Dirac states. Below we discuss
how the operator #2FP can be adapted for convenient use in
the practical relativistic electronic-structure calculations. In
this section, we do not address the issue of the ab initio calcu-
lations of the SE and VP corrections, see the next section for
the discussion and relevant references.

Let us start with the SE part of the QED operator (4). We
have to solve two issues simultaneously. On the one hand,
due to the lack of simple-enough algorithms for the ab initio
calculations of the X-operator matrix elements for arbitrary
levels (including the continuum-spectrum states), one has to
restrict the summation in Eq. (4) to a finite number of the low-

lying one-electron eigenfunctions of 4P. On the other hand,
it is necessary to ensure the short interaction range for the
operator h5E. In Ref. [48], it was suggested to represent 45E by
a sum of short-range semilocal and nonlocal potentials. The
nonlocal part was defined using the set of functions which are
localized at smaller distances than the Dirac-Coulomb ones.
The separation of the semilocal part with the support of the
order of the Compton wavelength z = 1/m was justified by
the fact that, for low-Z systems, the dominant part of the SE
correction indeed can be described by the local term [74]. For
the range of the nuclear charges studied in the present work,
we find, however, that the SE operator is hardly described with
a simple local formula. For this reason, we now retain only the
nonlocal potential in the model operator. So the one-electron
SE operator is approximated as follows:

R =" 16))Bji(¢nl. 5)
Jl

where, as in Ref. [48], we chose the functions {¢;}7_, to be

¢i(r) = 311 = (=1)"B1p,(r)i(r). (6)

TABLE II. Matrix elements of the self-energy operator for the np; , states evaluated with the Dirac-Coulomb wave functions. The notations

are the same as in Table 1.

z R (2,2) (2,3) 2.4) (2,5) (3,3) 3.4 (3.5) 4.4) 4.5) (5.5)

110 6.188  0.6952 0.7680 0.7754 0.7709 0.7992 0.8054 0.8033  0.7979(1) 0.7925(1)  0.7826(5)
115  6.291 0.8863 0.9638 0.9663 0.9569 0.9963 0.9957 0.9883  0.9815(1) 0.9699(1) 0.9543(4)
120 6.391 1.1524 1.2315 1.2243 1.2066 1.2618 1.2493 1.2330 1.2237(1) 1.2025(1) 1.1783(3)
125 6.494 1.5350 1.6071 1.5814 1.5493 1.6261 1.5928 1.5617 1.5478 1.5114(1)  1.4733(3)
130  6.588 2.1038 2.1459 2.0844 2.0274 2.1316 2.0612 2.0050 1.9821 1.9213(1)  1.8608(2)
135  6.691 2.9684 2.9225 2.7925 2.6915 2.8219 2.6863(1) 2.5881 2.5478 2.4481(1) 2.3519(2)
140 6.785  4.2916 4.0183 3.7616 3.5859 3.7155(1)  3.4695(1) 3.3051 3.2327(1) 3.0745(1) 2.9244(2)
145 6.883 6.2542(1)  5.4550(1) 4.9843 4.6919 4.7322(1) 4.3216(1) 4.0651 3.9410(1) 3.7056(1) 3.4843(1)
150  6.983 8.9471(1)  7.1040(1) 6.3267(1) 5.8780 5.6582(1) 5.0499(1) 4.6895 4.5005(1) 4.1833(1) 3.8861(1)
155 7.075 12.2304(1) 8.6895(1) 7.5567(1) 6.9345 6.2675(1) 5.4810(1) 5.0302 4.7814(1) 4.3985(1) 4.0394(1)
160  7.170 15.6906(2)  9.9403(1) 8.4719(1) 7.6899(1) 6.5099(1) 5.6016(1) 5.0894 4.7995(1) 4.3764(1) 3.9783(1)
165 7.268 18.8730(2) 10.7733(1) 9.0255(1) 8.1135(1) 6.5299(1) 5.5454(1) 4.9957 4.6797(1) 4.2347(1) 3.8144(1)
170 7358 21.5128(2) 11.2711(1) 9.2925(1) 8.2788(1) 6.5078(1) 5.4573 4.8792  4.5417(1) 4.0797(1) 3.6434(1)
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TABLE III. Matrix elements of the self-energy operator for the nps;, states evaluated with the Dirac-Coulomb wave functions. The

notations are the same as in Table 1.

Z R 2,2) (2,3) 24) (2,5) (3,3) 3.4 (3,5) (4.4) 4.5) (5.5)

110 6.188 0.3355 0.3551 0.3535 0.3505 0.4001 0.4113 0.4124 0.4224(1) 0.4280(1) 0.4315(5)
115 6.291 0.3456 0.3676 0.3664 0.3635 0.4162 0.4284 0.4299 0.4405(1) 0.4465(1) 0.4502(5)
120 6.391 0.3547 0.3791 0.3785 0.3756 0.4315 0.4447 0.4465 0.4578(1) 0.4642(1) 0.4681(4)
125 6.494 0.3624 0.3891 0.3893 0.3865 0.4452 0.4594 0.4616 0.4734(1) 0.4801(1) 0.4842(4)
130 6.588 0.3682 0.3970 0.3979 0.3953 0.4565 0.4715 0.4741 0.4864(1) 0.4931(1) 0.4974(3)
135 6.691 0.3717 0.4021 0.4038 0.4013 0.4645 0.4799 0.4829 0.4955(1) 0.5022(1) 0.5065(3)
140 6.785 0.3728 0.4038 0.4062 0.4040 0.4686 0.4839 0.4872 0.4999 0.5063(1) 0.5106(2)
145 6.883 0.3716 0.4023 0.4052 0.4032 0.4689 0.4836 0.4870 0.4998 0.5054(1) 0.5095(2)
150 6.983 0.3694 0.3986 0.4017 0.3996 0.4667 0.4803 0.4836 0.4964 0.5011(1) 0.5049(2)
155 7.075 0.3678 0.3947 0.3975 0.3953 0.4646 0.4765 0.4794 0.4927 0.4962(1) 0.4997(2)
160 7.170 0.3688 0.3931 0.3951 0.3924 0.4656 0.4758 0.4780 0.4921 0.4944(1) 0.4975(2)
165 7.268 0.3737 0.3958 0.3967 0.3933 0.4723 0.4809 0.4821 0.4975 0.4987(1) 0.5015(1)
170 7.358 0.3832 0.4040 0.4035 0.3993 0.4859 0.4931 0.4934 0.5106 0.5107(1) 0.5133(1)

