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Constraints between concurrence and polarization for mixed states
subjected to open system dynamics
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Entanglement and polarization are mutually constrained by the relationship C2 + P2 = 1, which engages the
concurrence C of a pure, two-qubit state and the degree of polarization P of either of its two subsystems. How
the above constraint generalizes for mixed states is an open question. We address mixed, two-qubit states of
the X type, i.e., those whose density matrix has nonzero elements only in the two main diagonals. We focus on
mixed states that arise out of a pure, two-qubit state that is subjected to either the amplitude damping channel
or the depolarizing channel. We derive alternative constraints for concurrence and polarization and test them
experimentally with polarization-entangled photons. We argue that our theoretical results hold also for classical
light, whenever two binary degrees of freedom can be entangled.
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I. INTRODUCTION

For years, entanglement was viewed as the most distinctive
feature of quantum mechanics, a feature that was seemingly in
conflict with local realism. In the course of time, though, such
a view gradually changed. More and more people noticed that
entanglement is actually defined solely in terms of linear alge-
braic properties of vector spaces [1]. These spaces, in turn, can
be used to describe either quantum or classical phenomena. In
classical optics, for instance, one often deals with light beams
whose electric field has multiple degrees of freedom (DOFs),
e.g., those referring to space, time, and polarization. If one has
independent access to these DOFs, their proper mathematical
description requires making use of a tensor-product vector
space. It is then possible to deal with entangled states that vi-
olate the Bell-Clauser-Horne-Shimony-Holt inequality [2,3],
similarly to what happens in standard, quantum Bell tests.
Another feature that can appear in both classical and quantum
phenomena is polarization. Its original formulation referred
to a particular case: the polarization of a plane wave’s electric
field. This field can be described as a coherent superposition of
two vectors. The correlation between the amplitudes of these
two vectors can be quantified with a basis-dependent measure,
the so-called “degree of coherence” [4]. A basis-independent
measure, the degree of polarization P, can be defined as the
maximum degree of coherence over all orthonormal bases
[5]. As for entanglement, a basis-independent measure is, for
instance, concurrence C [6]. It turns out that the two measures,
P and C, can be related to one another. Indeed, as was recently
shown [7], the degree of entanglement of a pure, two-qubit
system and the degree of polarization of either of its one-
qubit subsystems are mutually constrained, according to the
equality

C2 + P2 = 1. (1)

Equation (1) might seem somewhat counterintuitive, because
C, a quantity that involves the two subsystems, turns out to be
linked to P, which measures a property that each (sub)system
can have, irrespective of the other one. However, (1) makes
sense when we recall that a system cannot be in a pure state if
it is entangled with another system. The pure, two-qubit state,
to which (1) refers, can be written as

|�AB〉 = α1|00〉 + α2|01〉 + α3|10〉 + α4|11〉, (2)

with
∑

i |αi|2 = 1. The marginal density operators of
the two subsystems, ρA = TrB(|�AB〉〈�AB|) and ρB =
TrA(|�AB〉〈�AB|), can be expressed in terms of the identity
matrix I and the triple of Pauli matrices, σ = (σ1, σ2, σ3), as

ρk = 1
2 (I + S(k) · σ ) ≡ 1

2 (I + P n̂(k) · σ), k = A, B. (3)

Here, S(k) are Stokes (or Bloch) vectors, and P = |S(k)| is
the degree of polarization. Equation (1) follows from ex-
pressing C in terms of the purities of each subsystem [8]:

