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High-sensitivity metrology plays an important role in parameter estimation, and weak-value amplification
is a significant tool used to enhance sensitivity. However, the efficiency of weak-value amplification is always
affected by the postselection probability and meter loss. In this article we report on the realization of a device
for weak interaction that realizes the nonunitary evolution based on a spatial light modulator and applies the
weak-value amplification of nonunitary evolution. The weak-value amplification of nonunitary evolution can
achieve efficiency nearly ninefold that of unitary evolution experimentally under specific settings, because of
the quadratic relation between the meter shift and the norm of the weak value |A,|. This work demonstrates
the superiority of nonunitary evolution in weak-value amplification, provides an experimental scheme of weak
interaction for other forms of nonunitary evolution, and possesses the potential to be combined with other

techniques for higher efficiency.
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I. INTRODUCTION

The concept of weak-value amplification was first intro-
duced into precision metrology by Aharonov et al. [1]. With
the appropriate preselection state and postselection state, the
parameter associated with the weak interaction between the
system and meter can be estimated by the meter-state shift
and amplified by the postselection strength. Compared to
traditional measurement methods, weak-value amplification
can provide many experimental advantages [2,3], e.g., better
experimental sensitivity. Therefore, the method of weak-value
amplification has been employed in estimation for a variety
of physical parameters, such as phase [4-6], velocity [7],
frequency [8], optical rotation [9], magneto-optical constant
[10], beam deflection [11], temperature [12], Kerr nonlinear-
ity [13], and the spin Hall effect of light [14].

However, the higher efficiency of weak-value amplification
generally requires the larger weak value, i.e., the lower posts-
election probability [1]. Experimentally, postselection always
leads to the reduction of the detected meter number and lim-
its the measurement precision affected by the shot noise of
the meter [15]. Therefore, achieving a larger amplification
factor using the limited weak value is especially significant
in the parameter estimation. Recently, it was indicated theo-
retically that the nonunitary weak-value amplification could
possess enhanced sensitivity [16]. Under the weak interaction
of nonunitary evolution, the meter state obtains a parameter-
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dependent shift that is proportional to the square of the norm
of the weak value. Thus, the weak-value amplification of
nonunitary evolution can be more efficient than that of uni-
tary evolution where the meter shift is proportional to the
norm of the weak value. More information about the coupling
coefficient between the system and meter will be collected,
although the nonunitary evolution introduces loss, in contrast
to the unitary evolution [16].

In this article we report on the realization of a device for
weak interaction that realizes the nonunitary evolution based
on a spatial light modulator (SLM), where the parameter-
dependent shift of the meter is encoded on the spatial shift of
the meter beam. For the different postselection probabilities
and coupling coefficients, the spatial shift of the output meter
is measured and the results match well with the theoreti-
cal prediction. The experimental results demonstrate that the
weak-value amplification of nonunitary evolution is indeed
more efficient, because of the quadratic relation between the
spatial shift of the meter state and the norm of the weak
value.

II. THEORY

The theoretical scheme of the weak interaction of unitary
evolution is shown in Fig. 1(a). The input state is given
by [¥i(x)) = [¥i) ¥ (x), where ¥ (x) eXp(—%) defines
the meter state and |y;) = (]0) + |1))/ /2 defines the system
preselection state. The parameter x is the spatial coordinate
and {|0), |1)} are one-qubit eigenstates. The state undergoes a
weak interaction where the system is coupled with the meter
by the unitary evolution, and the weak interaction of unitary

©2022 American Physical Society
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FIG. 1. Theoretical scheme of weak-value amplification. The in-
put state consists of the system preselection state and meter state
corresponding to the spatial profile of the input beam. (a) The system
and meter state experience weak interaction of unitary evolution.
Under the postselection, the intensity output will obtain a horizontal
spatial shift that is linear with the norm of the weak value |A,|.
(b) The same system and meter state as in (a) experience the weak in-
teraction of nonunitary evolution. Under the same postselection, the
intensity output will obtain a horizontal spatial shift that is nonlinear,
i.e., possesses the quadratic relation with the norm of the weak value
Ay |-

evolution is defined as

—igx 0
U, = (e 0 eigx>' (L

The subscript 1 indicates unitary and g is the tiny parameter of
interest which characterizes the interaction strength. With the
system postselection state |/) = (|0) — e~ |1))/+/2, which
is nearly orthogonal to the preselection state, the intensity
output can be deduced as