Here the index s; =n; —1[; (with n; being the principal
quantum number and /; = |«; + 1/2| — 1/2 being the orbital
angular momentum) enumerates the positive-energy states
for the given angular symmetry, / and B are the identity
and the standard Dirac matrices, respectively, and the fac-
tors py,(r) = exp[—2aZ(r/x)/(1 + [;)] serve to provide the
stronger localization of the functions {¢;}?_, as compared to
the Dirac-Coulomb ones {1;}_, (in practical calculations, we
find that the replacement 1 4 [; — |k;| in pj,, affecting only
the positive values of «;, may additionally improve the per-
formance of the model-QED-operator approach for Z = 160).
Finally, the coefficients Bj; in Eq. (5) are determined from the
condition that the model operator #5F has to reproduce exactly
the matrix elements of the operator /#5F in the space spanned
by the functions {y;}7_,, that is

> Wild) B (i) = 3l [ZRF(en) + SR (e | 1vi) (7)
jil
fori,k =1...n, see Ref. [48] for details. We stress that the
SE operator conserves the angular quantum numbers and the
matrix Bj; has, accordingly, a block-diagonal structure.

The one-electron VP operator is equal to the sum of
two local potentials, the Uehling and Wichmann-Kroll (WK)
ones, VRV P — Ve + Vivk. The dominant Uehling contribution
is given by the expression

20%Z ™
Vie(r) = — = / dr' v p(r)
3mr Jy
X [Ko@m|r —r'|) — KoQm|r + '], (8)
where
K()—/wdt_” ]+2 2—1 )
o(x) = 1 S ,

and the inducing-charge density p is normalized in accor-
dance with f dr p(r) = 1. The potential V. can be easily
calculated either directly or using the approximate formulas
from Ref. [75]. The evaluation of the WK part of the VP
operator represents a much more difficult problem, see the
discussion below. In Ref. [48], to a sufficient level of ac-
curacy, this issue was solved by employing the approximate
expressions obtained in Ref. [76]. These expressions were
derived for the point-nucleus case that makes them unsuitable

TABLE IV. Matrix elements of the self-energy operator for the nds,, states evaluated with the Dirac-Coulomb wave functions. The

notations are the same as in Table I.

z R (3,3) 3.4 (3.5) 4.4 4.5) (5.5)

110 6.188 —0.0064 0.0073 0.0089 0.0072(1) 0.0146(1) 0.0144(5)
115 6.291 —0.0009 0.0139 0.0160 0.0147(1) 0.0228(1) 0.0229(4)
120 6.391 0.0051 0.0214 0.0239 0.0231(1) 0.0320(1) 0.0325(4)
125 6.494 0.0117 0.0295 0.0326 0.0323(1) 0.0421(1) 0.0429(3)
130 6.588 0.0187 0.0380 0.0419 0.0419 0.0525(1) 0.0537(3)
135 6.691 0.0255 0.0464 0.0512 0.0512 0.0624(1) 0.0640(2)
140 6.785 0.0316 0.0535 0.0593 0.0590 0.0705(1) 0.0723(2)
145 6.883 0.0362 0.0584 0.0650 0.0642 0.0755(1) 0.0774(2)
150 6.983 0.0392 0.0609 0.0680 0.0668 0.0775(1) 0.0794(2)
155 7.075 0.0417 0.0624 0.0695 0.0687 0.0784(1) 0.0804(2)
160 7.170 0.0455 0.0652 0.0719 0.0721 0.0812 0.0834(1)
165 7.268 0.0514 0.0710 0.0772 0.0789 0.0877 0.0901(1)
170 7.358 0.0600 0.0805 0.0862 0.0893 0.0985 0.1009(1)
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TABLE V. Matrix elements of the self-energy operator for the nds,, states evaluated with the Dirac-Coulomb wave functions. The notations
are the same as in Table I.