C =
√

2(1 − Trρ2
A) =

√
2(1 − Trρ2

B). Indeed, Eq. (3) gives

Trρ2
A = Trρ2

B = (1 + P2)/2, so that (1) immediately follows.
As remarked in Ref. [7], the relationship between C and P,
given by Eq. (1), “is significant, not coincidental.” We may
naturally ask how significant it is. How are concurrence and
polarization related to one another when we have a mixture
ρAB instead of a pure state |�AB〉? This question still remains
wide open. In the case of pure states, Eq. (1) can be under-
stood as a complementarity relation, one which may engage
different pairs of coherences [7]. If some of these coherences
are “hidden” in an optical beam, the projection of all but two
of the beam’s DOFs makes accessible the mutual coherence
that the remaining pair may have [7]. In the case of mixed
states, we deal with open systems. The system’s environment
may play different roles, possibly giving rise to various com-
plementarity relations that extend the one given by Eq. (1).
Coherence can in turn be understood as the ability to interfere
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[4], which brings in concepts such as visibility V and dis-
tinguishability D. One can then arrive at a “triality relation”
[9] that reads D2 + V 2 + C2 = 1. This is one among several
relations that can be established [10–13]. These relations have
shed light on one of the quintessential aspects of quantum me-
chanics: wave-particle duality. In it, coherence plays a central
role. Moreover, when considering two subsystems of a whole
system, it can happen that coherence appears as a property of
the latter and only partially as a property of each subsystem.
Partial coherence can thus migrate from one subsystem to
the other, thereby becoming hidden. By submitting the whole
system to appropriate, global unitary transformations, one can
make hidden coherences available again [14].

In the case of mixed states, concurrence is defined [6]
in terms of ρ̃AB = (σ A

2 ⊗ σ B
2 )ρ∗

AB(σ A
2 ⊗ σ B

2 ), where ρ∗
AB is a

matrix whose entries are the complex conjugates of ρAB,
when the latter is written in the computational basis. Con-
currence is then given by C = max{0,

√
λ1 − √

λ2 − √
λ3 −√

λ4}, where λ1, . . . , λ4 are the eigenvalues of ρABρ̃AB in
decreasing order. While the “spin-flip” effect ρk → σ2ρ

∗
k σ2 =

(I − P n̂(k) · σ )/2 still connects ρ̃AB with polarization, the
incidence of ρABρ̃AB in C makes the connection between con-
currence and polarization much more involved, provided there
is such a connection in the most general case. To be sure,
one can formally connect entanglement and polarization by
resorting to the entanglement of formation [15]

E f (ρAB) = min
∑

i

piE
(
ψAB

i

)
. (4)

Here, the minimization is taken over all pure-state decom-
positions of the mixed state: ρAB = ∑

i pi|ψAB
i 〉〈ψAB

i |. The
pure-state entanglement measure E (ψAB

i ) is given by [6]

E
(
ψAB

i

) = h

⎛
⎝1 +

√
1 − C2

(
ψAB

i

)
2

⎞
⎠ = h

(
1 + Pi

2

)
, (5)

where h(x) = −x log2 x − (1 − x) log2(1 − x) is the binary
entropy function and we have used (1) in the second step.
Hence we can write E f (ρAB) in terms of the Pi instead of
the C(ψAB

i ). This was done in Ref. [16], where Eq. (1) was
anticipated. However, what we are seeking for is an explicit,
closed-form expression that involves a single degree of polar-
ization and concurrence, or any other entanglement measure.
This would bring us closer to answering the question about
the significance of (1), as a relation between entanglement and
polarization.

When the bipartite state ρAB is mixed, i.e., Tr ρ2
AB < 1, one

expects that (1) is replaced by the inequality

C2 + P2
k � 1, k = A, B. (6)

The respective degrees of polarization of the two subsystems
are now, in general, PA 	= PB. To the best of our knowledge,
inequality (6) has been proved only for a class of mixed
states, the so-called X states [17]. This class contains several
subclasses of mixed states, such as partially entangled states,
e.g., Werner states [18], as well as nonentangled states [19].
In this paper, we address a class of X states that are experi-
mentally accessible with linear optics. As we shall see, for X
states one can derive the inequality (6). It is also possible to

obtain some equalities that generalize the constraint given by
Eq. (1). Al-Qasimi has recently reported such an equality [17],
which is similar—and, in one case, identical—to the ones we
report here. However, while Al-Qasimi’s treatment focuses
on classical optical beams, ours embraces both classical and
single-photon beams. Our study should give further support
to viewing entanglement as a property that is not restricted
to quantum phenomena. Indeed, “entanglement is becoming
widely understood to be present in classical as well as in
quantum physics, with notable examples already appearing in
optical studies, both classical and quantum” [20]. As we said
before, the very definition of entanglement applies whenever
we deal with the tensor product of two vector spaces, irrespec-
tive of the classical or quantum nature of the physical entities
being described by those vector spaces [2,21–28]. Hence,
while the experiments we report were conducted with single
photons, the same results should be obtained with analogous
experiments that are conducted using classical light beams.
What matters is that two DOFs can get entangled and that each
of these DOFs can be represented by a qubit. C and P can
then be defined as above, and their constraints will manifest
themselves, no matter which physical realization of the DOFs
one uses, classical or quantum.

