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Superconducting nanowire single-photon detectors (SNSPDs) are efficient measurement devices used for
counting single photons. The field of their applications covers experimental quantum-optical studies, optical
quantum computing, quantum communication, and others. After registering a photon by such a detector, the
next one cannot be registered during the dead time, and after that this ability is smoothly restored. We have
included this feature into the photodetection theory and introduced the corresponding photocounting formula.
In the regime of continuous-wave detection, the photocounting statistics nonlinearly depends on the density
operator due to a memory effect of previous measurement time windows. The considered examples demonstrate
the strong influence of the relaxation process and the memory effect on the resulting photocounting statistics of

the SNSPDs.
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I. INTRODUCTION

Fast and efficient single-photon detectors [1-4] are mem-
bers of the fundamental building blocks in modern quantum
technologies. The corresponding applications include opti-
cal universal [5] and nonuniversal [6] quantum computers,
quantum secure communication [7-9], quantum sensing and
metrology [10-12], etc. These detectors are also applied in a
wider range of research and technologies such as the design of
electronic devices [13,14] and imaging problems in biological
research and medicine [15-17].

Superconducting nanowire single-photon  detectors
(SNSPDs) [3,4,18-21] are highly promising measurement
devices for numerous applications. This is explained by their
wide spectral sensitivity, good response speed, high detection
efficiency, low dark count rate, and high temporal resolution.
The detection process of the SNSPDs can be subdivided into
a few stages [21]: (1) an absorbed photon heats a small part of
a nanowire in which a superconducting current flows; (2) this
leads to forming a normal-conducting part of the nanowire
resulting in a voltage change; (3) the detectors cannot register
the next photons during the dead-time interval 74; (4) the
superconducting part of the nanowire and the ability to detect
another photon are smoothly recovered during the relaxation
time 7,; (5) the detector returns to the initial state. It is worth
noting that physical models [18,19,22-34] describing the
detection process in the SNSPDs are still developing.

The SNSPDs are applied in many fundamental quantum-
optical experiments and in different implementations of
quantum-information protocols [4]. For example, they have
been recently used for demonstration of quantum supremacy
in the scheme of Gaussian boson sampling [35,36]. These
detectors have been applied for implementations of quan-
tum secure communication [37-56] and quantum teleporta-
tion [57,58] protocols. The SNSPDs are key measurement
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elements for implementations of strong loophole-free tests of
Bell inequalities [59]. They have also been applied as building
blocks for array or time-multiplexing detectors in various
quantum-optical experiments; see, e.g., [60,61].

Photocounting is a prominent example of quantum mea-
surements. Its outcomes are given by a number of clicks,
which are commonly associated with the number of photons.
According to Born’s rule, the probability distribution to get n
clicks reads

P, =Tr(p 1,), (1)

where p is the density operator of the light mode and IT,, is the
positive operator-valued measure (POVM) [62] describing the
measurement procedure. In the idealized scenario of photon-
number-resolving (PNR) detectors it is given by

. . (na)"
l_[,, = Fn[n] =: 1 |
n!

exp (—ni):; 2

cf. Refs. [63,64]. Here 7 is the photon-number operator, n €
[0, 1] is the detection efficiency, and :...: means the normal
ordering. In particular, this means that £,(1) = |n)(n| is the
projector on the Fock state |n).

In realistic scenarios, photon-number resolution is not
ideal, which is described by the corresponding POVM. For
example, the POVM describing array [65-69] and time-
multiplexing [70-72] detectors have been derived in Ref. [73].
The corresponding measurement procedures are based on spa-
tial or temporal separation of modes and detecting each of
them with on-off detectors.

Another scenario of realistic detection is based on counting
the photocurrent pulses inside a measurement time window
(MTW). The number of these pulses—referred to as clicks
or photocounts—is associated with the number of photons.
A problem is that each pulse is followed by a dead-time
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interval during which photons cannot be detected. A classical
photocounting theory for this type of measurements has been
developed in Refs. [74-82].

In this paper we introduce a generalization of the photo-
counting theory to the scenario when the SNSPDs are used
for counting pulses inside MTWs. The main difference of
the SNSPDs from other detectors consists in the effect of
the relaxation time. The common problem of the SNSPDs
and the detectors characterized by only dead time is that the
corresponding time intervals from the last registered pulse
may exceed the MTW. This results in changing the statistics
of pulses for the next MTW.

We consider two detection scenarios associated with the
SNSPDs. Firstly, the scenario of independent MTWs assumes
darkening the detector at the end of each MTW. This protects
statistics of pulses in the current MTW from influence of
events in the previous ones. Next, we consider the continuous-
wave detection, which assumes no darkening at the ends of the
MTWs. The corresponding photocounting statistics is affected
by the previous MTWs—this influence is referred to as a
memory effect. It results in a nonlinear dependence of the
photocounting statistics on the density operator.

The rest of the paper is organized as follows. In Sec. II
we give a preliminary consideration of the photocounting
formula in the Glauber-Sudarshan representation, which is
used throughout the paper. The model of time-dependent
efficiency, underlying the basis of our consideration of the
SNSPDs, is discussed in Sec. II. The POVM for the scenario
of independent MTWs is derived in Sec. IV. The scenario of
continuous-wave detection involving the memory effects from
previous MTWs is considered in Sec. V. In Sec. VI we apply
the developed theory to deriving the photocounting statistics
for typical quantum states. A technique for experimental re-
construction of the time-dependent efficiency is analyzed in
Sec. VII. A summary and concluding remarks are given in
Sec. VIIIL.

II. PRELIMINARIES

Photocounting formula (1) can be conveniently rewritten
as (see Refs. [83,84])

P, = f d*a P(a) T, (). (3)
C
Here P(«) is the Glauber-Sudarshan P function [85,86] and
I, () = (ot|TT,]e) (4)

is the Q symbols of the POVM defined as the average with the
coherent state |o). These symbols are interpreted as the prob-
abilities to get n clicks given the coherent state |« ). Utilizing
the rule

(af: f@,a": o) = fla, a®), (5)

where f(a, @*) is an arbitrary function, one can reconstruct
the normal-ordering operator form of the POVM from its O
symbols.

For the PNR detection, the Q symbols of the POVM (2)
read

ey’

My(e) = Filos ] = ———exp(=nla’).  (6)

Here F,[a;n] = (a|ﬁn[n]|a) represents the Q symbol of the
operator Fy[n]; cf. Eq. (2). The first and second arguments
of this function describe the dependence on the phase-space
complex variable « and the detection efficiency 7, respec-
tively. This expression describes a well-known fact that
photocounting statistics of the coherent states is given by the
Poissonian distribution. Equation (3) has a form similar to
the photocounting formula for classical electromagnetic fields
[63,87,88]. In the classical theory both functions, P(«) and
I1,(«), are nonnegative. They play the roles of the probability
density of the complex amplitude « and the classical response
function of photocounts, respectively.

For purposes of this work, it is also useful to remind a
procedure of finding the POVM in the Fock-state basis,

Pnlm = <m|f1n|m>’ (7)

which can be interpreted as the probability distribution to get
n photocounts given m photons. Since any kind of the photo-
counting measurements is phase insensitive, the nondiagonal
POVM elements vanish, i.e., (m1|ﬁn|m2) =0 for m; # my.
The probabilities P, can also be considered as expansion
coefficients of the POVM by the Fock states,

+00
T, =Y Pynlm) (ml. ®)

m=0

The same equation in terms of Q symbols reads

|a|2n
n! -

+o0
(@) exp(jel®) =D Pum ©)

m=0

Therefore, the POVM in the Fock-state basis can be obtained
by expanding the left-hand side of this expression by |at|*"/n!.

Another technique, which is used throughout the paper, is
related to including realistic values of the detection efficiency
and the dark-count rate. Let the POVM I1,, and its Q symbols
IT,() describe the idealized scenario with the unit detection
efficiency and with no dark counts. In order to include these
issues in the description, one should replace

A— ni+v (10)
and
loe|* — nlaf* + v (11)

under the sign of normal ordering in the POVM and in the
Q symbols of the POVM, respectively; cf. [§9-92]. Here n
and v are the detection efficiency and the dark-count intensity,
correspondingly.

III. MODEL OF TIME-DEPENDENT EFFICIENCY

In this section we consider an idea enabling us to study the
effect of dead and relaxation times. For a correct formulation
of our model, we should take into account two facts. Firstly,
the probability to detect a photon is zero during the dead time
74 after the pulse. Secondly, the probability to detect a photon
is smoothly recovered with the relaxation time 7., following
the dead-time interval.

In the photodetection theory, the probability to detect a
single photon is described by the detection efficiency. This
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FIG. 1. Photocounting process with the SNSPDs in the scenario
of independent MTWs is schematically depicted. The voltage pulses
(solid lines) are counted during the MTWs duration of 7,,. According
to Eq. (12), the time-dependent efficiency (dashed lines) is zero after
registering each photon during the dead time 74, and after that it
is smoothly recovered with the relaxation time t,. Detector input is
darkened between the MTWs for the time interval sufficient for full
recovering of the detector (hatched area).

means that we can consider the detection efficiency as a
function of time ¢ passed after beginning of each pulse. This
function is zero in the time interval [0, 7q]. After that the
detection efficiency is smoothly recovered to its initial value.
This implies that this function is given by

§(1) =0( — t)ne(t — 1a), 12)

where 6(t — t4) is the Heaviside step function and 7,(¢) is the
recovering efficiency. We chose the latter in the form

ne(0) =1 — exp (—i), (13)
Tr

which is used in our paper as a model of detector re-
covering. Although this model may be considered as an
approximation—see, e.g., Refs. [93,94] for a more realistic
description of the time-dependent detection efficiency & (¢)—
its advantage consists in possibilities of obtaining expressions
suitable for analytical study. Nevertheless, the main results of
our paper are formulated in terms of an arbitrary function
&(t), which can also be reconstructed experimentally, as is
discussed in Sec. VII and in Ref. [93]. In a more general
context, the model given by the time-dependent efficiency
&(t) can be considered as a phenomenological description.
In principle, this model could be derived from a microscopic
theory of quantum transitions in a superconducting nanowire.

