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Detecting entrainment in Fermi-Bose mixtures
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We propose an experimental protocol to directly detect the Andreev-Bashkin effect (entrainment) in the bulk
mixture of a bosonic and fermionic superfluid using a ring geometry. Our protocol involves the interferometric
detection of the entrainment-induced phase gradient across a superfluid due to the flow of another in which it is
immersed. The choice of ring geometry eliminates variations in the stronger mean-field interaction which can
thwart the detection of entrainment in other geometries. A significant enhancement of the entrainment phase-shift
signal is possible, if the dimer-boson scattering length turns out to be large, which can be measured by tuning
the interaction to the limit of miscibility of the two superfluids. With suggested improvements and careful design
implementation, one may achieve approximately 67% shift in the interferometer fringes.
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I. INTRODUCTION

Superfluid entrainment plays a crucial role in the dynamics
of superfluid mixtures in neutron stars. The effect, whereby
a flowing superfluid drags along or “entrains” another su-
perfluid despite the lack of dissipation, was first predicted
by Andreev and Bashkin for mixtures of superfluid 3He and
4He [1,2]. Since its prediction, superfluid entrainment has
been studied extensively in the contexts of neutron stars, nu-
clear physics [3–7], and cold atoms [8–16], but despite almost
half a century of study, it has yet to be directly observed in
experiments.

Cold-atom systems provide a new environment in which to
search for entrainment where one has exquisite control over
both geometry and interactions [17]. Entrainment manifests as
an effective potential for one superfluid species induced by the
flow of another. This property can be used to induce a phase
winding, which can then be measured using interferometry. In
this paper we outline a procedure using this effect to directly
observe entrainment in a two-species mixture of superfluid 6Li
and 174Yb, taking advantage of the large mass of the bosons
and the availability of species-specific potentials.

On a nuclear scale, neutron stars are cold and the crust
is expected to comprise a mixture of superfluid neutrons
and superconducting protons [18]. These superfluids act as
an internal reservoir of angular momentum, which may be
suddenly transferred to the crust through vortex (un)pinning
or hydrodynamic instabilities, resulting in a sudden increase
in the rotation rate of the stars, observed as a “glitch” in
pulsar data [19–38]. Although the detailed mechanism behind
glitches remains a mystery, it is clear that superfluid dynamics
and entrainment between the proton and neutron fluids play a
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significant role [39] owing to the strength of the nuclear inter-
actions. Unfortunately, being light years away, astrophysical
bodies like neutron stars and pulsars are extremely difficult to
measure.

For this reason we turn to ultracold-atom experiments,
where one can create superfluid mixtures [40–42] to act as
quantum simulators of neutron-star physics [43,44]. The chal-
lenge with terrestrial experiments is that the magnitude of
the entrainment effect depends on the interspecies interaction
strength gab, which must generally be small g2

ab < gaagbb to al-
low the superfluids to mix. This frustrates detection in 3He and
4He superfluid mixtures [45], where the mutual interactions
require temperatures below that which can be achieved by
state-of-the-art cryogenics in order for the fluids to not phase
separate [46,47]. In dilute Bose gases, the entrainment is fur-
ther suppressed as it occurs at second order, depending on the
square of the interspecies interactions [12,48]. This thwarts
attempts to measure the entrainment through, for example,
modifications of the dipole frequency [49] because mean-field
effects dominate. For the 174Yb -6Li superfluid mixture con-
sidered here, the calculated value of the dipole frequency shift
due to entrainment is approximately equal to only 0.02%, two
orders of magnitude smaller than the observed shift [42] from
mean-field effects.

In addition to serving as a suitable system to observe
entrainment, a mixture of fermionic and bosonic superflu-
ids also serves as a versatile platform for other studies in
many-body physics. The Fulde-Ferrell-Larkin-Ovchinnikov
phase [50–52], time-reversal-invariant superfluids with exotic
topological properties [53], rotational responses [54], and
the dynamics and structure of solitons [55] can be explored
by tuning the mass ratios, particle densities, and interparti-
cle interactions. Interesting physical properties such as the
ground-state characteristics of a mixture [56], quasiparticle
excitation spectrum [57], general phase diagram [58], phase
competition among density wave orderings and superfluid
pairings [59], and many-body effects in the mixture [60]
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have been explored in great detail in the presence of optical
lattice potentials, facilitating the interplay between nonlin-
earity and periodicity. Entrainment, in particular, has been
investigated theoretically for two-component [61–64] and
multicomponent [65] Bose-Bose mixtures in optical lattices.
By introducing an optical lattice to the superfluid mixture, one
may enhance the entrainment signal by softening the phonon
dispersion relationship [62].

A mixture of superfluid 6Li and 174Yb provides a favorable
environment in which to detect entrainment. The 6Li scat-
tering length may be tuned with a Feshbach resonance [66],
allowing us to amplify entrainment effects while ensuring that
the fermionic 6Li superfluid remains mixed with the bosonic
superfluid 174Yb. As mentioned above, although dipole os-
cillations provide a natural place to search for entrainment,
mean-field effects dominate the frequency shift in cold-atom
systems. We will use these mean-field effects to test our
microscopic theory, but then carefully design a procedure to
eliminate these mean-field effects by placing the two compo-
nents in ring traps. Our proposal is similar to that suggested
in [48] but differs in details for removing mean-field contam-
ination and in using interferometry to measure the effective
entrainment. Another idea proposed in [8] is to enhance en-
trainment with tight confinement to induce a dimensional
reduction. In contrast, with the enhancements discussed in
this paper, we expect to be able to directly observe bulk
entrainment in three dimensions.