II. X STATES

X states are characterized by the form of their density
matrix in the computational basis:

ρX =

⎛
⎜⎝

a 0 0 w

0 b z 0
0 z∗ c 0

w∗ 0 0 d

⎞
⎟⎠. (7)

The square roots of the eigenvalues of ρX ρ̃X are |√ad ± |w||
and |√bc ± |z||. As can be shown [19], the non-negativity of
ρX implies that |z| � √

bc and |w| � √
ad . Thus the largest

of the above values is either |√ad + |w|| or |√bc + |z||. It
is then easy to see that, for X states, concurrence, i.e., C =
max{0,

√
λ1 − √

λ2 − √
λ3 − √

λ4}, can be written as

C = 2 max{0, |z| −
√

ad, |w| −
√

bc}. (8)

If C = 2(|z| − √
ad ), then, on taking into account that |z| �√

bc, we conclude that C � 2(
√

bc − √
ad ). Similarly, if C =

2(|w| − √
bc), we conclude that C � 2(

√
ad − √

bc). Thus
C � 2|√ad − √

bc|.
The degrees of polarization Pk = √

1 − 4 Det ρk of the
trace-1 marginal matrices, ρA = TrB ρX and ρB = TrA ρX , are
given by

PA =
√

1 − 4(a + b)(c + d ), (9)

PB =
√

1 − 4(a + c)(b + d ). (10)

From the foregoing results, it follows that

C2 + P2
A � 4(

√
ad −

√
bc)2 + 1 − 4(a + b)(c + d )

= 1 − 4(
√

ac +
√

bd )2 � 1, (11)

C2 + P2
B � 4(

√
ad −

√
bc)2 + 1 − 4(a + c)(b + d )

= 1 − 4(
√

ab +
√

cd )2 � 1. (12)
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Thus (6) is proved for general X states (see also Ref. [17]).
For some class of X states, inequality (6) can be replaced by a
tighter constraint—an equality—as we show next.

A. X states related to the amplitude damping channel

Here, we focus on X states that result from letting an
initially pure, two-qubit state evolve into a mixed state. We
assume that each qubit is subjected to the action of an envi-
ronment. This environment acts independently on each qubit
and in a way that can be modeled by the amplitude damping
channel (ADC) [29]. To fix ideas, we consider two photons
being in the pure state

|ψAB〉 = cos θ |HA〉|VB〉 + eiφ sin θ |VA〉|HB〉, (13)

where H and V refer to horizontal and vertical polarization,
respectively. The corresponding density matrix is then given
by

ρ
(0)
AB = |ψAB〉〈ψAB|

=

⎛
⎜⎜⎝

0 0 0 0
0 cos2 θ e−iφ cos θ sin θ 0
0 eiφ cos θ sin θ sin2 θ 0
0 0 0 0

⎞
⎟⎟⎠. (14)

The initial state evolves according to

ρAB = E
(
ρ

(0)
AB

) =
1∑

μ=0

1∑
ν=0

MA
μ ⊗ MB

ν

(
ρ

(0)
AB

)
MA†

μ ⊗ MB†
ν , (15)

where the Mμ are Kraus operators that act locally on each
qubit, making it undergo a dissipative process which we have

chosen to be the ADC. This process corresponds, e.g., to spon-
taneous photon emission by a two-level atom. Let us assume
that the horizontally polarized state represents the ground state
and the vertically polarized state represents the excited state,
whereas |0E 〉 and |1E 〉 are the vacuum state and one-photon
state, respectively, of the environment. The ADC is then given
by the map

|HA〉|0E 〉 → |HA〉|0E 〉, (16)

|VA〉|0E 〉 →
√

1 − p |VA〉|0E 〉 + √
p |HA〉|1E 〉, (17)

and similarly for the B subsystem. The parameter p is the
probability for the system to make a transition from the ex-
cited to the ground state, thereby transferring its energy to
the environment. The corresponding Kraus operators that act
locally on each subsystem are

M0 =
(

1 0
0

√
1 − p

)
, M1 =

(
0

√
p

0 0

)
. (18)