V4 R (3,3) (3,4) (3.5) 4,4) 4.5) (5.5)
110 6.188 0.0699 0.0672 0.0642 0.0783(1) 0.0786(1) 0.0825(5)
115 6.291 0.0722 0.0695 0.0665 0.0812(1) 0.0816(1) 0.0856(4)
120 6.391 0.0745 0.0719 0.0688 0.0842 0.0846(1) 0.0888(4)
125 6.494 0.0769 0.0743 0.0711 0.0871 0.0876(1) 0.0921(3)
130 6.588 0.0793 0.0767 0.0735 0.0902 0.0908(1) 0.0954(3)
135 6.691 0.0817 0.0792 0.0758 0.0933 0.0939(1) 0.0988(2)
140 6.785 0.0842 0.0818 0.0783 0.0965 0.0972(1) 0.1023(2)
145 6.883 0.0868 0.0845 0.0809 0.0999 0.1008(1) 0.1061(2)
150 6.983 0.0896 0.0874 0.0837 0.1036 0.1046(1) 0.1102(2)
155 7.075 0.0926 0.0906 0.0868 0.1076 0.1088(1) 0.1147(1)
160 7.170 0.0958 0.0940 0.0902 0.1120 0.1134 0.1196(1)
165 7.268 0.0991 0.0977 0.0938 0.1166 0.1183 0.1249(1)
170 7.358 0.1026 0.1014 0.0976 0.1215 0.1234 0.1304(1)
for superheavy elements. Therefore, in the present work we the atomic mass number A with the charge Z via

perform the ab initio calculations of the potential Vg for A= 00073322 + 1.30Z + 63.6. (10)

extended nuclei. For the sake of convenience, we approxi-
mate this contribution in a way similar to that applied for
the operator A5F. Namely, to represent the WK part of 4'F,
the operator #VX analogous to Eq. (5) is introduced with the
matrix Bj; determined by Eq. (7), where the evaluated WK
potential stand instead of the SE operator T3¢ — Viyk. The
Uehling term is treated as in Ref. [48] without any changes.
In principle, the SE operator and the WK part of the VP po-
tential can be considered together during the procedure of the
model-QED-operator construction. Then the nonlocal poten-
tial ASE+*WK with the appropriately defined coefficients B ; will
simultaneously approximate the SE and WK contributions.
Concluding the description of the model-QED operator, it
should be noted that in what follows, as in Ref. [48], we con-
struct the model operator employing the functions (6) which
correspond to the ns states with the principal quantum number
n < 3 and the npi/, np3;, nd3/2, and nd5/2 states with n < 4.

III. RIGOROUS QED EVALUATION OF THE SE
AND VP MATRIX ELEMENTS

The ab initio calculations of the SE and VP matrix el-
ements are performed for extended nuclei employing the
standard two-parameter Fermi model for the nuclear-charge
distribution. The size of the nuclei is determined using
the approximate formulas given in Ref. [70]. First, we relate

TABLE VI. Self-energy correction for the lowest-energy levels
with the different values of k for Z = 170. The results are presented
in terms of the function F,,, defined by Eq. (17).

Term Is 2pip 2p3) 3ds) 3ds)

0-pot. —4.4324 —39.6671 —1.3726 —3.4590 —3.0276

1-pot. 6.3439 48.2165 0.6950 1.8633 1.6695
2-pot. 1.2913 6.5584 0.2228 0.5355 0.5091
M-pot. 0.6803 6.4050(2) 0.8381 1.1202 0.9516
Total 3.8831 21.5128(2) 0.3832 0.0600 0.1026

rounding it up to the nearest integer. Second, we evaluate the
root-mean-square radius R in fm according to

3
R= \/;Rspheres (11)

where Ryphere = 1.2A'/3. The uncertainties of the results pre-
sented below do not include errors associated with the choice
of R and the nuclear model, but are determined only by study-
ing numerical aspects.
The one-loop SE operator reads as follows, see, e.g.,
Ref. [77]:
o0

(e, 1, 1) =2i01/ dw D" (w, r12)

—0oQ
x o, G(e —w, r,r)a, — Bém, (12)

where §m is the mass counterterm, D*" is the photon propa-
gator, G is the Dirac-Coulomb Green’s function (compared to
Ref. [77], we define it with the opposite sign, G(w, r;,r;) =
(w —hP)™), a* = y°y# and B = y° are the Dirac matrices,
and it is implicitly assumed that the integration contour ex-
tending from —oo to oo provides the proper bypass of all
the singularities in the complex w plane. The nonperturbative
(in «Z) calculations of the SE contribution were extensively
discussed in the literature, for review see Refs. [78—84] and
references therein. The expression (12) suffers from the ultra-
violet divergences. To isolate them and calculate the diagonal
and off-diagonal matrix elements of the resulting renormal-
ized operator £3F with the Dirac-Coulomb wave functions,
we employ the method worked out in Ref. [84] with some
modifications proposed by the authors of Refs. [85,86]. The
method is based on the expansion of the bound-electron prop-
agator in powers of the interaction with the binding potential
V. The divergences are contained only in the so-called zero-
and one-potential contributions shown in brackets in the first
line of Fig. 2. These two terms are renormalized together with
the mass counterterm and evaluated in the momentum repre-
sentation. In principle, the remaining part of the SE operator is
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TABLE VII. Matrix elements of the Wichmann-Kroll potential for the ns states evaluated with the Dirac-Coulomb wave functions. The
notations are the same as in Table I.

zZ R 1,1y 1,2 1,3 a4 @S 22 23 24 25 (G3) G4 GBS “H 45  G.S)