We propose to use a common optical ring to trap mis-
cible fermionic and bosonic superfluids in the same region
of space and then to generate a relative flow between them
by inducing a persistent current in the fermionic superfluid
while using a species-selective optical barrier to prevent the
bosonic superfluid from flowing. The effect of entrainment
is to induce a phase gradient in the bosonic superfluid even
though flow is prevented with the barrier. This gradient will
be observed as a phase shift in the matter-wave interference
pattern generated as follows. After equilibration, the fermions
are removed with a rapid resonant laser pulse to minimize
mean-field effects. The bosons are then released by switching
off all the potentials, allowing them to expand and interfere
across the previous site of the barrier. Entrainment can then
be measured by correlating the phase shift of the interference
pattern with the magnitude and direction of the flow in the
fermionic superfluid.

The rest of the paper is organized as follows. In Sec. II
we derive the mean-field equations of motion for the mix-
ture with entrainment interaction. Section III discusses the
proposed experiment. In Sec. IV we estimate the phase shift.
The main results and a detailed discussion of the physics of
the detection are presented in Sec. V: suitable experimental
parameters in Sec. V A and characteristics of the detectable
signal in Sec. V B. We summarize in Sec. VI.

II. THEORY

First we consider a dilute single-component bosonic super-
fluid at T = 0. If the interactions are weak, we may describe
this in the mean-field approximation by the usual Gross-
Pitaevskii equation (GPE) for the condensate wave function
ψb. This is related through a Madelung transform to the super-

fluid density n(r, t ) and phase velocity v = h̄
m ∇φ, where φ is

the momentum potential and ψb = √
nbeiφ . The GPE follows

from the Lagrangian density

L[ψb] = ih̄ψ
†
b ψ̇b − E (ψb), (1a)

E (ψb) = h̄2∇ψ
†
b · ∇ψb

2mb
+

Eb(nb)︷ ︸︸ ︷
gbb

2
(ψ†

b ψb)2, (1b)

where gbb = 4π h̄2abb/mb is the coupling constant, abb is
the s-wave scattering length between the bosons, and mb

is the mass of the bosons. The equations of motion give rise
to the usual GPE

ih̄ψ̇b(r, t ) = − h̄2∇2

2mb
ψb(r, t ) +

E ′
b(nb)︷ ︸︸ ︷

gbbnb(r, t ) ψb(r, t ). (2)

This formulation describes the dynamics of a weakly inter-
acting Bose-Einstein condensate (BEC) where the equation of
state for homogeneous matter is Eb(nb) = gbbn2

b/2.
However, the same formulation can be modified to de-

scribe the BEC limit of the BCS-BEC crossover of symmetric
(unpolarized) fermionic superfluids with resonant s-wave in-
teractions (see [67] for a review). In this limit, the fermionic
superfluid can be modeled with a similar equation, known as
an extended Thomas-Fermi (ETF) model, which describes the
fermionic superfluid as a gas of condensed bosonic dimers
with number density nD = n f /2. The ETF model for this
system is similar to the GPE with three modifications: (i) the
mass is replaced by the dimer mass mD = 2m f , where m f is
the mass of the fermionic components (6Li in our case), (ii)
the density nD = ψ

†
DψD = n f /2 is interpreted as the dimer

density rather than the fermion density, and (iii) the interac-
tion is replaced by the homogeneous equation of state in the
crossover E f (n f ) that depends on the magnetic field B through
the fermion-fermion scattering length a f f (B):

ih̄ψ̇D(r, t ) = − h̄2∇2

2mD
ψD(r, t ) + ∂E f (2nD)

∂nD
ψD(r, t ). (3)

Well justified in the BEC limit, this formulation continues to
work quite well in the unitary limit where a f f → ∞, where it
correctly describes [68] the hydrodynamics of rather violent
collisions [69] and qualitative properties of vortex dynam-
ics [70]. Some of this success comes from the fact that this
ETF model correctly reproduces the low-lying phonon spec-
trum

Eph(h̄k) =
√

h̄2k2

4m f

(
h̄2k2

4m f
+ 4E ′′

f (n f )n f

)
, k � kF , (4)

where 4E ′′
f (n f ) = ∂2E f (2nD)/∂n2

D, although it fails to predict
pair breaking and associated phenomena which occur near
k ∼ kF . This correctly reproduces the speed of sound cs where
Eph(h̄k) ∼ h̄kcs is linear in both the BEC and the unitary
Fermi gas (UFG) limits

c2
s = gDDnD

mD
, E f ∼ −h̄2n f

2m f a2
f f

+ gDDn2
D

2

∣∣∣∣
a f f �1

, (5a)

c2
s = ξ

3
v2

f , E f ∼ ξ
h̄2(3π2n f )5/3

10π2m f

∣∣∣∣
a f f →∞

, (5b)
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respectively, where gDD ≈ 0.6a f f is the dimer-dimer scat-
tering length [71] and ξ = 0.3742(5) [72] is the universal
Bertsch parameter [73] (see also [74,75]), combining ex-
periment [76,77] and quantum Monte Carlo (QMC) [78,79]
values. In our analysis, we use a Padé approximant for E f (n f )
that correctly interpolates between the unitary and BEC limits
including QMC values for the Tan contact [80,81] and few-
body parameters in the deep BEC limit [82,83].

