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Experimental preparation of generalized cat states for itinerant microwave photons
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Generalized cat states represent arbitrary superpositions of coherent states, which are of great importance
in various quantum information processing protocols. Here we demonstrate a versatile approach to creating
generalized itinerant cat states in the microwave domain, by reflecting coherent-state photons from a microwave
cavity containing a superconducting qubit. We show that with a coherent control of the qubit state, a full control
over the coherent-state superposition can be realized. The prepared cat states are verified through quantum state
tomography of the qubit-state-dependent reflection photon field. We further quantify quantum coherence in the
prepared cat states based on the resource theory, revealing a good experimental control on the coherent-state
superpositions. The photon number statistic and the squeezing properties are also analyzed. Remarkably, fourth-
order squeezing is observed in the experimental states. Those results open up new possibilities of applying
generalized cat states for the purpose of quantum information processing.
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I. INTRODUCTION

Coherent states are regarded as quasiclassical states with
minimum uncertainties. Preparing superpositions of a co-
herent state is of widespread interest to explore such an
intriguing quantum phenomenon for macroscopically distinct
states [1-15]. Specifically, equal superpositions of coherent
states |o) £ |—«a) are known as cat states, in deference to
Schrodinger’s famous thought experiment [16]. Accordingly,
arbitrary superpositions of coherent states are commonly
termed as generalized cat states [14], which serve as impor-
tant quantum resources for various continuous-variable-based
quantum information processing protocols, including quan-
tum communication [17,18], quantum computation [19-22],
and quantum metrology [23,24]. Even though the cat states
are known to be delicate, they have been demonstrated to be a
powerful encoding scheme for the implementation of quantum
error correction [25-27].

Schrodinger’s cat state is not necessarily confined in a
closed box, but could take a propagating mode. Itinerant
cat states of photons have been proposed to be used as
carriers of quantum information through a lossy channel
[18,28] or for fault-tolerant quantum computation [29,30].
Generalized itinerant cat states are originally prepared with
linear optics in a nondeterministic approach by subtracting a
single photon from a squeezed vacuum and coherent displace-
ment operations [31]. A deterministic preparation requires a
cavity quantum electrodynamics (QED) system, with which
odd and even cat states have been successfully prepared by
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either releasing a stationary cat from the cavity as propagating
modes [13] or reflecting coherent-state photons from a cavity
containing a qubit [15,32]. The latter scheme is essentially a
variation of Duan-Kimble scheme for optical quantum com-
putation [33], which has been broadly used in the quantum
nondemolition measurement of a single photon [15,33-36],
realizing a controlled-phase gate between an atomic and a
photonic quantum bit [37,38] or between two photonic quan-
tum bits [33,39], and generating remote qubit entanglement
[40,41]. Notably, generalized cat states in the optical domain
have been successfully prepared with this scheme [14].

In this work, we have prepared generalized itinerant cat
states in the microwave domain with the above-mentioned
scheme. Coherent-state photons are reflected from a mi-
crowave cavity containing a superconducting qubit. A full
control over the coherent-state superposition can be realized
by a coherent control of the qubit state. Quantum super-
positions are verified with quantum state tomography and
further quantified with a quantum coherence resource the-
ory. The prepared states exhibit distinct nonclassical features
in the statistical properties of the photon field, demonstrat-
ing a well-controlled evolution of the reflected photon field
from a super-Poissonian distribution to a sub-Poissonian dis-
tribution, or from antisqueezing to squeezing. In particular,
fourth-order squeezing is observed in the superposition states.
Those results demonstrate an important toolbox for quantum
information processing protocols based on the cat states.

II. METHODS

We use a three-dimensional (3D) microwave cavity disper-
sively coupled to a superconducting transmon qubit, for which
the Hamiltonian can be written as H/h = (w, + xo0.)a’a +
w40, /2, where a (a") is the annihilation (creation) operator of

©2022 American Physical Society
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FIG. 1. The protocol for the generalized cat-state preparation.
(a) The pulse sequence for the preparation of generalize cat states.
Initially, the qubit is prepared to a superposition state (|0) + |1))/~/2,
and coherent-state microwave photons are sent to the cavity. The
reflected photons would acquire a conditional phase depending
on the qubit state. The qubit is further rotated with Ry (§) =
exp[—i%((rx sin@, — o, cosd,)], and projected to either |0) or [1)
with a projective measurement. The reflected photons conditioned
on the qubit state either in |0) or |1) would be a superposition of
coherent states. (b) The measured cavity reflection spectra when
the qubit is in either |0) (blue) or |1) (red). In the experiment, we
tune the cavity linewidth to meet ¥ ~ 2|x|. The resulting (c) phase
difference of the qubit-state-dependent reflections reaches 7 at the
bare cavity frequency w,. The dots are the measured results and the
solid lines are the theoretical fitting results. The dashed line indicates
the frequency of the input photons.

the cavity mode, o, is Pauli operator of the qubit, w, represents
the cavity frequency, w, is the qubit frequency, and x is
dispersive shift induced by the interaction between the qubit
and the cavity. As shown in Fig. 1(b), the cavity reflectance
depends on the state of the qubit due to the dispersive term,
resulting in a phase difference of the cavity reflectance when
the qubit is in |0) and in |1). In the experiment, we tune the
total cavity line width ko to approximately 2| x| to realize a
phase difference of 7 at w,, as illustrated in Fig. 1(c).

