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Phase-space dynamics of a single-atom laser: Nonclassicality and bistability
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We investigate the dynamics of a single-qubit single-mode laser with continuous incoherent pumping of a
qubit, the field mode being initially prepared in a coherent state. Analysis of partial differential equations for
quasiprobability distributions helps us distinguish two stages of evolution (coherent and incoherent ones) with
their characteristic features. The system can exhibit bistabilitylike behavior, similar to that reported for a single-
atom laser with continuous coherent pumping, and is capable of generating Schrödinger cat states. Quantitative
analysis of the field state nonclassicality shows that its maximum is reached at intermediate stages of evolution.
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I. INTRODUCTION

The single-atom laser represents a simple but important
model exhibiting nontrivial dynamics and quantum effects
such as Rabi splitting [1–5], collapse and revival of os-
cillations [6,7], photon blockade [8–11] and its breakdown
[12–14], antibunching and sub-Poissonian photon statistics
[10,11,15–21], and phase and amplitude bistability [22–24]
or multistability [25]. The system can serve as a source of
nonclassical field states [26–38] or entangle photons inter-
acting with the atom [10,11,39–43]. Most of the mentioned
effects are characteristic even of the simplest single-qubit
single-mode model of the laser, while a greater variety of
phenomena is predicted for systems with a larger number
of engaged atomic energy levels [17,18,37,38,41,44–46], a
more complex field structure [10,11,39–43], or additional
nonlinearity induced by interaction with a photonic crystal
[47–50].

By now, a large number of different approaches have been
successfully applied to investigation of the dynamics and
the stationary state of a single-atom laser: numerical solu-
tion of the master equation for the density operator with the
photon-number truncation [18,51–57], approximate semiclas-
sical treatment [18,52,58,59], quantum trajectory approach
[35,45,55,59], nonlinear recurrent relations between moments
of different orders [60], diagonalization of the Green’s op-
erator [53,61], continued fraction expansion [62], Glauber
function decomposition in terms of the argument powers or
orthogonal polynomials [27,63], or numerical solution of the
Fokker-Plank equation in the adiabatic approximation [61].
Analysis of quasiprobability distributions (including Glauber
P, Wigner W , and Husimi Q functions) proved to be fruit-
ful and illustrative for investigation of the stationary state
[22,27,63–65] and even for prediction of Schrödinger-cat-
state generation by a coherently driven single-atom laser at
intermediate stages of its evolution [32]. However, thorough
and consistent analysis of the single-atom-laser dynamics in
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terms of such distributions has not been performed yet but
promises to be productive for gaining a better understanding
of that fundamental system.

The interest in the single-atom laser has remained strong
for a relatively long time due to the gradual development of
experimental capabilities for its implementation [15,19,58,66]
and the importance of the nonclassical light states for quantum
information processing, quantum metrology, imaging, etc.
[67–69]. The stationary state of a single-qubit single-mode
laser has already been shown to exhibit nonclassical properties
for all nontrivial combinations of parameters (all regimes of
operation) [18,20,27,33,60]. On the other hand, it is known
that nonlinear dissipative systems with pulsed coherent exci-
tation can exhibit more pronounced nonclassical properties at
intermediate stages of dynamics relative to the stationary state
[70]. That fact, together with the lack of a thorough analysis
of the phase-space dynamics of a single-atom laser, motivates
us to investigate the behavior of quasiprobability distributions,
describing such a system during its quantum evolution, with
the aim of getting a more clear understanding of the sources of
emerging state nonclassicality and finding the conditions for
generating more useful quantum states.

The outline of the paper is as follows. In Sec. II we in-
troduce the considered model of a single-qubit single-mode
laser with incoherent pumping of a qubit and provide the
differential equations for evolution of s-ordered quasiprob-
ability distributions. In Sec. III a coherent initial state of
the field mode is assumed. A numerical treatment of the
phase-space dynamics is presented and divided into two char-
acteristic stages, one coherent and the other incoherent, in
Secs. IV and V, respectively. In Sec. VI a typical struc-
ture of quasiprobability distributions for the coherent stage
is analyzed both numerically and analytically, yielding an
analogy with the phase bistability effect [22] and a guess
that the Schrödinger-cat states can be generated by the con-
sidered single-atom laser. Further, that proposition is proved
on the basis of the master equation analysis. The incoherent
stage of the dynamics exhibits properties closely related to
the amplitude bistability of a coherently pumped single-atom
laser. In Sec. VII we provide quantitative analysis of the
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nonclassicality of the generated field state and discuss the
conditions maximizing it.

II. MODEL

A. Master equation

In the present research, we consider a model of a single-
qubit single-mode laser with incoherent pumping. A two-level
atom with the ground state |1〉 and the excited state |2〉 inter-
acts with a resonance field mode with the coupling constant g.
Incoherent pumping of the atom with the mean rate R12, decay
of the excited states of the field mode and the atom, and de-
phasing of the atom with the rates κ , R21, and �, respectively,
are taken into account. The dynamics of the density operator
ρ of the considered model system is described by the master
equation in the interaction representation

d

dt
ρ = − i

h̄
[H, ρ] + 2κL(a)ρ

+ R12L(σ+)ρ + R21L(σ−)ρ + �L(σz )ρ, (1)

where the operators σ−, σ+, σz and a, a† describe the dynam-
ics of the atom and the field, respectively. The relaxation
is represented in the Lindblad form 2L(X )ρ = 2XρX † −
X †Xρ − ρX †X . The interaction Hamiltonian H corresponds
to the Jaynes-Cummings model [71]

H = gh̄(a†σ− + aσ+). (2)

It is convenient to use the following normalized parame-
ters characterizing the system [27,33]: the relative incoherent
pump rate a2

0 = R12/4κ , the normalized difference between
the atom and the field decay rates ν0 = (R21 − 2κ )/4κ , the
relative decoherence rate μ0 = a2

0 + ν0 + �/κ , and the nor-
malized strength of the unitary atom-field interaction η =
g2/κ2. In terms of the introduced parameters, the condition
R12 > R21, indicating that the incoherent pump tends to create
population inversion, takes the form ν0 − a2

0 < − 1
2 .

