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Charging performance of quantum batteries in a double-layer environment
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In the process of using quantum resources to improve the performance of quantum battery devices, device
performance is highly restricted by decoherence due to the influence of the external environment. In particular,
the fact that such devices are subject to complex environmental influences in real scenarios should be taken
into account. Here, we investigate the performance (i.e., the internal energy, charging power, and ergotropy)
of a quantum battery in a double-layer environment, where the first-layer environment is a single-mode cavity
and the second-layer environment is a single reservoir. We are surprised to find that the memory effect of the
reservoir does not affect the charging performance of a quantum battery; in sharp contrast, the reduction in the
coupling between the quantum battery and the first-layer environment can improve the charging performance of
a quantum battery. We then extend our discussion to the case where the second-layer environment consists of
multiple reservoirs, each consisting of a single-mode cavity dissipated to the Markovian reservoir. It is shown
that the charging performance of the quantum battery can be enhanced by increasing the number of cavities in
the second-layer environment and the coupling strength between the first-layer environment and the second-layer
environment. Our results may be helpful for realizing optimal charging performance of quantum batteries in a
complex environment.
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I. INTRODUCTION

With the rapid development of quantum technology, using
quantum resources to achieve better performance from new
equipment compared with traditional equipment is one of the
tasks of modern science and technology [1,2]. In this context,
the application of quantum resources to the field of quantum
batteries has attracted widespread attention [3–10]. Quantum
batteries are small quantum systems that can store energy
and extract energy [11]. A good quantum battery should have
not only large internal energy and charging power but also
large ergotropy. To obtain a good quantum battery, researchers
have carried out extensive research on how to improve the
performance of the quantum battery [12–16].

At first, people studied to improve the charging perfor-
mance (i.e., internal energy, charging power, and ergotropy)
of a closed quantum battery [17–30]. Researchers have shown
that the charging performance of a quantum battery can be
improved by using quantum resources [26] such as quantum
entanglement and quantum coherence. Furthermore, using
adiabatic shortcut technology [27], the collective quantum
effect [29], and the harmonic drive [30] can also effectively
enhance the internal energy and charging power of a closed
quantum battery. These studies have inspired research into
the charging process of quantum batteries in more practical
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situations. In reality, quantum batteries are inevitably affected
by the environment [31,32]. Thus, improving the performance
of open quantum batteries is an important issue. Recently,
many research schemes to improve the charging performance
of open quantum batteries have been proposed [33–50]. For
example, Seah et al. [45] found that in collision quantum
batteries, any coherent protocol has a higher charging power
than the charging strategy of the noncoherent protocol. In the
N-spin chain-quantum-battery model with nearest-neighbor
jumping interaction [34], the maximum energy of the quantum
battery can be obtained by a coherent cavity-driving field or a
thermal heat bath. Then considering the situation in which the
quantum battery and the charger are in the same environment,
the authors of [46] found that the energy stored in the battery
can be greatly enhanced in the presence of the quantum jump-
based feedback control. Moreover, it has been clarified that the
memory effect of the environment is beneficial to the charging
process of the quantum battery when the interacting quantum
battery and the charger are coupled to their respective heat
storage environments [47].

The above studies considered the charging process of
quantum batteries in a single environment. However, in
experiments, quantum systems that implement quantum bat-
teries can face complex environments [51–53]. In quantum
dot systems, electron spin not only is strongly influenced
by the surrounding nuclear environment but also is weakly
influenced by phonons [51,52]. Considering a nitrogen-
vacancy center in diamond, the dynamical behavior of the
electron spin qubit is affected by 14N spin environment and
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a proximal 13C nuclear spin environment [53], which in turn
are affected by the spin bath. Motivated by these studies,
it is necessary and meaningful to consider how to improve
the charging performance of quantum batteries in complex
environments.