The Lagrangian (1a) is Galilean invariant under a boost of
velocity v with an appropriate phase redefinition

ψ (x, t ) → eiφψ (x − vt, t ), h̄φ = mv · x − mv2t

2
. (6)

The generalization for two components, a boson ψb and a
dimer ψD, has a similar form, but admits other terms allowed
by Galilean covariance. For the weakly interacting case, we
add a term coupling the phase gradients of the two compo-
nents:

ψD,b = √
nD,beiφD,b, mD,bvD,b = h̄∇φD,b, (7a)

L = ih̄(ψ†
Dψ̇D + ψ

†
b ψ̇b) − E[ψD, ψb,∇ψD,∇ψb],

(7b)

E[ψD, ψb] = h̄2

2mD
|∇ψD|2 + h̄2

2mb
|∇ψb|2

− ρdr (nD, nb)|vD − vb|2︸ ︷︷ ︸
Eent

+ gbb
n2

b

2
+ gDbnDnb + E f (2nD)︸ ︷︷ ︸

Eh (nD,nb)

,

gbb = 4π h̄2abb

mb
, gDb = 2π h̄2aDb(mD + mb)

mDmb
. (7c)

Here ρdr has the dimension of mass density, as in ρ = mn. In
addition, Eent is the entrainment term:

|vD − vb|2 = h̄2

mDnDmbnb

∣∣∣∣
√

mb

mD
ψb∇ψD −

√
mD

mb
ψD∇ψb

∣∣∣∣2

.

This term is manifestly Galilean invariant since it contains a
difference between what is sometimes called the superfluid
velocities vi = h̄∇φi/mi. Note that, for simple superfluids
with only a single quadratic gradient term |∇ψ |2, this su-
perfluid velocity corresponds to the group velocity ji/mini,
but the presence of additional gradient terms, such as this
entrainment term, changes the relationship between the phase
gradients ∇φ and the group velocity. In particular, as we
will see, entrainment allows a phase gradient to appear in
a system even in the absence of a current, providing a way
detect entrainment through interference.

Miscibility of the bosonic and fermionic superfluids, i.e.,
that they occupy the same physical space, is a requirement for
detecting entrainment. A necessary condition for miscibility
is that the energy density be convex:(

∂2Eh

∂nD∂nb

)2

<
∂2Eh

∂n2
D

∂2Eh

∂n2
b

⇒ π h̄2(1 + mb
mD

)2

4mbabb
<

E ′′
f (n f )

a2
Db

.

(8)

FIG. 1. Miscibility condition (8) as a function of aDb/af b [87]
and magnetic field B. The shaded region corresponds to immiscible
fluids which cannot be used to measure entrainment. To maximize
the entrainment signal, one should generally choose the smallest
magnetic field allowed by the miscibility condition (solid lines).
Within the hatched region, however, particle losses are particularly
high [88]. Thus if 4 � aDb/af b � 6.5, one should keep B ≈ 730 G to
maintain a reasonable lifetime of the system.

For our setup, the quantities on the left-hand side are fixed,
but the right-hand side can be adjusted using the Li resonance
through the B-field dependence of E f (n f ) to ensure that our
mixture remains miscible as we attempt to maximize the en-
trainment.

In particular, the miscibility depends sensitively on the
dimer-boson scattering length aDb. Naively, one might expect
this to be twice the Fermi-Bose scattering length aDb ∼ 2a f b,
but mean-field effects enhance this aDb ∼ 3.87a f b for our
mYb/mLi ≈ 29 mass ratio [84–86]. However, as pointed out
in [84], aDb may receive large in-medium corrections from
three-body effects, which must be calibrated to the system
under consideration. We thus consider aDb/a f b as an unknown
parameter which must be carefully measured and present our
main results for a range of plausible values (see Fig. 1).

The resulting energy-density functional can be cast in
terms of a wave-function-dependent effective mass matrix for
the two-component wave function � = (ψD, ψb)T :

E[�] = h̄2

2
∇�† · M−1 · ∇� + Eh, (9a)

M−1[ψD, ψb] =
(

m−1
D − fent

mb
mD

nb fentψ
†
b ψD

fentψ
†
Dψb m−1

b − fent
mD
mb

nD

)
,

(9b)

where

fent (nD, nb) = ρdr

mDmbnDnb
. (9c)

Varying the associated action with respect to �† gives the
coupled nonlinear Schrödinger equations

ih̄eiη�̇ = − h̄2

2
∇(M−1[ψD,b] · ∇�) + V eff [ψD,b] · �. (10)
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Here we include a complex phase η to simulate thermal dissi-
pation [sometimes referred to as the dissipative GPE (DGPE)
or projected DGPE] and the effective potential is

V eff =
( ∂Eh

∂nD
0

0 ∂Eh
∂nb

)
+ α

h̄2

2

( ∂ fent

∂nD
0

0 ∂ fent

∂nb

)

− fent
h̄2

2

(
mD
mb

|∇ψb|2 −∇ψ
†
b · ∇ψD

−∇ψ
†
D · ∇ψb

mb
mD

|∇ψD|2
)

,

α = − mb

mD
nb|∇ψD|2 − mD

mb
nD|∇ψb|2

+ψ
†
Dψb∇ψ

†
b · ∇ψD + ψ

†
b ψD∇ψ

†
D · ∇ψb.

For weakly interacting bosons, E f (2nD) ≡ gDDn2
D/2,

Shevchenko and Fil [48] calculated ρdr to leading order
in the interspecies coupling gDb in terms of the phonon
dispersion relationships Eph(h̄k). We apply their results to our
Bose-Fermi mixture by using (4) for the dimers instead of the
usual bosonic phonon dispersion. The resulting expressions
are rather complicated to display analytically, so we include
a simple numerical implementation in Refs. [89,90]. This
approach captures the correct physics in the deep BEC
limit of the crossover where Eph(h̄k) approaches the usual
bosonic dispersion for the dimers and provides a qualitative
extrapolation to the unitary regime.