The protocol for the generation of generalized itinerant cat
states in the microwave domain is shown in Fig. 1(a). The
qubit initially takes a quantum superposition (|0) + |1))/~/2.
When a coherent-state microwave pulse is sent to the cavity,
the reflected photons would acquire a conditional phase shift
depending on the qubit state, and thus the system would be in
a Schrodinger cat state expressed as [42]

(10)|a) + 1) |—ar))/V/2. (1)

Such a photon-qubit entangled state serves as the basis for
the generation of generalized cat states. If an arbitrary ro-
tation Ry, (§) = exp[—i%(ox sin 6, — o, cos¢,)] is applied on
the qubit, and then the qubit state is projected to either
|0) or |1) with a projective measurement, we would have a

|[y1) = JV(— sin %eieqla) +c0s%|—a>>, 2)

where .4 represents a suitable normalization factor. It can
be seen that & and 0, control the weight and phase of the
coherent-state superposition, respectively. Specifically, with
& =m/2 and 6, = 0, we would have an odd or even cat state
of microwave photons, |¥./,) = A (Ja) & |—a)), conditioned
on the qubit state of either |0) or |1). If taking £ = 7w /2 and
0, = m/2, we would have the so-called Yurke-Stoler (YS)
state [43] expressed as |Vrys) = A (o) & e 7/%|—a)). The
YS state differs from the odd or even cat state only by a super-
position phase, but shows distinctly different photon number
statistics, as discussed later.

Before being acquired with a homodyne setup, the reflected
photons are successively amplified by a cascade amplifier
circuit containing a Josephson junction parametric amplifier
(JPA), a high-electron-mobility-transistor amplifier and two
microwave amplifiers at room temperature. The JPA is work-
ing in a phase-preserving mode [44,45] with a gain of 16 dB
around the cavity frequency, yielding an overall circuit de-
tection efficiency 1/(npise + 1) = 20% with a noise photon
number 7,4 = 4. In this way, we record the quadrature
distribution of the qubit-state-dependent reflection signal and
calculate its moments up to the sixth order. The quantum
state of the reflected photons can be reconstructed from the
moments with a maximum-likelihood method [46]. It is worth
noting that statistical features of the photon field, such as
photon number distribution and squeezing, can be directly
extracted from the calculated moments [46].

III. RESULTS

A. Generalized cat states

Following the protocol mentioned above, we experimen-
tally showcase the preparation of arbitrary superpositions of
two coherent states with opposite amplitudes. It is impor-
tant to note that in the presence of finite cavity loss, the
coherent-state superposition phase 6 deviates from the qubit
superposition phase 6, with § — 6, = 0.125% corresponding
to o = 1.07 in the experiment. Detailed discussions can be
found in Appendix D. In Figs. 2(a) and 2(b), we present
the reconstructed Wigner functions of the reflected itinerant
microwave photons conditioned on the qubit state in |0) and
|1), with varied azimuthal angles 6 and polar angles & of
the coherent-state superposition. The negative-value regions
in the Wigner functions characterize quantum coherence for
the prepared states, which are of no classical explanation.
By scanning & from O to /2 and using 6 = 0, the re-
flected photon state changes continuously from a coherent
state to cat states with equivalent distributions on |«) and
|—o), as expected from Eq. (2). When varying 6 from O to
while keeping & = 7 /2, the measured photon state gradually
evolves from an even cat state to an odd cat state conditioned
on the qubit state in |0), or vice versa for the qubit state in |1),
indicating a well-controlled superposition phase. Specifically,
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FIG. 2. Experimental Wigner function of the generalized cat
states. For varied rotation angles & and 6 of the coherent-state
superposition, the measured Wigner functions are of the reflected
itinerant microwave photons conditioned on the qubit state in either
|0) or |1). We choose the coherent-state amplitude = 1.07. (a) The
results when scanning & from 0 to /2, while keeping 6 = 0. The
reflected photon state gradually evolves from a coherent state to an
equal superposition of two coherent states with opposite amplitudes,
known as the even or odd cat state when the qubit state is in |0) or |1).
(b) The results when varying 6 from 0 to r, while keeping & = 7 /2.
The phase evolution of the cat state can be seen from the change of
the interference fringes. Conditioned on the qubit state in |0) (or [1)),
the measured odd (even) cat state continuously evolves to an even
(odd) cat state. The fidelities of the experimentally reconstructed
state compared with the corresponding ideal state are labeled in each
figure.

with 6 = /2, we obtain the YS states, characterized by the
unsymmetrical interference patterns [43,47]. It is known that
quantum interference of the coherent components alters the
photon statistics, and thus conceivably results in different par-
ities of the superposition state. In the experiment, we observe
a continuous evolution from a sub-Poissonian photon distri-
bution to a super-Poissonian one with a varied 6 from O to r,
which agrees well with the theory and manifests good control
over the photon number statistics of the superposition states.
More details can be found in Appendix E3. Those results
unambiguously manifest the preparation of arbitrary quantum
superposition of coherent states.

The size of the superposition state can be controlled by the
amplitude of the coherent components «. The superposition
of coherent states with arbitrary optical phases can also be
prepared with the current scheme. The optical phases, which
are defined as the phase difference between two coherent
components, are determined by the signal frequency, which in
principle can be changed from 7 to O through a detuning from
the bare cavity resonance w.. We showcase the preparation of
superposition containing two coherent states with a relative
optical phase of 0.9 with a detuning of 0.7 MHz. Details of
those results can be found in Appendix E 2.
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FIG. 3. Quantum coherence and photon statistics of the general-
ized cat states. (a) @ coherence for the odd and even cat states with
varied sizes. (b) « coherence of the superposition states conditioned
on the qubit state in |0) and |1), when varying & from O to 77 /2 while
keeping 6 = 0. The error bar is given by a standard deviation of
the measured data, some of which are smaller than the size of the
markers. The blue solid lines and the red dashed lines are theoretical
results based on the corresponding ideal states conditioned on the
qubit state in |0) and |1), respectively. The blue dot-dashed lines
and the red dotted lines are theoretical results considering possible
experimental loss and decoherence conditioned on the qubit state in
|0) and |1), respectively. The blue squares and the red circles show
the experimental data for the states conditioned on the qubit state in
|0) and |1), respectively.