The experimental implementation of the ADC can be done
with an interferometric setup, in which the environmental
qubits are realized by the two-way path of, say, Sagnac [30] or
Mach-Zehnder [31] interferometers. The ADC map consisting
of (16) and (17) may be obtained from the transformation

|HA〉|0E 〉 → cos 2θH |HA〉|0E 〉 + sin 2θH |VA〉|1E 〉, (19)

|VA〉|0E 〉 → cos 2θV |VA〉|0E 〉 + sin 2θV |HA〉|1E 〉, (20)

by setting θH = 0 and sin2(2θV ) = p. The above transfor-
mation can be easily realized with interferometric setups
supplemented with half-wave plates [30].

The evolved state ρAB = E (ρ (0)
AB ) has the density matrix

ρAB =

⎛
⎜⎜⎝

p 0 0 0
0 (1 − p) cos2 θ e−iφ (1 − p) cos θ sin θ 0
0 eiφ (1 − p) cos θ sin θ (1 − p) sin2 θ 0
0 0 0 0

⎞
⎟⎟⎠. (21)

The marginal density matrices ρA and ρB have the following
degrees of polarization associated with them:

PA = |p + (1 − p) cos 2θ |, (22)

PB = |p − (1 − p) cos 2θ |. (23)

Concurrence is given by

C(ρAB) = (1 − p)| sin 2θ |. (24)

Setting p = 0, we recover the values PA = PB = | cos 2θ | and
C = | sin 2θ | that correspond to the initial, pure state ρ

(0)
AB ,

for which Eq. (1) holds true. As can be readily seen from
Eqs. (22)–(24), in the case p > 0, Eq. (1) generalizes to

C2
AB + (PA ± p)2 = (1 − p)2, (25)

C2
AB + (PB ± p)2 = (1 − p)2, (26)

where we have slightly changed our notation, setting CAB

instead of C, to emphasize that concurrence refers to the

two-qubit system, whereas PA and PB refer to one-qubit sub-
systems. As for the signs ± in (25) and (26), they depend
on the positiveness or negativeness of the expressions within
the absolute values in (22) and (23). Equation (25) represents
a circumference in the CAB-PA plane, with radius 1 − p, and
similarly for (26). Furthermore, we can connect CAB with
the two degrees of polarization in a single equation. Indeed,
on noting that P2

B − P2
A = 4p(1 − p) cos 2θ , we obtain, for

p 	= 0,

(4pCAB)2 + (
P2

B − P2
A

)2 = 16 p2(1 − p)2. (27)

Equations (25)–(27) generalize the constraint given by
Eq. (1). Like the latter, the constraints we have found hint at a
significant, not coincidental connection between concurrence
and polarization. It is worth noting that the above constraints
depend not only on the X state we start with, but also on the
evolution this state was submitted to. To see this, we address
next another type of evolution.

063710-3



Y. YUGRA, C. MONTENEGRO, AND F. DE ZELA PHYSICAL REVIEW A 105, 063710 (2022)

B. X states related to the depolarizing channel

Let us refer again to Al-Qasimi’s recent results [17], which
concern the initial, X -type state

|ψ〉 = cos θ |0〉|0〉 + sin θ |1〉|1〉. (28)

When submitted to uncorrelated noise, this state evolves to

ρW = ε

4
I + (1 − ε)|ψ〉〈ψ |, (29)

with 0 � ε � 1. The constraint that can be derived in this case
reads [17] (

C + ε

2

)2
+ P2 = (1 − ε)2. (30)

Here, P = (1 − ε)| cos 2θ | is the common degree of polariza-
tion of the two subsystems, and concurrence, as follows from
(8), equals C = |(1 − ε) sin 2θ | − ε/2 when C 	= 0, and zero
otherwise.