IV. PHOTOCOUNTING WITH INDEPENDENT
MEASUREMENT TIME WINDOWS

In this section we consider photocounting theory with the
SNSPDs in the scenario of independent MTWs; see Fig. 1.
The process of photocounting starts at the beginning of the
time window of duration t,,,. Each MTW is followed by a time
interval of darkened detector-input sufficient for the detector
to recover fully. This eliminates the influence of the dead
time and the relaxation process from the previous MTW on
the measurement result in the current one. Alternatively, this

technique can be implemented by a proper postselection of
MTWs without darkening detector input.

A. Positive operator-valued measure

We start with consideration of the most general situation by
assuming light being in a nonmonochromatic mode. For our
purposes, such a mode can be characterized by an intensity
function /(¢) normalized by the condition

[rm drl(t) = 1. (14)
0

The function /(¢) should be included explicitly in the POVM.
In particular, this means that the detection efficiency in the
time domain [¢, ¢ + At] is given by

t+At
/ dtI(t)é(t — 1), (15)

where £, is the time moment at which the previous photon was
detected. A particular example of the function /(¢) reads

1(1) = i (16)
which corresponds to a momochromatic light mode. For the
sake of simplicity, we consider the unit detection efficiency
and the zero dark-count rate. The corresponding generaliza-
tion to realistic values of these parameters is straightforwardly
obtained according to Eqgs. (10) and (11).

Firstly, we note that the no-count element of the POVM is
simply given by

My, = Fol1], (17)

which properly describes absence of any pulses inside the
MTW. Next, we derive the POVM element corresponding to
the presence of a single pulse. For this purpose we consider
the unnormalized probability density ) (¢;|er) to get this pulse
at the time moment f; given the coherent state |«). The in-
finitesimal probability to get this click during the time interval
[t1, 1 4+ dt;] is obtained as the first expansion coefficient of
the expression 1 — Fy[or; I(¢1)dt] [cf. Eq. (6)] with respect
to dt,. This yields |a|?I(¢;)dt;. It should be multiplied by
the probabilities to get no-counts before and after the time
moment ¢, which are given by

Fo[a;/]dtl(t)} =exp<— IaIZ/]dtl(t)) (18)
0 0

Fy [a; / " an e - rl)}

= exp < — |a|2/.m drl(t)E(t —tl)), (19)

1

and

respectively. Therefore, the unnormalized probability density
to get a single pulse at the time moment #; given the coherent
state |«) reads

mi(tile) = la*I(t) exp[—|a|*Ei (t)], (20)
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where

El(tl)z/ldtl(t)-i-/ mdtl(t)?;(t—tl). 201
0

3]

The Q symbol of the corresponding POVM element,

M (a) = f " dnm (), 22)
0

is obtained via integration with all possible values of 7;.

As the last step, we derive the rest of the POVM elements,
i.e., those for n > 2. Similar to the case of n = 1, we derive
the unnormalized probability density ,(t|o) to get pulses at
the time moments t = (¢, . . ., t,) given the coherent state |«).
This is composed of the following components:

(1) The probability density to get a pulse at the time mo-
ment ¢; given by |a|*I(t;)

(i) The probability densities to get pulses at the time mo-
ments #; fori =2, ..., n given by |a|?I(t))E(t; — t;i_1)

(iii)) The probability to get no pulses from the time mo-
ment t = 0 and up to the first pulse at the time moment ¢
given by Eq. (18)

(iv) The probability to get no pulses in the time domains
between the ith and (i 4+ 1)th pulses given by

exp ( o / e - n)) (23)

(v) The probability to get no pulses in the time domain
between the nth pulse and the time moment ¢t = t;, given by

Tm
exp ( — |oc|2/ dtl()E(t — t,,)). (24)
t/x
Multiplying all these factors we arrive at the expression
7 (tler) = |a|*" T, (1) expl—|a|* E, (D], (25)
where
L(t) = 1) | [ 1tE @t — 1) (26)
=2
and

n L
E.(t)= | dtlt)+ drl — 1
(t) /0 t1(r) 21:[ tI(E( — 1)

Tm
+/ dtl(t)E(t —t,). 27)
Iy
Equation (25) can be generalized to n = 1 by setting E;(#;) in
the form of Eq. (21) and Z(¢)) = I(ty).

The Q symbols of the POVM elements in the case of n > 1
are given by

M@ = [ dtm e 8)
T,
where integration is taken over the time-ordering domain 7,
such that 0 <) <t < -+ -1, < Ty. Employing property (5),
one obtains the general expression for the POVM elements

I, =: ﬁ”/ d"tZ,(t)exp[—AE,(t)] : . (29)
T,

n

In the case of the time-dependent detection efficiency defined
by Eq. (12), the maximal value of n is restricted by the num-
ber N + 1 or N, where N = [t,,/74] is the number of whole
dead-time intervals, fitting inside the MTW. The latter case is
suitable only if N = 1,/74. In order to generalize this POVM
to the case of a nonunit detection efficiency n and a nonzero
dark-cont intesity v, one can use replacement described by
Egs. (10) and (11).

For practical purposes, it is convenient to change the inte-

gration variables to T = {1, 71, T2, . . . , Tu}s
To =1, (30)
T =iyl — 1, (31)
Ty = Tm — by. (32)

An inverse relation,

i—1
=T, (33)
j=0

can be substituted in Eqgs. (26) and (27). The new variables
correspond to the time intervals between neighboring pulses.
Herewith, 7y and 7, are the intervals from the beginning of the
MTW up to the first pulse and from the last pulse up to the end
of the MTW, respectively. These nonnegative variables obey
the constraint

LR (34)
i=0

which defines an n-dimensional
dimensional space.

simplex of (n+1)-

B. Regular and irregular parts of the POVM

If we consider the time-dependent efficiency in the form of
Eq. (12), the POVM can further be specified as

fl, = [0 4+ 10, (35)

where T and T1% are referred to as regular and irregular
parts, respectively. The regular part describes the situation
with all n dead-time intervals fitted inside the MTW. The
irregular part describes the situation, for which the last dead-
time interval exceeds the MTW. This representation is made
by splitting the integral for 7, in two parts.

Let us derive analytical expressions for regular and irregu-
lar parts of the POVM. Herein the presence of the Heaviside
theta function in Eq. (12) will be accounted in the integration
domain. In this case, the regular part for n =0,...,N is
given by

S0 an Tm—(n—1)tq - A0
I, =7 dt, d" 't T, (t)e "= 0 (36)
Tq Qn

For n = N + 1 this part vanishes. Here

Ji(7) = I(xp), (37)
n i—1

Jn(T) = I(z0) HI(Z r,-) m(ti—1ta)  (38)
=2 \j=0
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forn > 2,

To
EV(T) = / drl(t)
0

n 7 j—1
+ Z/ dil (Z T+ t> @ —1). (39)
j=171 k=0

The integration domain €2, is defined as

8p1 8
/ d"—lr...zf dfn_l.../ dry -, (40)
7 Tq Tq

where
§i=Tm—(—Dra— Y 1 (41)
j=i+1

As mentioned, this integration is accounted for by the zero-
value domains of the Heaviside step-functions in Eq. (12).
The irregular part of the POVM reads

. d Am(i
o =: 4" / d, / A"t Jy(0)e O (42)
0 n
forn=20,...,N and

Q) Nt Tm—NT4
(1 .n
HN+1 =n /0 d‘fN+1

x f AVt Tyt (D) VA ® L (43)
QN+1

Here

) 7 n—1 7
g0(r) = f di(t)+ / dtl
0 ]:1 4l

k=0

j—1
x (Z T+ t)nr(t - ). (44)

The integration domain €2, and the function J,(t) are the
same as for the regular part.

Consider the case of a monochromatic mode [cf. Eq. (16)]
and the recovering detector efficiency in the form of Eq. (13).
This gives a possibility to present the functions 7, (), 27 (),
and E%(7) in the explicit form

n—1

1
Tn@ == [z — ) (45)
T i
forn > 2,
n
T
EP@ == = ) mlr — ), (46)
m =1
- - n—1
ED(T) =npy — — — — Y ne(7j — Ta). 47)
Tm Tm =
Here
Tm — NTY
=" (43)

is the adjusting detection efficiency describing the time free
from the dead-time interval as a ratio to the duration of the
MTW.

An important example corresponds to the case of zero
relaxation time, t, = 0, such that n, = 1. This situation takes
place for many types of detectors, such as avalanche photodi-
odes and photomultiplier tubes. The regular part of the POVM

of such detectors forn =0, ..., N is given by
ﬁg) = Fn[nn]v (49)

where 7, is the adjusting detection efficiency and F),[n] is the
POVM of the PNR detectors; cf. Eqs. (48) and (2), respec-
tively. For n = N + 1 this part vanishes. The irregular part of
the corresponding POVM reads

n—1 n—1
A0 =" Flnal = Filna-1l (50)
k=0 k=0
forn=0,...,N and
N
Iy, = 1= Al (51)
k=0

for n =N + 1. Combining both parts of the POVM in
Eq. (35), we arrive at the POVM, the Q symbols of which
correspond to the classical photodetection theory with the
dead time [74-82].