The infidelity of the prepared cat states mainly originates
from cavity loss during the reflection process, qubit decay
and dephasing, and qubit state measurement error. As for our
experiment, cavity loss is the dominant error source for most
of the cases, which contributes more than 60% of infidelity
to the experimentally prepared odd and even cat states with
o = 1.07. Considering that the cavity internal loss rate «; /27w
is about 0.22 MHz in the experiment, which is substantially
larger than the state-of-the-art values [48], an improved mi-
crowave cavity with smaller «; is preferred to achieve better
fidelity, especially for cat states with large . A detailed dis-
cussion of the error model and error budget can be found in
Appendix D.

B. Quantum coherence of the cat states

To quantify the quantum superposition in the prepared
states, we analyze the experimental states with a recently
developed quantum coherence resource theory [49,50]. The
resource theory essentially measures the amount of co-
herence introduced by superposition or entanglement in a
given quantum state. As for coherent-state-based superpo-
sition, the idea of « coherence was introduced based on
the Glauber-Sudarshan P distribution, assisted by proper or-
thonormalization of the basis set and state decomposition
[50]. In this definition, coherent states or their statistical
mixtures are taken as classical states without coherence; cor-
respondingly, one would have « coherence as 0.

In Figs. 3(a) and 3(b), we present o coherence for the
experimental states with varied o and &. The nonzero values
of o coherence characterize the nonclassical property of the
prepared states. When the prepared state evolves from a co-
herent state to an odd or even cat state by varying £ from O to
7 /2, one can see a continual growth of o coherence, as shown
in Fig. 3(b). Theoretical results based on the error model are
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basically in line with the trend of experimental data, which
verifies that the deviations between experimental states and
their corresponding ideal states are mainly caused by cavity
loss and qubit-related imperfections that induced decoherence
of the superposition states. This decoherence effect can also
be reflected from the decreasing trend of « coherence of odd
and even cat states with larger size, as shown in Fig. 3(a).
This is because the coherence of the cat states is negatively
related with o as exp(—Lozz), where L is determined by cav-
ity loss. We find that o coherence is numerically sensitive
to the off-diagonal elements of the density matrix, and thus
the noticeable deviation between the theoretical curve and
experimental data is attributed to the daily fluctuation in qubit
coherence.

C. Squeezing

Squeezing refers to a reduced quantum fluctuation for a
certain quadrature of the photon field than that in the vacuum
state or coherent state, which is important for various appli-
cations in quantum metrology [51,52]. Quantum interference
of the coherent-state components could result in squeezing of
the reflected photon fields. To quantify the squeezing effect
in the experimentally prepared states, we use a generalized
squeezing parameter defined as [47]

((ApY) — V(v — !
CV2(N — D! ’

WN) _
SM = 3)

where N is the order of squeezing, C = 1/4 is the constant
of the commutation relation, and ((Ap)") is the Nth-order
moment of the quadrature operator in the p direction, which
is the expected squeezing direction for the experimental con-
figuration. ¢ < 0 indicates the existence of squeezing, and

the maximum squeezing corresponds to S = —1. We shall
only consider the moments of even order since otherwise we
would always have S[()N ) > 0 [47]. Second-order squeezing has
been extensively studied with a broad spectrum of quantum
state, describing a smaller variance of the field distribution
than that of a coherent state. Higher-order squeezing with
N > 2 essentially describes a reduced quantum fluctuation
for higher-order moments of the photon field, allowing much
more fractional noise reduction than lower-order squeezing
[53].

Previous pioneering works demonstrate that second-order
squeezing can be observed in the even cat state with small «
[54]. Figure 4(a) shows Sf) with varied « for the experimental
states conditioned on the qubit state in |0), which corresponds
to even cat states with varied sizes. Second-order squeezing
is observed for all of the experimental states as expected.
Moreover, a gradually declined squeezing level is observed
in Fig. 4(b) when the experimental state evolves from an
even cat state to a coherent state, which is consistent with
the theory. Additionally, when varying 6 from O to 7 while
keeping & = 7 /2 [Fig. 4(c)], we observe a continuous evo-
Iution from a squeezed even cat state to an antisqueezed odd
cat state. For the SI(,Z) evolution mentioned above, theoretical
results based on the error model are in agreement with the
experimental results, with the deviations mainly originating
from daily fluctuation in qubit coherence.
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FIG. 4. Squeezing of the generalized cat states. The second-
order and fourth-order squeezing for the various coherent-state
superpositions conditioned on the qubit state in |0), with (a) var-
ied coherent-state amplitude @ when keeping £ = 7 /2 and 6 =0,
(b) varied population fraction of the two coherent components &
when using @ = 1.07 and 6 = 0, or (c) varied superposition phase 6
when using @ = 1.07 and & = 77/2. S < 0 indicates the existence
of squeezing. The scattered plots show the experimental data. The er-
ror bar is given by a standard deviation of the measured data, some of
which are smaller than the size of the markers. The blue dot-dashed
lines and cyan dotted lines are the theoretical results of second-order
and fourth-order squeezing considering possible experimental loss
and decoherence, respectively. The blue solid lines and cyan dashed
lines are the theoretical results of second-order and fourth-order
squeezing of the corresponding ideal states, respectively. The blue
squares and the cyan circles show the experimental results of the
second-order and fourth-order squeezing, respectively.

Prominently, we observe explicit fourth-order squeezing in
the experimental states. As shown in Fig. 4(b), S;f) shows
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negative values for the even-cat-like states with varied relative
ratio between |«) and |—«). Also, in Fig. 4(a), for even cat
states with an equal proportion of two coherent contributions,
fourth-order squeezing can be observed with smaller «. Those
results demonstrate a versatile control on the squeezing of the
photon field with our method.