The density operator of the considered system can be de-
composed over the states of the atom as

ρ = ρ11 ⊗ |1〉〈1| + ρ22 ⊗ |2〉〈2| + iρ21 ⊗ |2〉〈1|
− iρ12 ⊗ |1〉〈2|, (3)

where the factor i is introduced to make further equa-
tions simpler; the equality ρ21 = ρ

†
12 holds. Then the master

equation (1) can be transformed into the following set of
equations for the components of the density operator:

1

κ

d

dt
ρ11 = (

2J − N − N ′ − 4a2
0

)
ρ11 + (4ν0 + 2)ρ22

+ √
η(a†ρ21 + ρ12a), (4)

1

κ

d

dt
ρ22 = (2J − N − N ′ − 4ν0 − 2)ρ22 + 4a2

0ρ11

− √
η(aρ12 + ρ21a†), (5)

and

1

κ

d

dt
ρ12 = (2J − N − N ′ − 2μ0 − 1)ρ12

− √
ηρ11a† + √

ηa†ρ22. (6)

Here the superoperators of quantum jumps (J) and the num-
bers of photons (N and N ′)

Jρ
.= aρa†, Nρ

.= a†aρ, N ′ρ .= ρa†a (7)

were introduced.
Further, we assume that the initial state of the system is

described by the expression

ρ(0) = |α0〉〈α0| ⊗ |1〉〈1|, (8)

with the atom being in the ground state and the field being in
the coherent state |α0〉. For the initial state (8), the components
have the following values:

ρ11(0) = |α0〉〈α0|, ρ22(0) = ρ12(0) = ρ21(0) = 0. (9)

B. Phase-space representation

For an illustrative representation of the dynamics of a
single-atom laser, as well as for a quantitative description of
its nonclassical properties, it is convenient to use the s-ordered
quasiprobability distribution P(α; s), defined as the expecta-
tion value of the operator [72,73]

δ(a − α; s)
.= 2

π (1 − s)
: exp

(
− 2(a† − α∗)(a − α)

1 − s

)
:,

(10)
where the columns denote normal ordering of operators
of creation and annihilation. Such s-ordered quasiprobabil-
ity distributions P(α; s) represent smoothed versions of the
Glauber P function P(α) [72],

P(α; s) = 2

π (1 − s)

∫
d2γ P(γ ) exp

(
− 2|α − γ |2

1 − s

)
,

(11)
and are well behaved for s � sR, where the critical value sR �
1 depends on the nonclassicality of the represented quantum
state, even if the Glauber function is singular.

The phase-space representation, based on s-ordered
quasiprobability distributions, is especially convenient for
the description of the dynamics of an incoherently pumped
single-qubit laser, since its stationary state is known to be
characterized by a singular Glauber function in any nontrivial
regime [33], while the quasiprobability distribution P(α; s)
is regular for any s < 1 (Appendix A). An additional useful
property of quasiprobability distributions is their close con-
nection to the definition of the state nonclassicality according
to semipositiveness of the Glauber function [74,75]. The non-
classicality depth τ of the field state ρ can be characterized by
the minimal (critical) value sc of the parameter s, for which
the function P(α; s) is not strictly positive [76,77]:

τ = 1 − sc

2
, sc = inf{s | ∃α : Tr[ρδ(a − α; s)] � 0}.

(12)
The value τ should be used for quantification of the state
nonclassicality with caution, since it is a discontinuous func-
tion of ρ [77]. On the other hand, it provides a reasonable
tool for characterizing nonclassicality both of the stationary
state of a single-qubit laser [33] and of interim states of its
dynamics (discussed below). Other common approaches to
nonclassicality quantification and detection (negativity of the
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Mandel parameter [75] and Wigner function [76,77], domi-
nance of odd photon numbers [78], breaking of non-negativity
of quadrature moments in quadratic form [79,80], or ordering
sensitivity [81]) fail when applied to the stationary state of a
single-qubit laser in certain regimes where the state is known
to be nonclassical [33]. Such approaches are not expected
to provide a reasonable description of nonclassicality of the
single-qubit laser dynamics.

The set of equations (4)–(6) can be transformed into differ-
ential equations for s-ordered quasiprobability distributions

P11(α; s) = Tr{ρ11δ(a − α; s)},
P22(α; s) = Tr{ρ22δ(a − α; s)},

PRe(α; s) = Tr

{
ρ12 + ρ21

2
δ(a − α; s)

}
,

PIm(α; s) = Tr

{
ρ12 − ρ21

2i
δ(a − α; s)

}
(13)

by applying the rules for mapping creation and annihilation
operators acting on density operators onto differential phase-
space operators [82]. The combinations of the operators ρ12

and ρ21 are chosen to ensure that the resulting operators are
Hermitian. The resulting partial differential equation takes the
form

1

κ

d

dt
u = c
u + ∇ · (γu) − (β · ∇)u − au, (14)

where u = (P11(α; s), P22(α; s), PRe(α; s), PIm(α; s))T is a
four-component column vector composed of quasiprobability
distributions, the derivative operators ∇ = (∂/∂x, ∂/∂y)T and

 = ∇ · ∇ = ∂2/∂x2 + ∂/∂y2 refer to the coordinates x =
Re α and y = Im α, c = (1 − s)/4 is a scalar diffusion coeffi-
cient, and a two-component vector γ = (x, y)T represents the
conservative flux coefficient. The explicit expressions for the
convection coefficient β (a 4 × 4 matrix with each element
being a two-component vector) and the absorption coeffi-
cient a (a 4 × 4 matrix with scalar elements) are listed in
Appendix B.

To solve Eq. (14) numerically, we apply the finite-element
method [83] to a truncated region of the phase space. The
considered region is selected in a way ensuring that the
quasiprobability distributions take small values [|P(α; s)| <

10−3] outside it throughout the modeling process. For exam-
ple, for the initial state (8) with α0 = 10 it is sufficient to
consider the region x ∈ [−3, 12] and y ∈ [−4, 4]. Addition-
ally, we impose the zero-flux boundary condition

n · (c∇u + γu) = 0, (15)

where n is the vector normal to the boundary of the analyzed
region, to preclude flow of the quasiprobability away from the
region.

For additional speedup of numerical calculations, it is use-
ful to take into account the following symmetry of Eqs. (14)
and (15) relative to orthogonal transformations (rotation or re-
flection) of the phase space: (x, y)T 
→ O(x, y)T . If the vector
u is transformed as

u 
→
(

I 0
0 O

)
u, (16)

where I is the 2 × 2 identity matrix, Eqs. (14) and (15) pre-
serve their form for the new coordinates and the new vector
of quasiprobability distributions u. The symmetry arises from
the phase invariance of the master equation (1) with an inco-
herent pump. Therefore, without loss of generality, one can
assume that the amplitude of the initial coherent state |α0〉 is a
real non-negative number α0 � 0. The solution for any other
initial state of the form (8) can be obtained by applying the
corresponding rotation transformation O.

For a real-value amplitude of the initial coherent state, both
the equations and the initial conditions possess the symmetry
relative to reflection around the real axis x (y 
→ −y and α 
→
α∗):

Pz(α∗; s) = Pz(α; s), z = 11, 22, Re

PIm(α∗; s) = −PIm(α; s). (17)

Therefore, the symmetry relations (17) are satisfied for the dy-
namics of the considered system and can be used for a twofold
reduction of the number of nodes in the mesh, constructed for
solving Eq. (14). Only the region y � 0 is to be considered,
while the values for y < 0 can be recovered according to
Eq. (17).