L(x) o< | (Yrp Uy 1Y) ¥ ()

. ¢ _(x—x0)
o sin <gx+ E)CXP( g7 ) )

Considering that the parameter g is weak, i.e., gx < 1 and
go cot(%) « 1, the output can be written as

e 2 (B2
Iu(x)ocsin2<§)exp<_[x Xo — 2g0 cot(z)]). 3)

202

Compared to the intensity input [;(x) o< |¢(x)|* =
2 . . . .
exp(—(xz_ ;‘3) , the intensity output obtains a horizontal

spatial shift of 2gazcot(§) which is linear with cot(%).
Consequently, the parameter g of interest can be estimated by
measuring the spatial profile of the intensity output.

The weak value in this type of evolution can be deduced as

4, = WAV _ icot(?), 4
Wrlv) 2

where A = |0)(0] — |1)(1] is the one-qubit operation corre-
sponding to the weak interaction. The postselection probabil-
ity, i.e., the ratio of the overall output intensity to the input
intensity of the meter, is | (¥¢|¥;) |2 = sinz(%). When ¢ is
smaller, the norm of the weak value |A, | = cot(%) and the

profile shift of the intensity 2gozcot(%) are larger. Never-
theless, the detected output meter will decrease with smaller
¢. Therefore, the postselection phase ¢ should be chosen to
balance.

In Fig. 1(b), the weak interaction of nonunitary evolution
acting on the input state can be written as

e 0
Un=<O 1>, 5)

where the subscript n indicates nonunitary and « < 1 is
also the parameter of interest that characterizes the weak
interaction strength. With the same preselection state and
postselection state, the intensity output can be deduced as

L(x) o | (| Uy 19) ()2

~ st (2 exp| k- Ceor (2 _M>
A sIn <2>exp|: K+ 2 cot (2)]exp< ) .
(6)

To deliver the parameter g to the spatial shift of the intensity
profile, as shown in Eq. (3), the setting of x = /4gx can lead
to the intensity output as [16]

L(x) sin2<§> exp [—@ +ox cot2<§)]
(x — x0)?
X exp(—T>
= sin’ <?>ex <——(X —_ x0)2>
- 2 P 202
¢ 4gx
X exp |:gx C0t2<5) <1 — m)} . (7)

If \/4gx < gxcot’ (%) and go cot?($) < 1, the output can be
written as

o2 2062
In(x)ocsinz(%)e)q)(_[x xp — go*cot*(%)] ) ®)

202

Obviously, the intensity output gains a horizontal spatial
shift of go2cot?(£) o |A, |, which is nonlinear with |A,| =
cot(%). Compared to the profile shift in the unitary-evolution
situation [Eq. (3)], that in the nonunitary-evolution situation
has an extra amplification factor of %cot(%). Therefore, the
weak-value amplification of nonunitary evolution has more
advantages over that of unitary evolution for amplifying and
estimating the parameter g because of its quadratic relation
with the norm of the weak value |A,,]|.

The relationship between the nonunitary coupling coeffi-
cient ¥ and the parameter g is selected as the square root
relation k = +/4gx, aiming at delivering the weak interaction
to the horizontal spatial shift of the intensity output as given
in Egs. (7) and (8). Whether the coefficient in front of gx is 4
or any other constant, the quadratic relation between the shift
of nonunitary evolution gozcotz(%) and the norm of the weak

value |A,| = cot(%) will not change.