To do so, in this paper, we consider the charging perfor-
mance of quantum batteries in an experimentally achievable
double-layer environment. The double-layer-environment
model can be realized by cavity QED [54,55], circuit QED
[56,57], and quantum dots [58]. More specifically, in the
quantum dot system, the charge (orbital) degrees of freedom
play the role of a single-mode cavity, connecting electron
spin to a bath, such as charge fluctuation or phonon noise.
In cavity QED, in a single-mode cavity it is easy to connect a
qubit to a multimode cavity field. Furthermore, cavity QED
with superconducting circuits was experimentally achieved
in systems in which superconducting qubits are employed as
two-level artificial atoms. For a single-mode cavity, a single-
mode inductance-capacitance (LC) resonator and a multimode
coplanar waveguide resonator have been used. Therefore,
in realistic physical systems, the double-layer-environment
model is feasible. Based on these realistic physical systems,
we first consider the case in which the first-layer environ-
ment of the quantum battery is a single-mode cavity and
the second-layer environment is a single reservoir. We find
that the charging performance of the quantum battery can
be enhanced by decreasing the coupling strength between
the first-layer environment and the second-layer environment.
However, we are surprised to find that the charging perfor-
mance of quantum batteries is unrelated to the memory time
of the reservoir environment. We explain this phenomenon by
using pseudomode theory. Then since the number of environ-
ments and the coupling strength between the environments
have an important effect on the charging performance of the
quantum battery, we extend our discussion to the case where
the second-layer environment facing the quantum battery is
composed of N reservoir environments. We show that the
charging performance of the quantum battery can be improved
by increasing the number of environments in the second-layer
environment and the coupling strength between the first-layer
environment and the second-layer environment.

This paper is organized as follows. In Sec. II, the internal
energy, charging power, and extractable work of the quan-
tum battery are reviewed. Section III discusses the influence
of the memory time of the second-layer environment and
the coupling strength between the quantum battery and the
first-layer environment on the charging performance of the
quantum battery. In Sec. IV, the effect of the number of
reservoir environments in the second-layer environment and
the coupling strength between the first-layer environment and
the second-layer environment on the charging performance
of the quantum battery is considered. The conclusions drawn
from the present study are given in Sec. V.

II. QUANTUM BATTERY

The way to obtain high internal energy, charging power,
and extractable work from a quantum battery has always been
a topic of concern. In this work, we focus on the charging
performance of quantum batteries in finite time t . In this case,

B(Battery)

Double-layer environment

C(Charger)

C B

FIG. 1. Schematic diagram of a model of a quantum battery in
a double-layer environment. The quantum battery is coupled to a
single-mode cavity field m0, while the cavity field is coupled to a
reservoir R.

the performances of the charger-battery setup can be studied
in terms of the (mean) energy stored in the battery and the cor-
responding average storing power [29]. The internal energy of
the quantum battery at t is defined as

EB(t ) = tr [HBρB(t )], (1)

where ρB(t ) is the reduced density matrix of the quantum
battery at time t . The average charging power of quantum
batteries is given by

PB(t ) = EB(t )/t . (2)

Then the second law of thermodynamics tells us that not all
energy can be extracted from a quantum battery. The amount
of energy a quantum battery can output can be measured with
ergotropy, i.e.,

WB = Tr[ρB(t )HB] − Tr (σρB HB), (3)

where σρB is the passive counterpart of ρB(t ). Ergotropy rep-
resents the maximum energy that can be extracted from a
quantum battery at the end of the charging process under
cyclic unitary operation. For a two-level quantum battery
system, according to the expression for ergotropy, ergotropy
can be reduced to a simple form related to the excited-state
population of the system. For a specific derivation, refer to
Appendix B.

To evaluate the conditions for obtaining the optimal
quantum battery, we focus on the maximum internal en-
ergy Emax = maxt [EB(t )] = EB(tE ), maximum power Pmax =
maxt [PB(t )] = PB(tE ), and maximum ergotropy Wmax =
maxt [WB(t )] = WB(tE ). Here, tE corresponds to the time to
obtain Emax, Pmax, or Wmax of the quantum battery. In the
following, we use EB(t ) (Emax), PB(t ) (Pmax), and WB (Wmax)
to investigate the effect of the two-layer environment on the
charging performance of quantum batteries. Larger EB(t ),
PB(t ), and WB(t ) are required to obtain the optimal charging
performance of quantum batteries.

III. SINGLE RESERVOIR SERVING AS THE
SECOND-LAYER ENVIRONMENT FOR

THE QUANTUM BATTERY

We consider a quantum battery in a two-layer environment
consisting of the single-mode cavity m0 and the reservoir R, as
shown in Fig. 1. The single-mode cavity m0 is the first-layer
environment of the quantum battery, and the reservoir R serves
as the second-layer environment of the quantum battery. The
total system Hamiltonian is

H = H0 + HI . (4)
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Here, H0 = ω0σ
B
+σ B

− + ω0σ
C
+σC

− + ω0a+a + ∑
k ωkb+

k bk is
the Hamiltonian of each subsystem (i.e., the terms in H0

represents the Hamiltonian of the quantum battery, the
charger, the single-mode cavity field m0, and the reser-
voir R, respectively); HI = �(σ B