III. PHASE-SPACE DYNAMICS

To identify typical regimes of the considered single-qubit
laser dynamics, we start from its numerical modeling. A mesh
consisting of 17 668 domain elements and 354 boundary
elements is used to solve the partial differential equa-
tion (14). Figure 1 shows the characteristic behavior of the
quasiprobability distribution function P11(α; s) + P22(α; s),
corresponding to the field state after tracing out the atom:
ρfield = Tratom ρ. The results are shown for the regime without
population inversion [model 1: ν0 − a2

0 > − 1
2 , Fig. 1(a)] and

for incoherent excitation tending to create population inver-
sion [model 2: ν0 − a2

0 < − 1
2 , Fig. 1(b)]. The value s = 0.5

of the ordering parameter, used for the simulation, provides
the optimal trade-off between sensitivity of the quasiproba-
bility distributions and numerical stability of their modeling
and representation (Appendix C). For both parameters sets
(as well as for many other sets used for modeling but not
shown in Fig. 1), one can see a qualitatively different shape
of the quasiprobability distribution at different stages of the
dynamics.

There exist two essential features for the initial stage of
evolution: a strong phase dependence, pointing to retention
of coherent properties of the state, and the presence of an
interference region with negative values of the quasiproba-
bility distribution function, which points to the essentially
nonclassical properties of the state. This stage corresponds
to a significant excess of an average number of photons 〈n〉
over the stationary state value a2

0 and can be reached only
for a sufficiently intense initial state of the field: |α|2 � a2

0.
Further, we show that such a coherent stage can exhibit a
close analog of phase bistability, predicted in Ref. [22] and
observed in Ref. [23], and generates a Schrödinger-cat field
state.

The other stage is characterized by 〈n〉 ∼ a2
0 and corre-

sponds to the system approaching the stationary state. The
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(a)

(b)

FIG. 1. Overlain quasiprobability distributions P11(α; s) +
P22(α; s) for different stages of the single-qubit laser dynamics:
initial coherent state I, coherent stage II, and incoherent stage III.
The results are shown for (a) α0 = 10, a2

0 = 1.0, η = 1.3 × 102,
ν0 = 1.0, and μ0 = 2.0 (model 1) and (b) ν0 = −0.31 and μ0 = 0.69
(model 2). The quasiprobability distributions are normalized by
their maximal values and correspond to s = 0.5 (i.e., the ordering
parameter s is in the middle between s = 0 for the Wigner function
and s = 1 for the Glauber function). Dashed lines indicate the field
amplitude decay α0e−κt without the atom-field interaction and are
shown for visual guidance.

shape of the quasiprobability distribution differs in Figs. 1(a)
and 1(b): Depending on the parameters, the most probable
field amplitude of the stationary state can have either a zero
(thermal regime, model 1) or nonzero value (lasing regime,
model 2). However, for both cases the phase information
about the initial coherent state is practically lost; the stage can
be termed incoherent. The obtained field states are expected
to possess essentially fewer nonclassical properties than in
the high-amplitude regime and therefore are less useful for
quantum information and metrology applications. Neverthe-
less, this regime is worth studying further since it can exhibit
an effect close to the amplitude bistability effects discovered
in Refs. [12,13,22].

IV. COHERENT STAGE

A. Substages and characteristic regions

The coherent stage of the dynamics starts from the initial
coherent state with high amplitude α0 � a0 and includes the
formation of a superposition of coherent states with strong

FIG. 2. Coherent stage of the single-qubit laser dynamics. The
initial coherent state is transformed into a highly nonclassical
Schrödinger-cat state with an intense interference region A. The
quantum coherence of the state decays due to dissipative interaction
with the environment. An arc B corresponds to a mixture of coherent
states, generated after the decay of interference. The quasiprobability
distribution function P11(α; s), conditioned by the ground state of the
atom, is shown. The simulation parameters correspond to model 1
and are the same as in Fig. 1(a).

nonclassicality (Schrödinger-cat states) and then damping of
quantum interference with the transition to the state close to a
classical mixture of coherent states. Figure 2 illustrates those
substages.

The quasiprobability distributions, describing the field
state during the coherent stage, have two characteristic re-
gions: the interference region A (Fig. 2), which is formed
by the normalized time κtf ∼ 1/

√
η (discussed below) and

decays in κtd ∼ 1/(a2
0 + ν0 + 1

2 ), and the arc B, describing
the phase distribution of the coherent states, contributing to
the decomposition of the field state and having the abso-
lute values of the amplitudes |α| ≈ α0e−κt . The two-region
structure is preserved over the entire duration of the coherent
stage of dynamics, but the interference region is negligible
outside the time period κtf � κt � κtd. Since the interference
region A and the arc B have significantly different structure in
the phase space, it is worth considering them in more detail
separately.

FIG. 3. Interpretation of Eq. (20) in the form of phase rotation
(in the clockwise direction for the distribution P+ and in the coun-
terclockwise direction for P−) and random jumps between the two
states.
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B. Arc region

For the regimes when the coherent stage of dynamics is
observed, the following conditions typically hold: η � 1 and
〈n〉 � 1. The arc region is additionally characterized by rel-
atively slow variations of the quasiprobability distributions
with the time t and the coordinates x and y. To describe that
region, it is convenient to use the polar coordinates (r and θ ):
α = reiθ , x = r cos θ , and y = r sin θ , where r � 1 for the arc
region.

The leading term of Eq. (14) relative to the discussed large
quantities is proportional to

√
ηr and requires the following

conditions to be fulfilled to ensure small enough values of
∂Pz/∂t , z = 11, 22, Re, Im (Appendix D):

P22(α; s) − P11(α; s) = O

(
1

r
,

1√
η

)
,

PRe(α; s) cos θ − PIm(α; s) sin θ = O

(
1

r
,

1√
η

)
. (18)

The constraints (18) imply that the dynamics of the arc region
is primarily described by just two independent quasiprobabil-
ity distributions, which can be selected as (see Appendix D)

P±(α; s) = P11 ± PIm

cos θ
. (19)

The introduced combinations of quasiprobability distribu-
tions satisfy the following system of differential equations:

1

κ

∂

∂t
P± ≈ LrP± ±

√
η

2r

∂

∂θ
P± −

(
μ0 + 1

2

)
(P± − P∓). (20)

Here the radial operator Lr describes the drift of the quasiprob-
ability distributions to the origin α = 0 due to the field decay

LrP± = 1

r

∂

∂r
(r2P±) + 1 − s

4

(
∂2P±
∂r2

+ 1

r

∂P±
∂r

)
(21)

and is the same for P+ and P−. The most probable amplitude
for the arc region of quasiprobability distributions moves ac-
cording to r(t ) = α0e−κt .