We remind that all expressions presented here are given
for the unit detection efficiency n and the zero dark-count
intensity v. These equations can be simply rewritten to the
case of realistic values of these quantities. For this pur-
pose, one should use the replacement described by Eqgs. (10)
and (11).

C. Photocounting statistics vs photon-number statistics

As follows from the previous consideration, the photo-
counting statistics (statistics of pulse numbers) may signif-
icantly differ from the photon-number statistics. Averaging
both sides of Eq. (8) with the density operator p, we arrive
at the linear expression

+00
P, = ZPnlum (52)
m=0

connecting the photocounting distribution P, with the photon-
number distribution P,, = (m|p|m) in the case of n = 1 and
v = 0. A similar expression in the case of array detectors is
applied for reconstructions of P, from P, via regularization of
an ill-posed problem [69]. For realistic values of n and v, one
can use P,, = Tr(pE,[n; v]), where F,,[n; v] is obtained from
F,[1] [cf. Eq. (2)] by the replacement (10). This procedure
does not result in changing the conditional probabilities P,,;
cf. Ref. [95]. However, it enables one to consider the effects
caused solely by the realistic resolution of photon numbers.

We apply the technique described by Eq. (9) to the POVM
(29). This yields the expression for the probability to get n
pulses given m photons,

m! "
Py = ! /Tnd tZ,(t)[1 —

[x]

MO (53)
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for m > n and
Py =0 (54)

for m < n. The latter means that we cannot get more pulses
than photons at the detector input. Integration in Eq. (53) is
performed in the time-ordering domain 7;,.

Applying the same method to Eq. (36) and Eqs. (42) and
(43), we can subdivide the conditional probability P,,, on reg-
ular and irregular parts, respectively. Specifically, the regular
part is given by

] Tm—(m—1)7g
o _ nm:
e [

(m—m! J,
x / "'t J, (ol = EP @I (55)

forn =0, ..., N. The irregular part reads

po =M "y
= = Jy O

y / IO - EV@TT (56)

forn=0,...,N and

m' Tm—N1g
S dt
(m—N — 1)!/0 N

x / YT Ty (Ol — B (PN (57)

for n = N + 1. Both parts vanish for m < n.

Let us consider a special model: the monochromatic mode
given by Eq. (16) and the recovering detector efficiency in the
form of Eq. (13). In this case, integrals in Egs. (55), (56), and
(57) can be evaluated analytically for each values of n and m
although the general equations have a complex structure. The
corresponding expressions for Prflrr)n and Pn",)n can be directly
used in Eq. (52) for deriving the photocounting statistics from
the photon-number statistics.

In the important case of n = m, the probabilities P, are
reduced to a simple analytical form,

ANy L nl@n—2— 1)
Foin = 17[;“"—1(_1) N(n—D)(n—2)!

m
2 en—2-1D)!

-1 n—1 _—a,_ 1 : 58

e leoa"ll!(n—l—2)!:|’ 8

where

Tm — NTY4 (59)

a, =
Tr

The quantity (58) characterizes the ability of detectors to

distinguish between photon numbers. For the PNR detectors,

i.e., for 7y = 1, = 0, it takes the unit value. It tends to zero for

the detectors, for which the click number is never equal to the

number of detected photons.

V. CONTINUOUS-WAVE DETECTION

A typical photocounting technique of the continuous-wave
detection assumes no interruptions between the MTWs; see

A A
Q
=
[}
=
&
5]

) -~~~ =
=10) 4 53}
o] /) <
+ Y )
S g
= ;
! g

I I

Tm

Time

FIG. 2. Photocounting with the technique of continuous-wave
detection is schematically depicted. The voltage pulses (solid lines)
are counted inside the MTW. The time-dependent efficiency &(¥) is
shown by dashed lines. The time t between the last pulse in the
(I — 1)th MTW, and its end is shown.

Fig. 2. In such a scenario, the detector may not be recovered
after the last pulse from the previous MTW. This affects on
the probability of events in the current MTW. Therefore, pho-
tocounting statistics depends on quantum states in previous
MTWs.

Let us numerate MTWs in the order as they appear in
time. The Q symbols of the POVM in the /th MTW, A,,(et!),
depend on the amplitudes o = (a1, ..., o) in the given and
all previous MTWs. Here and in the following consideration,
we use the upper indices of bold symbols in order to designate
the number of entries in the corresponding sets of numbers.
Therefore, the photocounting formula in the P representation
is given by

P, = / d*a' P(a))P(aj—1)--- P(ar) An(al).  (60)
(CI

This formula in the operator form reads
Py =Tr(p® A,). (61)

The most significant difference of these relations from Egs. (1)
and (3) consists in nonlinear dependence of the photocounting
distribution on the density operator p. In this section we will
derive the POVM A, for the scenario of the continuous-wave
detection in an explicit form and consider the memory effect
of the previous MTWs on the photocounting distribution in
the current one.

A. Events dependent on previous measurements

Before we start with deriving the general expression for
the POVM f\n in the scenario of continuous-wave detection,
we consider an important part needed for this consideration.
Let us assume that the last pulse in the (I — 1)th MTW occurs
at the time moment 7, = t [cf. Eq. (32)] before its end; see
Fig. 2. The POVM in the /th MTW should now depend on
this time.

The no-count element of the POVM in the considered case
differs from Eq. (17) and is given by

[To(7) =: exp[—Eo(7)A] 3, (62)
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where
Eo(r)zfmdtl(t)éf(t+t) (63)
0

corresponds to the no-count efficiency. Derivation of all other
elements of the POVM resembles the points listed in Sec. IV A
but with two modifications. Firstly, the unnormalized proba-
bility density to get the first pulse at the time moment #; is
now given by |a|?I(t;)€(t + ;). Secondly, the probability to
get no pulses before the time moment #; is modified to the
form

Fo[a;/tl drl(t)é(t + t)]
0

= exp(—|a|2/]dtl(t)§(t +1)). (64)
0

Other points of the derivation are not changed.
The Q symbols of the POVM conditioned by the time 7 for
n > 1 are given by

1'[,,(0(;1):/ d"tm,(tlo; 7). (65)
T,

n

Here 7, (t|o; T) is the unnormalized probability density to get
pulses at the time moments t given the coherent states |«) and
the time 7 between the last pulse in the previous MTW and its
end. This conditional probability density reads

Ta(tle; T) = || T, (t; T) expl—|a*Ea(t; T)].  (66)
Here
Tu(t; 1) = Z(DE(T + 1)) (67)
[cf. Eq. (26) for Z,(t)],

f n—1
E,,(t;r):/ dtI(t)E(t—l—t)—i—Z/
0 i=1 vl

n / " G IOEG — 1) (68)

n

tiy1

drl(1)§(t —1;)

forn > 2, and
Ei(t;1) = f l drl(t)E(T +t)+/ " drl(t)é(t — 1) (69)
0 2

forn =1.
To summarize this part, we note that the POVM condi-
tioned by the time 7 is given by

léIn(T) = ﬁn/ dntlvn(t;‘c)exp[_ﬁsn(t; )] :. (70)
T,
Here Z,(t; 7) is given by Eq. (67) forn > 1 and Iy = 1. Simi-
larly, E,(t; t) is given by Egs. (68), (69), and (63) for n > 2,
n =1, and n = 0, respectively.

B. POVM in the Markovian approximation

In this subsection we derive an expression for the POVM in
the scenario of the continuous-wave detection considering the
measurement in the /th MTW; cf. Egs. (60) and (61). In the
next sections we will show that the dependence on the number
[ is negligible for / >> 1, and its actual value is not important.

However, for the sake of consistency, this number should be
explicitly included in our consideration. We also assume that
the ratio of dead and relaxation times to the duration of the
MTW is small,

i+ T
AT L. (71

Tm

This yields for the time-dependent efficiency
(1 2 mm) =1, (72)

i.e., if no pulses are registered in the (I — 1)th MTW, then the
pulses in the former MTWs do not affect the statistics in the
Ith MTW. This is the essence of the Markovian approximation
considered here.

Similar to Sec. IV, we consider the Q symbols of the
POVM as the probabilities to get n pulses given the coherent
state ). Let p® (7 |a*) be the probability density for the time
interval [between the last pulse and the end of the MTW]
7 in the kth MTW given the coherent amplitudes o in this
and in all previous MTWs. This function is normalized by the
condition

AP () + / dtp®(z)eb) =1, (73)
0

where Agk)(oc" ) is the Oth element of the Q symbols of the

POVM, i.e., the probability to get no pulses in the kth MTW

given the coherent amplitudes o*. The form of these functions

will be specified latter.

Two kinds of the outcomes in the (/ — 1)th MTW affect on
the statistics in the /th one:

(i) No pulses in the (I — 1)th MTW with the probability
A(()lfl)(oz’ ~1) occur. In this case, the unnormalized probability
density to get pulses at the time moments t" of the /th MTW
is 7, (t"|ay).

(i1) Pulses in the (I — 1)th MTW occur such that the prob-
ability density for the time interval  is p¢~"(t|a/~"). In this
case, the unnormalized probability density to get pulses at the
time moments t” of the /th MTW is 7, (t"|oy; T).