+σC
− + σ B

−σC
+ ) + κ (σ B

+a +
σ B

−a+) + ∑
k gk (ab+

k + a+bk ) describes the interactions be-
tween the subsystems, where the first term in HI represents
the interaction Hamiltonian between the quantum battery and
the charger and the last two terms in HI refer to the interaction
Hamiltonian between the quantum battery and the cavity m0

and the interaction Hamiltonian between the reservoir R and
the cavity m0. In the interaction picture, the Hamiltonian H of
the total system can be written as

Hint = �(σ B
+σC

− + σ B
−σC

+ ) + κ (σ B
+a + σ B

−a+)

+
∑

k

gk (ab+
k ei�kt + a+bke−i�kt ), (5)

where �k = ωk − ω0; � and κ indicate the coupling strength
between the quantum charger and the quantum battery and
the coupling strength between the quantum battery and the
cavity mode m0, respectively; and gk denotes the coupling
of the cavity m0 with mode k of the reservoir. Here, we
consider κ � ω0 to ensure the validity of the rotational-wave
approximation (RWA). Then it is worth mentioning that all
interactions considered in this paper are obtained under the
RWA; hence, the overall excitation number is conserved.

We assume that the initial state of the total system is
|φ(0)〉 = |eg00k〉CBm0R, that is, the quantum charger C is ini-
tially in the excited state |e〉C , while the quantum battery
B, cavity field m0, and reservoir R are in the vacuum state.
Since the effect of dissipation on the timescale of the charging
process is negligible and there is only up to one excitation in
the total system, the evolution state of the total system is

|φ(t )〉 = a(t )|eg00k〉CBm0R + c1(t )|ge00k〉CBm0R

+ c(t )|gg00k〉CBm0R + c2(t )|gg10k〉CBm0R

+
∑

k

Fk|gg01k〉CBm0R. (6)

Here, |1k〉R = |0 · · · 1k · · · 0〉R means that there is one ex-
citation in the kth mode of the reservoir R. According to
Schrödinger’s equation, the time evolution of the total system
in the interaction picture with the Hamiltonian is determined
by the following differential equations:

ȧ(t ) = −i�c1(t ),

ċ1(t ) = −i�a(t ) + (−i)κc2(t ),

ċ2(t ) = −iκc1(t ) + (−i)
∑

k

gkFk (t )e−it�k ,

Ḟk (t ) = (−i)gkc2(t )eit�k . (7)

Integrating Ḟk (t ) with the initial condition Fk (0) = 0 and
inserting the solution into ċ2(t ), one obtains the integro-
differential equation for the amplitude c2(t ):

ċ2(t ) = −iκc1(t ) −
∫ t

0

∑
k

|gk|2c2(t ′)e−i�k (t−t ′ )dt ′. (8)

∑
k |gk|2e−i�k (t−t ′ ) can be recognized as the correlation func-

tion f (t − t ′) of the reservoir R. Based on the fact that
the Lorentzian spectrum can be modeled from the ambi-
ent noise sources that a single nitrogen-vacancy (NV) spin
faces [59], we assume the reservoir R has a Lorentzian spec-
trum J (ω) = 	λ2/{2π [(ω − ω0)2 + λ2]}, where τ = λ−1 is
the correlation time (memory time) of the reservoir envi-
ronment and λ and 	 refer to the spectrum width of the
Lorentzian spectrum and the cavity mode-reservoir coupling
strength, respectively. The correlation function f (t − t ′) =∑

k |gk|2e−i�k (t−t ′ ) = 	λe−λ|t−t ′|/2 can be given. Then the dif-
ferential equations for ȧ(t ), ċ1(t ), and ċ2(t ) can be solved
by the Laplace transform and the inverse Laplace transform.
The reduced density matrix of the quantum battery can be
obtained, i.e., ρB

ee(t ) = |c1(t )|2 and ρB
gg(t ) = 1 − |c1(t )|2. It is

worth noting that we do not consider the cutoff frequency of
the reservoir here. A detailed discussion of the reason is given
in Appendix A.

According to Eqs. (1)–(3), the internal energy E (t ), the
charging power P(t ), and the ergotropy W (t ) can be given by

E (t ) = ω0|c1(t )|2,
P(t ) = ω0|c1(t )|2/t,

W (t ) = ω0[2|c1(t )|2 − 1][|c1(t )|2 − 1/2]. (9)

Here, (x − x0) is the Heaviside function, and for the reason
why the Heaviside function is in Eq. (9), refer to Appendix B.
We consider the above physical quantities to measure the per-
formance of the quantum battery in units of ω0. The charging
dynamics process of the quantum battery B can be analyzed.
Then our goal is to obtain the optimal charging performance
of the quantum battery in a double-layer environment.