The remaining part of Eq. (20) can be interpreted as
angular (phase) rotation in the clockwise direction for the
distribution P+ and in the counterclockwise direction for P−
with the angular speed

√
η/2r and random jumps between

the two clockwise and counterclockwise states described by
P+ and P−, respectively, with the rate μ0 + 1

2 (Fig. 3). For
the moment, we limit our consideration of the dynamics by
the phase-space quasiprobability distributions, while its inter-
pretation in terms of corresponding state vectors is discussed
below.

In the strong-coupling regime
√

η � μ0 + 1
2 , the rotation

terms play the main role and the solution is represented by two

peaks near the points

θ = ±θ1, θ1 =
√

η

2α0
{exp(κt ) − 1}. (22)

This result is very close to the effect of the phase bista-
bility of a single-atom laser with coherent pumping found
in Refs. [22,23]. In our case, an intense coherent state,
initially injected in the resonator of the single-qubit laser,
efficiently represents a coherent pump. This similarity can
be seen by explicitly introducing the coherent displacement
operator D(α0) = eα0(a†−a) into the master equation (1), ρ =
D(α0)ρ̃D†(α0),

d

dt
ρ̃ = − i

h̄
[H + 
H (α0), ρ̃] + 2κL(a)ρ̃

+ R12L(σ+)ρ̃ + R21L(σ−)ρ̃ + �L(σz )ρ̃, (23)

where 
H (α0) = gh̄α0(σ− + σ+) + iκ h̄α0(a − a†) is the ad-
dition to the Hamiltonian describing effective coherent driving
of the atom and the field mode, similar to the one considered
in Ref. [22].

In the strong loss regime
√

η � μ0 + 1
2 , the effect of bista-

bility is not observed and the angular dependence of functions
of the quasiprobability distribution corresponds to a random
walk with the half-width of the covered angular region being
equal to

θ2 =
√

η[exp(2κt ) − 1]

(8μ0 + 4)α0
. (24)

In Fig. 4, examples of quasiprobability distribution functions
for the described situations are presented: a random walk
[Fig. 4(a)] and bistability [Fig. 4(b)].

C. Interference region

The interference region differs from the arc by rapid os-
cillations of quasiprobability distributions: ∂Pz/∂x = O(

√
η),

z = 11, 22, Re, Im (Appendix E). The leading order of the
decomposition of Eq. (14) over the large parameters includes
terms proportional to η and

√
ηx, where we take into account

that x ∼ 〈n〉 � 1 for the considered region:

1

κ

∂P11

∂t
≈ x

∂P11

∂x
− √

η
1 + s

4

∂PRe

∂x
+ 2

√
ηxPRe, (25)

1

κ

∂P22

∂t
≈ x

∂P22

∂x
− √

η
1 − s

4

∂PRe

∂x
− 2

√
ηxPRe, (26)

1

κ

∂PRe

∂t
≈ x

∂PRe

∂x
− √

η
1 − s

4

∂P11

∂x

− √
η

1 + s

4

∂P22

∂x
− √

ηxP11 + √
ηxP22, (27)

1

κ

∂PIm

∂t
≈ x

∂PIm

∂x
. (28)

The obtained system of differential equations can be split into
two independent parts: Eq. (28) can be treated separately and
yields PIm ≈ 0 in the interference region since PIm = 0 for t =
0. The solution of Eqs. (25)–(27) can be found in the form

Pz(x, y, t ) = A(x, y, t )bz cos(ωt + kx + ϕz ),

z = 11, 22, Re, (29)
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(a)

(b)

FIG. 4. Quasiprobability distributions for the arc region of the
coherent stage of dynamics: (a) a random walk for strong losses and
(b) bistability for strong coupling. The simulation parameters are the
same as for the corresponding panels of Fig. 1 and describe models
1 and 2, respectively. The quasiprobability distributions P11, PRe, and
PIm are shown for κt = 1.0 and normalized by max P11. The function
P22 is not shown since it equals P11 with high accuracy. Dot-dashed
and dotted lines show the directions provided by Eqs. (22) and (24),
respectively.

where Az(x, y, t ) is a slowly varying envelope amplitude and
the oscillation parameters can be approximated as

k ≈ 2
√

ηs√
1 − 3s + 3s2

, ω ≈ (3k +
√

16η − 3k2)
κx

2
; (30)

the expressions for the relative amplitudes bz and phases ϕz

are listed in Appendix E.
Figure 5 shows an example of quasiprobability distri-

butions in the oscillations region. As expected from an
approximate analytical treatment, PIm takes more than 15
times smaller values relative to other conditional quasiprob-
ability distributions. The expressions, given in Appendix E,
predict the ratio of oscillation amplitudes b11:b22:bRe ≈
1.6:1.0:1.0 for the simulation parameters, used in Fig. 5. The
relative phases are ϕ11 − ϕRe ≈ 119◦ and ϕ22 − ϕRe ≈ −143◦.
All the discussed predictions agree with the results of numer-
ical simulations.

The envelope amplitude A(x, y, t ) can be found by con-
sidering next orders of the decomposition. However, the
observed structure composed of the arc and interference re-
gions closely resembles a quasiprobability distribution of a
Schrödinger-cat state

|�cat〉 ∝ |ξ + iχ〉 + eiϕ |ξ − iχ〉, (31)

where the two coherent states |ξ ± iχ〉 possess the same real
part of the amplitude ξ and opposite imaginary parts ±χ .

FIG. 5. Quasiprobability distributions for the interference region
of the coherent stage of dynamics: from top to bottom P11, P22, PRe,
and PIm. For PIm, ten-times-larger values are shown. The simulation
parameters correspond to model 1 and are the same as in Fig. 1(a).
The quasiprobability distributions are shown for κt = 0.49 and nor-
malized by max P11. The dashed line serves as visual guidance during
the comparison of relative oscillation phases.

The corresponding quasiprobability distribution is described
by the expression

P(α; s) ∝ exp

(
− 2

(x − ξ )2 + (y − χ )2

1 − s

)

+ exp

(
− 2

(x − ξ )2 + (y + χ )2

1 − s

)

+ 2 exp

(
− 2

(x − ξ )2 + y2 − s(ξ 2 + χ2)

1 − s

)

× cos

(
4xβ

1 − s
− ϕ

)
, (32)

where the first two terms form two peaks similar to the ones
observed in the bistability regime, while the last term rep-
resents the interference region. Figure 6 shows the result of
fitting the conditional field state ρ11, corresponding to the
ground state of the atom, by a Schrödinger-cat state with
variable parameters ξ , χ , and ϕ (Appendix F). The results
demonstrate the relatively high fidelity of such a represen-
tation for κt � 0.1. Therefore, it is instructive to consider
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(a)

(b)

FIG. 6. Representation of the conditional field state ρ11, corre-
sponding to the ground state of the qubit, as a Schrödinger-cat state
(31). (a) Fidelity of representation for model 1 (red solid line) and
model 2 (green dashed line). For visual guidance, the fidelity of
approximating the Schrödinger-cat state by a mixture of two coherent
states with the corresponding amplitudes is shown by the blue dotted
line (model 1) and the orange dot-dashed line (model 2). (b) Best-
fit parameters of the Schrödinger-cat states, defined according to
Eq. (31): ξ/10 (blue solid line), χ (orange dot-dashed line), and
ϕ/2π (green dashed line). Black dotted lines show the approximate
values of those parameters according to Eq. (42).

the shape of the quasiprobability distributions from that per-
spective, similarly to the analysis of a coherently pumped
single-atom laser reported in Ref. [32].