To more accurately characterize the unitary regime, a
fermionic density functional theory such as the superfluid
local density approximation [91] should be used. In particu-
lar, our approximation neglects the softening of the phonon
dispersion relationship and pair-breaking effects. We expect
this to provide an upper bound on the magnitude of the en-
trainment since softening the dispersion increases the number
of virtual excitations that contribute to entrainment. A similar
enhancement can be achieved by using an optical lattice to
modify the dispersion, as discussed in [62].

Another limit of our approach is the inclusion of only
s-wave interactions at T = 0. This is appropriate in ultracold
dilute gases, but may need corrections at finite temperature
or if the density becomes large enough that Lee-Huang-Yang
corrections become significant [92]. These corrections can
easily be incorporated in a similar formalism, but require more
thorough ab initio calculations or measurements to determine
the exact form of the nonlinear interactions.

III. PROPOSED EXPERIMENT

Using this formalism, we model a mixture of a fermionic
(6Li, 2S1/2) superfluid and a bosonic (174Yb, 1S0) superfluid.
Using the wide s-wave Feshbach resonance centered at 832 G,
one can tune the fermionic a f f scattering length between the
two lowest hyperfine states of Li [66,93]. Since Yb is not
magnetically susceptible, the abb scattering length is fixed.

We propose using an optical ring trap to hold both super-
fluids with the ring oriented horizontally. Several convenient
values for wavelength exist above 700 nm, although the po-
larizabilities of the two species will be different (for instance,
at a wavelength of 780 nm the polarizability ratio of Li to Yb
is about 5), the minima of the potentials coincide, trapping the
clouds in the same region of space but with different trapping

FIG. 2. Magnetic-field dependence of the phase shift for the
mean-field value of aDb = 3.87af b. The unitary Fermi gas is realized
at the resonance B = 832 G, where kF aLi = ∞. Here we show an ex-
ample calculation performed for both current and future parameters
as listed in Table I. The hatched region is the range within which the
particle losses become significantly higher.

frequencies. In the vertical direction, the weaker gravitational
force on the Li can be countered with a magnetic-field gradi-
ent to ensure physical overlap of the superfluids [94].

A circular flow around the ring will then be generated in the
fermionic superfluid, for example, by using the procedure of
optical stirring [95] with a laser beam which acts as a species-
selective potential for Li. A convenient wavelength is 665 nm,
where the polarizability ratio is about 60. Such techniques can
generate circular flow with four windings, corresponding to a
flow velocity v/vc ≈ 0.1 [95], where vc is the local speed of
sound in the center of the cloud. We use this as a lower bound
in our estimates below.

While phase imprinting using a two-photon Raman tran-
sition between hyperfine states [96,97] is an alternative
procedure to generate circulation states in BECs, it is not
possible to adapt this to s-wave paired fermionic superfluids
because the pairs are composed of two different hyperfine
states. It may be possible to apply phase imprinting using
an optical pulse with a tailored intensity profile as proposed
in [98]. For optimization of the final experiment, the key
is to maximize the flow in the fermions, while maintaining
superfluidity, and minimizing the disturbance of the bosonic
component.

As discussed below, the entrainment signal is maximized
at lower magnetic fields (BEC limit) where the fermionic
superfluid density increases. This can however cause two un-
desirable effects: the immiscibility of the fluids and increased
three-body loss. To mitigate these issues, we propose gener-
ating the flow at B = 832 G UFG resonance and then slowly
reducing B to maximize the signal once the flow is established
(see Fig. 2). The loss of miscibility at low B has the interesting
side effect of allowing one to estimate the value of aDb by
tuning the magnetic field to the limit of miscibility.

To prevent flow in the bosonic superfluid, a species-
selective repulsive barrier seen only by the bosons can be
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TABLE I. Parameters ranging from current to future values and
the corresponding phase shifts.

Adjustable parameters Fixed parameters

Nf : 105–106 mf = 6 u
Nb: 105–106 mb = 174 u
B: miscibility limited ωYb = 2π × 400 Hz
R: 30–200 μm abb = 5.5 nm

af b = 1.59 nm
α = 6.2

v/vc: 0.15–0.2 ξ = 0.3705
�θ/2π : 3%–33% (+ in Fig. 3) aDb = 2af b, 578 G
�θ/2π : 6%–67% (× in Fig. 3) aDb = 3.87af b, 638 G

inserted. A convenient optical frequency for this potential is
about 200 GHz blue detuned of the 1S0 → 3P1 transition at
556 nm for Yb. After letting the two superfluids equilibrate,
the bosonic superfluid will acquire a phase difference across
the barrier due to the entrainment terms. This can subse-
quently be measured by observing the interference pattern
after expansion [99].

This might seem unusual since the barrier arrests any flow
in the bosonic superfluid vb = 0, so how can a phase shift
accumulate? The resolution is that entrainment modifies the
relationship between the phase gradient ∇φb/D and the group
velocity vb/D:1

jb = nbh̄∇φb − ρdr

⎛
⎜⎜⎝

vb︷ ︸︸ ︷
h̄∇φb

mb
−

vD︷ ︸︸ ︷
h̄∇φD

mD

⎞
⎟⎟⎠, (11a)

jD = nDh̄∇φD − ρdr

(
h̄∇φD

mD
− h̄∇φb

mb

)
. (11b)

Here we consider the Yb wave function (Li dimer wave
function), ψb = √

nbeiφb (ψD = √
nDeiφD ), and nb (nD) is the

density of the bosonic (dimer) homogeneous state.
The barrier prevents any flow of the bosons, jb = 0, but

the entrainment still allows the accumulation of a phase shift
in the presence of fermionic flow jD �= 0:

h̄∇φb

mb
= − h̄∇φD

mD

ρdr

mbnb

(
1 − ρdr

mbnb

)−1
, (12a)

jD = nDh̄∇φD

[
1 − ρdr

mDnD

(
1 − ρdr

mbnb

)−1]
︸ ︷︷ ︸

mD/m∗
D

. (12b)