Employing the law of total probability, we get the unnor-
malized probability density to get pulses at the time moments
t" of the /th MTW given the coherent amplitudes &' in current
and all previous MTWs in the form

ADey = m, (") Ay V(@)
+/ drm,(t"|oa; )"Vl Y. (74)
0

Integrating this relation with respect to t" in the time-ordering
domain T,,, we get for the Q symbols of the POVM

AP (@) = M)A @)
Tm
+ / de (s 0 ™. (75)
0

This equation connects the POVM A"’ for the I/th MTW in the
scenario of continuous-wave detection with the POVM I1,, in
the scenario of independent MTW and the conditional POVM
I, (7).

Let us now derive a technique for obtaining the func-
tions p¢~V(r]a!~!) and Ag_])(otl’l). For this purpose, we

063716-7



V. A. UZUNOVA AND A. A. SEMENOV

PHYSICAL REVIEW A 105, 063716 (2022)

explicitly separate the nth time in Egs. (74) and (75) as t" =
(t"',1,). The function p®(r|e*) can be expressed via the
probability density A ("1, #,|e) as

400
A USEDY / d AP o — tla), (76)
n=1 Trn—]

where the term with n = 1 assumes no integration and the in-
tegration domain TT”‘1 isdefinedas 0 < <th, <+t <
Tm — T. Indeed, integration with the first (n — 1) components
of t" gives the probability density for the time 7, = 7, — 7 in
the case of n pulses and the sum is taken over all n # 0.

Employing Eq. (76) to Eq. (74) and setting n =0 in
Eq. (75), we arrive at a system of recurrence relations for
p®(zlet) and Ag(e®),

pP(t]a) = G(rla) AT (@)
+/ormde(rlak;r’)p“‘—”(r’mk—‘), (77)
AP (@) = Mo(a)AS V@)
+ fo " deTo(as Dp Vet ). (78)
Here we use the notations

+00
G(tly) = Z/ ld"*t"*nn(t"*l, Tm — Tl)  (79)
n=1 i

and

+00
H(tlog:t) =Y /
n=1 T

n—1
T

A", (0 T — Tl ).

(80)

Resolving the recurrence relations (77) and (78) with the
initial conditions

p@ =0and A =1 (81)

we may get explicit expressions for p¢~D(r|a!~') and
ASTV @,

As a summary of this part we note that the POVM A,, in
the photocounting formula (60) and (61) is given by Eq. (75).
Constituents of this expression can be obtained as a solution
to the system of recurrence relations given by Eqgs. (77) and
(78). The POVM element A " (/') can in principle be
excluded from Eq. (75) by employing the normalization con-
dition (73). One can also formulate the recurrence relation
solely for the function p®(z|a¥) by excluding the POVM
element Ag‘)(al’l) in Eq. (77). Similarly to the case of in-
dependent MTWs, the detection efficiency n and dark-count
intensity v can be easily included by applying the rules (10)
and (11) to all coherent amplitudes or the photon-number
operators.

C. Approximation by the uniform distribution

In real practical applications, resolving the system of re-
currence relations (77) and (78) may be an involved numerical
task. In this subsection we introduce a reasonable approxima-
tion for this problem. The main condition for its applicability

is stronger than the condition (72) for the Markovian approxi-
mation. Namely, we assume that there exists a time parameter
A < Ty such that

E(t > A)~ 1. (82)

This yields
m(tlas T > A) = my(tla), (83)
M, (a; 7 > A) ~ I,(a). (84)

Particularly, in the case of 7, = 0 the parameter A should
be chosen as A = 74. Another condition for the discussed
approximation assumes that the number of time bins free
from dead- and relaxation-time intervals must significantly
exceed A, ie., A < Ty — |a|?>(zq + 7). This implies that in
the domain 7 € [0, A] the probability density p®(t|e*) can
be modeled by the uniform distribution,

- 0W)

(k) ky —
T|la") =
p(tla’) ;

(85)

Here Q™ (al%) is the probability to get no pulses inside the
time interval T € [0, A] for the kth MTW.

In the approximation by the uniform distribution, the
POVM (75) is significantly simplified. Firstly, we split the
integration domain in the right-hand side of this equation into
two parts: The first and the second ones are [0, A] and [A, 1,,],
respectively. Next, we apply the simplification (84) to the
second part. We also use the fact that

/‘Tm d‘l,’p(k)(f|0(k) — Q(k)(ock) _ Agc)(ak)’ (86)
A

which directly follows from the normalization condition (73)
and from the expression

A
1 — oW (k) = / drp®(r]ab) (87)

0

for the probability to get the last pulse in the domain 7 €
[0, A]. Finally, we apply the approximation (85) for the prob-
ability density p®(r|ak). As a result, the POVM (75) is
reduced to the form

APy ="V I, ()

=D pl—1 A
+M/ dtIl,(oy; 7). (88)
A 0

The information about the memory effect caused by events
in the previous MTWs is encoded in this relation by the
probability Q=1 (e!1).

The advantage of this approximation is that the probability
density p®(t]a’) is replaced by the probability Q® (),
which is a number depending on the coherent amplitudes
in the previous MTWs. In order to find the corresponding
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recurrence relations, we integrate Eq. (77) in the domain
[0, A] and apply the technique used for derivation of Eq. (88).
Thus we get

0"y = Cle)Q" (@) + B(a), (89)

where

1 A A
Bla)=1- —/ dr/ dt'H(t|ay; 1)), (90)
A Jo 0

Clay) = Aay) — B(ay), oD

A
A(oy) =1 —/ dtG(t|oy). 92)
0

The recurrence relation (89) should be resolved with the initial
condition

09 =1, (93)

which implies that the first MTW is not affected by the previ-
ous MTWs.

The solution to the relation (89) with the initial condition
(93) reads

Q1" = B(oy—1) + B(oy—2)Cloy—1)
+ B(a;—3)C(a;2)Cloy_1) +--- . (94)

The first term of this relation describes the effect of the
previous MTW. The second term describes the effect of two
previous MTWs, and so on. Therefore, the memory effect
from the previous MTWs is conveniently encoded by the
probability Q;_, (/=1 in the POVM (88).

An important feature of the solution (94) is that contri-
butions of higher terms quickly vanish with growing their
number. In many practical situations, it is sufficient to con-
sider only a few first terms. Therefore, only several previous
MTWs affect the photocounting statistics in the given one.
Hence, the considered measurement process is ergodic, i.e.,
the dependence on [ vanishes for / > 1, and the statistics
in different MTWs is almost the same. This implies that
the photocounting statistics of the /th MTW is equal to the
statistics obtained from events sampled from the MTWs with
consecutive numbers. This result justifies a technique of data
processing widely used with the continuous-wave detection.
Indeed, in typical experimental applications one averages
events sampled from different MTWs without repeating the
whole measurement procedure and averaging data from the
MTWs with the same number.

D. Photocounting statistics vs photon-number statistics

An important consequence from the nonlinear dependence
of the photocounting distribution on the density operator p
in Eq. (61) is that the expression (52) connecting photon-
number and photocounting statistics does not hold anymore.
Evidently, in the considered situation it should be replaced by

tee 7);111 . (95)

Here P, and P, are photocounting and photon-number distri-
butions, respectively, and

Anpmgomy = (g oo my|Aglmy, .. my) (96)

is the POVM (88) in the Fock representation, where we have
omitted the MTW-number / for the sake of simplicity.

Converting the POVM (88) in the Fock representation, we
get

Anlm, ..... m; — [Pn\m, - Dnlm;]Qm1,|...m] + Dn\m,- (97)

Here we have introduced operators in the Fock representation.
The probability P, to get n pulses given m photons in the
current MTW and no pulses in the time interval T € [0, A] of
the previous MTW is presented by Eq. (53). The conditional
probability D,,, = (m|D,|m) describes the situation with the
presence of last pulse in the time interval T € [0, A] of the
previous MTW. This probability is uniformly averaged with
the time t and corresponds to the operator

A

D, = 1 dtTl,(7) (98)

A Joy

[cf. Eq. (65)] for the conditional POVM I1,(t). The symbol
Qm,_,..m, 1s decomposed according to Eq. (94) as

le—]---ml = BmH + BmHCmH
+ Bm173Cm/72Cm/7| +eee (99)
Here B,, = (m|Blm) and C,, = (m|C|m) correspond to the
operators with the O symbols given by Eq. (90) and Eq. (91),
respectively.
The conditional probabilities D,,, can be obtained from

Eqgs. (65), (66), and (98) by applying the technique described
in Sec. II. This leads to the expression

m! A
Dnlm = / dt
Am—n)! Jy

X / d"tL,(t;)[1 — B, (t; )" ™" (100)
T,

for m > n and

Dnlm:O (101)

for m < n. The coefficients A,,, B,,, and C,, are expressed via
the operators G(t) and H(t|t’) [cf. Egs. (90), (91), and (92)]
in the Fock representation as

A
A, =1 —/ dtG, (1), (102)
0
1 A A
B,=1-— —/ dr/ dvH,(t|t)), (103)
A Jo 0
Cn=A, —B,. (104)
Here the functions
m m
G — "
® ; m—n)!
% / dnfltnflzn(tnfl’ Ty — 'L')
Tln—l
x [1—Z,t" ", o — )" (105)
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and
m

Hy(rlt) =3 —

= (m —n)!

X / ] d" WL, o — 1)
o=

x [1 = E,(t" ", t — T 7)™ " (106)

are obtained from Egs. (79) and (80) with the technique de-
scribed in Sec. II.