110 6.188 0.0382 0.0463 0.0455 0.0444 0.0436 0.0583 0.0575 0.0563 0.0552 0.0569 0.0556 0.0547 0.0544 0.0535 0.0525
115 6.291 0.0460 0.0569 0.0556 0.0541 0.0529 0.0734 0.0723 0.0704 0.0690 0.0712 0.0694 0.0680 0.0677 0.0663 0.0649
120 6.391 0.0558 0.0705 0.0686 0.0663 0.0647 0.0935 0.0916 0.0888 0.0867 0.0899 0.0873 0.0852 0.0847 0.0827 0.0807
125 6.494 0.0684 0.0881 0.0851 0.0818 0.0795 0.1201 0.1170 0.1128 0.1097 0.1142 0.1102 0.1072 0.1064 0.1035 0.1007
130 6.588 0.0847 0.1110 0.1062 0.1014 0.0981 0.1552 0.1501 0.1438 0.1392 0.1456 0.1396 0.1352 0.1339 0.1297 0.1256
135 6.691 0.1057 0.1403 0.1327 0.1257 0.1209 0.2008 0.1924 0.1829 0.1761 0.1849 0.1759 0.1695 0.1675 0.1614 0.1555
140 6.785 0.1330 0.1775 0.1656 0.1554 0.1485 0.2585 0.2448 0.2306 0.2208 0.2327 0.2195 0.2102 0.2071 0.1984 0.1901
145 6.883 0.1679 0.2228 0.2045 0.1899 0.1803 0.3278 0.3062 0.2856 0.2716 0.2874 0.2685 0.2555 0.2509 0.2388 0.2273
150 6.983 0.2119 0.2755 0.2487 0.2283 0.2152 0.4056 0.3735 0.3448 0.3256 0.3463 0.3202 0.3027 0.2963 0.2801 0.2648
155 7.075 0.2662 0.3341 0.2968 0.2695 0.2522 0.4876 0.4435 0.4050 0.3798 0.4068 0.3724 0.3496 0.3411 0.3203 0.3008
160 7.170 0.3313 0.3955 0.3469 0.3116 0.2896 0.5692 0.5129 0.4638 0.4319 0.4676 0.4240 0.3954 0.3849 0.3591 0.3350
165 7.268 0.4083 0.4582 0.3986 0.3546 0.3273 0.6512 0.5838 0.5230 0.4839 0.5320 0.4785 0.4434 0.4310 0.3995 0.3705
170 7.358 0.5028 0.5257 0.4556 0.4019 0.3686 0.7470 0.6684 0.5936 0.5457 0.6131 0.5475 0.5044 0.4899 0.4516 0.4163

finite and can be calculated in the coordinate space. However,
aiming to improve the partial-wave-expansion convergence,
we additionally separate the slowly convergent term with two
interactions. The corresponding two-potential contribution is
evaluated using the analytical expression for the free-electron
propagator [78]. The higher-order remainder shown in brack-
ets in the second line of Fig. 2 is calculated as the pointwise
difference of the two similar expressions in the w integration
by employing the finite-basis-set representation for the free-
and bound-electron Green’s functions. We will refer to this
term as the many-potential one. We note that in Ref. [84] such
a designation was applied to the contribution with two and
higher interactions. The finite basis sets are constructed from
B splines [87,88] in the framework of the dual-kinetic-balance
approach [89]. In the calculations, the maximal value of ||
reaches 45 and 20 for the two- and many-potential terms,
respectively. The remainders of the |«| series are estimated
using a polynomial fitting in 1/|«]|.

The vacuum-polarization potential can be written as fol-
lows, see, e.g., Ref. [77]:

/’ / TrG(w r/|r)' (13)

The formal expression (13) is ultraviolet divergent, and it
demands the charge renormalization. To do so, one has to
expand the Dirac-Coulomb Green’s function G in terms of
the free-electron propagators. According to the Furry’s the-
orem [90], only the fermion loops with an even number of
vertices contribute, whereas the diagrams with an odd number
of the interactions vanish owing to a charge conjugation argu-
ment, see the first line of Fig. 3. Thereby, the first nonzero
contribution arises from the diagram linear with respect to
the external field V, being of order o(«wZ). Applying the
charge-renormalization procedure to this term, one arrives at
the Uehling potential given by Eq. (8), see Refs. [91,92]. The
remaining part of the vacuum-polarization potential, which
includes the terms of order a(«Z)® and higher, corresponds
to the WK contribution. The all-order (in aZ) calculations
of this potential have a long history, for review see, e.g.,
Refs. [93-99] and references therein. The WK potential is
finite. However, special care has to be taken when dealing

VVP(r)

with a light-by-light scattering contribution represented by
the second term of the expansion in Fig. 3 since it may
contain a spurious gauge-noninvariant piece. Without going
into details, we just point out that a single subtraction of
the Uehling contribution from the total vacuum-polarization
potential leads to a correct result for the WK potential pro-
vided the calculations are arranged so that the terms with
positive and negative values of « in the electron propagator
are treated together [95], see also Ref. [96]. This prescription
for the evaluation of the WK potential is shown schematically
in brackets in the second line of Fig. 3, where we addition-
ally removed the free-electron-propagator contribution from
the Dirac-Coulomb Green’s function, which is zero due to
the Furry’s theorem. It is convenient to rotate the integra-
tion contour in the complex w plane to the imaginary axis
and change the variable of integration to n, where w = in.
During this rotation, the bound-state poles of the Green’s
function G located on the negative real w-axis are picked
up as residues. Finally, taking into account that the induced
vacuum-polarization charge must be zero, we can express the
WK potential as follows:

o0 /
Vw]((f‘):—a / dr’r’(l _V_>
p r
o0
X Z rd Re/ dn Tr G (in, v, r')
= 0
—m<&p <0
Y Ikl[g () +f,fk<r’>]}» (14
where

o0
G*(w, x,y) = / dz 772GV (w, x, 2)V (2)
0

x [Ge(@,2,y) — GP(w,z,y)],  (15)

with G and G, being the radial parts of the free- and bound-
electron Green’s functions [77], respectively. We find them
numerically by solving a corresponding system of differential
equations. In Eq. (14), g, and f,, denote the large and small
radial components of the Dirac wave function, normalized
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TABLE VIII. Matrix elements of the Wichmann-Kroll potential for the np), states evaluated with the Dirac-Coulomb wave functions. The

notations are the same as in Table 1.

