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Combination of dissipative and dispersive coupling in the cavity optomechanical systems
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An analysis is given for the Fabry-Perot cavity having a combination of dissipative and dispersive optome-
chanical coupling. It is established that the combined coupling leads to optical rigidity. At the same time, this
rigidity appears in systems with the combined coupling on the resonant pump, which is not typical for pure
dispersive and dissipative couplings. A proposal is made to use this system to detect small signal forces with
better sensitivity than the standard quantum limit. It is also demonstrated that this optomechanical system can
create ponderomotive squeezing with controllable parameters over a wider range than ponderomotive squeezing

using dispersive coupling.

DOI: 10.1103/PhysRevA.105.063506

I. INTRODUCTION

Optomechanics is studying the fundamental sensitivity
limitations in measuring the position of test mass. This sen-
sitivity can be very high. For example, a relative mechanical
displacement detected can be smaller than the size of a proton.
This feature is widely used in gravitational wave detectors
[1-6], in magnetometers [7,8], and in torque sensors [9-11].

The fundamental limitation is provided by the quantum
noise. In a conventional scheme of a resonantly pumped
Fabry-Perot (FP) cavity with a movable end mirror (the test
mass), the phase of light, reflected from the cavity, contains in-
formation on the position of the test mass. The limit sensitivity
is restricted by the well-known standard quantum limit (SQL)
[12,13], which is an interplay between phase fluctuations of
incident light (the measurement of error) and the Lebedev’
fluctuation light pressure force (backaction).

The SQL has been investigated in many systems ranging
from macroscopic kilometer-size gravitational wave detectors
[14] to microcavities [15,16]. Detecting classical force acting
on a test mass in optomechanical systems is an example of
measurements restricted by the SQL. It can be surpassed by
applying a variational measurement [14,17,18], squeezed light
input [19-25], optomechanical speed measurement [26,27], or
optical spring [28,29]. The SQL can be also be avoided using
coherent quantum noise cancellation [30-32].

There are two types of optomechanic coupling, namely,
dispersive and dissipative coupling. In dispersive coupling,
displacing the mirror changes the normal cavity frequency,
whereas in dissipative coupling displacing the test mass
brings about a change in the input mirror transmittance, alter-
ing, thereby, the cavity relaxation rate. Dissipative coupling
was proposed theoretically [33] and confirmed experimen-
tally [9,34-36] about a decade ago. This phenomenon
has been investigated in numerous optomechanical systems,
including the FP interferometer [9,34-36], the Michelson-
Sagnac interferometer [37-42], and ring resonators [43,44].
It has been demonstrated that an optomechanical trans-
ducer based on dissipative coupling allows realizing a
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quantum speed meter which, in turn, helps to avoid the
SQL [40].

The natural question is to what extent the combination
of dispersive and dissipative coupling can improve the sen-
sitivity of an optomechanical system to detect the signal of
the displaced test mass. It is known that squeezing output
quadratures is dramatically different for purely dispersive and
dissipative coupling [9,37—40,42]. Seemingly, their combi-
nation does not look promising, but this conclusion is not
correct.

In this paper we analyze a FP cavity featuring a combina-
tion of these different types of coupling and demonstrate that
the SQL can be surpassed. The physical reason is the optical
rigidity formed by the combination of both dispersive and
dissipative coupling. We also demonstrate that this combined
coupling gives the possibility to obtain ponderomotive-
frequency-dependent squeezing with controllable parameters
over a wider range compared with ponderomotive squeezing
using dispersive coupling. Such frequency-dependent squeez-
ing can be used in laser gravitational wave antennas.

II. MODEL

We consider one-dimensional FP cavity. Its optical mode
with the eigenfrequency wy is pumped using resonant light
(the pump frequency @, = wyp). The optical mode is coupled
with the mechanical system represented by the free mass m.
The eigenfrequency w of the cavity and the relaxation rate y
of the optical mode depend on the test mass displacement y.
Signal F; acts on the free mass, changing its position.

For the description of this system, we use the input-output
formalism (see Chap. 7 in Ref. [45]). The Hamiltonian of the
system can be expressed as

52

A = hoo(l +E9)aa. + - +H, + Ay —F9. 2.1a)
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Here p is the momentum of the test mass, a. and &Z are
annihilation and creation operators describing the intracavity
optical field, ﬁT is the Hamiltonian of the electromagnetic
field outside the cavity (thermal bath and pump), 1-7)/ describes
coupling between intracavity and extracavity optical fields,'
and & and 7 are the coefficients of dispersive and dissipative
coupling, respectively.