D. Schrödinger-cat-state generation

The structure of the quasiprobability distributions resem-
bles the one, described by Eq. (32), when the conditions of
an intense field (〈n〉 � 1) and strong coupling (η � 1 and√

η � μ0 + 1
2 ) are fulfilled. In that case, the dynamics of

the quantum state will be mostly defined by the interaction
Hamiltonian (2), which has the eigenvectors [71]

|�n,±〉 = (|n + 1, 1〉 ± |n, 2〉)/
√

2, |�0〉 = |0, 1〉 (33)

and corresponding eigenvalues

En,± = ±h̄g
√

n + 1. (34)

One can construct projectors onto three orthogonal sub-
spaces using the eigenvectors (33):

�± =
∞∑
0

|�n,±〉〈�n,±|, �0 = |�0〉〈�0|. (35)

The projectors enable the interpretation of quasiprobability
distributions P± = P11 ± P12i/cos θ used for the description of
the single-atom laser dynamics in the strong-field regime in a
simple manner. One can show that

〈1|�±ρ�±|1〉 ≈ 1

2

∫
d2α|α〉〈α|P±(α) + O

(
1

〈n〉
)

. (36)

Therefore, such combinations of quasiprobability distribu-
tions correspond to the dynamics of the system in subspaces
of two types of states {|�n,+〉}n=1,2,... and {|�n,−〉}n=1,2,..., cor-
responding to the upper and lower Jaynes-Cummings ladders.
At the same time, the evolution of field states, described by
P±, has a simple form and is reduced to the phase rotation of
the coherent state.

If the average number of photons is sufficiently large, the
state of the single-atom laser can be decomposed over the
components, corresponding to the two subspaces, by neglect-
ing the vacuum component �0|�〉:

|�〉 ≈ �+|�〉 + �−|�〉. (37)

Equation (34) implies that the evolution of components is
described by the following expression (in the interaction rep-
resentation):

�±|�(t )〉 = exp(±iκt
√

ηa†a)�±|�(0)〉 + O

(
1

〈n〉
)

. (38)

The solution can be sought in the form of a coherent state with
a time-dependent amplitude

�±|�(t )〉 ∼ �±|α±(t ), 1〉, (39)

where Eq. (38) implies (see Appendix G) that

α±(t ) = e±iκt
√

η/2α0α0. (40)

Therefore, the general state of the atom and the field has the
form

|�(t )〉 = eiκt
√

ηα0/2|α0eiκt
√

η/(2α0 )〉|+〉

+ e−iκt
√

ηα0/2|α0e−iκt
√

η/(2α0 )〉|−〉 + O

(
1

〈n〉
)

, (41)

where the qubit states |±〉 = (|1〉 ± |2〉)/
√

2 are introduced.
Under the condition 2π |α0| � κt

√
η � 1, the states

|α0eiκt
√

η/2|α0|〉 and |α0e−iκt
√

η/2|α0|〉 become almost orthogonal
and the expression (41) describes a state with hybrid atom-
field entanglement, while the conditional states ρ11 and ρ22

are Schrödinger-cat states. The typical timescale of the non-
classicality buildup is κtf ∼ 1/

√
η.

The incoherent transitions, caused by the interaction be-
tween the atom and the environment with the rates R12 and
R21, mix the subspaces determined by the projectors �+ and
�− and transform the superposition (41) into a mixed state.
The typical timescale of the decay of the coherence-based
nonclassicality is κtd ∼ 1/(a2

0 + ν0 + 1
2 ).
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Comparing Eqs. (31) and (41), we get the following rela-
tions for the parameters ξ , χ , and ϕ of the Schrödinger-cat
state:

χ/ξ ≈ tan
κt

√
η

2α0
, ϕ = κt

√
ηα0. (42)

Dotted lines in Fig. 6 show the constructed estimates of the
parameters, where the exponential decay of the coherent states
amplitude |α±(t )| ≈ α0e−κt is also taken into account.

To check the presence of the predicted atom-field entan-
glement in the numerically simulated states, we analyze the
von Neumann entropy S(ρ) = − Tr(ρ log2 ρ) of the whole
system density operator ρ and of the reduced density operators
ρfield = Tratom ρ and ρatom = Trfield ρ for the subsystems (the
field mode and the atom, respectively). If the state ρ is sep-
arable, the entropy satisfies the inequalities S(ρ) � S(ρfield)
and S(ρ) � S(ρatom) [84,85]. Figure 7 shows that the latter
inequality is violated for 0.01 � κt � 0.06 (model 1) and
0.01 � κt � 0.12 (model 2), indicating the presence of en-
tanglement in the considered system.

V. INCOHERENT STAGE

The dissipative processes (the incoherent pump and decay
of the qubit, the dephasing, and the resonator loss) eventually
erase the information about the phase of the initial coherent
state of the field. Geometrically, this looks like closing the
arc, which describes the angular distribution of quasiproba-
bility, accompanied by the reduction of its diameter due to
energy loss [Fig. 8(a)] taking place until the stationary state is
reached.

Further, it is convenient to consider phase-averaged
quasiprobability distributions, defined as

Pz(r) =
∫ 2π

0
dθ Pz(α = reiθ ; s), z = 11, 22, Re, Im. (43)

Figures 8(b) and 8(c) show the evolution of such phase-
averaged distributions for the two parameters sets, used for
simulation of Fig. 1. The system state evolution, shown in
Fig. 8(b) for model 2, is quite trivial: The most proba-
ble coherent state amplitude monotonically decreases until
reaching the stationary value. The dynamics of model 1 in
Fig. 8(c) is quite different. In the high-amplitude region B, the
almost-exponential decay of the most probable coherent state
amplitude occurs similarly to the previous case. However,
there exists a certain border [the gap G in Fig. 8(c) and the
dot-dashed circle in Fig. 9(a)] at which the quasiprobabil-
ity distribution (instead of shrinking to the stationary state)
takes a double-maximum shape and effectively tunnels to the
region A of smaller amplitudes. Such peculiar behavior of
the quasiprobability distributions closely resembles the am-
plitude bistability phenomenon [22,24] and photon-blockade
breakdown bistability [12–14] reported for continuous coher-
ent excitation of a single-atom laser. Also, similar amplitude
bistability can emerge due to nonlinearity of the considered
cavity [50]. However, in our case the effect is caused by the
inherent nonlinearity of the single-emitter system rather than
by external modification of its decay.