zZ R (2,2) (2,3) 2,4) (2,5) 3.3) (3.4) 3.5) 4,4) 4.5) (5,5)
110 6.188 0.0243 0.0254 0.0252 0.0249 0.0266 0.0265 0.0262 0.0263 0.0260 0.0257
115 6.291 0.0356 0.0369 0.0364 0.0358 0.0384 0.0379 0.0373 0.0375 0.0369 0.0364
120 6.391 0.0531 0.0545 0.0534 0.0523 0.0561 0.0550 0.0540 0.0540 0.0530 0.0520
125 6.494 0.0813 0.0820 0.0797 0.0777 0.0832 0.0810 0.0790 0.0788 0.0769 0.0750
130 6.588 0.1278 0.1261 0.1211 0.1172 0.1253 0.1206 0.1168 0.1161 0.1124 0.1090
135 6.691 0.2061 0.1969 0.1862 0.1787 0.1896 0.1798 0.1727 0.1705 0.1638 0.1574
140 6.785 0.3396 0.3087 0.2863 0.2718 0.2838 0.2639 0.2509 0.2457 0.2337 0.2222
145 6.883 0.5613 0.4746 0.4300 0.4033 0.4077 0.3707 0.3482 0.3375 0.3171 0.2980
150 6.983 0.9069 0.6952 0.6141 0.5686 0.5456 0.4843 0.4493 0.4306 0.3996 0.3709
155 7.075 1.3973 0.9513 0.8204 0.7504 0.6723 0.5838 0.5353 0.5079 0.4660 0.4276
160 7.170 2.0218 1.2138 1.0255 0.9278 0.7748 0.6608 0.5998 0.5648 0.5130 0.4660
165 7.268 2.7592 1.4702 1.2200 1.0931 0.8673 0.7286 0.6553 0.6137 0.5526 0.4976
170 7.358 3.6306(1) 1.7407 1.4199 1.2605 0.9878 0.8177 0.7291 0.6797 0.6069 0.5421
according to states with n up to 5 are given in Tables I, II, III, IV, and V,
~ respectively. As noted above, all the values are calculated

/ dri? [ glzw ) + fnzK (r)] =1 (16) for the extended nuclei. The uncertainties are obtained by

0 studying the convergence with respect to the partial-wave

We terminate the summation over « in Eq. (14) at || =
9-11 and study the convergence of the matrix elements
(Vi|Vwk | ¥k ), which are employed thereafter to determine the
model-QED operator. In principle, to represent the evaluated
WK potential within the model-QED-operator approach, in
addition to the method suggested in the previous section, there
is also an option to store it point-by-point on an appropriate
integration grid.

The results of the ab initio calculations of the first-order
one-electron QED contributions are conveniently expressed in
terms of the function F,,, («Z) defined by

o (aZ)?

2
; W Fnink (OlZ) mc-,

(Wil K9P ) = a7
where n; and ny; are the principal quantum numbers of the
i and k states, respectively. Our results for the SE matrix

elements obtained for the ns, npi2, np3, nds;, and nds;,

expansion in the two- and many-potential terms as well as
the dependence of the many-potential terms on the size of the
finite basis set employed. If no error is specified, the value
is assumed to be accurate to all digits quoted. For Z = 170,
the breakdown of the SE correction into the zero-, one-, two-,
and many-potential terms is presented in Table VI for the
lowest-energy levels with different values of x. Our result (in
terms of the function F') for the 1s state, 3.8831, is in reason-
able agreement with the value of 3.909 given in Ref. [100],
where the nuclear size was adjusted in such a way that the
K-electron energy differs only by 1 meV from the borderline
of the negative-energy continuum and the homogeneously
charged sphere was assumed to describe the nuclear-charge
distribution. In other cases in Ref. [100], the atomic mass
number was chosen to be A = 2.5Z that led to F equal to
1.972,2.913, and 3.517 for Z = 130, Z = 150, and Z = 160,
respectively. These results are in agreement with our values of
1.9832, 2.8941, and 3.4565 as well. Finally, we note a drastic

TABLE IX. Matrix elements of the Wichmann-Kroll potential for the nps,, states evaluated with the Dirac-Coulomb wave functions. The

notations are the same as in Table I.

z R (2,2) (2,3) 2.4) (2,5) (3,3) 3.4 3.5) 4.4) 4,5) (5,5)