From the Hamiltonian Eqgs. (2.1) we obtain a set of quan-
tum stochastic differential Eqs. (A1) describing the time
evolution of the optomechanical system. A detailed solution
of these equations is presented in Appendix A. Here we ana-
lyze the solutions obtained.

When solving the equations, we used the approximation of
slow amplitudes Eq. (A2). Below we express these amplitudes
as large constant amplitudes (denoted by capital letters) plus
small amplitudes (denoted by the same letters in lowercase) to
describe the noise and signal components:

a.=Ao+ay, anw=A+a, awm=A1+a, (2.2)
where &i, and .y, are the input and output fields, respectively.

Here and below we assume that the input wave is in a
coherent state, so operator a describes the vacuum fluctuation
wave having the following commutator and correlator:

(ama' @) = 8@ —1).

Since we are interested in the spectral characteristics of
small fluctuations, we proceed to the Fourier representation.
The Fourier transform can be defined as follows:

* o dS2
a@) = f a(Q)e ¥ =,
—oo 2

[a(t),a" ()] = 8@ —1), (2.3)

2.4)

and similarly for other values denoting the Fourier transform
by the same letter without a hat. One can derive the analog
of Eq. (2.3) for the Fourier transform of the input fluctuation
operators:

[a(R), a’ ()] = 27 8(Q2 — Q), 2.5)

(@(Q)a’ () =27 8(Q — Q). 2.6)

Because the radiation pressure in the optical cavities pro-
duces ponderomotive squeezing, we find it convenient to think
about the fields not in terms of the single-photon modes,
whose annihilation operators are a(£2), but rather in terms of
the correlated two-photon modes whose field amplitudes are

_a(Q) +a'(-Q) _alQ)—ad'(—Q)

= = 2.7
a 7 ag /2 2.7

!The Hamiltonian of coupling H, is an approximation we need to
get a Markov quantum stochastic process.

We can easily obtain the phase and amplitude quadratures
of the output and internal fields from Eqgs. (A11) as follows:

L 4+iQ iQnA
2
a = a — 2 3 28
a %_ma %_m\/_ysz (2.82)
L 4iQ 2woEA
= 2 — 2y, 2.8b
ay e % n_ inyQ (2.8b)
VYo JVonA
Aoa = .Qaa - " —yQ, (2.8¢)
2 ! V2(% - iQ)
VYo 2wp§ A
gy = 75—ty — S ———V2ya,  (2.8d)
y — % V(5 —if)
Fo  232hwoéA
= - a, a
e mQ2 JyomQ? 0
/YonhA [ 2
+ VIO <—a¢ — ao¢,>. (2.8¢)
V2mQ? \ /7

Here yq, and F, are the Fourier transforms of the displacement
y and the signal F;, respectively.

From Eqgs. (2.8) we see that the amplitude quadrature of the
output field provides information about the speed of the probe
mass —i2yq, which corresponds to the dissipative coupling.
In contrast, the phase quadrature provides information about
the displacement of the probe mass, which is typical for the
dispersive coupling.

Let us substitute Egs. (2.8c) and (2.8d) into the equation for
the spectrum of the displacement y Eq. (2.8e):

(K —mQ)yq = Fo + F. (2.92)
2 2hawgEA V2HQnA
Fp=— o —i . (2.9b
f 20 m g e &)
HicopE nA>
K(Q) = — To0snAT s, (2.90)
3 ZQ
8hiwoEnA 16%iwoE nA
o = OhwsnA” o “’(’f 7 (2.94)
Yo Yo

Here Fj is the fluctuation backaction force, and K(£2) is the
optical rigidity which is associated with both dissipative and
dispersive coupling (K ~ &n). Note that this rigidity appears
at the resonance pump. Recall, in cases of pure dispersive [46]
or pure dissipative [41] coupling, optical rigidity is possible
only in the detuned pump.

We expand rigidity Eq. (2.9¢) into the Taylor series over i2
keeping only the two first terms [below we assume yp > Q2
Eq. (4.2)]. This optical rigidity is unstable. If x is positive
then the mechanical viscosity § introduced is negative and
vice versa. The rigidity « is positive when &€n < 0. When
k is positive, the probe mass effectively acts as a harmonic
oscillator which is affected by the signal F; and the fluctuation
backaction force.