IV. CONCLUSION

In conclusion, we have experimentally prepared various
kinds of itinerant cat states in the microwave domain by
reflecting coherent-state photons from a cavity containing a
superconducting qubit. The superposition of coherent compo-
nents can be well controlled through a coherent control of
the qubit state. The preparation of generalized cat states is
confirmed via a quantum state tomography on the reflected
photon field, and further quantified in the frame of quantum
coherence resource theory. We note that this method is of great
versatility in controlling the statistical properties of a photon
field, for which we have realized a continuous evolution of the
reflected field from a super-Poissonian distribution to a sub-
Poissonian distribution, or from antisqueezing to squeezing.
Even more, we have observed fourth-order squeezing in the
prepared states. Our results demonstrate a powerful toolbox
for many quantum information processing protocols based on
coherent-state superposition or nonclassical light field statis-
tics [17,18,18-24,28,51,52].
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APPENDIX A: SAMPLE AND MEASUREMENT SETUP

The sample consists of a three-dimensional microwave
cavity made from bulk aluminum, and a superconducting
qubit made from aluminum film on a sapphire substrate [32].
The qubit is placed at the center of the 3D cavity to achieve
strong coupling. The out-coupling rate of the cavity is pre-
cisely tuned by adjusting the length of a one-dimensional
transmission line extended into the cavity, to meet the optimal
phase condition as ki ~ 2|x|, as shown in Fig. 1(b). The
sample is cooled to about 20 mK in a dilution refrigerator for
experiments. A detailed list of the device parameters can be
found in Table I.

The measurement setup is schematically shown in Fig. 5
[32]. Specifically, the cavity reflection signal is succes-
sively amplified by a cascade amplifier circuit containing a

TABLE I. System parameters.

Cavity bare frequency w./2mw (GHz) 8.6885
Cavity internal loss rate «; /2w (MHz) 0.22
Cavity out-coupling rate «, /2w (MHz) 2.23
Qubit frequency w, /27 (GHz) 5.2927
Dispersive coupling rate x /2m (MHz) —1.1
Qubit energy relaxation time 77 (us) 20
Qubit dephasing time 75 (us) 6
Qubit readout fidelity 97.0%
JPA gain (dB) 16

Josephson parametric amplifier (JPA) at the base plate, a
high-electron-mobility transistor (HEMT) amplifier at a 4 K
plate, and two microwave amplifiers at room temperature. The
amplified signal is finally acquired by a homodyne setup. The
JPA is working in a phase-preserving mode with the gain
of 16 dB around the cavity frequency, yielding an overall
detection efficiency 1/(nyeise + 1) = 20%, with a noise pho-
ton number n,,i5c = 4. In this way, we measure the amplified
in-phase and quadrature signals of the reflected photon field,
which can be used for the calculation of moments for the
photon distribution and quantum state tomography, as seen in
the next section.

APPENDIX B: MOMENTS AND QUANTUM
STATE TOMOGRAPHY

1. Photon number calibration

In this cat-state generation scheme, the size of the cat state
is determined by the input coherent state of which the strength
|a|? is proportional to the input photon flux 72,. In order to
confirm the size of the cat state, photon flux n, is calibrated
with the method introduced in Ref. [35]. This method is based
on the additional qubit dephasing rate I, induced by the AC
Stark shift when the cavity is occupied by a certain number
of photons. With a continuous coherent drive at frequency
wy applied to the qubit-cavity system, the additional qubit
dephasing rate I',, can be expressed as

2
Ktot X _ _
Fy=—w%X G, +7),
" Kt%t/4 + x2+ Afj
iy = £ (B1)

k2, /4 + (Ag £ x)?*

where 711 is the average photon number in the cavity when
the qubit is in |0) or |1). The detuning between the coherent
driving and cavity frequency, Ay = w; — w, = —0.1 MHz,
is chosen during calibration. By fitting the relation between
the practical qubit dephasing rate and varied cavity input
signal strength with Eq. (B1), the corresponding photon
flux in the cat-state preparation experiment is figured out as
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FIG. 5. An illustration of the experimental setup.

g = 1.3540.05 us~'. Then, by using input-output theory
[55], the size of the prepared cat state in the reflection path
|| can be calculated as

K,

S SR
X + ikt /2

ol = /i, = ‘ ViaT. (B

Here the drive signal is taken resonant with the cavity mode
wg = ., and T is the length of the coherent pulse. In our
experiment, with the length of the coherent pulse 7 = 1 pus,
the size of the cat state with varied & and 6, is fixed at |a| =
1.07 £ 0.04, while the even or odd cat state with varied size
|| is investigated from 0.8 to 1.3.

2. Moments of the photon field and quantum state tomography

As discussed in the last section, our measurement setup
effectively performs a homodyne detection on the propagat-
ing photon modes [46,56]. The two conjugate quadratures
I, Q constitute the complex amplitude S = I 4+ iQ, which is
repeatedly recorded during the experiment. In principle, the
quantum state of the propagating light field can be fully

reconstructed based on the distribution of the measured
quadratures. A practical issue is that the measured quadratures
contain both the signal of reflected photons and the noise
added by the detection chain. Therefore, one has to first ex-
tract the information of the reflected photon field from the
measured quadratures for further state tomography. A detailed
discussion about this method can be found in Ref. [56].
Considering both the amplified cavity reflection and the
added noise, the measured complex amplitude S is equivalent
to the result of the measurement operator S=a+ i;T, where
a is the annihilation operator of the reflected microwave pho-
ton mode and A" is the creation operator of the noise mode,
which originates from the added noises of the amplifiers and
the circuit losses [57]. In order to separate the noise from
the signal, the complex amplitude was measured for both the
desired state and the vacuum state, with the measurement op-
erator expressed as S, = a + i and Sy, = h', respectively.
Assuming the noise added by the detection chain is indepen-
dent of the photon signal, there is no correlation between the
signal mode a and noise mode /4. This means the moments

((S‘:ig)mﬁg’ig) of the complex amplitude with signal, Sy, can
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be expanded as

m,n

(LS =>" (’;) (T)((af)fawzm"(ﬁ*)"f'>, (B3)

i,j=0

where (A"~i(h")"~7) corresponds to the moment of the
measured vacuum state ((S,.)"'Sv.’). By solving these
equations, the moments of only the signal photon state without
noise, ((a")"&"), can be obtained.