110 6.188 0.0015 0.0017 0.0017 0.0017 0.0019 0.0019 0.0020 0.0020 0.0020 0.0021
115 6.291 0.0018 0.0020 0.0021 0.0021 0.0023 0.0024 0.0024 0.0024 0.0025 0.0025
120 6.391 0.0021 0.0024 0.0025 0.0025 0.0027 0.0028 0.0029 0.0029 0.0030 0.0030
125 6.494 0.0025 0.0029 0.0030 0.0030 0.0033 0.0034 0.0035 0.0035 0.0036 0.0036
130 6.588 0.0030 0.0034 0.0035 0.0036 0.0040 0.0041 0.0042 0.0043 0.0043 0.0044
135 6.691 0.0036 0.0041 0.0043 0.0043 0.0048 0.0050 0.0050 0.0052 0.0052 0.0053
140 6.785 0.0043 0.0049 0.0051 0.0052 0.0058 0.0060 0.0061 0.0062 0.0063 0.0064
145 6.883 0.0051 0.0060 0.0062 0.0062 0.0070 0.0073 0.0074 0.0076 0.0077 0.0078
150 6.983 0.0062 0.0073 0.0075 0.0076 0.0086 0.0089 0.0090 0.0093 0.0094 0.0096
155 7.075 0.0076 0.0089 0.0093 0.0094 0.0106 0.0111 0.0112 0.0116 0.0117 0.0119
160 7.170 0.0095 0.0112 0.0116 0.0117 0.0134 0.0140 0.0142 0.0146 0.0148 0.0150
165 7.268 0.0122 0.0145 0.0150 0.0151 0.0174 0.0182 0.0184 0.0190 0.0193 0.0195
170 7.358 0.0170 0.0201 0.0208 0.0209 0.0243 0.0253 0.0256 0.0265 0.0268 0.0271
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TABLE X. Matrix elements of the Wichmann-Kroll potential for the nd,, states evaluated with the Dirac-Coulomb wave functions. The

notations are the same as in Table I.

z R (3,3) 3.4) (3.5) 4.4) 4,5) (5.5)

110 6.188 0.00013 0.00015 0.00016 0.00018 0.00019 0.00020
115 6.291 0.00017 0.00020 0.00021 0.00024 0.00025 0.00027
120 6.391 0.00022 0.00027 0.00028 0.00031 0.00033 0.00036
125 6.494 0.00029 0.00035 0.00037 0.00041 0.00044 0.00047
130 6.588 0.00038 0.00045 0.00048 0.00054 0.00057 0.00061
135 6.691 0.00050 0.00059 0.00063 0.00071 0.00075 0.00080
140 6.785 0.00066 0.00078 0.00082 0.00093 0.00098 0.00105
145 6.883 0.00086 0.00102 0.00108 0.00122 0.00129 0.00138
150 6.983 0.00114 0.00135 0.00143 0.00161 0.00171 0.00182
155 7.075 0.00152 0.00181 0.00192 0.00216 0.00230 0.00244
160 7.170 0.00208 0.00247 0.00262 0.00295 0.00314 0.00333
165 7.268 0.00296 0.00351 0.00372 0.00419 0.00445 0.00472
170 7.358 0.00467 0.00552 0.00583 0.00657 0.00695 0.00735

growth of the SE contribution for the np , states in the high-Z
region, see Table II. For Z = 170, the absolute value of the SE
correction for the 2p, /, state almost reaches in magnitude the
corresponding value for the 1s state. Apparently, this trend
is explained by the behavior of the small components of the
wave function for the np;, states, which penetrate the region
r < x for very large Z.

The results for the matrix elements of the WK potential
evaluated with the Dirac-Coulomb wave functions for the
ns, npi, np3p, ndss, and nds;,, states with n up to 5 are
presented in Tables VII, VIII, IX, X, and XI, respectively.
For the d states, the WK correction is small. Therefore, for
a better representation of this contribution as a function of Z,
in Tables X and XI we give an additional significant digit,
compared to the other similar tables. In Ref. [96], the extended
nucleus was modeled by a homogeneously charged spherical
shell. For Z = 170, the radius of the nucleus was assumed
to be Rghen = 7.1 fm and the WK contributions (in terms of
the function F) for the 1s, 2s, and 2p;,, states were found
to be 0.519, 0.766, and 3.76, respectively. These values are
in reasonable agreement with our results given in Tables VII
and VIII. The qualitative agreement is found for the partial-

wave contributions to the vacuum-polarization charge density
as well.

The results given in Tables I-V and VII-XI are employed
to represent the SE and WK contributions by means of the
nonlocal model-QED operator in the range 110 < Z < 170
according to the prescriptions formulated in Sec. II. To obtain
the function F,,,, («Z) for values of Z not listed in the tables,
a polynomial interpolation can be used

N

Z—7Zy
Fon(@Z) = E Fn (aZ,) l_[ 7 7 (18)
n=1 me#n " mn

In contrast to Ref. [48], we do not follow the receipt from
Ref. [101], which for the s states implies the interpolation of
the function F;,, («¢Z) with subtraction of the term describing
the small-aZ behavior. For the range of Z under consideration,
this subtraction is not justified. In the overlapping region
110 < Z < 120, both implementations of the model-QED-
operator approach, the original [48] and the current one, are
applicable and can be compared. We note, however, that in
Ref. [48] the finite-nuclear-size corrections to the SE contri-
butions were evaluated for slightly different values of nuclear

TABLE XI. Matrix elements of the Wichmann-Kroll potential for the nds,, states evaluated with the Dirac-Coulomb wave functions. The

notations are the same as in Table I.

z R (3.3) (3.4 (3.5) 4.4) 4,5) (5.5)

110 6.188 0.00004 0.00005 0.00005 0.00005 0.00006 0.00006
115 6.291 0.00005 0.00006 0.00006 0.00007 0.00007 0.00008
120 6.391 0.00006 0.00007 0.00008 0.00008 0.00009 0.00010
125 6.494 0.00007 0.00009 0.00009 0.00011 0.00011 0.00012
130 6.588 0.00009 0.00011 0.00012 0.00013 0.00014 0.00015
135 6.691 0.00011 0.00013 0.00014 0.00016 0.00017 0.00018
140 6.785 0.00014 0.00016 0.00018 0.00020 0.00021 0.00023
145 6.883 0.00017 0.00020 0.00022 0.00025 0.00026 0.00028
150 6.983 0.00021 0.00025 0.00027 0.00031 0.00033 0.00036
155 7.075 0.00026 0.00032 0.00034 0.00039 0.00042 0.00045
160 7.170 0.00034 0.00041 0.00044 0.00050 0.00054 0.00058
165 7.268 0.00046 0.00056 0.00060 0.00069 0.00074 0.00080
170 7.358 0.00075 0.00090 0.00097 0.00110 0.00119 0.00128