In Ref. [42] we considered a similar system with com-
bined coupling, but without a cavity, the main difference of
which, as compared with the cavity case, is the possibility
to measure quadratures in two output ports, whereas in the
cavity case, considered here, we have only one output port.
In spite of this restriction we found for the cavity case the
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FIG. 1. Michelson-Sagnac interferometer as a generalized mirror
(GM) of the FP cavity. Combined coupling takes place when the
beam splitter is movable but the mirror M (x,,—const) is fixed.

best combination of quadratures of the output field in order
to measure the signal force with sensitivity better than that of
the SQL. Optical rigidity also appeared in systems without a
cavity, but it did not depend on frequency, unlike the system
under consideration. This is due to the fact that the field in the
cavity is not set instantly, but with some delay, and the optical
rigidity is set with a delay. Because of this, the optical rigidity
in a system with a cavity depends on the frequency.

III. EXAMPLES OF REALIZATIONS OF COMBINED
COUPLING

For a realization of the combination of dissipative and
dispersive couplings we use the Michelson-Sagnac interfer-
ometer (MSI) as one of the mirrors in the FP cavity (see
Fig. 1). The MSI consists of the 50/50 beam splitter (BS) and
three completely reflecting mirrors. This interferometer can be
considered as a generalized mirror having amplitude transmit-
tance T and reflectivity R depending on the displacements z,,
of the mirror M and ygg of the BS. So input-output relations
have the following forms (see notation on Fig. 1):

Ay = BT + e "2 AR, (3.1a)
By = AT — XV BR, (3.1b)
R = cosk(2z, + «/Ey), 3.1¢)
T = sink(2z, + v/2), (3.1d)

where A and B are amplitudes of coherent monochromatic
fields, and k& = % is the wave vector.

A detailed analysis of the MSI is given in Refs. [37—42].
We assume that the waves passing through the BS acquire a
phase shift equal to 7, and the phases of the waves reflected
from the BS are determined only by the displacement of
the BS itself. We also assume that the spectral frequencies
2, characterizing the displacements of the BS and the mov-
ing mirror M, are small enough: Qf, < 1, where #;, is the
round-trip time of light between the BS and the mirror M.
This means that the circulating fields change phase almost
instantly at small displacements of the BS and the mirror M.
The amplitude transmittance 7 and the reflectivity R of the
generalized mirror depend only on positions z,, and y.

Below we can designate displacement as

Yy=Yo+Y, Zm=20 +2 (32)

where zo and yo are the mean constants (to be chosen) and z
and y are small variables.

Below we consider only the situation of a movable beam
splitter and the mirror M is fixed (that is z = 0). Then we can
expand R and T (3.1) into the following series:

R~ Ry — Tokv2y,

T ~ Ty + Rokv/2y, (3.3a)
Ro = cosk(2z0 + /2 yo),
Ty = sink(2zo + v2y0), (3.3b)

For simplicity we put yo = 0 below, and then only zy defines
T() and R().

The the MSI is a part of the FP cavity. The field B; prop-
agates to the end mirror (we consider that it is completely
reflecting), reflects, and comes back to the beam splitter. In
the stationary mode, the operation fields B and B; have the
following coupling:

i2kL
B= Ble’ .

where L is the distance between the beam splitter and the end
mirror.
Let us substitute Eq. (3.4) in Egs. (3.1):

(3.4)

Ap = BT 4 7V YR, (3.5)
B = AT — "2 B, LR, (3.5b)
The internal field’s power I is given by the ratio
1
= — . (3.6)
1+ R? + 2R cos 2k (L + %)

where [ is the input field power.

This power achieves a maximum of e**C+¥/v2 = _1
(here and below we assume that R > 0). We can find the
resonant frequency from the following equation:

w, = %~ w, (1 . )
r= ] S :
1+ & V2L

Here wy is the resonant frequency by y = 0.
Now let us find the half bandwidths of the cavity yp. Let
us assume that the wave vector k in Eq. (3.6) is equal to
(wr + y)/c (wy > y) so that Iy = Ipmax/2. Then we get the

following relation for y:

20—R) T* T? 24/2koR
y = ( )2—:—0<1+—T0 0).
0

/R T T

Here we consider that 7 < 1.

Let us compare Eqgs. (3.7) and (3.8) with Egs. (2.1). We see
that coefficients of dispersive (£) and dissipative (1) coupling
for the system described above have the following forms:

T3 gL 242k
VO_T’ - ﬁL’ n= Tb .

In Table I we list parameters of the system described above,
which can be used in a laboratory experiment, for example,

(3.7)

(3.8)

(3.9)
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TABLE 1. Parameters of the optomechanical system.

Parameter Value
Medium amplitude transmittance of MSI Tj 0.01
Probe mass m 50¢g
Pump frequency wy /27 300 THz
Pump power I 42 mW

Cavity length L Im

Cavity half bandwidth y, 15000 s~!
Coefficient of the dissipative coupling 1 1.78 x 10° m™!
Coefficient of the dispersive coupling & -0.71m™!

for the creation of a frequency-dependent squeezed vacuum to
inject it into the dark port of laser gravitational wave detectors
(LIGO, Virgo)—see some details in Sec. V below.