To get a better notion of the analogy between the discussed
dynamics of the single-qubit laser with incoherent pumping

FIG. 7. von Neumann entropy of the whole system state ρ (solid
black lines) and subsystems’ reduced states ρfield (blue dashed lines)
and ρatom (red dot-dashed lines) for (a) model 1 and )b) model 2.
In the shadowed regions, the state is entangled since the separa-
bility condition S(ρ ) � S(ρatom) is violated. The dotted green line
shows the averaged conditional entropy of the field state Scond =
S(ρ11)Trρ11 + S(ρ22)Trρ22, characterizing the mixedness of the field
state if the qubit state is measured in the basis of the ground |1〉 and
excited |2〉 states. For κt � 0.08 the conditional states possess rela-
tively low entropy. The results are obtained by numerical solution of
Eqs. (4)–(6) in the Fock-state representation for a truncated subspace
with the number of photons n � 140.

and initial coherent excitation with the amplitude bistability,
it is useful to consider the expression (A3) from Ref. [22],
which provides the semiclassical steady-state solution

E

κ
= 〈ā〉

(
1 + 2

η

ν + 8〈ā〉η/ν

)
, (44)

where E is the strength of coherent pumping, 〈ā〉 is the
semiclassical steady-state field amplitude, and the notation
ν = γ /κ is introduced for the normalized rate of the qubit-
environment interaction γ used in Ref. [22]. Following the
idea of Eq. (23), one can formally establish the corre-
spondence E (t ) ∼ κα0e−κt indicating the analogy between
continuous coherent pumping and the decaying effect of ini-
tial (pulsed) coherent excitation. Since for η � 1 the effects
caused by the coherent qubit-field interaction are much faster
than the decay of the initial coherent state amplitude decay
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(a)

(b)

(c)

(d)

FIG. 8. Incoherent stage of the single-qubit laser dynamics.
(a) Quasiprobability distribution P11(α; s) + P22(α; s) for model 2.
The dashed circle corresponds to the exponential decay of the field
amplitude α0e−κt . The dotted green circle shows the most proba-
ble amplitude for the stationary state, approached for κt � 5. The
dot-dashed line indicates the angular directions, calculated accord-
ing to Eq. (22). (b) Phase-averaged quasiprobability distribution
P11(r) + P22(r) for the same simulation parameters. The maximum
of the distribution moves in the direction shown by the arrow until
reaching the stationary state. (c) Phase-averaged quasiprobability
distribution P11(r) + P22(r) for model 1 [the simulation parame-
ters from Fig. 1(a)]. The maximum of the distribution moves in
the direction shown by the straight arrow until reaching region B.
Then the distribution tunnels over the gap G to region A, contain-
ing the stationary quasiprobability distribution. (d) Phase-averaged
quasiprobability distribution PRe(r) for the same simulation parame-
ters (model 1).

(a)

(b)

FIG. 9. Analogy with amplitude bistability. (a) Quasiprobabil-
ity distribution P11(α; s) + P22(α; s) for model 1. The dot-dashed
circle indicates the gap between the two maxima of quasiprobabil-
ity denoted by G in Fig. 8. (b) Evolution of the phase-averaged
quasiprobability distribution P11(r) + P22(r) expressed in terms of
the effective coherent pump strength for the same simulation param-
eters. For each E/κ , the shown quasiprobabilities are normalized by
the maximal value. The overlain black line shows the semiclassical
solution according to Eq. (44). The gap in (a) corresponds to the
tunneling between the upper and lower branches of the stable state
curve.

α0 
→ α0e−κt , the semiclassical steady-state amplitude 〈ā〉 can
be associated with the most probable coherent state amplitude
according to the simulated quasiprobability distributions. The
results of overlaying the semiclassical solution on the numer-
ical simulation results are shown in Fig. 9(b). The optimal
fit of the simulated data by the theoretical curve is achieved
when the normalized rate of the qubit-environment interac-
tion is chosen as ν = (R21 − R12)/κ . Since the considered
model corresponds to gradual decay of the effective coher-
ent excitation, the downward curve of the bistability-induced
hysteresis is engaged. The opposite upward trajectory with
lower field amplitudes requires an adiabatic increase of the
coherent excitation, which goes beyond the model analyzed
here.

Additional insight into the reason for the tunneling of the
quasiprobability distribution through the gap can be acquired
from the analogy with the emergence of a bimodal distribution
for photon-blockade breakdown [12,13]. There the effect is
caused by switching between the two Jaynes-Cummings lad-
ders of atom-field states, which correspond to the projectors
�+ and �− from Eq. (35), evolve almost independently, and
are coupled by dissipation-induced jumps. The plot shown in
Fig. 8(d) indicates similar separation of the states at two sides
of the gap in the considered model of an incoherently pumped
single-qubit laser. In the higher-amplitude region [to the right
of the gap G in Figs. 8(c) and 8(d)] the quasiprobability
distribution PRe takes negative values and indicates that the
state belongs to the lower ladder (the subspace defined by
the projector �−). Similarly, the lower-amplitude region is
characterized by positive values of PRe and corresponds to
the upper ladder (defined by the projector �+). The unitary
atom-field coupling does not mix the two subspaces and the
transition is caused by incoherent effects only, thus preserving
the bimodal shape of the quasiprobability distributions for a
considerable time.
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FIG. 10. Evolution of nonclassicality depth τ of the field state
ρ11 + ρ22 averaged over the qubit for model 1 (blue solid line) and
model 2 (orange dashed line). The vertical dotted line schematically
divides the coherent stage II and incoherent stage III of the dynamics.

The established analogy between the dynamics of the con-
sidered system and the amplitude bistability is quite formal
and deserves a more detailed treatment, which goes beyond of
the scope of the present work, which is mainly devoted to the
nonclassicality of the generated states. However, the results in
Figs. 8(d) and 9 clearly show that the discussed phenomena
are closely connected to each other.

VI. NONCLASSICALITY DYNAMICS

Figure 10 shows the dynamics of the nonclassicality depth.
To obtain the shown curves, the evolution of the quasiproba-
bility distributions is simulated for a set of ordering parameter
values s. For each simulation result, the values κt1(s) and
κt2(s), such that the quasiprobability distribution P11(α; s) +
P22(α; s) identifies the state nonclassicality (takes negative
values) for κt1(s) < κt < κt2(s), are found and are plotted in
Fig. 10. While the nonclassicality depth should be used with
caution for a comparison of different classes of nonclassical
states [77], we find that it provides an efficient and sensitive
mathematical tool for quantitative nonclassicality analysis at
different evolution stages of the same state.