The constraints we derived before, (25), (26), and (30),
restrict the values of concurrence and polarization to lie on
circumferences, the radii and centers of which depend on
how mixed the corresponding states are, as measured by p
and ε, respectively. Similarly to the case of (25) and (26), in
which mixedness comes from amplitude damping, in the case
of (30), mixedness comes from the depolarizing, ε-weighted
contribution that is associated with I in ρW [see (29)]. The
process that leads from ρ

(0)
W = |ψ〉〈ψ | to ρW can indeed be

described in terms of a generalization of the depolarizing
channel [29]. To see this, we first observe that the two-qubit
identity operator I can be expressed as

1

4
I =

3∑
μ=0

3∑
ν=0

σμ ⊗ σν

(
ρ

(0)
W

)
σμ ⊗ σν, (31)

where σ0 stands for the one-qubit identity. On replacing (31)
in (29), we get

ρW =
(

1 − 3ε

4

)
ρ

(0)
W + ε

4

[
3∑

ν=1

σ0 ⊗ σν

(
ρ

(0)
W

)
σ0 ⊗ σν

+
3∑

μ=1

σμ ⊗ σ0
(
ρ

(0)
W

)
σμ ⊗ σ0

+
3∑

μ=1

3∑
ν=1

σμ ⊗ σν

(
ρ

(0)
W

)
σμ ⊗ σν

]
, (32)

which generalizes the depolarizing channel for a single qubit
[29]: E (ρ) = (1 − 3ε/4)ρ + (ε/4)

∑3
i=1 σi ρ σi.

Thus the process E (ρ (0)
W ) that leads from ρ

(0)
W to ρW has

in this case 16 Kraus operators Kμν ∝ σμ ⊗ σν . It is rather
difficult to implement such a number of operators with linear
optics. However, the same E can be realized with fewer oper-
ators, as we show next.

C. Effective depolarizing channel

For the sake of comparing the depolarizing channel with
the ADC, it will be convenient to address the state ρW , as given
by (29), but with |ψAB〉 of Eq. (13) replacing the state (28) that

enters (29). Our aim is thus to get

ρW = p

4
I + (1 − p)|ψAB〉〈ψAB|, (33)

as the result of an evolution E that may be implemented with
linear optics, similarly to what we have done with the ADC.

For simplicity, we set φ = 0 in |ψAB〉 [see Eq. (13)]. Our re-
sults concerning concurrence and polarization do not depend
on φ. The state |ψAB〉 can be supplemented with three other
ones, so as to get a decomposition of the two-qubit identity
operator I in the form

I = |ψ+
AB〉〈ψ+

AB| + |ψ−
AB〉〈ψ−

AB| + |φ+
AB〉〈φ+

AB| + |φ−
AB〉〈φ−

AB|,
(34)

where we have set |ψ+
AB〉 = |ψAB〉 with φ = 0. The four states

in the above equation read

|ψ+
AB〉 = cos θ |HA〉|VB〉 + sin θ |VA〉|HB〉, (35)

|ψ−
AB〉 = sin θ |HA〉|VB〉 − cos θ |VA〉|HB〉, (36)

|φ+
AB〉 = cos θ |HA〉|HB〉 + sin θ |VA〉|VB〉, (37)

|φ−
AB〉 = sin θ |HA〉|HB〉 − cos θ |VA〉|VB〉. (38)

These states are maximally entangled (Bell) states for θ =
π/4. Using the above expressions together with (34) and (33),
one can get the following Kraus operators:

K0 =
√

1 − 3p/4 σ0 ⊗ σ0, (39)

K1 =
√

p/4 σ0 ⊗ σ1, (40)

K2 = −i
√

p/4 σ1 ⊗ σ2, (41)

K3 = i
√

p/4 σ2 ⊗ σ0. (42)

One can check that the completeness relation holds:∑
μ K†

μKμ = I , as well as

ρW
AB =

3∑
μ=0

Kμ(|ψAB〉〈ψAB|)K†
μ = p

4
I + (1 − p)|ψAB〉〈ψAB|.

(43)
From (43) and using (8)–(10), we can calculate concurrence
and polarization. We obtain CW

AB = (1 − p)| sin 2θ | − p/2 and
PA = PB = (1 − p)| cos 2θ |, so that(

CW
AB + p

2

)2
+ P2

k = (1 − p)2, k = A, B, (44)