VI. EXAMPLES FOR TYPICAL QUANTUM STATES

In this section, we consider applications of the obtained
theory for the SNSPDs to derivation of photocounting statis-
tics for typical quantum states. We will concentrate on
understanding the roles of two factors: (1) the relaxation
time 7, in the scenario of independent MTWs and (2) the
memory effect of the previous MTWs in the scenario of
continuous-wave detection. For this purpose, we compare the
statistic obtained from the PNR detectors with three different
situations. Firstly, we model the relaxation in the scenario
of independent MTWs by replacing the dead time tg with
74 + 7, in the POVM (49), (50), (51). Next, we directly apply
the derived POVM (29) with the model of smooth relaxation
(13). Finally, we consider the memory effect of the previous
MTWs; cf. the POVM (88) and the photocounting formula
(60). For all cases we use a monochromatic mode described
by Eq. (16).

The first example is the coherent state |«g). Since its P
function is given by the Dirac delta function,

P(a) = 6(a — ap), (107)

the corresponding statistics is obtained by replacing o or o
for all k£ with ¢ in the Q symbols of the POVM for the sce-
nario of independent MTWs or in continuous-wave detection,
respectively. The result is shown in Fig. 3. It is clear that the
presence of the dead time alone strictly changes the statistics
in comparison with the case of the PNR detectors. The smooth
relaxation described by Eq. (13) and the memory effect of
the previous MTWs result in significant modifications of the
statistics as well.

As the next example, we consider the Fock state |k) atten-
vated with the efficiency 1, which can also be considered as
the detection efficiency. The corresponding density operator is
given by

k
p=_ Pl (108)
=0
where
P = (f)n’(l — ! (109)

is the photon-number distribution. The photocounting distri-
bution is directly obtained from Eq. (52) and Eq. (95) in
the scenarios of independent MTWs and continuous-wave
detection, respectively. It is shown in Fig. 4 for k = 4. Firstly,
it is clearly seen that even the dead-time alone results in
a significant increase of events with n < k. Secondly, the

0.5 1 il == (i) PNR detector
D [**=5 (ii) Simple model
ol V77 (iii) Independent MTWs
0.4 1 o:' AN (iv) Memory effect
.‘r§ 7
a .
= 0.3 1
e
[s]
Q0
e
a 0.2 1 - =
1 INER E g
0.0 TVN% ; A ENE o B §

0 1 2 3 4
Number of photocounts

ot
D
-3

FIG. 3. Photocounting statistics for the coherent state |«p) with
oy = 2 is shown. Four cases are presented: (i) PNR detectors with
the statistics determined from the POVM (2); (ii) the simple model
described by the POVM (49), (50), (51) with the dead time 74 re-
placed by 74 + 7;; (iii) the model given by the POVM (29) in the
scenario of independent MTWs; (iv) the model of continuous-wave
detection accounting the memory effect of the previous MTWs [cf.
Eq. (88)] for/ = 3 and A = 0.37,,. In all appropriate cases we chose
g = 0.057, and 7, = 0.27,,.

1.0 A = == (i) PNR detector
é [*=*3 (i) Simple model
= V/2 (iii) Independent MTWs
0.8 1 E AN (iv) Memory effect
z . =
= 0.6 1 =
o) =
3 N =
o =
a 0.4 =
\B=
0.2 1 =
N =
0.0 : RZA s = .
0 1 2 3 4 5 6 7
Number of photocounts
[ —— (i) PNR detector
0.6 - [*+«3 (ii) Simple model
' : 772 (iii) Independent MTWs
N AN (iv) Memory effect
0.5 1
z -
= 04 A = =
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0.2 1 g E
0.1 %:: =
0.0 ; . NS .
0 2 3 4 5 6 7

Number of photocounts

FIG. 4. Photocounting statistics as in Fig. 3 is shown but for the
Fock state |4). The upper and lower plots correspond to n = 1 and
n = 0.8, respectively.
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consideration of a smooth model for the relaxation crucially
changes the probability distribution as well. Finally, we note
the significant impact of the previous MTWs.

As the last example, we consider the squeezed vacuum
state,

) 1 i(Zn)l/z(tanhr>"|2 >
r) = n),
Veoshr <=\ n 2

where r is the squeezing parameter. The corresponding pho-
tocounting distribution can be obtained with two different
methods. The first one is based on the fact that the photon-
number distribution for this state is given by

(i sinh r)"

" [+ @2 = p)nsinh? 1)E

|: (1 —n)nsinhr ]
x P, )
iv/1 + (2 — )y sinh® r

where P, (x) are the Legendre polynomials. These probabili-
ties can be substituted in Egs. (52) and (95) in order to obtain
the photocounting distribution for the SNSPDs in the sce-
narios of independent MTWSs and continuous-wave detection,
respectively. Alternatively, for the scenario of independent
MTWs one can directly use the photocounting formula (1)
with the POVM (29) and get the photocounting distribution
in the form

(110)

(111)

Py,:/ d"tp,(t), (112)
Tn

where

Pn(t) = Tr[7,(t)p] (113)

is the unnormalized probability density to get pulses at the
time moments t, p = |r)(r| is the density operator, and 7,(t)
is the operator, the Q symbol of which is given by m,,(t|«); cf.
Eq. (25). The function p,(t) can be obtained explicitly as

n!i"Z,(t) sinh” r

Pt = s o
» Pn(isinhr[En(t)— 1])7 (114)
Sa(t)
where
S,(t) = \/1 — sinh? rE,(D[E,(t) —2].  (115)

With these expressions, the integral in Eq. (112) can be
evaluated numerically. Similar calculations can be directly
conducted for the scenario of continuous-wave detection. The
result is presented in Fig. 5. Evidently, dead and relaxation
times as well as the memory effect of the previous MTWs play
a crucial role in the photocounting statistics for the squeezed
vacuum states.

VII. RECONSTRUCTION OF THE TIME-
DEPENDENT EFFICIENCY

For our purposes, we have used the time-dependent ef-
ficiency in the form of a decaying exponent as is given by
Egs. (12) and (13). However, the realistic function may differ
from this simple model. In this section we analyze a technique

I

i) PNR detector

(
0.4 A [e+<§ (ii) Simple model

v/4 (iii) Independent MTWs
AN (iv) Memory effect

5. 0.3

B

a ]

28

o 0.2 1

=

[a

0.1

1B MRERN s :-:%
0.0 v v . v v 7N

0 1 2 3 4 5 [ 7
Number of photocounts

VOV

LI
[0
1111
111

FIG. 5. Photocounting statistics as in Fig. 3 is shown but for
the squeezed vacuum state |r). The squeezing parameter and the
detection efficiency are chosen as r = 1.5 and 1 = 0.8, respectively.

reported in Ref. [93], enabling reconstruction of the efficiency
&(t) from the experimental data.

Let us consider a monochromatic wave in the coherent
state |og) in the MTW of duration t,,,. The intensity of this
wave (the mean energy per time unit) is given by the value
X = |ao|?/Tm. We will derive the probability density for the
time between pulses in such a scenario. It is composed of two
parts:

(1) The probability density to get the second pulse at the
time moment ¢ given the first pulse registered at the time
moment ¢ = 0 in the form A& (¢).

(2) The probability to get no pulses in the time domain

(0, t) given by
exp |:—k/ drg(r)i|.
0

The resulting probability density for the time between
pulses is given by

(116)

P(t) = AE(t) exp [—x /t dré(r)i|, (117)
0

which is the product of two mentioned components.

Similar to Eq. (82) we assume the existence of time A, for
which the relaxation processes are finished. Let the intensity
be chosen such that the condition

A -1
AL |:/ dté(r)}
0

is satisfied. For times # < A the probability density (117) can
be approximated as

(118)

P(t) =~ AE(1). (119)
Therefore, the probability density of the time between
pulses for ¢+ < A is proportional to the time-dependent effi-
ciency &(¢). This fact can be used for its reconstruction in
experiments.
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VIII. SUMMARY AND CONCLUSIONS

To summarize, we have proposed a photodetection theory
of the SNSPDs for the technique of counting voltage pulses,
which occur during the MTWs. We have concentrated with
three issues: dead time, relaxation time, and the memory ef-
fect from the previous MTWs. The latter can be eliminated
with the considered here technique of independent MTWs
assuming either darkening detector input after each MTW or
a proper postselection of the MTWs.

Our idea is based on modeling the dead time and the relax-
ation process by the time-dependent efficiency. This efficiency
becomes zero after each pulse during the dead-time interval,
and then it is smoothly recovered. For a better understanding
of the role of dead and relaxation times, the recovering part
of this efficiency has been approximated by the exponential
function. However, the realistic dependence may have a dif-
ferent form, which can also be applied in our theory. We have
analyzed an experimental technique of its reconstruction from
experimental data.

The measurement technique of continuous-wave detection
assuming no interruptions between the MTWs is considered
in the Markovian approximation. In this case, the well-known
photodetection formula significantly differs from its standard

form. Indeed, the memory effect of the previous MTWs results
in nonlinear dependence of the photocounting distribution on
the density operator.

In the most general case, photocounting statistics in each
MTW depends on its number. We have shown that in the
Markovian scenario this dependence is weak such that the
measurement process can be considered as ergodic. This result
justifies a widely used experimental technique of averaging
results from the events sampled in all MTWs.

The SNSPDs are widely used in many experimental works
in quantum optics. They also successfully applied for practical
implementations of quantum-information technologies. We
hope that our results will be useful for a proper analysis of
corresponding experimental data and for further development
of modern quantum technologies.

ACKNOWLEDGMENTS

The authors acknowledge support from the National
Research Foundation of Ukraine through the project
2020.02/0111 “Nonclassical and hybrid correlations of quan-
tum systems under realistic conditions.” They also thank B.
Hage and J. Kroger for enlightening discussions.