Another example of realizing combined coupling is given
in Ref. [39]. The authors describe an optical-mechanical sys-
tem similar to the one presented above, but the test mass is
a partially transmitting mirror, M, and the beam splitter is
immobile (see Fig. 1). For this case the input-output relations
can be written as follows:

A = iBT + AR, (3.10a)
=iAT + BR, (3.10b)

T = &* ry sin 2k81, (3.10c)
Ry = *+ (ry cos 2k81 — ityy), (3.10d)
R = e (ry cos 2k81 + ityy). (3.10e)

Here ry and #y; are the amplitude reflectivity and transmit-
tance of the mirror, /; and &/ are the sum and the difference
of the lengths of the MSI arms, respectively. We consider that
8l = zo + z, where zj is a constant and z is a small displace-
ment, kz < 1.

Now we can find the coefficients of dispersive & and
dissipative 7; coupling for this optomechanical system by
conducting the analysis presented above. They are as follows:

2 2
rMTl Titmrm 4k
= M1 = — , = —. 3.11
V1 - & 7 uhl T (3.11)
Here we assume that |77| = | sin 2kzg| < 1 and we find the

resonant frequency wy from %@L+t — | where ¢y =
arctan(fy/rv)-

These examples show that we can choose coupling coeffi-
cients £ and 1 within some bounds.

IV. DETECTING SIGNAL FORCE

We consider an optomechanical system with a combination
of both couplings & and » as a signal force detector, assuming
that £ and 5 can be varied arbitrary. Let us find the sensitivity
of this measurement.

We assume that quadratures of the output field, Egs. (2.8a)
and (2.8b), are processed optimally for this purpose. Let us

substitute (2.9) in equations of quadratures Egs. (2.8a) and
(2.8b):

x2 —x2 — P,xay — ix*/2P,.f,
0y, = =X ? ENCRE
(xé — xz) — x5,
B (x(z) — xz)a¢ + OnD*a, — xD20,.f:
ayy = > > - , (4.1b)
(xo —X ) — x5,
87n2A? 32hE%A?
Pm = 5 s Qm =7 > (41C)
my; my;
b) Q Qo
(Sm:_:D\/PQO» xX=—, Xo = —,
myo Yo Yo
o
Qp = / fs D=—. 4.1d)
«/ 2hm§22 Yo

Here f; is the signal force normalized to the SQL, « and §
are given by Eq. (2.9d), 2 is the resonant frequency which
appears due to the optical rigidity Eq. (2.9d), and D is the
quality factor of the optical cavity. Here and below we assume
that £€n = —|&n| and

Q, QKL y, or x,x <Kl 4.2)

Recall, in the case of pure dissipative coupling, the phase
quadrature increases (due to backaction), whereas the am-
plitude quadrature does not change. In contrast, in the case
of pure dissipative coupling, the situation is the opposite—
the amplitude quadrature increases and the phase one doe
not change. For a combination of dispersive and dissipative
coupling, the situation is more complicated [the denominators
in Egs. (4.1) contain both dissipative P,, and dispersive Q,,
coefficients]; however, the numerator a,, in Eq. (4.1a) demon-
strates the dependence on a4 with the dissipative coefficient
P,,, and the numerator a;4 in Eq. (4.1b) depends on a, with
the dispersive coefficient Q,,,.

It follows from Eqgs. (4.1) that both quadratures are suitable
for detecting the signal force. We use the homodyne detection
for the measurement of quadratures as follows:

alp = aj,cosb + aiy sinf, “4.3)

where 6 is a homodyne angle. Let the input field be in the
coherent state. This means that single-sided power spectral
densities (PSD) of quadratures a, and a4 are equal: S,(2) =
S¢(S2) = 1 [14]. Then the noise PSD recalculated to f; can be
easily derived from Egs. (4.1):

Sr=8a1 + S41, (4.4a)
X2 —x2+Q,D*tan6)’

Sa1 = (5 9 2) , (4.4b)
2x2(x2P,, + D2Q,, tan? 9)
[(x§ — x*) tan6 — me2]2

Sp1 = (4.4c)

2x2(x2P,, + D2Q,, tan? 6) "
Here the SQL sensitivity corresponds to Sy = 1. When 6 =0

we measure the amplitude quadrature, and when 6 = 5 we
measure the phase quadrature.
Let us fix x = x, and find tan 6 at which Egs. (4.4) takes an

extreme value. There are two tan 6 angles and they have the
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following forms:

2 2 2
X5 — X, Px
tan f) = —ﬁ, tanf, = .  (4.5)
m Xy — X

Choosing these homodyne angles we completely cancel the
noise determined by one of the quadratures, namely, ;7 = 0
at @ = 0; and S;TX“ =0atf = 6,.