012806-8



MODEL-QED OPERATOR FOR SUPERHEAVY ELEMENTS

PHYSICAL REVIEW A 106, 012806 (2022)

TABLE XII. Self-energy correction for the 4s and n = 5 states in terms of the function F,, defined by Eq. (17). “Exact” labels the results
of the ab initio calculations. “Ref. [48]” and “Mod. op.” correspond to averaging the original and current versions of the model-QED operator

with the Dirac-Coulomb wave function, respectively.

Z Approach 4s Ss 5[71/2 5[73/2 5d3/2 5d5/2
110 Exact 2.498 2414 0.783 0.431 0.014 0.082
Mod. op. 2.495 2.409 0.774 0.427 0.004 0.090
Ref. [48]* 2.492 2.402 0.774 0.427 0.004 0.090
120 Exact 2.844 2.712 1.178 0.468 0.033 0.089
Mod. op. 2.845 2.714 1.171 0.463 0.021 0.097
Ref. [48]* 2.833 2.691 1.171 0.463 0.021 0.097
130 Exact 3.318 3.110 1.861 0.497 0.054 0.095
Mod. op. 3.326 3.122 1.856 0.492 0.041 0.104
140 Exact 3.847 3.528 2.924 0.511 0.072 0.102
Mod. op. 3.862 3.551 2.925 0.506 0.058 0.111
150 Exact 4.216 3.773 3.886 0.505 0.079 0.110
Mod. op. 4.234 3.798 3.915 0.503 0.066 0.120
160 Exact 4.261 3.725 3.978 0.498 0.083 0.120
Mod. op. 4.275 3.740 3.757 0.499 0.073 0.130
170 Exact 4.101 3.511 3.643 0.513 0.101 0.130
Mod. op. 4.102 3.508 3.494 0.519 0.090 0.142

*The original model-QED operator was constructed using the SE matrix elements from the present work.

radii. For this reason, in what follows, when comparing these
two versions of the model-QED operator, we always use the
matrix elements of the SE operator obtained in the present
work. Therefore, the corresponding comparison boils down
to the analysis of the operators with and without the local
potential isolated.

IV. TEST OF THE MODEL-QED OPERATOR

The model-QED operator is constructed employing the SE
and WK matrix elements evaluated with the Dirac-Coulomb
wave functions for the ns states with n < 3 and the np and nd

states with n < 4. So, by construction, the radiative correc-
tions for these states are reproduced exactly with the operator.
Therefore, the natural test is to probe the “predictive” power
of the developed operator by calculating the QED corrections
for the states with the higher values of the principal quantum
number. In Table XII, we present the SE contributions for
the 4s, 55, 5p1/2, 5p3/2, 5d3,2, and 5ds, states in hydrogen-
like ions. The rows labeled with “Exact” correspond to the
results of the ab initio calculations taken from Tables I-V,
whereas the values in the lines “Mod. op.” and “Ref. [48]”
are obtained by averaging the current and original versions
of the model-QED operator /#F with the Dirac-Coulomb

TABLE XIII. Wichmann-Kroll contribution to the vacuum-polarization correction for the 4s and n = 5 states in terms of the function F,,
defined by Eq. (17). “Exact” labels the results of the ab initio calculations. “Mod. op.” corresponds to averaging the model-QED operator with

the Dirac-Coulomb wave function.

VA Approach 4s S5s 5]71/2 5p3/2 5d3/2 5d5/2
110 Exact 0.054 0.053 0.026 0.0021 0.00020 0.00006
Mod. op. 0.054 0.053 0.026 0.0021 0.00020 0.00006
120 Exact 0.085 0.081 0.052 0.0030 0.00036 0.00010
Mod. op. 0.085 0.081 0.052 0.0030 0.00035 0.00010
130 Exact 0.134 0.126 0.109 0.0044 0.00061 0.00015
Mod. op. 0.134 0.126 0.109 0.0044 0.00060 0.00015
140 Exact 0.207 0.190 0.222 0.0064 0.00105 0.00023
Mod. op. 0.207 0.190 0.222 0.0064 0.00103 0.00023
150 Exact 0.296 0.265 0.371 0.0096 0.00182 0.00036
Mod. op. 0.296 0.264 0.374 0.0096 0.00179 0.00035
160 Exact 0.385 0.335 0.466 0.0150 0.00333 0.00058
Mod. op. 0.384 0.333 0.442 0.0150 0.00327 0.00058
170 Exact 0.490 0.416 0.542 0.0271 0.00735 0.00128
Mod. op. 0.487 0.412 0.523 0.0270 0.00721 0.00127
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TABLE XIV. Self-energy correction for the valence ns electrons
in the alkali-metal-like configurations [Ne]3s, [Ne]3s*3p®4s, and
[Ne]3s?3p°3d'%45%4p°5s in terms of the function F,, defined by
Eq. (17). See the text for details.