Thus, a circulating fermionic superfluid with jD �= 0 will
induce a phase gradient ∇φb ≈ −ρdr jD/h̄nbnDmD in the

1In this case, where the momentum operators appear in the
functional (7) at only quadratic order, these group velocities can
be obtained simply as the derivative of the appropriately defined
dispersion: vb,D = ∂E (h̄kb, h̄kD )/∂ (h̄kb,D ). The presence of higher
derivatives complicates this, and one must compute the proper mo-
mentum currents in terms of the symmetrically ordered expansion of
these derivatives.

FIG. 3. Entrainment phase shift �θ/2π calculated with
magnetic-field B values from the miscibility criterion (8) for a range
of values for aDb/af b. The top (bottom) set of curves is for the future
(current) values of parameters in Table I. The dashed region is the
high-loss region. For those aDb values, we recommend B = 730 G,
for which the mixture remains miscible. The phase-shift data are
plotted on a logarithmic scale. The points represent the phase-shift
values calculated using Eq. (17) at the fiducial points in Table I.

bosons, despite the fact that the barrier keeps the bosonic
cloud stationary, jb = 0:

h̄nb∇φb = − jD
ρdr

mDnD

[
1 − ρdr

mDnD

(
1 + mDnD

mbnb

)]−1
. (13)

Once the phase shift has been imprinted on the bosons and
the fermions have been removed, the bosonic cloud can be
released, allowing the opposite sides of the barrier to expand
into each other, forming an interference pattern shifted by
the relative phase imprint from entrainment. Crucial to the
success of this protocol is minimization of contamination
from mean-field effects, which, as we mentioned in the In-
troduction, can be several orders of magnitude larger than
the corresponding entrainment effects, precluding observation
through other methods such as the dipole frequency shift in a
harmonic trap. To mitigate this, our setup develops the phase
shift in a homogeneous background around the ring geometry.
We have verified through our simulations that the backreac-
tion from the barrier in the bosonic cloud does not induce any
mean-field effects, despite the fermionic flow. It will also be
crucial to remove the fermionic cloud with a sudden vertical
laser pulse before performing the interferometry. Repeating
the experiment with circulation in the opposite direction can
be used to test for and mitigate any asymmetry in the un-
derlying trap geometry. Numerical values for the proposed
experiment are provided in Sec. V (see also Fig. 3).

IV. ESTIMATED PHASE SHIFT

To estimate the phase shift, we consider a homogeneous
gas with wave functions

ψD(x) = √
nDeikD·x, ψb(x) = √

nbeikb·x, (14)
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with kD,b = ∇φD,b. In our ring geometry, kD = Nw/R, where
Nw is the number of phase windings and R is the radius of the
ring. Physically, the magnitude of the winding will be limited
by the speed of sound in the superfluid, which defines the local
Landau critical velocity vc which follows from the linearized
form of (4), vc ≈ Eph(h̄k)/h̄k ≈ E ′

ph(h̄k):

vD = h̄kD

m f
< vc ≈

√
nD

mD
4E ′′

f (n f ). (15)

Minimizing (9b), we obtain the induced phase gradient in the
bosonic component and the corresponding fractional phase
shift ∣∣∣∣�θ

2π

∣∣∣∣ = 2πR∇φb

2π
= ∇φD

Rρdr

mDnb

(
1 − ρdr

mbnb

)−1
(16)

can be as large as 67%, as we show in the next section.

V. SIMULATIONS

We first verify our model by calculating the dipole oscil-
lation frequency of the bosonic cloud in a Yb-Li superfluid
mixture using the experimental parameters of [42]. In this
experiment, a small Yb BEC oscillates in a large 6Li cloud
at B = 780 G in a stable mixture of two superfluids featuring
large mass mismatch and distinct electronic properties. In
principle, the entrainment terms should modify the oscillation
frequency from that of the background harmonic trap, but as
discussed in the Introduction, this shift is two orders of mag-
nitude smaller than the shift due to the mean-field interaction.

As validation of our mean-field implementation, we repro-
duce the observations in [42], obtaining a frequency shift of
dipole oscillation consistent with the measured values. We
include the trap offset in the direction of the gravity and use
aDb = 2a f b.

In the presence of the Li cloud, the dipole oscillation
frequency ωd of the Yb BEC is extracted to be 2π ×
381.3(4) Hz. From our calculation, the frequency is 2π ×
381.4(9) Hz, well within the experimental errors. In the ex-
periment, along with the center-of-mass (c.m.) mode, scissor
modes get excited. The absence of the growth of the scissor
mode shows very small energy transfer from the c.m. mode.
Our simulations capture the same qualitative effect.

A subtle point in the experiment was the observation of
a decay in the amplitude of the dipole mode. In Ref. [42]
it was conjectured that this may be due to the excitation of
quadrupole modes to which the dipole mode is coupled by
anharmonicity in the trapping potential. Within our model,
we find that the frequencies of the two modes are sufficiently
distinct that energy cannot be efficiently transferred and sug-
gest instead that this dissipation is due to thermal effects. We
can reproduce the measured decay constants ωdτ within our
DGPE model (10) with a phase of η ≈ 0.0015. The measured
and calculated values are 250 and 210, respectively, which are
in reasonable agreement.