[1] R. H. Hadfield, Single-photon detectors for optical quantum
information applications, Nat. Photonics 3, 696 (2009).

[2] M. D. Eisaman, J. Fan, A. Migdall, and S. V. Polyakov, Invited
review article: Single-photon sources and detectors, Rev. Sci.
Instrum. 82, 071101 (2011).

[3] C. M. Natarajan, M. G. Tanner, and R. H. Hadfield, Su-
perconducting nanowire single-photon detectors: Physics and
applications, Supercond. Sci. Technol. 25, 063001 (2012).

[4] L. You, Superconducting nanowire single-photon detectors for
quantum information, Nanophotonics 9, 2673 (2020).

[5] P. Kok, W. J. Munro, K. Nemoto, T. C. Ralph, J. P. Dowling, and
G. J. Milburn, Linear optical quantum computing with photonic
qubits, Rev. Mod. Phys. 79, 135 (2007).

[6] S. Aaronson and A. Arkhipov, The computational complexity
of linear optics, Theory Comput. 9, 143 (2013).

[71 N. Gisin and R. Thew, Quantum communication, Nat.
Photonics 1, 165 (2007).

[8] F. Xu, X. Ma, Q. Zhang, H.-K. Lo, and J.-W. Pan, Secure quan-
tum key distribution with realistic devices, Rev. Mod. Phys. 92,
025002 (2020).

[9] S. Pirandola, U. L. Andersen, L. Banchi, M. Berta, D.
Bunandar, R. Colbeck, D. Englund, T. Gehring, C. Lupo, C.
Ottaviani et al., Advances in quantum cryptography, Adv. Opt.
Photon. 12, 1012 (2020).

[10] V. Giovannetti, S. Lloyd, and L. Maccone, Advances in quan-
tum metrology, Nat. Photonics §, 222 (2011).

[11] C. L. Degen, F. Reinhard, and P. Cappellaro, Quantum sensing,
Rev. Mod. Phys. 89, 035002 (2017).

[12] E. Polino, M. Valeri, N. Spagnolo, and F. Sciarrino, Photonic
quantum metrology, AVS Quantum Sci. 2, 024703 (2020).

[13] S. Somani, S. Kasapi, K. Wilsher, W. Lo, R. Sobolewski,
and G. Gol’'tsman, New photon detector for device analysis:

Superconducting single-photon detector based on a hot electron
effect, J. Vac. Sci. Technol. B 19, 2766 (2001).

[14] J. Zhang et al., Noninvasive CMOS circuit testing with NBN su-
perconducting single-photon detectors, Electron. Lett. 39, 1086
(2003).

[15] A. Puszka, L. D. Sieno, A. D. Mora, A. Pifferi, D. Contini,
G. Boso, A. Tosi, L. Hervé, A. Planat-Chrétien, A. Koenig,
and J.-M. Dinten, Time-resolved diffuse optical tomography
using fast-gated single-photon avalanche diodes, Biomed. Opt.
Express 4, 1351 (2013).

[16] A. M. Zysk, F. T. Nguyen, A. L. Oldenburg, D. L. Marks,
and S. A. Boppart, Optical coherence tomography: A review
of clinical development from bench to bedside, J. Biomed. Opt.
12, 051403 (2007).

[17] J. G. Fujimoto, M. E. Brezinski, G. J. Tearney, S. A. Boppart, B.
Bouma, M. R. Hee, J. F. Southern, and E. A. Swanson, Optical
biopsy and imaging using optical coherence tomography, Nat.
Med. 1, 970 (1995).

[18] A. D. Semenov, G. N. Gol’tsman, and A. A. Korneev, Quantum
detection by current carrying superconducting film, Physica C:
Superconductivity 351, 349 (2001).

[19] G. N. Gol’tsman, O. Okunev, G. Chulkova, A. Lipatov, A.
Semenov, K. Smirnov, B. Voronov, A. Dzardanov, C. Williams,
and R. Sobolewski, Picosecond superconducting single-photon
optical detector, Appl. Phys. Lett. 79, 705 (2001).

[20] H. Zhang, L. Xiao, B. Luo, J. Guo, L. Zhang, and J. Xie, The po-
tential and challenges of time-resolved single-photon detection
based on current-carrying superconducting nanowires, J. Phys.
D: Appl. Phys. 53, 013001 (2020).

[21] I. Esmaeil Zadeh, J. Chang, J. W. N. Los, S. Gyger, A. W.
Elshaari, S. Steinhauer, S. N. Dorenbos, and V. Zwiller, Su-
perconducting nanowire single-photon detectors: A perspective

063716-12


https://doi.org/10.1038/nphoton.2009.230
https://doi.org/10.1063/1.3610677
https://doi.org/10.1088/0953-2048/25/6/063001
https://doi.org/10.1515/nanoph-2020-0186
https://doi.org/10.1103/RevModPhys.79.135
https://doi.org/10.4086/toc.2013.v009a004
https://doi.org/10.1038/nphoton.2007.22
https://doi.org/10.1103/RevModPhys.92.025002
https://doi.org/10.1364/AOP.361502
https://doi.org/10.1038/nphoton.2011.35
https://doi.org/10.1103/RevModPhys.89.035002
https://doi.org/10.1116/5.0007577
https://doi.org/10.1116/1.1412899
https://doi.org/10.1049/el:20030710
https://doi.org/10.1364/BOE.4.001351
https://doi.org/10.1117/1.2793736
https://doi.org/10.1038/nm0995-970
https://doi.org/10.1016/S0921-4534(00)01637-3
https://doi.org/10.1063/1.1388868
https://doi.org/10.1088/1361-6463/ab4146

PHOTOCOUNTING STATISTICS OF SUPERCONDUCTING ...

PHYSICAL REVIEW A 105, 063716 (2022)

on evolution, state-of-the-art, future developments, and applica-
tions, Appl. Phys. Lett. 118, 190502 (2021).

[22] A. J. Kerman, E. A. Dauler, W. E. Keicher, J. K. W. Yang,
K. K. Berggren, G. Gol’tsman, and B. Voronov, Kinetic-
inductance-limited reset time of superconducting nanowire
photon counters, Appl. Phys. Lett. 88, 111116 (2006).

[23] J. K. W. Yang, A. J. Kerman, E. A. Dauler, V. Anant, K. M.
Rosfjord, and K. K. Berggren, Modeling the electrical and
thermal response of superconducting nanowire single-photon
detectors, IEEE Trans. Appl. Supercond. 17, 581 (2007).

[24] A. Semenov, P. Haas, H.-W. Hiibers, K. Ilin, M. Siegel,
A. Kirste, D. Drung, T. Schurig, and A. Engel, Intrinsic
quantum efficiency and electro-thermal model of a supercon-
ducting nanowire single-photon detector, J. Mod. Opt. 56, 345
(2009).

[25] A. J. Kerman, J. K. W. Yang, R. J. Molnar, E. A. Dauler, and
K. K. Berggren, Electrothermal feedback in superconducting
nanowire single-photon detectors, Phys. Rev. B 79, 100509(R)
(2009).

[26] L. N. Bulaevskii, M. J. Graf, and V. G. Kogan, Vortex-assisted
photon counts and their magnetic field dependence in single-
photon superconducting detectors, Phys. Rev. B 85, 014505
(2012).

[27] A.N. Zotova and D. Y. Vodolazov, Photon detection by current-
carrying superconducting film: A time-dependent Ginzburg-
Landau approach, Phys. Rev. B 85, 024509 (2012).

[28] A. Engel and A. Schilling, Numerical analysis of detection-
mechanism models of superconducting nanowire single-photon
detector, J. Appl. Phys. 114, 214501 (2013).

[29] J. J. Renema, R. Gaudio, Q. Wang, Z. Zhou, A. Gaggero, F.
Mattioli, R. Leoni, D. Sahin, M. J. A. de Dood, A. Fiore, and
M. P. van Exter, Experimental Test of Theories of the Detec-
tion Mechanism in a Nanowire Superconducting Single Photon
Detector, Phys. Rev. Lett. 112, 117604 (2014).

[30] A. Engel, J. J. Renema, K. II'in, and A. Semenov, Detection
mechanism of superconducting nanowire single-photon detec-
tors, Supercond. Sci. Technol. 28, 114003 (2015).

[31] D. Y. Vodolazov, Single-Photon Detection by a Dirty Current-
Carrying Superconducting Strip Based on the Kinetic-Equation
Approach, Phys. Rev. Appl. 7, 034014 (2017).

[32] K. A. Sunter and K. K. Berggren, Optical modeling of super-
conducting nanowire single photon detectors using the transfer
matrix method, Appl. Opt. 57, 4872 (2018).

[33] Q.-Y. Zhao, D. E Santavicca, D. Zhu, B. Noble, and K. K.
Berggren, A distributed electrical model for superconduct-
ing nanowire single photon detectors, Appl. Phys. Lett. 113,
082601 (2018).

[34] J. P. Allmaras, A. G. Kozorezov, B. A. Korzh, K. K. Berggren,
and M. D. Shaw, Intrinsic Timing Jitter and Latency in Su-
perconducting Nanowire Single-Photon Detectors, Phys. Rev.
Appl. 11, 034062 (2019).

[35] H.-S. Zhong, H. Wang, Y.-H. Deng, M.-C. Chen, L.-C. Peng,
Y.-H. Luo, J. Qin, D. Wu, X. Ding, Y. Hu ef al., Quantum com-
putational advantage using photons, Science 370, 1460 (2020).