Further, based on the measured moments, one could re-
construct the density matrix of the itinerant photon field with
quantum state tomography [56]. With the moments in dif-
ferent orders ((a')"a") of the measured photon state and
its standard deviations §,, ,, a most likely density matrix of
the photon state can be obtained by applying a maximum-
likelihood method. The log-likelihood function is shown as

1o .
Liog = =) 55— I(@")"a") = Trlpw@)"a"1>. (B4)

nm mn

Maximizing this log-likelihood function with the physical
constraints ppn 2> 0 and Trp,, = 1, the experiment state
can be consequently reconstructed. In our experiment, the
complex amplitudes of the amplified propagating mode are
sampled by 3 x 107 times. The moments up to 6 order (m -+
n < 6) were taken into consideration, and a cutoff photon
number of 11 is used for the reconstruction of the quantum
states.

APPENDIX C: « COHERENCE

The generalized cat states realized in the experiment con-
sist of various kinds of superpositions of two coherent states.
In order to quantify the quantum coherence in the cat states,
especially in the presence of loss, we calculate the o coher-
ence of the prepared states.

As described in Ref. [49], the original proposal of the
coherence in a certain quantum state is discussed in the dis-
crete finite-dimensional case, which is a far cry from the cat
states studied here. Taking the Fock basis {|n)} to illustrate,
the two coherent-state components would have nonzero co-
herence even larger than that of their superpositions, which
indicates that this quantifier is incongruent to quantify the
superposition-induced quantum coherence here. A recent
work has developed an approach to extend the application
of the existing quantifiers to the arbitrary superposition of
coherent states, through a proper orthonormalization on the
basis set and state decomposition [50]. First, the considered
system A is jointed with an (N 4 1)-dimensional auxiliary
system B with an orthonormal basis set {|i)z} (i =0, ..., N),
exganding the target density matrix ps to a tensor product
ngB) = ps ® |0)5(0|. Then, one could figure out a set of co-
herent states |a'”),, achieving the condition

Tr(ja™), (@®] @ [0)5(0] 045 )

= max Tr(|a), (@] ® [0)50lps5 ). (C1)

M — g7 . G=Dysi -
where Pap = Ugoprg U and U =11+
)4 (@1 ® (110501 + 10) (il = 10)5(0] = Ii)g{il).  After

N unitary transformations, the population originally concen-
trated in the subspace |0)5 (0| is spread around the total space
with orthogonal components {|a®),]i)5}, leaving an almost
zero trace in the subspace |0)5(0|. By projecting the trans-
formed density matrix p\y’ onto the subspace {|a®),|i)z)}
with projector [T™ = YV |a®), (@] ® |i) (i, the original
density matrix is reconstructed on a coherent-state basis set
as pg = A (MM pPTI™), which is now compatible with
the commonly used coherence quantifiers [49]. The amount
of coherence calculated in this density matrix form is called o
coherence. Here we employ the relative entropy as a quantifier
to meter quantum coherence, defining a C,, as

Co(B2) = S(p242) — S(p), (C2)

where S(p) = —Tr(p log, p) is the von Neumann entropy.

APPENDIX D: THE LOSS MODEL AND ERROR BUDGET
1. The loss model

In this part, the contribution of cavity loss, finite qubit
lifetime (77, T;), and qubit-state measurement error to the
infidelity of the generalized cat states is calculated.

Considering finite cavity loss, the qubit-photon entangled
system can be written as (|0)|a) |aé) + [1)]af) |ot{))/«/§. Us-
ing input-output theory [55,58], the reflection mode o, ) and
the loss mode |oz(l) /1) conditioned on qubit state |0)(|1)) can be
written as

o I KK

o = ———— Uy,
/1 AZl’:X +iKt0[/2 "
K
oy = ——1])¢ ,
o/ (Aix +iKt0[/2 > "

where o, is the amplitude of the input coherent-state photon,
A is detuning between the frequency of the input photon and
the cavity bare frequency, «, is the out-coupling rate of cavity
at the reflection port, and ki, = &; + &, is the total linewidth
of the cavity mode with «; the internal loss rate of the cavity.
In the experiment, in order to engender a w phase shift be-
tween o and «f when the cavity is driven resonant A = 0,
«, was fine tuned to meet the condition, k> — «? = 4x>. This
condition can also be rewritten as k ~ 2 because k; < k.
According to our experimental setup, the amplitude of the
reflection mode and the loss mode is expressed as

(D1)

oy, = Enoin = o,
1= L=
1+n2ain5(1/nﬂ:1) T

afyy = (1 £ in) «, (D2)

where n = /(1 — k;/k,;)/(1 + k;/k;). The photon in the loss
mode shall be traced off from the system. After applying an ar-
bitrary rotation, Ry (§) = exp[—i %(ox sin 6, — o, cos 6,)], the
measured photon state for the qubit at |0) and |1) would be
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FIG. 6. Fidelities of theoretical prediction for the generalized cat states. The theoretically predicted fidelities for the generalized cat states
conditioned on the qubit state either in |0) or in |1), with (a) different coherent-state amplitude « and fixed £ = 7 /2 and 6 = 0, (b) different
superposition phase 6 when using « = 1.07 and £ = 7 /2, and (c) different population fraction of the two coherent components &£ while keeping
o = 1.07 and 6 = 0. The red circles and the blue squares on the lines are the theoretical results corresponding to the particularly prepared

states in the experiment.

pg = JV(COSZ g|o;)(ot| +cos§sm ie i”(aé“a{)l—a)(m

+ cos % sin %eie‘f(ai || o)) (—x| + sin? §|—a)(—a|>,

,o? = JV<51n2§|a)(oz| —cos%smie i (a(l)||a{>|—a)(a|

§ . ¢

— cos = sin zeie‘f(ai | let) (—e| + cos® §|—a)(—a|>.