We first discuss how the parameter λ, which reflects the
memory time of the reservoir R (the larger λ is, the shorter
the memory time of the reservoir R is), and the coupling
strength κ between the quantum battery and the cavity field m0

influence the internal energy EB and the charging power PB of
the quantum battery. In Fig. 2, the changes in EB and PB with
�t are plotted. We find that EB and PB decrease monotonically
with the increase of κ/�, as shown in Figs. 2(a) and 2(b). This
can be understood from the perspective of quantum battery
energy dissipation. As the coupling strength κ between the
quantum battery and the cavity m0 increases, the energy in
the quantum battery will be dissipated into the environment
faster, resulting in a decrease in EB and PB. Furthermore, the
effect of λ on the internal energy EB of the quantum battery
is also considered in Fig. 2(c). In sharp contrast to previous
research [47,48] that the quantum battery is directly coupled
to the reservoir, we show that the memory time of the reservoir
does not affect the internal energy of the quantum battery
in a double-layer environment. This means that the charging
performance of the quantum battery in a double-layer envi-
ronment is not related to the memory time of the reservoir.
To obtain the optimal charging performance of the quantum
battery, a small coupling strength κ between the cavity m0 and
the quantum battery is required.

To fully understand the impact of the memory time of the
reservoir R and the coupling strength between the quantum
battery and the cavity field m0 on the charging performance
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FIG. 2. (a) and (b) The internal energy EB and the charging
power PB of the quantum battery as a function of the dimension-
less quantity �t for different values of the coupling strength κ/�

between the quantum battery and the cavity m0. (c) The internal
energy EB of the quantum battery as a function of the dimensionless
quantity �t for different values of λ/�. The parameters are (a) and
(b) λ/� = 0.1, 	/� = 1 and (c) κ/� = 0.1, 	/� = 1. The internal
energy EB and charging power PB of a quantum battery are in unit
of ω0.

of the quantum battery, the change in the maximum internal
Emax with λ/� and κ/� is described in Fig. 3. Consistent with
the analysis results in Fig. 2, the maximum internal energy
Emax of the quantum battery in the double-layer environment
has nothing to do with the memory time of the reservoir en-
vironment. And a smaller κ can result in a larger Emax. Then,
a good quantum battery is supposed to have not only large
internal energy and charging power but also large ergotropy.
From the expression for ergotropy, the effects of λ and κ

on ergotropy are similar to those on EB. To verify this more
clearly, we plot the variation of the maximum ergotropy Wmax

with λ/� and κ/� in Fig. 4. By fixing 	/� = 1, we find that

FIG. 3. Maximum internal energy Emax of the quantum battery
as a function of κ/� and λ/�. The parameter is 	/� = 1. The
maximum internal energy Emax of a quantum battery is in units
of ω0.

a critical coupling strength κcr/� = 1.2 exists between the
quantum battery and the cavity field m0. The critical coupling
strength κcr/� = 1.2 remains the same only for the case in
the analysis. When κ/� < 1.2, the maximum ergotropy Wmax

of the quantum battery increases as κ/� decreases. When
κ/� > 1.2, Wmax = 0. Combining the effects of parameters
κ/� and λ/� on the maximum internal energy of the quantum
battery, a small κ/� is a necessary condition to achieve the
optimal charging performance of quantum batteries.

Now, people may be surprised that the memory time of the
reservoir environment has no effect on the charging perfor-
mance of the quantum battery in a double-layer environment.
To clarify this problem, we use the pseudomode theory and the
energy flow between the quantum battery and the double-layer
environment to explain it. In terms of the pseudomode the-
ory [60–64], the pseudomode of the reservoir is an auxiliary
variable introduced according to the pole position of the spec-
tral distribution of the reservoir. Each pole is associated with a
pseudomode. The coupling between the system of interest and
the reservoir can be considered a coherent coupling between
the system and the pseudomode, which is dissipated into the
Markovian reservoir. By treating the system and pseudomode

FIG. 4. Maximum ergotropy Wmax of the quantum battery as a
function of κ/� and λ/�. The parameter is 	/� = 1. The maximum
ergotropy Wmax of a quantum battery is in units of ω0.
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as a larger system, one can obtain the corresponding master
equation. For the currently considered quantum battery in
a double-layer environment, the density matrix ρ(t ) of the
larger system according to the pseudomode theory obeys a
master equation with the following form:

ρ̇(t ) = − i
[
Ĥ1

0 , ρ(t )
] − χ ′

2
[b̂†b̂ρ(t ) − 2b̂ρ(t )b̂† + ρ(t )b̂†b̂],

(10)

where

H1
0 = ω0σ

B
+σ B

− + ω0σ
C
+σC

− + ω0a+a + ω0b+b

+ �(σ B
+σC

− + σ B
−σC

+ ) + κ (σ B
+a + σ B

−a+)

+ η(ab+ + a+b), (11)

where b+ (b) is the creation (annihilation) operator of
the pseudomode and η = √

	λ/2 is the coupling strength
between the cavity m0 and the pseudomode, whose dissipation
rate is χ ′ = 2λ, which satisfies χ ′ � ω0. Then we define that
C1(t ), A(t ), C2(t ), and C3(t ) correspond to the probability
amplitudes of the quantum battery, charger, cavity field, and
pseudomode in their respective excited states, respectively.
These probability amplitudes satisfy the following differential
equations: iȦ(t ) = ω0A(t ) + �C1(t ), iĊ1(t ) = ω0C1(t ) +
�A(t ) + κC2(t ), iĊ2(t ) = ω0C2(t ) + κC1(t ) + ηC3(t ), and
iĊ3(t ) = (ω0 − iχ ′/2)C3(t ) + ηC2(t ). A detailed derivation
can be found in Appendix C.

To evaluate the energy flow between the quantum battery
and the overall environment which contains the cavity mode
m0 and the pseudomode, we use the compensation rate M(t )
for the population change in the cavity field and the pseudo-
mode to witness the energy flow to the quantum battery, i.e.,

M(t ) ≡ d
3∑

n=2

|Cn(t )|2/dt + χ ′|C3(t )|2, (12)

where |C2(t )|2 and |C3(t )|2 are the excited-state populations
of the cavity field mode m0 and pseudomode, respectively.
If the cavity field mode m0 and pseudomode populations
are reduced (d[|C2(t )|2 + |C3(t )|3]/dt < 0) and that reduction
cannot be compensated for by the decay to the reservoir due
to the term χ ′|C3(t )|2, M(t ) < 0 will occur. Physically, this
implies that the energy of the total environment (i.e., mode
m0 and the populated pseudomode) is transferred to the quan-
tum battery, thus leading to the improvement of the charging
performance of the quantum battery. In Fig. 5, we plot the
witness M(t ) as a function of �t for different λ/�. It is
valuable to point out that no matter how we control λ/�, M(t )
will transition from M(t ) > 0 to M(t ) < 0 at the same mo-
ment. This means that no matter how the memory time of the
reservoir environment R is manipulated, the energy flow from
the cavity m0 to the quantum battery will appear at the same
time, resulting in the quantum battery charging performance
being independent of the memory-time changes. Therefore, in
our double-layer environment setting, the fundamental reason
why the memory time of the reservoir environment has no
influence on the charging performance of the quantum battery
is that the moment when energy begins to flow from the cavity
field m0 to the quantum battery has no relationship to λ.

FIG. 5. The witness M(t ) as a function of the dimensionless
quantity �t for different values of λ/�. The parameters are 	/� =
1, κ/� = 0.1. Both axes are dimensionless.

IV. A NUMBER OF RESERVOIRS SERVING AS THE
SECOND-LAYER ENVIRONMENT
FOR THE QUANTUM BATTERY

In the previous section, we considered the case where the
second-layer environment faced by the quantum battery is
only a single reservoir. In this section, we expand the single-
reservoir environment to N-reservoir environments to explore
the influence of the number of reservoir environments in the
second-layer environment and the coupling strength between
the first-layer environment and the second-layer environment
on the charging performance of the quantum battery. Here, we
model the reservoir environments as bosonic modes that decay
to the Markovian reservoir with a decay rate 	′, as shown in
Fig. 6. The Hamiltonian of the total system can be written as
H = H2

0 + H2
I , i.e.,

H2
0 = ω0σ

B
+σ B

− + ω0σ
C
+σC

− + ω0a+a +
∑

n

ω0d+
n dn,

H2
I = �(σ B

+σC
− + σ B

−σC
+ ) + κ (σ B

+a + σ B
−a+)

+
∑

n

γn(ad+
n + a+dn), (13)

…
.