Aside from this effect, we reproduce the results with our
self-consistent model, verifying the excitation and behavior
of scissor modes from misalignment in the trap, and the
mean-field frequency shifts. This validates that our model
properly captures the mean-field effects which can potentially
obscure entrainment signals. We use this model to simulate

the proposed experimental procedure to detect entrainment
as described in Sec. III, including all mean-field effects and
density inhomogeneities due to the trapping potentials. An
important part of this validation is that the induced flow in
the fermionic superfluid coupled with the bosonic density
perturbation from the barrier does not produce an asymmetry
in density across the barrier. This lack of density asymme-
try differentiates, for example, superfluid entrainment from
mutual friction [100]: The latter would drag and change the
mean-field densities. The main difference is that entrainment
interaction couples the gradients of the phases of the two wave
functions. Therefore, once the transient fluctuations die off,
we will have a persistent flow in the fermionic component,
which will induce a phase gradient on the bosons, leading
to a velocity difference across the barrier. Once we remove
the barrier in the bosonic component and let the two parts of
the cloud expand into each other, the velocity difference will
result in a shift in the interference pattern. We may detect this
shift by comparing against the interference fringes produced
in a system without the induced phase gradient.

A. Experimental parameters

We present our results in terms of two sets of parameters:
a current set of parameter values that have been demonstrated
through various existing experiments and a future set of re-
alistic parameter values optimized to detect the entrainment
effect. We find that with current parameters, a modest phase
shift occurs which lies at the bounds of current detectability;
however, with future improvements, a significant phase shift
will be induced that should enable the first direct detection of
superfluid entrainment.

1. Current parameters

Current experiments in ring traps have demonstrated the
ability to trap Nb ≈ 105 bosonic atoms [96] and recently ap-
proximately 104 fermionic atoms [101]. In harmonic traps
Nb = Nf ≈ 105 has been achieved in a Fermi-Bose mix-
ture [41,42] and Nf ≈ 106–107 has been reported for single
species [102]. With current technology, we expect experimen-
tal improvements to trap higher numbers of fermions in the
near future.

The main limit on the maximum density is particle loss due
to three-body processes which scale as n3. We can mitigate
this to some extent by adjusting the fermion density with the
magnetic field and the boson density with the trap frequencies.
For our analysis, we fix the trap frequency for the bosons
at 2π × 400 Hz. This gives a lifetime for the Yb BEC of
approximately 2 s [103] with a central density approximately
equal to 340 μm−3 ≈ 3.4 × 1014 cm−3 and chemical poten-
tial μb ≈ 65 nK (μb/h̄ωY b ≈ 3) in a 30-μm trap. Excessively
tight traps can heat the system, reducing the expected life-
time. We propose using the same laser to trap both chemical
species, which limits the relative polarizability α between
the two species. With α = 6.2, at 638 G, the trap frequency
for fermions becomes approximately equal to 2π × 5 kHz,
setting the lifetime of Li dimers at approximately 107 ms with
chemical potential μD ≈ 1.43 μK (μD/h̄ωLi ≈ 5) and central
density approximately equal to 100 μm−3 ≈ 1 × 1014 cm−3.
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TABLE II. Extracted parameter dependence for current and
future parameter values. These are the powers p appearing in cor-
responding terms of Eq. (17). The errors express the typical range
over which the exponents vary when the parameters are changed by
±10% about the current or future values listed in Table I.

Parameter Current exponent Future exponent

α/6.2 0.592 03(2) 0.564 86(3)
Nb/105 −0.031(3) −0.034(3)
Nf /105 0.592 02(2) 0.564 86(3)
mbmf /mYbmLi 0.5609(1) 0.5308(1)
R/30 μm 0.4391(1) 0.4691(1)
B/638 G −3.18(5) −3.67(2)
aDb/3.87af b 2.0152(2) 2.0279(3)
(mb/mf )/(mY b/mLi ) 0.02(1) 0.03(1)

Here the Yb-Li scattering length remains roughly constant.2

These densities are dilute in the sense that mean-field analy-
ses are valid. Standard values for relevant scattering lengths
in the system are abb = 5.5 nm, the boson-boson scattering
length [105], and a f b = 1.59 nm, the fermion-boson scatter-
ing length [87].

In Table I we compare two sets of adjustable parameters.
In the table, v/vc corresponds to the flow velocity as a fraction
of Landau critical velocity in Li, ξ is the Bertsch parameter,
and the rest of the parameters have their usual meanings. The
left-hand side of the first column shows typical values realized
in current experiments. The right-hand side shows how these
could be adjusted to maximize the entrainment signal with
values that should be attainable with reasonable experimental
advances.

We have calculated the percentage phase shift from uni-
tarity up to the BEC side of the phase diagram for the
Fermi-Bose mixture by numerically integrating Eq. (28)
of [14] at T = 0 with a modified equation of state and phonon
dispersion relationship for the fermionic dimers. We have
also determined the parameter dependences of the percentage
phase shift from scaling analysis and it has the following form:

�θ

2π
≈ (6.2%)

( v

0.15vc

)(
aDb

3.87a f b

)2.02(1)( B

638 G

)−3.4(3)

×
( α

6.2

)0.58(1)
(

R

30 μm

)0.46(1)( Nf

105

)0.58(1)

×
( Nb

105

)−0.033(1)( mbm f

mYbmLi

)0.54(1)( mb/m f

mYb/mLi

)0.02(1)

.

(17)

The exponents in Eq. (17) demonstrate the approximate de-
pendence of the phase shift on various parameters. The errors
in the exponents demonstrate how the exponents vary due to
the full functional dependence provided in the accompanying
code [89,90], accounting for the changes in values for the
currently achievable parameters (left column in Table I) from
the possible experimental parameters implementable in the

2Narrow Feshbach resonances (less than 1 mG) have recently been
observed in Yb-Li mixtures [104]. These do not affect our discussion.

future (right column in Table I). See Table II for a complete
tabulation of these exponents and their errors.