2
(D3)

Comparing with the ideal cat state in Eq. (2) in the main text,
a decoherence factor (a{ /0| |a(’) /1) appears as

2
(aé/lﬂai/o):em[ T 2(77 + n)i]. (D4)

The finite internal loss of the cavity gives rise to a certain
decoherence in the superposition of the two coherent states
|£a). This undesired decoherence has a negative exponential
relation with the cat-state size o, imposing severe restrictions
on the preparation fidelity of the large cat state. Additionally,
by Eq. (D4) and Eq. (D3), there would be an azimuthal angle
deviation §6 = 2% % induced by cavity loss, which is also
confirmed by the experiment. This angle deviation can be
compensated by setting an offset for 0 in the arbitrary rotation
Ry(§)t0 6 — 0, = 86 = 0.1257, where 0 essentially refers to
the superposition phase of the coherent states.

The effect of the finite lifetime of the qubit on the qubit-
photon entanglement state can be counted by using the master
equation with Lindblad operators: Ly, = ﬁ|0)(1| for qubit

decay, and L7, = \/#_(|0) (0] — |1)(1]) for qubit dephasing.

Here, Ty = (B — —)_ is the pure dephasing time in total
T contribution. By 1ntegrat1ng the master equation over the
duration time of the full experimental sequence ¢, the den-
sity matrix of the qubit-photon entanglement system can be
written as

(a) (b) ()
0.12 0.09 0.1
®]oss,|1)
0.1 #]0ss,|0)
> > . >
=0.08 £0.08 =
g= g 20.05
L'é‘ 0.06 01053,|1> t‘é 007} ?"é‘ .1OSS,|1>
0.04 #loss,|0) #]0s5,|0)
0.02 0.06 0
0.8 1 1.2 0 0.5 1 0 0.2 0.4
a O/m &lm

FIG. 7. Cavity-loss-induced infidelities for the generalized cat states. Cavity-loss-induced infidelities predicted according to Eq. (D4) for
the generalized cat states conditioned on the qubit state either in |0) or in |1), with (a) different coherent-state amplitude « and fixed & = /2
and 6 = 0, (b) different superposition phase & when using « = 1.07 and & = 7 /2, and (c) different population fraction of the two coherent

components & while keeping « = 1.07 and 8 = 0.
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FIG. 8. Qubit decay and dephasing-induced infidelities for the generalized cat states. Qubit decay and dephasing-induced infidelities
predicted according to Eq. (D6) for the generalized cat states conditioned on the qubit state either in |0) orin |1), with (a) different coherent-state
amplitude « and fixed £ = /2 and 6 = 0, (b) different superposition phase & when using « = 1.07 and £ = /2, and (c) different population
fraction of the two coherent components £ while keeping « = 1.07 and 6 = 0.

1 1
Pl = 5100 ® {[1 —eXp<— %>}|—a><—a| + Ia)(al} + E(a{Haé)exp ( - %2>|0><1| ® la)(—a|

+ 2 fbllethexp (= = ) 11900 @ [—ad el + ~ exp | — = )i @ |-a)(~al (D5)
5 \%oll% p B ) p T .

After applying an arbitrary rotation Ry (£ ), the measured photon state for the qubit at |0) and |1) would be

péT = JV(COSZ %{I:l — exp < — %>i||—ot)(—a| + |O[)<Ol|} + cos % sin %e”'e exp < — T%)(aéHai)l—a)(m

+ cos % sin %ei‘q exp ( — é)(oﬂl ||t lex) (—e| + sin® % exp ( — %) |—a)(—a|>,
ot = | sin® 5 1—exp| — L |—a) (—a| + o) (| — cos g sin ge”'g exp| — L (otl | |a1)|—ot)(oz|
! 2 P Tl 2 2 P T2 0 1

— cos % sin %eie exp < — %)(Oli ||t lex) (—e| + cos® % exp ( — %) |—a)(—oz|). (D6)

Since each generalized cat state is prepared with projecting
the final qubit-photon entanglement system on a certain qubit
state |0) or |1), wrong attribution of the qubit state will mix
the cat states conditioned on |0) and |1), and add an infidelity
of measurement error. For a qubit with probability Py/; at
state |0)(|1)), the measurement error €p,; leads to a wrong
count probability Fy,1€¢,1, leaving the right count probability
Po/1(1 — €g/1). Using Bayes theory, the measured states con-
ditioned on both |0) and |1) become mixtures as

oy = Py(1 —€o)pf" + Pierpf”
0 Py(1 — €p) + Preg

P Pi(1 —€)pE + Pyeopb”
! Pi(1 —€1)+ Pyeo

, (D7)

where Py, is the probability for the qubit-photon entangle-
ment system to be projected to qubit state |0)(|1)), which can
be obtained by the normalization factor in Eq. (D6). With the
three error factors considered, Eq. (D7) gives the theoretically
predicted states and is used to calculate the dashed lines in the
figures for comparisons with experimental data.

2. Error budget

It is then possible to perform an explicit error budget for
the experiments based on the error model developed before.
In Fig. 6, we show the theoretical predicted fidelity for the
generalized cat states. Owing to cavity loss and finite qubit
lifetime, the fidelity shows a clear decreasing trend with o and
& increasing for the generalized cat states conditioned on the
qubit state in both |0) and |1). This feature is confirmed by
the experimental data shown in the main text and in Fig. 10,
which indicates that the loss model covers the main sources of
errors in the experiment. It is interesting to find that in general,
the odd cat states suffer more errors than the even cat states,
which is detailed and discussed in Ref. [32].