C(Charger)

C B

B(Battery)

Markovian

Reservoir

Markovian

Reservoir

Markovian

Reservoir

Markovian

Reservoir

FIG. 6. Schematic diagram of a model of the quantum battery
in a double-layer environment. The quantum battery is coupled to a
single-mode cavity field m0, while the cavity field is coupled to N
reservoir environments.
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where d+
n (dn) is the creation (annihilation) operator of mode

mn (n = 1, 2, . . . , N). Here, we consider κ � ω0 and γn �
ω0 to satisfy the condition of the RWA. Then under the
Born-Markovian approximation and the RWA (	′ � ω0), the
master equation satisfied by the total system can be written as

dρ

dt
= − i[H, ρ] − 	′

2
(a†aρ − 2aρa† + ρa†a)

−
N∑

n=1

	′

2
(d†

n dnρ − 2dnρd†
n + ρd†

n dn). (14)

We assume that the quantum charger is in the excited
state |1〉C and the quantum battery and other modes
are in the vacuum state |0〉B|000 · · · 0〉m0···mn , i.e., ρ(0) =
|10 · · · 0〉〈10 · · · 0|. Since the total system has at most one ex-
citation, the evolution state of the total system at any time can
be written as ρ(t ) = [1 − p(t )]|ψ (t )〉〈ψ (t )| + p(t )|00 · · · 0〉
〈00 · · · 0|, where 0 � p(t ) � 1, and |ψ (t )〉 = g(t )|10 · · · 0〉 +
u(t )|01 · · · 0〉 + l0(t )|001 · · · 0〉 + · · · + ln(t )|000 · · · 1〉. Then
the probability amplitudes G(t ) = √

1 − p(t )g(t ),
U (t ) = √

1 − p(t )u(t ), . . . , Ln(t ) = √
1 − p(t )ln(t ) of the

un-normalized state vector |ψ̃ (t )〉 = √
1 − p(t )|ψ (t )〉 are

connected to the master equation in Eq. (14). Here, G(t ),
U (t ), and Ln(t ) respectively correspond to the probability
amplitudes of the excited-state population for the quantum
charger, quantum battery, and cavity field mode mn.
Substituting ρ(t ) = |ψ̃ (t )〉〈ψ̃ (t )| + p(t )|00 · · · 0〉〈00 · · · 0|
into Eq. (14), we can obtain the following differential
equation:

iĠ(t ) = ω0G(t ) + �U (t ),

iU̇ (t ) = ω0U (t ) + �G(t ) + κL0(t ),

iL̇0(t ) = (ω0 − i	′/2)L0(t ) + κU (t ) +
N∑

n=1

γnLn(t ),

iL̇n(t ) = (ω0 − i	′/2)Ln(t ) + γnL0(t ). (15)

By numerically solving the above differential equation, the
reduced density matrix of the quantum battery can be ob-
tained. Then according to Eqs. (1)–(3), the internal energy of
the quantum battery EB(t ), the charging power PB(t ), and the
ergotropy WB(t ) can be obtained as

EB(t ) = ω0|U (t )|2,
PB(t ) = ω0|U (t )|2/t,

WB(t ) = ω0[2|U (t )|2 − 1][|U (t )|2 − 1/2]. (16)

The above physical quantities are in units of ω0. In the follow-
ing, we can analyze the impact of the number of cavity modes
in the second-layer environments and the coupling strength
between the first-layer environment m0 and the second-layer
environment mn on the charging performance of the quantum
battery.

We first consider the influence of the number of dissipa-
tive cavities in the second-layer environment on the internal
energy and charging power of the quantum battery, as shown
in Figs. 7(a) and 7(b). Since the coupling strength between
different cavity modes can be adjusted to the same value
in the circuit quantum electrodynamics experimental system

FIG. 7. (a) and (b) The internal energy EB and the charging
power PB of the quantum battery as a function of the dimensionless
quantity �t for different values of the number N of dissipative cavi-
ties. (c) and (d) The internal energy EB and the charging power PB of
the quantum battery as a function of the dimensionless quantity �t
for different values of the coupling strength γn/� between cavities
m0 and mn. The parameters are (a) and (b) γn/� = κ/� = 	′/� = 1
and (c) and (d) N = 2, κ/� = 	′/� = 1. The internal energy EB and
charging power PB of a quantum battery are in units of ω0.

[65,66], we assume that cavity modes m0 and mn have the
same coupling strength (i.e., γn/� = 1). We find that EB and
PB increase with the increase in the number of lossy cavities,
which means that the increase in the number of dissipative
cavities in the second-layer environment is conducive to im-
proving the charging performance of the quantum battery. The
effect of the coupling strength γn/� between modes m0 and
mn on the charging performance of the quantum battery is
plotted in Figs. 7(c) and 7(d). It is shown that increasing the
coupling strength between the first-layer environment and the
second-layer environment can enhance the charging perfor-
mance of the quantum battery. Therefore, to obtain the optimal
quantum battery, larger γn/� and larger N are required to
stimulate the larger internal energy and charging power of the
quantum battery.