[36] H.-S. Zhong, Y.-H. Deng, J. Qin, H. Wang, M.-C. Chen, L.-C.
Peng, Y.-H. Luo, D. Wu, S.-Q. Gong, H. Su et al., Phase-
Programmable Gaussian Boson Sampling Using Stimulated
Squeezed Light, Phys. Rev. Lett. 127, 180502 (2021).

[37] R. H. Hadfield, J. L. Habif, J. Schlafer, R. E. Schwall, and
S. W. Nam, Quantum key distribution at 1550 nm with twin

superconducting single-photon detectors, Appl. Phys. Lett. 89,
241129 (2006).

[38] H. Takesue, S. W. Nam, Q. Zhang, R. H. Hadfield, T. Honjo, K.
Tamaki, and Y. Yamamoto, Quantum key distribution over a 40-
dB channel loss using superconducting single-photon detectors,
Nat. Photonics 1, 343 (2007).

[39] D. Rosenberg, C. G. Peterson, J. W. Harrington, P. R. Rice,
N. Dallmann, K. T. Tyagi, K. P. McCabe, S. Nam, B. Baek,
R. H. Hadfield et al., Practical long-distance quantum key dis-
tribution system using decoy levels, New J. Phys. 11, 045009
(2009).

[40] Y. Liu, T.-Y. Chen, J. Wang, W.-Q. Cai, X. Wan, L.-K. Chen,
J.-H. Wang, S.-B. Liu, H. Liang, L. Yang et al., Decoy-state
quantum key distribution with polarized photons over 200 km,
Opt. Express 18, 8587 (2010).

[41] M. Sasaki, M. Fujiwara, H. Ishizuka, W. Klaus, K. Wakui,
M. Takeoka, S. Miki, T. Yamashita, Z. Wang, A. Tanaka
et al., Field test of quantum key distribution in the Tokyo QKD
Network, Opt. Express 19, 10387 (2011).

[42] S. Wang, W. Chen, J.-F. Guo, Z.-Q. Yin, H.-W. Li, Z. Zhou,
G.-C. Guo, and Z.-F. Han, 2 GHz clock quantum key distribu-
tion over 260 km of standard telecom fiber, Opt. Lett. 37, 1008
(2012).

[43] Y.-L. Tang, H.-L. Yin, S.-J. Chen, Y. Liu, W.-J. Zhang, X. Jiang,
L. Zhang, J. Wang, L.-X. You, J.-Y. Guan et al., Field test
of measurement-device-independent quantum key distribution,
IEEE J. Sel. Top. Quantum Electron. 21, 116 (2015).

[44] Y.-L. Tang, H.-L. Yin, S.-J. Chen, Y. Liu, W.-J. Zhang, X. Jiang,
L. Zhang, J. Wang, L.-X. You, J.-Y. Guan et al., Measurement-
Device-Independent Quantum Key Distribution over 200 km,
Phys. Rev. Lett. 113, 190501 (2014).

[45] K. Takemoto, Y. Nambu, T. Miyazawa, Y. Sakuma, T.
Yamamoto, S. Yorozu, and Y. Arakawa, Quantum key dis-
tribution over 120 km using ultrahigh purity single-photon
source and superconducting single-photon detectors, Sci. Rep.
5, 14383 (2015).

[46] R. Valivarthi, I. Lucio-Martinez, P. Chan, A. Rubenok, C. John,
D. Korchinski, C. Duffin, F. Marsili, V. Verma, M. D. Shaw
et al., Measurement-device-independent quantum key distribu-
tion: From idea towards application, J. Mod. Opt. 62, 1141
(2015).

[47] Y.-L. Tang, H.-L. Yin, Q. Zhao, H. Liu, X.-X. Sun, M.-Q.
Huang, W.-J. Zhang, S.-J. Chen, L. Zhang, L.-X. You et al.,
Measurement-Device-Independent Quantum Key Distribution
over Untrustful Metropolitan Network, Phys. Rev. X 6, 011024
(2016).

[48] H.-L. Yin, T.-Y. Chen, Z.-W. Yu, H. Liu, L.-X. You, Y.-H.
Zhou, S.-J. Chen, Y. Mao, M.-Q. Huang, W.-J. Zhang et al.,
Measurement-Device-Independent Quantum Key Distribution
over a 404 km Optical Fiber, Phys. Rev. Lett. 117, 190501
(2016).

[49] A. Boaron, G. Boso, D. Rusca, C. Vulliez, C. Autebert, M.
Caloz, M. Perrenoud, G. Gras, F. Bussieres, M.-J. Li et al.,
Secure Quantum Key Distribution over 421 km of Optical Fiber,
Phys. Rev. Lett. 121, 190502 (2018).

[50] H. Liu, W. Wang, K. Wei, X.-T. Fang, L. Li, N.-L. Liu,
H. Liang, S.-J. Zhang, W. Zhang, H. Li, L. You et al., Ex-
perimental Demonstration of High-Rate Measurement-Device-
Independent Quantum Key Distribution over Asymmetric
Channels, Phys. Rev. Lett. 122, 160501 (2019).

063716-13


https://doi.org/10.1063/5.0045990
https://doi.org/10.1063/1.2183810
https://doi.org/10.1109/TASC.2007.898660
https://doi.org/10.1080/09500340802578589
https://doi.org/10.1103/PhysRevB.79.100509
https://doi.org/10.1103/PhysRevB.85.014505
https://doi.org/10.1103/PhysRevB.85.024509
https://doi.org/10.1063/1.4836878
https://doi.org/10.1103/PhysRevLett.112.117604
https://doi.org/10.1088/0953-2048/28/11/114003
https://doi.org/10.1103/PhysRevApplied.7.034014
https://doi.org/10.1364/AO.57.004872
https://doi.org/10.1063/1.5040150
https://doi.org/10.1103/PhysRevApplied.11.034062
https://doi.org/10.1126/science.abe8770
https://doi.org/10.1103/PhysRevLett.127.180502
https://doi.org/10.1063/1.2405870
https://doi.org/10.1038/nphoton.2007.75
https://doi.org/10.1088/1367-2630/11/4/045009
https://doi.org/10.1364/OE.18.008587
https://doi.org/10.1364/OE.19.010387
https://doi.org/10.1364/OL.37.001008
https://doi.org/10.1109/JSTQE.2014.2361796
https://doi.org/10.1103/PhysRevLett.113.190501
https://doi.org/10.1038/srep14383
https://doi.org/10.1080/09500340.2015.1021725
https://doi.org/10.1103/PhysRevX.6.011024
https://doi.org/10.1103/PhysRevLett.117.190501
https://doi.org/10.1103/PhysRevLett.121.190502
https://doi.org/10.1103/PhysRevLett.122.160501

V. A. UZUNOVA AND A. A. SEMENOV

PHYSICAL REVIEW A 105, 063716 (2022)

[51] Y. Liu, Z.-W. Yu, W. Zhang, J.-Y. Guan, J.-P. Chen, C. Zhang,
X.-L. Hu, H. Li, C. Jiang, J. Lin et al., Experimental Twin-Field
Quantum Key Distribution through Sending or Not Sending,
Phys. Rev. Lett. 123, 100505 (2019).

[52] S. Wang, D.-Y. He, Z.-Q. Yin, E-Y. Lu, C.-H. Cui, W. Chen,
Z. Zhou, G.-C. Guo, and Z.-F. Han, Beating the Fundamental
Rate-Distance Limit in a Proof-of-Principle Quantum Key Dis-
tribution System, Phys. Rev. X 9, 021046 (2019).

[53] M. Minder, M. Pittaluga, G. L. Roberts, M. Lucamarini, J. F.
Dynes, Z. L. Yuan, and A. J. Shields, Experimental quantum
key distribution beyond the repeaterless secret key capacity,
Nat. Photonics 13, 334 (2019).

[54] X.-T. Fang, P. Zeng, H. Liu, M. Zou, W. Wu, Y.-L. Tang,
Y.-J. Sheng, Y. Xiang, W. Zhang, H. Li et al., Imple-
mentation of quantum key distribution surpassing the linear
rate-transmittance bound, Nat. Photonics 14, 422 (2020).

[55] J.-P. Chen, C. Zhang, Y. Liu, C. Jiang, W. Zhang, X.-L. Hu, J.-Y.
Guan, Z.-W. Yu, H. Xu, J. Lin et al., Sending-or-Not-Sending
with Independent Lasers: Secure Twin-Field Quantum Key Dis-
tribution over 509 km, Phys. Rev. Lett. 124, 070501 (2020).

[56] K. Wei, W. Li, H. Tan, Y. Li, H. Min, W.-J. Zhang, H. Li,
L. You, Z. Wang, X. Jiang et al., High-Speed Measurement-
Device-Independent Quantum Key Distribution with Integrated
Silicon Photonics, Phys. Rev. X 10, 031030 (2020).

[57] Q.-C. Sun, Y.-L. Mao, S.-J. Chen, W. Zhang, Y.-F. Jiang, Y.-B.
Zhang, W.-J. Zhang, S. Miki, T. Yamashita, H. Terai et al.,
Quantum teleportation with independent sources and prior en-
tanglement distribution over a network, Nat. Photonics 10, 671
(2016).

[58] R. Valivarthi, M. G. Puigibert, Q. Zhou, G. H. Aguilar, V. B.
Verma, F. Marsili, M. D. Shaw, S. W. Nam, D. Oblak, and
W. Tittel, Quantum teleportation across a metropolitan fibre
network, Nat. Photonics 10, 676 (2016).