2. Future parameters

From Eq. (17) we see that the most significant signal en-
hancements come from increasing the dimer-boson scattering
length aDb and decreasing the magnetic field B towards the
BEC limit. Miscibility limits the enhancement of these two
effects, requiring one to adjust the magnetic field B according
to Eq. (8). To maximize the entrainment signal, one should use
the lowest magnetic field allowed by miscibility (see Fig. 1),
but particle loss rates are particularly high in the range 650–
720 G [88]. At each magnetic field, the miscibility condition
gives us values of aDb for which the mixture remains miscible.
If the unknown aDb value lies within the miscible aDb range
of 650–720 G, then one should keep B ≈ 730 G to minimize
particle loss.

Other parameters that have a positive effect on the enhance-
ment are the radius of the ring R and the induced flow velocity
v/vc. In general, by increasing each of them we can increase
the signal strength, but each of them is limited by potential
experimental challenges. Perfect larger ring traps are harder
to obtain as they may not remain flat at the center along
the azimuthal axis. This will lead to production of a higher
amount of mean-field density fluctuation which may not com-
pletely die out within the lifetime of the metastable superfluid
state. For a single bosonic species R ≈ 250 μm [106] has
been achieved. This order of magnitude may be achievable for
a superfluid mixture. In our experimental protocol, creating
a substantial flow in the fermionic component increases the
signal strength by a considerable amount, but is strictly lim-
ited by the number of windings we can induce set by Landau
criterion. There is also the possibility to make an improvement
by increasing the induced velocity to as close as possible to
the critical velocity. Typically, only approximately 10% of the
critical velocity is accessed [107], but recent experiments have
achieved much higher induced flow velocities, which could
potentially increase the detectable entrainment signal [108].
A key part of our protocol is to used the same ring trap
for both species, which will ensure they are trapped in the
same physical space. The centrifugal force of the rotating fluid
displaces the fermionic cloud slightly, but with these parame-
ters the displacement is insignificant, less than approximately
0.014 μm.

With the current parameter set, we may produce a phase
shift up to approximately 6% (considering the mean-field
enhancement of aDb) of observable phase shift. The suggested
improvements (future parameters) may increase the signal to
as high as approximately 67%.

B. Entrainment signal

We present snapshots from the one-dimensional time evo-
lution of the bosonic component in a tube with the current and
future parameters in Fig. 4. These are time evolution images,
which demonstrate the asymmetry in the interference fringes
generated from the entrainment interaction. In an actual ex-
perimental procedure, the interfering clouds will be imaged
after a time-of-flight expansion after turning off the confin-
ing potential, where the density will drop and the mean-field
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FIG. 4. Free expansion of the central density of the bosonic component of the mixture in a periodic box, using the current parameter set
(left) and future parameters (right) (see Table I). Notice the asymmetry around the vertical line at Lx = 0: a signature of the measurable entrain-
ment shift. These expansion simulations are done with full three-dimensional parameters in a tube geometry, which reduces the complexity of
the numerical calculations significantly while having the essential aspects of the full three-dimensional calculation. Consequently, they do not
capture the full radial expansion of the ring, but mimic the density drop. Back to back measurements will also make the signal more comparable
to the expansion of a state without asymmetry. In the calculations here, we have used aDb = 3.87af b and chose the two parts of the cloud to be
separated approximately 6 μm. The dotted lines represent the expansion without any entrainment effect, to distinguish the amount of the shift.
The lightly shaded region in the bottom right panel shows the amount of shift approximately equal to 5 μm.

interaction between the bosons will be reduced. In that sce-
nario, the fringe spacing after a long expansion time t is

λs ≈ 2π h̄t

md
(18)

for initial separation d , as seen in the earlier experiments [99].
Essentially, with long time-of-flight expansion, the fringe
spacing increases linearly with time and 30 ms is typical for
earth-bound laboratory experiments. This can be increased by
a factor of 3–10 in a microgravity setting [109] as the reduced
gravity will substantially increase the time of flight. By em-
ploying a linear optical potential (with a laser far detuned from
the Yb resonances), one may also reduce the effect of gravity
and increase the time of flight [110]. Competing factors here
are the initial separation and the mean-field interaction. The
clouds have to be initially separated enough that they can
grow large in size before the interference. Therefore, a point
of suitable compromise has to be reached to maximize the
signal in a typical laboratory experiment. The reduction in
density during the time of flight has another positive effect

on the experimental outcome. This widens the fringes, which
will make them easier to resolve. To demonstrate this effect
we perform simulations in a tube geometry, which mimics
the density reduction in a radially expanding cloud. A similar
effect is also visibly present in the two-dimensional expansion
of the ring in Fig. 5.

Finite-temperature effects could impact our estimates in
two ways. The presence of a thermal component will reduce
the contrast, filling in the interference fringes. As demon-
strated in Ref. [99], however, with achievable temperatures,
the reduction in contrast is not significant. Furthermore, the
thermal cloud will disperse more quickly during the time-
of-flight expansion time from 30 to 50 ms, enhancing the
signal.

The thermal cloud will also reduce the fraction of con-
densate, impacting the entrainment signal. From the scaling
relationship (17), we see that T/Tc ≈ 0.55 [42] would result in
an approximately 11% reduction in the percentage phase shift.
Thus, as long as the imprinting procedure does not overly heat
the system, there should be plenty of contrast.
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FIG. 5. Schematic radial expansion of a ring with an induced phase gradient in the bosonic component. As time progresses (left to right),
the density decreases because of the outward radial expansion and the fringes become wider. (This is schematic in the sense that it is in an
effective two-dimensional geometry with translation invariance out of the page and the visual effect is enhanced by increasing the density.)