holds as long as CW
AB 	= 0. Equations (44) and (30) are the

same. The latter referred to the state |ψ〉 = |φ+
AB〉. Equa-

tion (44) holds in fact for the four states |ψ±
AB〉, |φ±

AB〉.
Hence, regarding concurrence and polarization, the pure

state |ψAB〉 obeys the constraint given by Eq. (1). If this
pure state evolves into a mixed state of the X type, then
said constraint changes in a way that depends on the type of
evolution. For instance, while the evolution (43) maintains the
initial balance in polarization (PA = PB), the ADC can break
it. Furthermore, the ranges within which concurrence and
polarizations may initially vary are also differently affected
by one or the other evolution. These ranges are fixed by the
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FIG. 1. Experimental setup. (a) Generation of polarization-
entangled photons by spontaneous parametric downconversion.
(b) Amplitude damping channels implemented with Sagnac-type
interferometers. (c) Tomographic two-qubit state characterization.
BBO, beta-barium-borate crystals; H, half-wave plate; Q, quarter-
wave plate; PBS, polarizing beam splitter; BS, 50 : 50 beam splitter;
M, mirror.

different constraints into which (1) changes, as a consequence
of the process followed by the initial, pure state.

III. EXPERIMENTAL SETUP AND RESULTS

We tested the constraints we found, Eqs. (25)–(27), by
conducting experiments with single photons. More specifi-
cally, we produced polarization-entangled photons of 800 nm
wavelength by means of spontaneous parametric downcon-
version (SPDC) in two beta-barium-borate (BBO) crystals,
the optical axes of which were oriented perpendicular to one
another [32] [see Fig. 1(a)]. The BBO crystals were pumped
with a cw laser of 400 nm wavelength (0.7 nm linewidth,
37.5 mW). Each downconverted photon was directed towards
a Sagnac-type interferometer, in which the ADC was imple-
mented [see Fig. 1(b)]. In these Sagnac interferometers, the
path degree of freedom serves as an ancilla, with the help
of which the transformations of Eqs. (19) and (20) can be
realized, as already explained. With a half-wave plate and a
tilted quarter-wave plate set before the BBO crystals, a state
|φ+

AB〉 [see Eq. (37)] was produced by SPDC [32]. Thereafter,
a half-wave plate set at 45◦ turned the horizontal polariza-
tion of one of these photons into a vertical one, and vice
versa, so as to obtain the state |ψ+

AB〉 [see Eq. (35)]. After
being subjected to the ADC to produce the desired X states,
the photons were submitted to two-qubit state tomography
[see Fig. 1(c)]. The required counting of coincident photon
detections was done with synchronized avalanche photode-
tectors, the coincidence window of which was 10.42 ns. We
applied the standard tomographic procedure of James et al.
[33]. Having determined the density matrix of the state, we
extracted from this matrix the desired parameters: CAB, PA, and
PB, as well as purity, P = (4/3)(Tr ρ2 − 1/4), and fidelity,
F (ρ, ρexp) = Tr[

√
ρ1/2ρexpρ1/2].

In Fig. 2, we show two examples of our tomographic
outputs. One example corresponds to the initial, pure state
|ψ+

AB〉 = cos θ |HA〉|VB〉 + sin θ |VA〉|HB〉 (two upper panels),
and the other example corresponds to the result of having sub-
mitted the pure state to the action of ADCs, so as to produce

FIG. 2. Real and imaginary parts of the density matrix of a pure
state |ψ+

AB〉 (upper panels) and a mixed, X -type state (lower panels).
The measured purity of |ψ+

AB〉 was 91%, and its fidelity was 0.950 ±
0.001. The fidelity of the X state was 0.904 ± 0.035.

a mixed, X state (two lower panels). The purity of |ψ+
AB〉 was

91%, and its fidelity was 0.950 ± 0.001. As for the X state, its
fidelity was 0.904 ± 0.035. These were typical values for our
measurements. Our experimental outcomes for concurrence
and polarization had an accuracy that was consistent with
those values.

In Fig. 3, we show our measurements of CAB, PA, and PB

as parametric functions of the angle θ that specifies the initial
state |ψ+

AB〉. We considered three X states. One of them, with
p = 0, corresponds to the initial, pure state |ψ+

AB〉, and the
other two cases correspond to setting p = 0.5 and 0.75 in
Eqs. (25) and (26). These equations are the constraints for the

FIG. 3. Experimental tests of the constraints given on top
of the graphs. The initial pure state is |ψ+