Let us consider a special case: x. = xo. Thentan 6; = 0 and
tan 6, = Fo00. This means that we measure the quadrature of
the amplitude or the phase. In these measurements PSDs have
the following forms:

2 2
o1 (%) —1]
Sef=0=_-{p, + 2L 4 1 4.6
7l 7 + P (4.6a)
2
x 1 (xz—xz)
/=7 = —| 0,,D? o 7 4.6b
7l 72 [Q + 0.D? (4.6b)
In the resonance case Q2 = Q,
S = _2e o= [ @
f 2 06° QmDZ, .
D*Q 1
S|~ = === = —. 4.7b
+(S20)] 2 P (4.7b)

Here we rewrite the PSD using Egs. (4.1c) and (4.1d); g
is a ratio between coefficients of optomechanical couplings
(optomechanical ratio).

The relations Eqs. (4.7) show that at a small optomechani-
cal ratio of g < 1/,/xg we have the inequality S;(20)|"=% «
S¢(20)|°=™/? and in order to surpass the SQL near the res-
onant frequency we have to detect the amplitude quadrature
(ie.,60 =0).

In the opposite case of a large optomechanical ratio of
g> 1/,/xy we have the inverse inequality Sf(Qo)|0:0 <
S f~(90)|9=”/ 2 and to surpass the SQL one has to detect the
phase quadrature (i.e., 8 = m/2).

Recall that S/(€20)|°=" and S;(€20)|°="/? are extremes of
one function. The maximum (minimim) depends on the ratio
g. However, for the special case of g = 1/xy they become
equal to each other (the maximum and the minimum coin-
cide):

SpQI"=" = Sp(Q)I"T? =x, atg= xlo (4.8)
Thus, when g = 1/xy we get the same sensitivity near the res-
onant frequency for any quadrature detection. Usually xy < 1
(the case of the nonresolved sideband); hence, the SQL can be
surpassed.

The minimum PSD is achieved at the resonant frequency
and it is defined by Eqs. (4.7). This minimum PSD is realized
inside a narrow bandwidth I':

L ~ Smin

Q7
Here T" is defined as Sy(20 +=1"/2) ~ 2S_‘;.‘i“. The relation
Eq. (4.9) corresponds to the known Cramer-Rao bound
[47-49].

In Fig. 2 we depict graphs of the amplitude spectral den-
sities ,/S;(€2) of noise recalculated to f; by the homodyne

4.9)

(a) g=0.1

— — tg6=0
- tg=co
N - " tg6=0.025
— — - tg6=-0.02
optimal sensitivity

— — tg6=0
AN tg6=co
— SQL

10 - - - tg6=0
5K~ tg6=co
S tg6=8

ST e e N A o e e ey — — . tgo=-8

0.50 \ -

optimal sensitivity

FIG. 2. Graphs of amplitude spectral densities \/S;(Q) plotted
for the homodyne detection having different homodyne angles and
ratio g and fixed dimensionless frequency xo = 0.05. The graphs in
panel (a) are obtained for g = 0.1. The graphs in panel (b) corre-
spond to condition Eq. (4.8) g = 1/xo = 20. The graphs in panel
(c) are plotted for the case g =400 > 1/xy. Also the graphs in
panels (a) and (c) show the optimal PSD obtained at the optimal
frequency-dependent homodyne angle (see Appendix B).

detection with different homodyne angles and ratio g and with
fixed dimensionless frequency xo = 0.05 and pump power (so
|En| = 1). The main parameters (test mass, optical power) are
taken from Table I with varying coupling & and 7. The plots
are given for preliminary chosen fixed homodyne angles. For
methodical purposes in Figs. 2(a) and 2(c) we also show the
optimal PSD by the optimal frequency-dependent homodyne
angle (see Appendix B).

The graphs in Fig. 2(a) are obtained for g = 0.1. Varying
the homodyne angle one can surpass the SQL at frequencies
close to mechanical resonance. At mechanical resonance the
sensitivity attains the minimum but in narrow bandwidth.
The SQL can be surpassed when the frequency differs from
the resonance one by about 50%, but the sensitivity will drop
slightly and the bandwidth will be wider when compared to
the case of mechanical resonance.