The initial growth of the state nonclassicality is caused by
the coherent qubit-field interaction and formation of a hybrid
entangled Schrödinger-cat state at a timescale tf. The resulting
nonclassicality is limited by the incoherent interaction of the
considered system with the environment, destroying quantum
interference at t ∼ td. For model 2, the lower decay rate of the
qubit’s excited state leads to longer preservation of quantum
coherence and a larger maximal value of the nonclassicality
depth.

While extracting the generated nonclassical state from the
resonator may be challenging, there exist a number of fast un-
lock approaches applicable to optical [86–91] and microwave
cavities [92]. Therefore, we expect that the generated states
can indeed be useful for various metrology and quantum in-
formation processing tasks.

In particular, the Schrödinger-cat-like states, generated in
the initial stages of the dynamics, can be useful for detec-
tion of small coherent displacements [93], described by the
coherent displacement operator D(ε) = eε(a†−a) = e−2iεY . The
sensitivity of the state to the displacement parameter ε can be
quantified by quantum Fisher information FQ [94], which is

FIG. 11. Averaged quantum Fisher information for conditional
field states for the dynamics of model 1 (blue solid line) and model 2
(orange dashed line). For comparison, the quantum Fisher informa-
tion for a coherent state is shown by a black dotted line. The results
are obtained by numerical solution of Eqs. (4)–(6) in the Fock-state
representation for a truncated subspace with the number of photons
n � 140.

equal to 4 for a coherent state and to

FQ = 4 + 16χ2

1 + e−2χ2 cos(2ξχ − ϕ)
� 4 (45)

for a Schrödinger-cat state (31). Figure 11 shows the de-
pendence of the averaged quantum Fisher information of
conditional field states on the dimensionless state evolu-
tion time κt . The displayed quantity is defined as F (av)

Q =
FQ(ρ11)Trρ11 + FQ(ρ22)Trρ22. For κt � 0.21 (model 1) and
κt � 0.28 (model 2) the generated states provide better sen-
sitivity to the analyzed displacement ε relative to coherent
states. Similarly to the nonclassicality depth, the quan-
tum advantages of the generated state survive longer for
model 2 due to the lower decay rate of the qubit’s excited
state.

VII. CONCLUSION

Our analysis of quasiprobability distributions for a single-
qubit single-mode laser confirmed its efficiency and fruitful-
ness for gaining a better understanding of the dynamics of that
fundamental model system. It enabled splitting the evolution
of the incoherently pumped single-qubit laser with the initial
(pulsed) coherent excitation of the field mode into two stages:
one coherent and the other incoherent. While direct analysis
of the system’s density operator can conceal the differences
between the stages, visualization of quasiprobabilities helps
us distinguish them clearly.

We have shown that the dynamics of the incoherently
pumped single-qubit laser reproduces the effects of phase and
amplitude bistability, previously reported for systems with co-
herent driving. At intermediate stages of the system evolution,
a strongly nonclassical state is generated. It possesses hybrid
entanglement between the qubit and the field mode and can be
mapped onto a field-only Schrödinger-cat state by measuring
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the state of the qubit. Such a state can be useful, for example,
for encoding quantum information or for quantum metrology.

Also, analysis of quasiprobability distributions was shown
to be useful for quantification of the generated state non-
classicality and determination of the optimal conditions for
nonclassical state generation.

APPENDIX A: REGULARITY OF QUASIPROBABILITY
DISTRIBUTIONS IN THE STATIONARY STATE

The stationary field state of an incoherently pumped single-
qubit laser is diagonal in the Fock-state basis [33] and has the
asymptotics ρnn ∼ (ηa0)2n/(n!)2. Each Fock state |n〉 maps
onto the quasiprobability distribution [72]

Pn(α; s) = 2

1 − s

(
− 1 + s

1 − s

)n

exp

(
− 2|α|2

1 − s

)

× Ln

(
4|α|2
1 − s2

)
. (A1)

The Laguerre polynomial has the representation

Ln(x) =
n∑

k=0

(
n

k

)
(−x)k

k!
, (A2)

which implies |Ln(x)| < (1 + |x|)n.
The s-ordered quasiprobability distribution can be ex-

pressed in the following form for the stationary state:

P(α; s) =
∞∑

n=0

ρnnPn(α; s). (A3)

Here each term is bounded according to

|ρnnPn(α; s)| <
const

(n!)2

[
η2a2

0
1 + s

1 − s

(
1 + 4|α|2

1 − s2

)]n

× exp

(
− 2|α|2

1 − s

)
(A4)

and convergence of the sum is ensured for any α and s < 1.

APPENDIX B: EXPRESSIONS FOR CONVECTION
AND ABSORPTION COEFFICIENTS

Here the expressions for the coefficients in Eq. (14) are
given. The absorption coefficient a is described by the follow-
ing matrix:

a =

⎛
⎜⎜⎝

4a2
0 −(4ν0 + 2) −2

√
ηx 2

√
ηy

−4a2
0 4ν0 + 2 2

√
ηx −2

√
ηy√

ηx −√
ηx 2μ0 + 1 0

−√
ηy

√
ηy 0 2μ0 + 1

⎞
⎟⎟⎠. (B1)

The convection coefficient β is a 4 × 4 matrix, where each
element is a two-component vector mapped to a scalar

differential operator after multiplication by ∇,

β · ∇ =

⎛
⎜⎜⎝

0 0 2D(+)
x −2D(+)

y

0 0 2D(−)
x −2D(−)

y

D(−)
x D(+)

x 0 0
−D(−)

y −D(+)
y 0 0

⎞
⎟⎟⎠, (B2)

where

D(±)
x =

√
η(1 ± s)

4

∂

∂x
, D(±)

y =
√

η(1 ± s)

4

∂

∂y
. (B3)

APPENDIX C: OPTIMAL ORDERING PARAMETER
VALUE FOR VISUALIZATION OF QUASIPROBABILITY

DISTRIBUTIONS

Figure 12 shows the single-qubit laser dynamics for differ-
ent values of the ordering parameter s, describing smoothness
of the quasiprobability distributions. The optimal value of s
should ensure demonstration of all the discussed stages of
dynamics and regions of the phase space, sufficient sensitivity
to the generated state nonclassicality, and stability and fast
convergence of numerical calculations.

According to the definition of the nonclassicality depth
τ , the quasiprobability distributions for s � smin = 1 − 2τmax,
where τmax is the maximal value of the nonclassicality depth
achieved during the dynamics, are not suitable for detection of
the field-state nonclassicality. In particular, the critical value
is smin = 0.31 for model 1 (Fig. 10) and the quasiprobability
distribution, shown in Fig. 12(d) for s = 0.2, remains positive
during all stages of dynamics. The distribution in Fig. 12(c)
corresponds to s slightly larger than smin and indicates genera-
tion of a nonclassical state at the beginning of the coherent
stage II. However, during the remaining part of the coher-
ent stage of dynamics, the interference region is suppressed
because of too strong smoothing of the quasiprobability dis-
tribution.