We could also separately consider the three error sources,
including cavity loss, qubit decay and dephasing, and qubit-
state readout error, to account for the preparation infidelity
for the cat states, as shown in Figs. 7-9. The calculation is
performed based on Egs. (D4), (D6), and (D7), respectively,
with an ideal state as the initial state. It is worth mentioning
that the calculation of total infidelity shown in Fig. 6 combines
all three error sources together, and thus the total infidelity
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FIG. 9. Qubit-state readout-error-induced infidelities for the generalized cat states. Qubit-state readout-error-induced infidelities calculated
with Eq. (D7) for the generalized cat states conditioned on the qubit state either in |0) or in |1), with (a) different coherent-state amplitude o
and fixed & = /2 and 6 = 0, (b) different superposition phase 6 when using « = 1.07 and £ = 7/2, and (c) different population fraction of

the two coherent components & while keeping « = 1.07 and 0 = 0.

is smaller than the sum of the separated infidelities listed in
Figs. 7-9, due to the fact that the infidelity induced by a
specific error source for a partially mixed state is smaller than
that for an ideal state.

Figure 7 shows the cavity-loss-induced infidelity on the
superposition states. One could find that with an increasing cat
size o, cavity-loss-induced infidelity rises quickly from a few
percent to above 10 percent, which is not surprising consid-
ering the fact that this infidelity scales with « as exp(—La?)
in Eq. (D4). Therefore, it is crucial to reduce cavity loss if
a large cat size is desired. From Fig. 7(c), one could find
that the cavity-loss-related infidelity is positively related to
the weight of the coherent-state superposition, which means a
superposition state with more quantum coherence [Fig. 3(b)]
is more vulnerable to cavity loss.

Figure 8 shows the qubit decay and dephasing-induced
infidelity on the coherent-state superposition. The qubit-state-
induced infidelity is dominated by qubit dephasing, since 75 is
closer to the experimental sequence duration and much shorter
than 7] (see Table I). One could find that the qubit-state-
related infidelity is also positively related with the weight
of the coherent-state superposition &, which is reasonable
considering that qubit dephasing leads to the dephasing of

a=0.86

a =10.95 a=1.07 a=1.19 a=131

FIG. 10. Wigner function of the experimental cat states with var-
ied sizes. The reconstructed Wigner function for the reflected photon
states conditioned on the qubit state in |0) and |1), where 8 = 0 and
& = /2 are used. The amplitude of the coherent state « is varied
from 0.86 to 1.31, as labeled on top of each column of the plots.

coherent-state superposition in Eq. (D6). In our experiment,
the qubit state caused about half the error as the cavity loss,
which would get smaller with an increasing cat size o.
Figure 9 shows the qubit-state measurement-error-
induced infidelity on the coherent-state superposition. Com-
pared with the previous two error sources, qubit-state

0.25
0.2
0.15
0.1
0.05
-0.05
-0.1

FIG. 11. Wigner function of the cat states generated with detuned
microwave pulse from the cavity bare frequency. The theoretical
and experimentally reconstructed Wigner function for the reflected
photon states conditioned on the qubit state in |0) and |1), where
a=1.07, 6 =0, and § = /2 are used. The frequency of the in-
put microwave photon pulse w, is detuned from the cavity bare
frequency by 0.7 MHz, with w,/27 — w./2w = 0.7MHz, corre-
sponding to an optical phase difference of 2.657 in radian between
the two coherent-state components. The black solid point in each
panel is the original point. The red points indicate the centers of
the two coherent components, from where a smaller optical phase
difference than 7 can be clearly seen.
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FIG. 12. The Mandel’s Q parameters for the prepared gener-
alized cat states. The calculated Mandel’s Q parameters for the
coherent-state superpositions conditioned on the qubit state either
in |0) or in |1), with (a) different coherent-state amplitude o while
using £ = /2 and 6 = 0, (b) different superposition phase 6§ when
using ¢ = 1.07 and § = /2, or (c) different population fraction of
the two coherent components & when using o = 1.07 and 6 = 0.
The blue squares and the red circles show the experimental data
conditioned on the qubit state in |0) and |1), respectively. The blue
solid lines and the red dashed lines are the theoretical results based
on the corresponding ideal states conditioned on the qubit state in |0)
and |1), respectively. The blue dot-dashed lines and the red dotted
lines are the theoretical results considering possible experimental
loss and decoherence conditioned on the qubit state in |0) and |1),
respectively. Q < 0 indicates a sub-Poissonian photon distribution.

measurement-error-induced infidelity varies within a rela-
tively small region, which shows minor sensitivity to either
a or &, which shall be greatly relieved by improving the
qubit-state readout performance.

a=0.86 : a=0.95
= =
g &
= =
= 2.0.
= =
Q o
Q Q
o o
o 2 4 6 8 T8
photon number
| a=1.07 a=1.19
. . . .
=
2
s
=9
=
Q
Q
=}
0 2 4 6 8 8

photon number

a=1.31

weJoss [1) = = -ideal |[1) @ expt. [1)
----- loss |[0) ——ideal |0) =™ expt. |0)

0 2 4 6 8
photon number

FIG. 13. Photon number distribution with varied «. The derived
photon number distributions among different Fock states for the odd
(conditioned on qubit state in |1)) and even (conditioned on qubit
state in |0)) cat states of different sizes. The corresponding « is
labeled above each of the panels. The blue squares and the red circles
show the experimental data conditioned on the qubit state in |0)
and |1), respectively. The blue solid lines and the red dashed lines
are the theoretical results based on the corresponding ideal states
conditioned on the qubit state in |0) and |1), respectively. The blue
dot-dashed lines and the red dotted lines are the theoretical results
considering possible experimental loss and decoherence conditioned
on the qubit state in |0) and |1), respectively.