VI. CONCLUSION

We proposed an experimental protocol to directly measure
for the bulk three-dimensional entrainment, the Andreev-
Bashkin effect, in a fermionic and bosonic superfluid mixture.
By using a ring geometry with a common trap for both
species, we demonstrated that atom interferometry techniques
can produce measurable phase shifts with reasonable exper-
imental parameters and we characterized their dependence.
An important feature of our protocol is the elimination of
mean-field effects, which have thwarted previous attempts to
measure entrainment based on shifts in the dipole oscillation
frequency in a harmonic trap. The broad Feshbach resonance
allows us to adjust the interaction strength of the 6Li super-
fluid to ensure miscibility and the large mass of the bosonic
174Yb superfluid enhances the entrainment effect. One uncer-
tainty is the dimer-boson scattering length aDb, which may
have significant corrections from three-body physics [84]. The
value of this parameter still needs careful measurement, but
a significant enhancement to the entrainment signal is pos-
sible if this is large, introducing an intriguing potential for
developing a significant entrainment effect by tuning three-
body interactions. With current technologies and assuming
mean-field values for aDb, a 6% phase shift should be reliable.
With reasonable improvements in experimental techniques,
this may be as large as 67%.
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APPENDIX

1. Radial expansion

Here we demonstrate snapshots from a schematic radial
expansion of a ring in two dimensions in Fig. 5. This simu-

lation is done with the current parameters in Table I, except
we modified the density and the width of the ring to enhance
the interference effect, allowing more visibility for the demon-
stration purpose. This demonstration reiterates the importance
of time-of-flight expansion in the detection procedure. Longer
time-of-flight expansion make the fringes easier to resolve by
increasing the fringe width.

2. Deviations in the exponents

Table II shows the deviation in the exponents that appear
in Eq. (17).

3. Equation of state: 6Li

To perform our calculations, we parametrize the equa-
tion of state of 6Li Fermi gas. Once we fix the scattering length
aLi, in terms of the external magnetic field B, we use the model

E (n, x) = f (x)EFG(n), (A1a)

f (x) = bx + ξ

x
ξ

(b + ζ ) + 1 + 18πbx2

5aDD/aLi

, (A1b)

with x = 1/kF a and EFG(n) = 3
5 nh̄2k2

F /2mF . This Padé ex-
pansion has two limits:

E (n)

EFG(n)
=

{
ξ − ζx + O(x2), x ≈ 0 (unitarity)

− 5
3 x2 + aDD

aLi

5
18πx + O( 1

x2 ), x → ∞ (BEC).

Here aDD is the dimer-dimer scattering length (aDD = 0.6aLi),
ζ is the contact (ζ ≈ 0.901), and ξ is the Bertsch parameter
[ξ = 0.3742(5)]. The more relevant parameter in this case,
the dimer-dimer scattering length, is calculated using aDD =
0.6aLi [71].

In the BEC limit, this reproduces the expected equation of
state for a BEC of dimers with density nD = n/2, mass mD =
2mF , and scattering length aDD. The value of b = 0.25 is
chosen to match the QMC data on the BEC side of the phase
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diagram:

EBEC(n) = − h̄2

2mF a2
Li

n + gDDn2
D

2
+ · · · , gDD = 4π h̄2aDD

mD
.

To relate the magnetic-field strength B with the scattering
length, we fit the data from [77], using the model from [111]:

a−1
Li = a−1

bg

B − B0

(B − B0 + �)[1 + α(B − B0)]
,

B0 = 832.178 498 G, � = 293.396 620 G,

abg = −1415.051 08aB, α = 0.000 406 405 370,

aB = 0.052 917 7 nm. (A2)

4. Entrainment coefficient

We have used Eq. (28) of [14] at T = 0 as ρdr in our
calculation. The analytic form is

ρdr =
∫

dk

2π2
k2γ 2

Db

√
mDmb

nDnb(εDεb)3/2

�D�b(�D + �b)3
, (A3)

with

εi = h̄2k2

2mi
, Ei = εi(εi + 2gini ),

γDb = 2π h̄2aDb(mD + mb)

mDmb
,

gbb = 4π h̄2abb

mb
, gDD = ∂2E f (2nD)

∂n2
D

,

and

�i =
⎛
⎝E2

b + E2
D

2
±

√
(E2

b − E2
D)2

4
+ 4γ 2

DbnDnbεDεb

⎞
⎠1/2

.

We have numerically verified that, in the regions of experi-
mental interest,

ρdr ≈
∫

dk

2π2
k2γ 2

Db

√
mDmb

nDnb

�D�b
(A4)

follows similar scaling relationships as ρdr and can be used
to intuitively understand the scaling relationship shown in
Eq. (17). The essence is that, in the integral, the compli-
cated cubic dependences essentially drop out and we can
use the simplified relationship for qualitative discussions and
rough estimates of the scaling exponents. For quantitative
results, we numerically integrate ρdr in the thermodynamic
limit for homogeneous matter with all dependences. To
estimate the finite-size effects from the confinement of
the ring, we compute the integrals as momentum sums
in a finite periodic box and find only a small correc-
tion of 1.86%–2.5% for future and current parameters,
respectively. For completeness, we write the explicit param-
eter dependences γDb(aDb, mD, mb), nD(Nf , m f , R, ω f , ξ , B),
nb(Nb, mb, ωb, abb, R), and ω f (α, ωb).
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