The square root relation in x = /4gx is significant and
fundamental in our nonunitary weak-value amplification
method. It is important to deliver the parameter g into the
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FIG. 2. Experimental setup. (a) Photon-pair source. The PPKTP crystal generates two photons simultaneously by spontaneous parametric
down-conversion. The photon pairs are set as the target and trigger photons. (b) State preparation. Under the operations of the polarizer, HWPs,
and lenses L1 and L2, the state with the appropriate spatial profile and correct polarization is prepared. (c) Weak interaction. The SLM, slit,
and lenses L3 and L4 operate to realize controllable nonunitary evolution. The QWP, HWP, and polarizer form the postselection part. Two
phase plates operate to compensate for the additional phase between |H) and |V). (d) Shift detector. The coupler and the linear transition
stage transform the spatial shift of the beam to the intensity signal change. The time-digital converter analyzes the two signals detected by two

SPADs. Here PBS denotes polarizing beam splitter.

meter state during the weak interaction while keeping the
Gaussian spatial profile of the meter unchanged. If the square
root relation k¥ = /4gx and the weak-interaction conditions
VAgr < gx cotz(g) and go cotz(%) & 1 are not satisfied, we

probably cannot integrate the exp[—« + ’(4—2cot2( %’)] part and

(x—x0)*

the exp(—=5.3-) part in Eq. (6) into the shifted Gaussian

2
[x—xo—go2cot?($)]?

profile exp(— 257 ) in Eq. (8) and further realize
the nonunitary weak-value amplification. Therefore, the im-
plementation of the square root relation between the coupling
coefficient x and the parameter g is crucial in devising the
experimental scheme.

III. EXPERIMENT

To investigate the nonlinear weak-value amplification ex-
perimentally, we devised the experimental setup shown in
Fig. 2, which consists of four parts.

Figure 2(a) shows the photon-pair source. Under the pump
of the 405-nm laser, the periodically poled potassium titanyl
phosphate (PPKTP) crystal generates the photon pair by spon-
taneous parametric down-conversion (SPDC). For the photon
pair, one of them is regarded as the target photon for the
following evolution and the other one is set as the trigger
photon.

Figure 2(b) shows the state preparation. The beam of target
photons is coupled into the single-mode fiber (SMF) for spa-
tial pattern reshaping as the Gaussian profile. Then the beam
passes through the polarizer and half waveplates (HWPs).
The output polarization is set as (|H) + |V))/ /2. The lenses
L1 and L2 operate to expand the beam profile. Specific to

the experiment, the system qubit eigenstates {|0), |1)} are
encoded on the polarization states, where |H) and |V') denote
the horizontal and vertical polarization states, respectively. In
this way, the state with appropriate polarization and spatial
profile is prepared.

Figure 2(c) shows the weak interaction. Two quarter wave-
plates (QWPs) and one HWP work cooperatively to control
the relative phase between |H) and |V), i.e., the phase ¢ in
the postselection state. Two tilted phase plates whose optical
axes are perpendicular to each other operate to compensate
for the additional phase between |H) and |V). The SLM is
the core device for the nonunitary evolution which consists
of a two-dimensional liquid crystal array. Every liquid crystal
unit in the array can add the adjustable phase to the local
incident beam at |H). If the periodic phase with the spatial
period A is applied to the SLM, such as e/ modCmx/A.2m) - jt
will work as a grating and introduce the diffraction effect
for the incident beam [17]. Furthermore, the amplitude of the
first-order diffraction beam can be modulated by the writing
phase whose depth varies spatially on the SLM [17,18]. We
set the phase pattern of the SLM as

M (m, n)mod(F (m, n) + 2mxm/A, 27), )
where (m, n) are the spatial coordinates on the SLM pattern
and F(m,n) and M(m, n) are functions that depend on the
desired amplitude and phase modulation. The input beam of

|H) will be modulated by the function

T(m }’l) — eiM(m,n)mod(F(m,n)+2rrm/A,27r). (10)
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Based on the Taylor-Fourier expansion, the first-order diffrac-
tion beam is given by

Ty (m, n) = —sinc[x M (m, n) — g]e/tFmmmMmml (1)

where sinc(x) = sin(x)/x. If the desired amplitude and phase
modulation have the form Ae'®, we set