APPENDIX E: MORE DATA
1. Varied «

The size of the cat state can be controlled by using different
input coherent state «. In Fig. 10, we show the reconstructed
Wigner function of odd and even cat states with varied o from
0.86 to 1.31. The fidelity of experimentally generated states
shows a statistical decrease with an increasing ¢, which is
attributed to the cavity-loss-induced exponential decay term
exp(—La?) in the density matrix (see Appendix D 1 for de-
tails).

2. Varied optical phase

The optical phase difference of the coherent components
in the superposition states is not limited to be 7, but can be
varied by using a different signal frequency. In the experiment,
we tune the linewidth of the cavity to fit the dispersive shift as
Kot = 2| x|, which results in the phase difference between the
reflectivities conditioned on the qubit state in |0) and in |1),
as shown in Fig. 1(c). For the generalized cat states shown
in Fig. 2 and in Fig. 10, the signal frequency is tuned to
the cavity bare frequency w, = @, and thus we have two
coherent components with the same amplitude but opposite
phases, as indicated by the dashed line in Figs. 1(b) and 1(c).
The optical phase difference can be controlled by using a
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FIG. 14. Photon number distribution with varied 6. Photon num-
ber distributions among different Fock states for superposition states
with varied 6 from O to , and using ¢ = 1.07 and § = 7 /2. The
blue squares and the red circles show the experimental data condi-
tioned on the qubit state in |0) and |1), respectively. The blue solid
lines and the red dashed lines are the theoretical results based on
the corresponding ideal states conditioned on the qubit state in |0)
and |1), respectively. The blue dot-dashed lines and the red dotted
lines are the theoretical results considering possible experimental
loss and decoherence conditioned on the qubit state in |0) and |1),
respectively.

detuned signal frequency from the cavity bare frequency w..
As a proof of principle, we use a frequency detuning w, /2w —
w./2m = 0.7MHz between the input signal frequency and
cavity bare frequency in the experiment, which corresponds to
an optical phase difference of 2.657 in radian measured from
Fig. 1(c). The Wigner functions of the experimental states and
the corresponding theoretical states are present in Fig. 11. The
centers of their coherent-state components are labeled with
red points in each panel, which indicate a well-tuned optical
phase difference between the coherent states.

3. Photon number statistic

Mandel’s Q parameter is a direct measurement of the pho-

ton statistics, which is defined as [59]
AN2 ~
o (AW — @) ED
()

In the experiment, we calculate the Q parameters from the
measured moments of the reflected photon states. In Fig. 12,
we systematically present the derived Mandel’s Q parameter
and photon number distribution for the experimentally pre-
pared generalized cat states.

The photon number distributions can be extracted from the
diagonal terms of the reconstructed density matrices, which
are plotted in Figs. 13-15.

~
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FIG. 15. Photon number distribution with varied &£. Photon num-
ber distributions among different Fock states for superposition states
with varied & from O to 7 /2, and using a = 1.07 and 6 = 0. The
blue squares and the red circles show the experimental data condi-
tioned on the qubit state in |0) and |1), respectively. The blue solid
lines and the red dashed lines are the theoretical results based on
the corresponding ideal states conditioned on the qubit state in |0)
and |1), respectively. The blue dot-dashed lines and the red dotted
lines are the theoretical results considering possible experimental
loss and decoherence conditioned on the qubit state in |0) and |1),
respectively.

Figure 12 shows the Mandel’s Q parameters for the pre-
pared states with different sets of (o, 6, &), conditioned on
the qubit state either in |0) or in |1). When using 6 =0
and £ = /2, we would have the even and odd cat states
conditioned on the qubit state in |0) and |1), respectively. In
Fig. 12(a), we show the calculated Mandel’s Q for the even
and odd states with varied sizes. We could see that the even
cat states show super-Poissonian distribution, while the odd
states are of sub-Poissonian distribution, which agrees well
with the theory. With an increasing «, the photon statistics of
both even cat states and odd cat states evolve to a Poissonian
distribution, which is due to the stronger dephasing effect of
the cat states with larger size. In Fig. 13, we show the photon
number distribution among the Fock states with varied «.
One could see that the even (odd) Fock states are preferably
occupied for the prepared cat states. With an increasing «,
such a selective feature of photon number occupation tends to
get smaller.

In Fig. 12(b), we show the Mandel’s Q for the superpo-
sition states with different 8, while using £ = 7 /2 and @ =
1.07. Conditioned on the qubit states in |0), the prepared states
evolve from an even cat state to an odd cat state, and vice
versa for a qubit state in |1). For both cases, we could see a
continuous transition between a super-Poissonian distribution
and a sub-Poissonian distribution for the photon statistics of
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the prepared states. In Fig. 14, we show the photon number
occupation for the prepared states with different 6. One could
see that for the quantum states conditioned on the qubit state
in |0) (1)), the photon fields change from an even-Fock-state
(odd-Fock-state) occupation to an odd-Fock-state (even-Fock-
state) occupation. For 6 = 7 /2, the photon fields show little
preference of even or odd Fock state occupation, as expected
for YS states.

In Fig. 12(c), the Mandel’s Q for the superposition states
with varied & when using 6 = 0 and o = 1.07 are presented.
One could see that the photon field statistic evolves from a

Poissonian distribution to either a super-Poissonian distribu-
tion conditioned on the qubit state in |0), or sub-Poissonian
distribution conditioned on the qubit state in |1), which in-
dicates that the prepared state changes from a coherent state
to either an even cat state or an odd cat state with an in-
creasing £. A more direct evidence of such a transition can
be found in Fig. 15, where a Poissonian distribution with
no preference of even- or odd-Fock-state occupations grad-
ually evolves to an alternate distribution among the even or
odd Fock states conditioned on the qubit state in |0) or |1},
respectively.
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