The graphs in Fig. 2(b) correspond to condition (4.8) g =
1/x9 = 20. The SQL can be surpassed within a relatively
wider bandwidth (about 50% of center frequency). Variation
of the homodyne angle practically does not influence the
sensitivity.
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The graphs in Fig. 2(c) describe the case g = 400 > 1/xp.
Variation of the homodyne angle allows surpassing the SQL
inside the bandwidths close to the mechanical resonance. It is
similar to the case shown in Fig. 2(a).

Above we assumed that £ and n can be varied arbitrary.
But usually these coefficients are constant in certain systems.
For example, the Fabry-Perot cavity with the MSI with the
movable BS has fixed £ and 7, [see Eq. (3.9)], and the ratio
8= T() < 1.

If only the partially transmitting mirror M is movable in
the MSI, then coefficients Eq. (3.11) are constant too, and g =
rm/tv- In this case we can get an optomechanical system with
a large coefficient g if ry > fu.

V. PONDEROMOTIVE SQUEEZING

We would like to pay attention to the fact that com-
bined optomechanical coupling can also be used to produce
a pondermotive squeezed light. In turn, varying the ratio g
Eq. (4.7a) between dispersive and dissipative coupling pro-
vides for a possibility to control output squeezing. The output
quadrature Eq. (4.3) measured by the homodyne detector can
be derived from Eqs. (4.1):

2 2 ZXS .
(xo —X )c059+ ?sme

(xé — x2) — 2ixx(2)

ajp = a

(% — x?) sin 6 — 2x3x*gcos 6

(x% — x2) — 2ixx%

ag. (5.1)

In the case of the mechanical resonance Q2 = €, this equa-
tion can be written as follows:

i
agly=y, = — sinf a, — ixogcosbay. (5.2)

8Xo
Obviously, in order to measure squeezing for small g <«
1/x¢ one has to choose sin § = 0 and to measure the amplitude
output quadrature. In contrast, to measuring squeezing for
large g > 1/xp, one has to choose cos 6 = 0 and to measure
the phase output quadrature [see Eqgs. (B1) in Appendix B]:

S.(Q) =x3g" (sinf =0), (5.3a)
1

S,(S0) = — 6 =0), 5.3b

#(S20) o (cos ) (5.3b)

where S, and S are single-sided PSDs of output amplitude
and phase quadratures, respectively, and we assume that con-
dition Eq. (4.2) is valid. Such squeezing near the resonant
frequency €2y is not observed in the case of dispersion cou-
pling.

In case Eq. (4.8) g = 1/xp, the output light is practically
coherent and it is required to pay attention to scale on the
vertical axis of the plots in Fig. 3(b).

Specifically, in the case of low frequencies Q2 <K 2y (x K
Xp), we get frequency-independent squeezing:

g

QK Q, g S~ T (5.4)
where Sg"mb is a single-sided PSD of the output quadrature
Eq. (4.3) at the optimal homodyne angle in the case of com-

bined coupling (see details in Appendix B).

(@ 9=02
- = &
ag
- dag when Xc=0.5Xo
— —— — ag when x.=1.5x

If ------ coherent state

el a

1.00 feecacasnsgesccccccsceachescecccccccnscncscescee

------ coherent state

- - a8
"o a¢

z \ ag when x.=0.5x,

0.100 d \ _ —— —— ag when x.=1.5x,
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FIG. 3. Graphs of single-sided PSDs of different quadratures by
different parameters g and the fixed resonant frequency xo = 0.05.
The graphs in panel (a) are constructed for g = 0.2 < 1/xy. The
graphs in panel (b) are constructed for g = 1/xy = 20, and here
we get an almost coherent state of the electromagnetic field (pay
attention to scale on vertical axis). The graphs in panel (c) relate to
the case g = 2000 > 1/xo.

It is similar to what we obtained in the case of the dis-
persive coupling with a nonresonant pump (A = w, — wp is
detuning) [46]:

A disper A2
QLQ, —<KLIS§ ~—, (5.5)
Yo Yo
where S§°*" is a single-sided PSD of the output quadrature

Eq. (4.3) at the optimal homodyne angle for dispersive cou-
pling. The PSDs [Eqs. (5.4) and (5.5)] are equal to each other
when § = % and practically do not depend on the frequency.
In the general case we can adjust the maximum squeezing
at the preliminary chosen dimensionless frequency x,. (near
Xp) by varying the homodyne angle 6 at a fixed ratio g (see
details of calculations in Appendix B). If compared with the
dispersive case the main advantage of combined coupling
deals with the possibility to vary the degree of squeezing and
its bandwidth by choosing x, (i.e., the homodyne angle).
Shown in Fig. 3 are the plots of single-sided PSDs (B2c)
obtained for the output light for the normalized mechanical
frequency xyp = 0.05 when x, = 0.5xy or x, = 1.5x¢ and dif-
ferent ratios g. For g = 1/xy [Fig. 3(b)], the output state is
practically coherent at Q2 = € but out of resonance in the
case of squeezing. But the farther g is from 1/xo, the stronger
the squeezing becomes near xy. For small g < 1/xy we get
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the amplitude quadrature squeezed near the resonance, and
for large g > 1/xy we get the phase quadrature. It is possible
to get less strong squeezing but in a wider frequency band at
other frequencies. This can be done measuring a quadrature
ayp other than the amplitude and the phase.