The quasiprobability distribution for s = 0.65, shown in
Fig. 12(a), demonstrates the opposite behavior. The in-
terference region is characterized by fast high-amplitude
oscillations, which obscure the arc in the image and may lead
to numerical instability if the calculation mesh is not fine
enough.

The optimal trade-off between the sensitivity to the state
nonclassicality and numerical stability (for particular values
of the model parameters) is achieved for s ≈ 0.5. That value
is used for simulation of the data shown in Figs. 1,2,4–6,8,9.

APPENDIX D: APPROXIMATE EQUATIONS
FOR THE ARC REGION

The characteristic scales of the arc region, which
can be noticed from the numerical modeling results, are
Pz(α; s), ∂Pz/∂x, and ∂Pz/∂y = O(1), with (1/κ )∂Pz/∂t =
O(r), where z = 11, 22, Re, Im. Therefore, the terms on the
right-hand side of Eq. (14) have the orders c
u = O(1),
∇ · (γu) = O(r), (β · ∇)u = O(

√
η), and au = O(r

√
η). For

η � 1, the leading order of decomposing Eq. (14) reads

O(r) = O(r) + O(
√

η) + √
ηrãu, (D1)
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FIG. 12. Overlain quasiprobability distributions P11(α; s) + P22(α; s) for different stages of the single-qubit laser dynamics and different
values of the ordering parameter s: (a) 0.65, (b) 0.50, (c) 0.35, and (d) 0.20. The notation of the stages, the meaning of dashed lines, and the
parameters of the model are the same as in Fig. 1(a). The quasiprobability distributions are normalized by their maximal values.

where

ã =

⎛
⎜⎝

0 0 −2 cos θ 2 sin θ

0 0 2 cos θ −2 sin θ

cos θ − cos θ 0 0
− sin θ sin θ 0 0

⎞
⎟⎠ (D2)

is the part of matrix a, proportional to
√

ηr.
The matrix ã has two zero eigenvalues, corresponding

to the combinations (P11 + P22)/2 and PRe sin θ + PIm cos θ .
Those combinations are not constrained by Eq. (D1). The two
remaining (orthogonal) combinations must be small enough
to satisfy Eq. (D1) as indicated by Eq. (18). Therefore, one
can reduce the set of considered quasiprobability distributions
to

P11 + P22

2
≈ P11 (D3)

and

PRe sin θ + PIm cos θ ≈ PIm

cos θ
. (D4)

The reduced two-component quasiprobability vector u′ =
(P11(α; s), PIm(α; s)/cos θ )T satisfies the partial differential
equation

u̇′ = c
u′ + ∇ · (γu′) − (β′ · ∇)u′ − a′u′ + O

(
1

r
,

1√
η

)
,

(D5)

where

(β′ · ∇) = −
√

η

2r

(
0 1
1 0

)
∂

∂θ
(D6)

and

a′ =
(

0 0
0 2μ0 + 1

)
. (D7)

Further, the matrix in Eq. (D6) can be diagonalized by ro-
tation of the vector u′ induced by introduction of the linear
combinations of the quasiprobability distributions according
to Eq. (19). Then Eq. (D5) takes the form (20).

APPENDIX E: APPROXIMATE EXPRESSIONS
FOR THE INTERFERENCE REGION

The characteristic scales of the interference region are
Pz(α; s), ∂Pz/∂y = O(1), (1/κ )∂Pz/∂t = O(r), and ∂Pz/∂x =
O(

√
η), where z = 11, 22, Re, Im. The leading order of de-

composing Eq. (14) is O(η,
√

ηx) and yields Eqs. (25)–(28).
Their solution in the form (29) can be found for the parameters
k and ω obeying Eq. (30) and the relative amplitudes and
phases being connected by the relations

b11,22 = 2
√

η

k

s

1 − s

√
k2(1 ± s)2 + 16

k2s2 + 16
(E1)
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and

tan(ϕ11,22 − ϕRe) = −
[

ks(1 − s)

4x
± 4x

k

]
, (E2)

where the signs + and − correspond to indices 11 and 22,
respectively.

APPENDIX F: FITTING THE GENERATED STATE
BY A SCHRÖDINGER CAT STATE

To fit a certain field state ρ (e.g., the conditional state
ρ11) by a Schrödinger-cat state (31), it is useful to relate
the parameters ξ and χ of the state to moments of the field
quadratures X = (a + a†)/2 and Y = (a − a†)/2i. Direct
calculations show that the following relations hold for the
state (31):

〈X 〉 = ξ − χe−2χ2
sin φ

1 + e−2χ2 cos φ
, (F1)


Y 2 = 〈Y 2〉 − 〈Y 〉2 = 1

4
+ χ2

1 + e−2χ2 cos φ
. (F2)

Here the parameter φ = 2ξχ − ϕ is introduced. On the other
hand, the values 〈X 〉 and 
Y 2 can be calculated from the
quasiprobability distribution P(α; s), describing the consid-
ered state ρ, in the following way:

〈X 〉 = X , 
Y 2 = 1

4
+ 1 − s

4
+ (Y 2 − Y

2
). (F3)

Here the notation f (a, a†) corresponds to averaging over the
quasiprobability distribution:

f (a, a†) =
∫

d2α P(α; s) f (α, α∗). (F4)

For a given value of φ, the parameters ξ and χ can be
found from Eqs. (F1) and (F2). To estimate the parameter φ

itself, the quasiprobability distribution P(α; s) can be fitted by
the expression (32). Since the right-hand sides of Eqs. (F1)
and (F2) have a weak dependence of φ, the procedure can be
performed iteratively, where each iteration includes fitting of
φ for fixed ξ and χ and subsequent update of ξ and χ for the
found φ.

APPENDIX G: PHASE ROTATION OF A COHERENT
STATE

To derive Eq. (40) from Eqs. (38) and (39), one needs to de-
scribe the action of the operator having the form exp(iζ

√
a†a)

at a coherent state |α〉 with a large amplitude |α| � 1. The
calculations can be performed by explicitly using the coherent
displacement operator D(α) = exp(αa† − α∗a):

eiζ
√

a†a|α〉 = D(α)D†(α)eiζ
√

a†aD(α)|0〉
= D(α)eiζ

√
(a†+α∗ )(a+α)|0〉

≈ eiζ |α|D(α) exp

[
iζ

α

2|α|a† −
(

iζ
α

2|α|
)∗

a

]
|0〉

≈ eiζ |α|/2D(αeiζ/2|α|)|0〉 = eiζ |α|/2|αeiζ/2|α|〉.
(G1)

The error of the approximation used has the order of magni-
tude O(1/|α|).
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