A =sinc(mM — ),
O=F+nM. (12)

Therefore, when the modulation functions F(m,n) and
M (m, n) are given by

1
M =1+ —sinc™'(A),
T

F=&—7aM, (13)

the first-order diffraction beam 7; (m, n) has the same form as
Ae'®. The desired modulation is Ae’® = ¢~v#* in our scheme,
ie, A= e V4 and ® = 0. Consequently, the modulation
functions of the SLM pattern are given by

1
M(@m,n) = 1 + —sinc™ (e V4™,
T

F(m,n) = —m — sinc™ ' (e V*¥™). (14)

Here g is a controllable coefficient written on the SLM and can
be set arbitrarily as needed. The square root relation between
the coupling coefficient k and the parameter g is satisfied by
the modulation of the SLM.

Furthermore, by adding the additional global phase
e**+iky o the horizontal polarization part of the incident
beam, the output |H) beam at the first order can move to the
zeroth order. Finally, we can obtain one |V') beam at the zeroth
order with unchanged amplitude and one |H) beam also at the
zeroth order with a modulated amplitude of factor e ™). The
lenses L3 and L4 constitute a 4 f system where the SLM, slit,
and polarizer are all set at the focus point. The slit is used
to block the other order diffraction beams and transmits the
overlapped first-order |H) beam and zeroth-order |V) beam.
Thus the SLM, lenses, and slit perform together to realize
the desired weak interaction of nonunitary evolution on the
{|H), |V)} basis. The HWP, polarizer, and QWP-HWP-QWP
combination marked in Fig. 2 constitute the postselection.

Figure 2(d) shows the shift detector. The output beam
through postselection is collected by the coupler with the
SMF and then detected by the single-photon avalanche diode
(SPAD). The coupler is placed on a linear translation stage
that can move perpendicularly to the direction of beam propa-
gation. The two translation-stage positions where the coupled
intensity reaches the maximum with and without the SLM
modulation can be detected; then the distance between them
equals the horizontal spatial shift of the meter that we need
to measure. The time-digital converter can count the detected
photons coincident with the trigger photons detected by the
other SPAD.

IV. RESULTS

To confirm the relation between the horizontal spatial shift
of the intensity output and the postselection phase ¢, we set
g=0.5m™! and measured the spatial shift with ¢ changing
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FIG. 3. The blue dots are the detected shift under nonunitary
evolution. The orange solid line is the theoretical prediction under
nonunitary evolution based on Eq. (8). The purple dashed line is the
theoretical shift under unitary evolution based on Eq. (3). The error
bars indicate the standard deviations of meter shifts which are derived
by the Monte Carlo simulation method. (a) Relation between the
horizontal spatial shift of the intensity output and the postselection
phase ¢ with fixed g = 0.5 m~!. The postselection phase ¢ varies
from 6.4° to 12.0°, i.e., |A,| = cot(%) varies from 9.5 to 17.9. (b) Re-
lation between the horizontal spatial shift of the intensity output and
the parameter g with fixed ¢ = 6.4°. The parameter g varies from
0.1m~!t00.5m™".

from 6.4° to 12.0°. Moreover, the relation between the shift
and the parameter g is also verified where ¢ = 6.4° with g
changing from 0.1 m~! to 0.5 m~'. It should be mentioned
that the diameter of the beam is set as o = 1466.3 um
so that the weak-value-amplification conditions ¥ < 1 and
4tan4(%’) L go K tanz(g) are satisfied.