The combined coupling provides the possibility to pro-
duce frequency-dependent squeezing, which is often needed
in precision optomechanical experiments. For example, in
gravitational wave detectors injection of such squeezed light
into the dark port allows one to increase sensitivity.

VI. DISCUSSION AND CONCLUSION

We analyzed the optomechanical system, featuring the
combination of dispersive and dissipative coupling, and
showed that the main properties of combined coupling deal
with the optical rigidity Eqgs. (2.9), which appears as a result
of both kinds of coupling. At the same time, this rigidity
manifests in systems having combined coupling on the res-
onant pump, which is not typical for pure dispersive [46] or
dissipative [40] coupling types.

To realize the combination of dissipative and dispersive
coupling we used the MSI as an input mirror in the FP cavity
(see Fig. 1). We considered two different modes of operation
of the MSI with a movable beam splitter and an immobile
completely reflecting mirror M and vice versa with a movable
partially transmitting mirror M and a fixed beam splitter. The
coefficients of the dispersive £ and the dissipative n coupling
for these schemes were obtained. In further analysis, we as-
sumed that £ and 5 can be varied arbitrarily.

We considered an optomechanical system with a combina-
tion of both couplings as a signal force detector. Homodyne
detection of an output field can have a sensitivity better than
that of the SQL near the resonant frequency €2p, which is
defined by the optical rigidity Eq. (2.9d). The analysis shows
that it is most effective to measure the amplitude or phase
quadrature [the choice of the quadrature depends on the ratio
g as compared with 1/xy Eq. (4.8)]. If g < 1/x, it is better
to measure the amplitude quadrature, and if g > 1/xy, it is
better to measure the phase quadrature. At g = 1/xp, we get
the same sensitivity near the resonant frequency for measuring
any quadrature. In this case the PSD recalculated to force
the SQL Eq. (4.8) is smaller than unity (i.e., the SQL can be
surpassed) if xg = Qo/y K 1.

The physical reason is related to the correlation between
the measurement noise and the fluctuation backaction. This
correlation occurs due to the combination of both optome-
chanical couplings. Indeed, the fluctuation backaction force
Eq. (2.9b) depends on the phase quadrature (dissipative cou-
pling) and on the amplitude quadrature (dispersive coupling),
and the measurement noise is determined by the amplitude or
phase quadrature [first terms in Egs. (2.8a) and (2.8b)]. Part
of the total noise is completely compensated at the resonant
frequency [see Egs. (4.1)]. The remaining noise recalculated
to f; is proportional to /P, or /D2Q,,/xo, depending on
which quadrature we measure. The SQL is surpassed if this
noise is small.

We would like to point out that variation of ratio g between
dispersive and dissipative coupling and choice of homodyne
angle provides the possibility to control output poderomotive

squeezing. Varying the homodyne angle we can obtain con-
stant squeezing at frequencies much smaller than the resonant
frequency €2y, or large squeezing in the finite bandwidth (the
larger the squeezing, the more narrow the bandwidth) near the
resonant frequency. The ponderomotive squeezing induced by
combined coupling has a wider range of varying squeezing pa-
rameters as compared with ponderomotive squeezing caused
by dispersive coupling.

The combined coupling looks promising to be used in
gravitational wave antennas for the creation of frequency-
dependent squeezing with controllable parameters. The main
obstacle is thermal mechanical noise. It is the subject of our
future research.
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APPENDIX A: INTRACAVITY AND OUTSIDE FIELDS

From the Hamiltonian Egs. (2.1) we obtain the following
set of equations describing the time evolution of the optome-
chanical system:

A . AvA ¥ do
a. = —iwo(1 + EP)a, — /v bwz—, (Ala)
0 s

A

by = _lwl;w + \/7&(‘,

ik .. F Bt . d
ek g 4 B /T / (boit! — a:b1)E2.
m 2m Jy 2

y o ete

(Alb)

We present the annihilation operators of the input and intra-
cavity optical field through slow amplitudes as

ac(t) = a.()e ", b,(t) = b,(t)e ™. (A2)