AB〉 = cos θ |HA,VB〉 +
sin θ |VA, HB〉. For p = 0 (state remains pure), curves were
parametrized with θ taking the values θ = 7.00◦, 14.75◦, 22.50◦,
30.25◦, and 38.00◦. For p = 0.5 and p = 0.75, the values were
θ = 10.00◦, 27.50◦, 45.00◦, 62.50◦, and 80.00◦.
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FIG. 4. Experimental test of the constraint given by Eq. (27) in the text. Left: Parameter p is held fixed, and θ , which characterizes the
initial state, varies as shown in the figure. Right: Parameter θ is held fixed, and parameter p varies as shown in the figure.

mixed states into which |ψ+
AB〉 evolves, when each photon is

submitted to the ADC. We controlled the value of p with the
half-wave plate that is set to θV in the Sagnac interferometers
(see Fig. 1). As can be seen, our experimental results are in
good agreement with theoretical predictions. Departures from
the latter were as expected, due to experimental inaccuracies.

We also tested Eq. (27). We performed this test by choosing
p = 1/2, a value for which the right-hand side of Eq. (27) is
unity. Keeping p fixed, we varied θ within the range 0 � θ �
π/4. Our results are displayed in the left panel of Fig. 4. Next,
we addressed Eq. (27) once more, this time keeping θ = π/10
and varying p. Our results are plotted in the right panel of
Fig. 4. While our outcomes are generally in good agreement
with theoretical predictions, the measured values of CAB sys-
tematically lie below the theoretical curve. Most probably,
this was due to imperfect alignment of some optical elements
and to stray light that could not be completely blocked. In
order to achieve enough stability, our interferometers had to
be compact enough, which in turn put a limited margin for
placement and alignment of the optical instruments. Small
deviations from the intended positioning have a deleterious
effect on photon entanglement. Moreover, coincident photon
detections require that photon pairs remain coherent after each
photon has traversed through its respective interferometer. To
balance optical path lengths, we used small pieces of glass
within the interferometers, with the corresponding trade-off
between compactness and accessibility. Restricted access to
our laboratory precluded us from improving the overall align-
ment and the optimization of data acquisition. Concerning the
latter, we made eight measurements per plotted point. Our
shortcomings notwithstanding, we consider that our results
provide convincing evidence of the accordance between the-
ory and experiment.

IV. SUMMARY AND CONCLUSIONS

In a previous work [7], it was shown that the “coherence
constraint” C2 + P2 = 1 applies for various pairs of DOFs
that characterize a transverse, optical field. For instance, if
one selects polarization and transverse position, their mutual
coherence is constrained by the above equality [7]. One can
also take polarization and the binary path of an interferometer
as the two entangled DOFs of the optical field. Again, the

same constraint holds, now referred to another coherence of
the same field. Alternatively, it is possible to address a single
DOF that is carried by two different objects. This is the case
when we address a pair of polarization-entangled photons. In
fact, the constraint C2 + P2 = 1 applies for any entangled pair
of binary DOFs, no matter how these DOFs are physically
realized, provided the corresponding two-qubit state is pure.

For mixed states, we should expect that the above, tight
constraint relaxes into an inequality: C2 + P2 � 1. This in-
equality, and a related equality, were recently proved to hold
for a subclass of so-called X states [17]. It was assumed that
a pure, optical field was submitted to uncorrelated noise, as a
result of which the pure state turned into a mixed state. We
have addressed the same subject matter from a more general
perspective, which allowed us to recover previous results and
to derive new ones. We obtained three equalities that general-
ize the constraint C2 + P2 = 1. These equalities follow from
considering the effect of the amplitude damping channel on an
initial, pure two-qubit state. We showed that previous results
[17] relate to the depolarizing channel and to an effective
version of it. We tested our results in experiments performed
with pairs of polarization-entangled photons. To the best of
our knowledge, the results reported in Ref. [17] have not been
tested. It is a pending task to perform the corresponding ex-
periments, either with classical light, as proposed in Ref. [17],
or in the quantum regime, as suggested by our formulation.

A point we want to emphasize is that all our results hold
for two qubits, i.e., a pair of two-state systems, no matter
how these qubits are physically realized. One can use classical
light or single photons. What really matters is that there are
two binary degrees of freedom that can be entangled. We can
then deal with both entanglement and polarization and explore
their interplay. It is an open question how entanglement and
polarization constrain each other when the involved, two-
qubit system is subjected to the influence of an environment.
We have provided an answer to this question, an answer that is
yet limited to X states. Hence a vast field of research remains
still wide open to be explored.
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