[59] L. K. Shalm, E. Meyer-Scott, B. G. Christensen, P. Bierhorst,
M. A. Wayne, M. J. Stevens, T. Gerrits, S. Glancy, D. R.
Hamel, M. S. Allman et al., Strong Loophole-Free Test of Local
Realism, Phys. Rev. Lett. 115, 250402 (2015).

[60] M. Bohmann, R. Kruse, J. Sperling, C. Silberhorn, and W.
Vogel, Direct calibration of click-counting detectors, Phys. Rev.
A 95, 033806 (2017).

[61] M. Bohmann, J. Tiedau, T. Bartley, J. Sperling, C. Silberhorn,
and W. Vogel, Incomplete Detection of Nonclassical Phase-
Space Distributions, Phys. Rev. Lett. 120, 063607 (2018).

[62] M. A. Nielsen and I. L. Chuang, Quantum Computa-
tion and Quantum Information (Cambridge University Press,
Cambridge, 2010)

[63] L. Mandel and E. Wol, Optical Coherence and Quantum Optics
(Cambridge University Press, Cambridge, 1995).

[64] P. L. Kelley and W. H. Kleiner, Theory of electromagnetic
field measurement and photoelectron counting, Phys. Rev. 136,
A316 (1964).

[65] H. Paul, P. Tormi, T. Kiss, and I. Jex, Photon Chopping: New
Way to Measure the Quantum State of Light, Phys. Rev. Lett.
76, 2464 (1996).

[66] S. A. Castelletto, 1. P. Degiovanni, V. Schettini, and A. L.
Migdall, Reduced deadtime and higher rate photon-counting
detection using a multiplexed detector array, J. Mod. Opt. 54,
337 (2007).

[67] V. Schettini, S. V. Polyakov, I. P. Degiovanni, G. Brida, S.
Castelletto, and A. L. Migdall, Implementing a multiplexed

system of detectors for higher photon counting rates, IEEE J.
Sel. Top. Quantum Electron. 13, 978 (2007).

[68] J.-L. Blanchet, F. Devaux, L. Furfaro, and E. Lantz, Measure-
ment of Sub-Shot-Noise Correlations of Spatial Fluctuations
in the Photon-Counting Regime, Phys. Rev. Lett. 101, 233604
(2008).

[69] J. Hlousek, M. Dudka, I. Straka, and M. Jezek, Accurate Detec-
tion of Arbitrary Photon Statistics, Phys. Rev. Lett. 123, 153604
(2019).

[70] D. Achilles, C. Silberhorn, C. Sliwa, K. Banaszek, and 1. A.
Walmsley, Fiber-assisted detection with photon number resolu-
tion, Opt. Lett. 28, 2387 (2003).

[71] M. J. Fitch, B. C. Jacobs, T. B. Pittman, and J. D.
Franson, Photon-number resolution using time-multiplexed
single-photon detectors, Phys. Rev. A 68, 043814 (2003).

[72] J. Rehadek, Z. Hradil, O. Haderka, J. Pefina, and M. Hamar,
Multiple-photon resolving fiber-loop detector, Phys. Rev. A 67,
061801(R) (2003).

[73] J. Sperling, W. Vogel, and G. S. Agarwal, True photocounting
statistics of multiple on-off detectors, Phys. Rev. A 85, 023820
(2012).

[74] L. M. Ricciardi and F. Esposito, On some distribution func-
tions for non-linear switching elements with finite dead time,
Kybernetik 3, 148 (1966).

[75] J. W. Miiller, Dead-time problems, Nucl. Instrum. Methods 112,
47 (1973).

[76] J. W. Miiller, Some formulae for a dead-time-distorted poisson
process: To André Allisy on the completion of his first half
century, Nucl. Instrum. Methods 117, 401 (1974).

[77] B. L. Cantor and M. C. Teich, Dead-time-corrected photocount-
ing distributions for laser radiation, J. Opt. Soc. Am. 65, 786
(1975).

[78] M. C. Teich, L. Matin, and B. 1. Cantor, Refractoriness in the
maintained discharge of the cat’s retinal ganglion cell, J. Opt.
Soc. Am. 68, 386 (1978).

[79] G. Vannucci and M. C. Teich, Effects of rate variation on the
counting statistics of dead-time-modified Poisson processes,
Opt. Commun. 25, 267 (1978).

[80] B. Saleh, Photoelectron Statistics (Springer, Berlin, 1978).

[81] J. Rapp, Y. Ma, R. M. A. Dawson, and V. K. Goyal, Dead
time compensation for high-flux ranging, IEEE Trans. Signal
Process. 67, 3471 (2019).

[82] I. Straka, J. Grygar, J. Hlousek, and M. JeZek, Counting statis-
tics of actively quenched SPADs under continuous illumination,
J. Lightwave Technol. 38, 4765 (2020).

[83] K. E. Cahill and R. J. Glauber, Density operators and quasiprob-
ability distributions, Phys. Rev. 177, 1882 (1969).

[84] K. E. Cahill and R. J. Glauber, Ordered expansions in boson
amplitude operators, Phys. Rev. 177, 1857 (1969).

[85] R. J. Glauber, Coherent and incoherent states of the radiation
field, Phys. Rev. 131, 2766 (1963).

[86] E. C. G. Sudarshan, Equivalence of Semiclassical and Quantum
Mechanical Descriptions of Statistical Light Beams, Phys. Rev.
Lett. 10, 277 (1963).

[87] L. Mandel, E. C. G. Sudarshan, and E. Wolf, Theory of photo-
electric detection of light fluctuations, Proc. Phys. Soc. 84, 435
(1964).

[88] W. Lamb, Jr. and M. O. Scully, in Polarization: Matiere et
Rayonnement, edited by H. Bederson (Presses Universitaires de
France, Paris, 1969), p. 363.

063716-14


https://doi.org/10.1103/PhysRevLett.123.100505
https://doi.org/10.1103/PhysRevX.9.021046
https://doi.org/10.1038/s41566-019-0377-7
https://doi.org/10.1038/s41566-020-0599-8
https://doi.org/10.1103/PhysRevLett.124.070501
https://doi.org/10.1103/PhysRevX.10.031030
https://doi.org/10.1038/nphoton.2016.179
https://doi.org/10.1038/nphoton.2016.180
https://doi.org/10.1103/PhysRevLett.115.250402
https://doi.org/10.1103/PhysRevA.95.033806
https://doi.org/10.1103/PhysRevLett.120.063607
https://doi.org/10.1103/PhysRev.136.A316
https://doi.org/10.1103/PhysRevLett.76.2464
https://doi.org/10.1080/09500340600779579
https://doi.org/10.1109/JSTQE.2007.902846
https://doi.org/10.1103/PhysRevLett.101.233604
https://doi.org/10.1103/PhysRevLett.123.153604
https://doi.org/10.1364/OL.28.002387
https://doi.org/10.1103/PhysRevA.68.043814
https://doi.org/10.1103/PhysRevA.67.061801
https://doi.org/10.1103/PhysRevA.85.023820
https://doi.org/10.1007/BF00288925
https://doi.org/10.1016/0029-554X(73)90773-8
https://doi.org/10.1016/0029-554X(74)90283-3
https://doi.org/10.1364/JOSA.65.000786
https://doi.org/10.1364/JOSA.68.000386
https://doi.org/10.1016/0030-4018(78)90322-X
https://doi.org/10.1109/TSP.2019.2914891
https://doi.org/10.1109/JLT.2020.2994654
https://doi.org/10.1103/PhysRev.177.1882
https://doi.org/10.1103/PhysRev.177.1857
https://doi.org/10.1103/PhysRev.131.2766
https://doi.org/10.1103/PhysRevLett.10.277
https://doi.org/10.1088/0370-1328/84/3/313

PHOTOCOUNTING STATISTICS OF SUPERCONDUCTING ...

PHYSICAL REVIEW A 105, 063716 (2022)

[89] W. K. Pratt, Laser Communication Systems (Wiley, New York,
1969).

[90] S. Karp, E. L. O’Neill, and R. M. Gagliardi, Communication
theory for the free-space optical channel, Proc. IEEE 58, 1611
(1970).

[91] H. Lee, U. Yurtsever, P. Kok, G. M. Hockney, C. Adami, S. L.
Braunstein, and J. P. Dowling, Towards photostatistics from
photon-number discriminating detectors, J. Mod. Opt. 51, 1517
(2004).

[92] A. A. Semenov, A. V. Turchin, and H. V. Gomonay, Detection
of quantum light in the presence of noise, Phys. Rev. A 78,
055803 (2008).

[93] C. Autebert, G. Gras, E. Amri, M. Perrenoud, M. Caloz, H.
Zbinden, and F. Bussieres, Direct measurement of the recov-
ery time of superconducting nanowire single-photon detectors,
J. Appl. Phys. 128, 074504 (2020).

[94] M. Caloz, B. Korzh, N. Timoney, M. Weiss, S. Gariglio, R. J.
Warburton, C. Schonenberger, J. Renema, H. Zbinden, and
F. Bussieres, Optically probing the detection mechanism in a
molybdenum silicide superconducting nanowire single-photon
detector, Appl. Phys. Lett. 110, 083106 (2017).

[95] O. P. Kovalenko, J. Sperling, W. Vogel, and A. A. Semenov,
Geometrical picture of photocounting measurements, Phys.
Rev. A 97, 023845 (2018).

063716-15


https://doi.org/10.1109/PROC.1970.7985
https://doi.org/10.1080/09500340408235289
https://doi.org/10.1103/PhysRevA.78.055803
https://doi.org/10.1063/5.0007976
https://doi.org/10.1063/1.4977034
https://doi.org/10.1103/PhysRevA.97.023845