V4 Approach 3s 4s Ss
110 Exact 2.249 1.925 1.389
Mod. op. 2.251 1.927 1.393
Ref. [48]* 2.244 1.923 1.390
H-like 2.601 2.498 2414
120 Exact 2.640 2.242 1.650
Mod. op. 2.642 2.247 1.656
Ref. [48]* 2.633 2.241 1.652
H-like 3.017 2.844 2.712
130 Exact 3.193 2.670 1.985
Mod. op. 3.194 2.677 1.993
H-like 3.611 3.318 3.110
140 Exact 3.862 3.154 2.349
Mod. op. 3.863 3.162 2.357
H-like 4.325 3.847 3.528
150 Exact 4.433 3.516 2.605
Mod. op. 4433 3.519 2.608
H-like 4916 4216 3.773
160 Exact 4.666 3.597 2.644
Mod. op. 4.672 3.597 2.640
H-like 5.135 4.261 3.725
170 Exact 4.613 3.479 2.536
Mod. op. 4.635 3.479 2.528
H-like 5.066 4.101 3.511

*The original model-QED operator was constructed using the SE
matrix elements from the present work.

wave functions, respectively. For the s states, the deviation
of the model-QED-operator predictions from the exact val-
ues does not exceed 1%. For 5d3,,, the situation is slightly
worse than for the other states. It is explained mainly by
the smallness of the SE correction since, for all the nds/»
states, the corresponding functions F,, change the sign at
Z =~ 110. In general, the model-QED operator leads to the
values for the SE contributions which are very close to the
ab initio ones.

In Table XIII, we give the similar comparison for the WK
contribution. The notations are the same as in Table XII.
Again, for demonstration purposes, we show extra digits for
the function F' in the cases of the 5p3,> and 5d states because
of the smallness of these contributions. From Table XIII it is

seen that the proposed nonlocal potential reproduces the WK
contribution to good accuracy.

In Table XIV, we demonstrate the capacity of the
model-QED-operator approach to the radiative-correction
calculations in many-electron ions of superheavy elements
possessing alkali-metal-like configurations, namely, [Ne]3s,
[Ne]3s23p%4s, and [Ne]3s23p°3d 04524 p05s. First, following
Refs. [102,103], we evaluated the one-loop SE contributions
for the valence ns electrons within the rigorous QED ap-
proach including a local screening potential into the initial
approximation, see the related discussion after Eq. (3) and,
e.g., Refs. [24,62] for review. We chose the Kohn-Sham
potential [104] with the Latter correction [105] introduced
for restoring the proper asymptotic behavior to model the
interelectronic-interaction effects in the zeroth-order Hamil-
tonian. The results of these ab initio calculations are given in
the rows labeled “Exact.” Then the model-QED-operator pre-
dictions were obtained by averaging the operator 45F with the
valence-electron wave functions determined from the Dirac
equation (1), in which the nuclear potential is replaced with
the Kohn-Sham one. As in Table XII, for Z = 110 and Z =
120 we present also the results evaluated by means of the
original version of the operator [48]. For completeness, the
ab initio values from Table I corresponding to hydrogen-like
ions are shown in lines labeled “H-like.” From Table X1V, it
can be seen that the model-QED operator constructed using
the rigorous calculations with the Dirac-Coulomb basis works
reasonably well in this nonhydrogenic case.

In Ref. [106], the SE shifts for the 1s level in superheavy
elements were evaluated employing the Dirac-Fock-Slater
potential constructed with the Slater-exchange term [107].
In Table XV, we compare the results of Ref. [106] with
our theoretical predictions. The lines labeled “Mod. op.,”
“Ref. [48],” and “H-like” have the same meaning as in Ta-
ble XIV. We generated the Dirac-Fock-Slater potential for
neutral atoms of superheavy elements in accordance with the
relativistic ground-state configurations given in Ref. [108].
From Table XV, it is seen how the averaging of the model-
QED-operator with the corresponding wave functions shifts
the SE corrections in such a way that they are in perfect agree-
ment with the values from Ref. [106] within the indicated
error bars.

In addition, we mention that averaging the model-QED
operator with one- or many-electron wave functions does
not exhaust all the possibilities for applying this approach.
As noted in Ref. [48], this operator can be self-consistently
included into the Dirac-Fock equations, also referred to
as the relativistic Hartree-Fock ones. This may be espe-
cially important in cases when the leading-order contributions

TABLE XV. Self-energy correction for the 1s state in superheavy elements in terms of the function F,, defined by Eq. (17). See the text

for details.

Approach Z =110 Z =120 Z =130 Z =140 Z =150 Z =160
Ref. [106] 1.53(2) 1.67(2) 1.92(3) 2.30(5) 2.78(9) 3.34(16)
Mod. op. 1.55 1.70 1.95 2.33 2.83 3.37
Ref. [48]* 1.55 1.70

H-like 1.57 1.73 1.98 2.37 2.89 3.46

2The original model-QED operator was constructed using the SE matrix elements from the present work.
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cancel out for some reasons, see, e.g., Ref. [57]. Treating
the model-QED operator in this way allows one to take into
account single-particle excitations into the negative-energy
continuum as well as to partly include the higher-order QED
contributions.

V. CONCLUSION

The model-QED-operator approach, proposed in Ref. [48],
was extended to the region of nuclear charges 110 < Z < 170.
The self-energy and the Wichmann-Kroll part of the vacuum-
polarization potential are represented by nonlocal operators.
The model-QED operator can be easily incorporated into any

of the existing methods for solving the Dirac-Coulomb-Breit
equation. The capacity of the approach was demonstrated for
a number of systems by comparing the model-QED-operator
predictions with the results of the corresponding ab initio
calculations. The developed model-QED operator can be used
to evaluate the QED effects in superheavy elements in a wide
range of Z.
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