The experimental results are shown in Fig. 3. The blue
dots are the detected shifts under nonunitary evolution. The
orange solid line is the theoretical prediction under nonunitary
evolution based on Eq. (8). The purple dashed line is the
theoretical shift under unitary evolution based on Eq. (3). In
Fig. 3(a), the norm of the weak value [A,| = cot(%’) varies
from 9.5 to 17.9 and then the detected shift under nonunitary
evolution displays a nonlinear relationship to cot(%). Experi-
mentally, the shift of the output beam in the unitary-evolution
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situation is too small to be detected because of its linearity
with cot(%). The shift under nonunitary evolution can reach
nearly ninefold as large as that under unitary evolution and
thus it can be detected clearly. Here the amplification factor
9 depends on the specific factor 4 inside k = /4gx and the
postselection parameter ¢ related to the nonlinear amplifica-
tion of nonunitary evolution. In addition, we also study the
relations between the output shift and the parameter g, under
unitary and nonunitary evolution. In Fig. 3(b), the parameter
g varies from 0.1 m~! to 0.5 m~' and both detected shifts are
linear with the parameter g where the parameter variation can
be amplified by the weak-value coefficient of |A,,| = cot(%).

The results suggest that the nonlinear weak-value amplifi-
cation of nonunitary evolution is more efficient than that of
unitary evolution for amplifying and estimating the parame-
ter g. Moreover, the SLM can apply any form of unitary or
nonunitary evolution on the beam [17,18]. Thus, our experi-
mental setup can be used for the investigation of weak-value
amplification with other forms.

V. DISCUSSION

In contrast to the previous scheme of weak-value ampli-
fication where the output of interest is linear with the norm
of the weak value |A,| [5,11], our work demonstrates the
quadratic relation between the spatial shift of the intensity
output and the norm of the weak value |A,,|. Therefore, for the
same |A, |, we can obtain a larger spatial shift of the intensity
output by nonunitary evolution.

The weak-value amplification of nonunitary evolution can
be applied to measure the other physical parameters, such as
the rotation speed [16] and the liquid absorption coefficient as
described below. Suppose an incident beam passes vertically
through the liquid solution with a thickness of d. The intensity
of the incident beam is Iy and the absorption coefficient of
the solution is «. Consequently, the intensity of the output
beam is given by I = Iyexp(—ad). If the thickness d of the
liquid solution container in the parallel direction of the in-
cident beam is designed as d = \/A_x, where x is the spatial
coordinate in the perpendicular direction of the incident beam
and A is a parameter independent of x, the output intensity is
deduced as I(x) = Iy(x)exp(—av/Ax) = Iy(x)exp(—~/Aa?x).
Similar to the weak-value amplification of nonunitary evo-
lution introduced above, we can obtain « under the relation
g= %az by estimating the parameter g. Therefore, the ab-
sorption coefficient « of the liquid solution can be estimated
by the weak-value amplification of nonunitary evolution. For
this absorption-coefficient estimation, the probe light should
always be restricted to weak light. Otherwise, the sample
may be bleached by the probe light. In this case, the photon
pairs from SPDC will be better than the attenuated laser with
the same intensity by using coincidence counting to reduce
noise.

For further developments, the power-recycling technique
can be combined with the nonunitary evolution method
to improve the precision of measurement in weak-value
amplification [19]. The technique of entanglement-assisted
weak-value amplification [20] could also be used to further
enhance the efficiency of the detection of weak-value amplifi-
cation. Consequently, our work has the ability to be applied to
precision metrology for higher efficiency.

VI. CONCLUSION

We have proposed and constructed an experimental de-
vice for weak interaction between the system and meter state
and demonstrated the weak-value amplification of nonuni-
tary evolution. The nonunitary evolution that acts on the two
eigenstates of a polarization qubit {|H), |V)} is realized based
on the SLM. The weak-value amplification of nonunitary
evolution is more efficient than that of unitary evolution for
amplifying and estimating the parameter g because of the
quadratic relation between the spatial shift of the intensity
output and the norm of the weak value |A,,|. We measured the
spatial shift of the intensity profile of the meter state experi-
mentally for different postselection probabilities and coupling
coefficients, and the shift in the nonunitary-evolution situation
could reach up to nearly ninefold the displacement of that for
unitary evolution under specific settings. The advantage of the
nonunitary evolution over the unitary evolution in weak-value
amplification was demonstrated experimentally in this work.
Furthermore, our experimental scheme can be utilized for in-
vestigating the weak interaction for other forms of nonunitary
evolution and possesses the potential to be combined with
other techniques for higher efficiency.
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