Then, to gain a more comprehensive and intuitive under-
standing of the influence of N and γ /� (i.e., γn/� = γ /�) on
the maximum internal energy Emax of quantum batteries, the
change in Emax with N and γ /� is drawn in Fig. 8. Similar to
the analysis in Fig. 7, Emax increases as N and γ /� increase.
Furthermore, the maximum ergotropy Wmax as a function of
N and γ /� is also considered in Fig. 9. We show that the
large number N of dissipative cavities in the second-layer
environment and large coupling strength γ /� between the
first-layer environment and the second-layer environment can
excite larger maximum ergotropy Wmax. Therefore, when con-
sidering a quantum battery in a double-layer environment, the
optimal charging performance of the quantum battery can be
achieved by increasing the number of cavities in the second-
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FIG. 8. Maximum internal energy Emax of the quantum battery as
a function of N and γ /�. The parameters are κ/� = 	′/� = 1. The
maximum internal energy Emax of a quantum battery is in units of ω0.

layer environment and the coupling strength between the
first-layer environment and the second-layer environment.

V. CONCLUSION

In this paper, we have investigated the charging perfor-
mance of a quantum battery in a double-layer environment.
The single-mode cavity is the first-layer environment of
the quantum battery, and a single reservoir environment or
multiple reservoir environments serve as the second-layer en-
vironment of the quantum battery. Taking the second-layer
environment faced by the quantum battery to be a single
reservoir R, we were surprised to find that the charging per-
formance of quantum batteries has nothing to do with the
memory time of the reservoir, which is in sharp contrast to
previous studies [47,48]. We used the pseudomode theory to
explain this phenomenon from the perspective of the moment
when the energy begins to flow from the cavity field m0 to
the quantum battery, which does not depend on the memory
time of the reservoir. Then we showed that a smaller coupling
strength κ between the quantum battery and the first-layer
environment is beneficial for the charging process of quantum
batteries. Therefore, for a single reservoir environment as the

FIG. 9. Maximum ergotropy Wmax of the quantum battery as a
function of N and γ /�. The parameters are κ/� = 	′/� = 1. The
maximum ergotropy Wmax of a quantum battery is in units of ω0.

second-layer environment of the quantum battery, to obtain
the optimal charging performance of the quantum battery, a
small coupling strength κ between the quantum battery and
the first-layer environment is required.

Then, we extended our discussion to the case where
the second-layer environment faced by a quantum battery
is N reservoir environments. Each reservoir environment
was modeled as a case where the bosonic mode decays to
the Markovian reservoir. It is worth noting that the charg-
ing performance of the quantum battery can be enhanced
by increasing the number of cavity field environments in
the second-layer environment and the coupling strength γ

between the first-layer environment and the second-layer en-
vironment. Thus, a large number of dissipative cavities in
the second-layer environment and a large coupling strength
between the first-layer environment and the second-layer
environment are necessary to obtain the optimal charging
performance of the quantum battery. These results can provide
some theoretical help for realizing the optimal charging pro-
cess of a quantum battery in a practical complex environment.
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APPENDIX A: PERFORMANCE OF QUANTUM
BATTERIES AT DIFFERENT CUT-OFF

FREQUENCIES OF RESERVOIR

To check whether the performance of the quantum battery
depends on the cutoff frequency of the reservoir, we con-
sider the reservoir R to have a Lorentzian spectrum J (ω) =
	λ2e−ω/ωc/{2π [(ω − ω0)2 + λ2]}, where ωc is the cutoff fre-
quency of the reservoir. Then the correlation function

f (t − t ′) =
∑

k

|gk|2e−i�k (t−t ′ ) = 	λ

2
e−( ω0

ωc
− iλ

ωc )e−λ(t−t ′ )

(A1)
can be given. According to Eqs. (7) and (8), the probability
amplitudes for a(t ), c1(t ), and c2(t ) can be solved by the
Laplace transform and the inverse Laplace transform. The re-
duced density matrix of the quantum battery can be obtained,
i.e.,

ρB =
(|c1(t )|2 0

0 1 − |c1(t )|2
)

. (A2)

Then according to Eq. (9), we can analyze the performance of
quantum batteries at different cutoff frequencies.