The differential equations for these slow amplitudes have

the following forms:
[o.¢]
. ~ d
a, = —iwoEHa. — \Jy / b= L (A3
0 2

by = Tt

The solution for l;w can be written in two ways, in terms of
initial conditions at time ¢ > #; (input) or in terms of final
conditions ¢ < t; (output):

(A3b)

t
by (1) = by(to) + /¥ f a.(tH)e = g’ (Ada)
o

n . ,
by (t) = by (t)) — /¥ / ac(tHe @O g’ - (A4b)
t

Let us substitute the resulting expressions in Egs. (A3) and
represent the frequency w as the sum w = wy + 2, where wy
is the frequency of the light wave, and 2 is the frequency of
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the signal force Fj. It is several orders of magnitude less than
the frequency of the electromagnetic wave wy ~ 10'> Hz, so
in Egs. (A3), instead of integrating from —wy, we formally
integrate from —oo:

be = —iwoE e + /Yl — ga (A5a)
be = —iwoE P, — /Viiom + ga (A5b)
~ s 7iQtdQ
din = — bw(tO)e ~ > (ASC)
oo 21
© o, d2
Bt = / bo(ye i 452 (A5d)
oo 2

The minus sign in Eq. (A5c) is a phase convention: left-going
fields are negative, and right-going fields are positive.

This expression shows how the input and output fields are
related:

din + Aoy = ﬁac-

The equation of motion in this case will have the following
form:

.. h F,
m

(A6)

(and! — a.a).

o (A7)
2m
Let us express slow amplitudes as large constant am-
plitudes (denoted by capital letters) plus small amplitudes
(denoted by the same letters in lowercase) to describe the
noise and signal components:

&c :AO +&0a &in =A+a, Z\lout :Al + é\11- (AS)

Let us apply the Fourier transform to Egs. (AS). The
Fourier transform can be defined as follows:

N = iy 482
a(t) — a(Q) e -,
oo 2
and similarly for other values denoting the Fourier transform
by the same letter without a hat.

We assume that in Eq. (A8) the expected values exceed
the fluctuation parts of the operators. So we make use of
the method of successive approximation to derive a set of
equations describing the system. We select Ag = Ajj and find
the following in the zero-order approximation:

2
A=A, Ay=—A.
V7

One can find equations for the fluctuation part of the field
and the displacement of the test mass in the first-order approx-
imation. In the spectral representation they have the following
form:

(A9)

(A10)

ap(R2) = /% a($2)

B _iQ
A DiwoEA
_< \y{%n' zc)zof . )yg, (Alla)
28 -iQ)  yn(s -ie)
D +iQ
a1 (Q) = 2——a(Q)
% —iQ
iQnA 2woEA
_ , Allb
(% —ie T ) (allb)

FQ Fla)oé‘

— o+ o Alan( @) + al(—Q)]

yo = —

/Yonh
+z*2/n?92 {Alaf(—Q) — ap(Q)]

+Aola(Q) — a' (—)1}. (Allc)

Here yq and Fg are Fourier transforms of the displacement y
and the signal Fj, respectively.

APPENDIX B: THE ANALYSIS OF THE PONDERMOTIVE
SQUEEZING

From Eq. (5.1) one can calculate the single-sided PSD
assuming coherent input light as follows:.
(3 = 27)" + 4xf (2 + x*¢ cos )

S =
’ (xg - x2)2 + 4x2x3

: 1
N 4x(2) (xé — xz) sin 6 cos 9(; — x2g)

(xé — x2)2 + 4x2xé

_ W + U cos26 + V sin 20

(Bla)
(x3 — x2)2 + 4x2x]
2x4
W= (x —x2)2 + g_zo + 2x*x3 87, (B1b)
%2
U = 2x§|:x4x§g2 — —g], (Blc)
8
1
V= 2x(2)(x(2) - xz) |:— —ng:|. (B1d)
8

The minimum of Sy at x = x, takes place at the homodyne
angle 6 defined as

U, V.

cos 26 = > sin 26 = V> (B2a)
UC + VC UC + VC
U =Ulmr., Ve=Vl]ier. (B2b)
and it is equal to
_ UUAVV.
JUrv?
Spx) = it (B2c)

(- x2)2 + 4x2x] '
In the particular case x < xp, we have

% 4(1 n 2) U~ 20
:xo _2 ) : __2’
g g

XX 2 2 2.
Sgo " =1+ — — —cos20 + —sin20 >
& 8 8

2 _ 4
>\/1+g l_g_2 g

- —+...

T J/Trg+1 48

2 4
v~ 20 (B3a)
g

(B3b)
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