In Fig. 10, we show that the performance of quantum bat-
teries varies with environmental parameters at different cutoff
frequencies. More specifically, by fixing ωc/� = 0.01, 0.1, 1
in Figs. 10(a)–10(f), we find that the internal energy EB and
charging power PB of quantum batteries decrease with the
increase of the coupling strength κ between the quantum
battery and the single-mode cavity at different cutoff frequen-
cies. Furthermore, we also show that the internal energy EB
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FIG. 10. (a)–(i) The internal energy EB and the charging power
PB of the quantum battery as a function of the dimensionless quantity
�t . The parameters are (a) and (d) ωc/� = 0.01, λ/� = 0.1, 	/� =
1; (b) and (e) ωc/� = 0.1, λ/� = 0.1, 	/� = 1; (c) and (f) ωc/� =
1, λ/� = 0.1, 	/� = 1; (g) ωc/� = 0.01, κ/� = 0.1, 	/� = 1;
(h) ωc/� = 0.1, κ/� = 0.1, 	/� = 1; and (i) ωc/� = 1, κ/� =
0.1, 	/� = 1. The internal energy EB and charging power PB of a
quantum battery are in units of ω0.

of the quantum battery does not change with the memory
time of the reservoir at different cutoff frequencies, as shown
in Figs. 10(g)–10(i). This means that in the double-layer
environment model we consider, the performance of the quan-
tum battery does not depend on the cutoff frequency of the
reservoir.

APPENDIX B: THE ERGOTROPY FUNCTIONAL

Let ρ be the density matrix of a system characterized by
the Hamiltonian H , denoted by the spectral decomposition

ρ (p) ≡
∑

rn|rn〉〈rn|, H ≡
∑

en|en〉〈en|, (B1)

where {|rn〉}n and {|en〉}n represent the eigenvectors of ρ and
H , respectively, and r0 � r1 � · · · � rn and e0 � e1 � · · · �
en are the associated eigenvalues, which have been properly
ordered. The passive counterpart of ρ is defined as the follow-
ing density matrix:

σ P ≡
∑

rn|en〉〈en|. (B2)

To find the ergotropy of the quantum battery we can use
the reduced density matrix ρB(t ) = |c1(t )|2|e〉〈e|B + [1 −
|c1(t )|2]|g〉〈g|B of the quantum battery and Eq. (3); for
|c1(t )|2 � 1/2, we find that no amount of energy can be
extracted from the quantum battery by unitary processes so
that WB(t ) = 0 for all t with |c1(t )|2 � 1/2. However, when
|c1(t )|2 > 1/2, the ergotropy is given by

WB(t ) = ω0[2|c1(t )|2 − 1]. (B3)

Therefore, by using the Heaviside function (x − x1), which
satisfies (x − x1) = 0 for x < x1,(x − x1) = 1/2 for x =
x1, and (x − x1) = 1 for x > x1, we can write the ergotropy
as

WB(t ) = ω0[2|c1(t )|2 − 1][|c1(t )|2 − 1/2]. (B4)
APPENDIX C: THE SYSTEM DYNAMICS

We consider that the quantum charger (C) is initially in the
excited state, while the cavity field (F), quantum battery (B),
and pseudomode (P) are initially in the vacuum state. Since at
most one excitation exists in the total system at any time, the
density matrix at any time can be written as

ρ(t ) = [1 − λ(t )]|ψ (t )〉〈ψ (t )| + λ(t )|0000〉〈0000|CBFP,

(C1)

where 0 � λ(t ) � 1, with λ(0) = 0, and |ψ (t )〉 =
a(t )|1000〉 + c1(t )|0100〉 + c2(t )|0010〉 + c3(t )|0001〉, with
a(0) = 1 and c1(0) = c2(0) = c3(0) = 0. It is convenient to
introduce the un-normalized state vector

|ψ̃ (t )〉 ≡
√

1 − λ(t )|ψ (t )〉
= A(t )|1000〉 + C1(t )|0100〉 + C2(t )|0010〉

+ C3(t )|0001〉, (C2)

where C1(t ), A(t ), C2(t ), and C3(t ) correspond to the proba-
bility amplitudes of the quantum battery, charger, cavity field,
and pseudomode in their respective excited states, respec-
tively. Then ρ(t ) = |ψ̃ (t )〉〈ψ̃ (t )| + λ(t )|0000〉〈0000|CBFP

can be obtained. Inserting this expression in Eq. (10), the
time-dependent amplitudes A(t ), C1(t ), C2(t ), and C3(t ) are
determined by a set of differential equations as iȦ(t )=
ω0A(t )+�C1(t ), iĊ1(t )=ω0C1(t )+�A(t )+κC2(t ), iĊ2(t )=
ω0C2(t ) + κC1(t )+ηC3(t ), and iĊ3(t )=(ω0 − iχ/2)C3(t ) +
ηC2(t ).
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