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Robust macroscopic matter-wave interferometry with solids
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Matter-wave interferometry with solids is highly susceptible to minute fluctuations of environmental fields,
including gravitational effects from distant sources. Hence, experiments require a degree of shielding that
is extraordinarily challenging to achieve in realistic terrestrial or even space-based setups. Here, we design
protocols that exploit the spatial correlations that are inherent in perturbations due to distant sources to reduce
significantly their impact on the visibility of interference patterns. We show that interference patterns that are
robust to such type of noise can be encoded in the joint probability distribution of two or more interferometers,
provided that these are initialized in suitable states. We develop a general framework that makes use of N + 1
interferometers, which may differ in their masses, to correct for environmental potential fields up to order
N in their multipole expansion. Remarkably, our approach works for fields that fluctuate stochastically in
any timescale and does not require the presence of quantum correlations among the different interferometers.
Finally, we also show that the same ideas can be extended to the protection of entanglement between pairs of
interferometers.
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I. INTRODUCTION

Performing interferometry with objects of increasing mass
has been a constant aspiration of experiment and a source
of insight into the laws of nature, ever since de Broglie
first suggested the wave character of matter in the early
years of quantum mechanics. To date interference has been
achieved for a plethora of massive systems, including elec-
trons [1], neutrons [2], atoms [3], BECs [4], fullerenes [5], or
macromolecules with up to 25 000 Da [6,7]. Adding to this
catalog interferometric experiments performed with solids is,
arguably, one of the most ambitious and exciting missions of
current quantum technologies. With the advent of optome-
chanics [8–12], and in particular recent results in levitated
optomechanics [13,14], the notion that the center of mass
(c.m.) of a single solid could be placed in a superposition and
made to exhibit interference phenomena [15–19] is perhaps
more realistic than ever before.

The motivation to push matter-wave interferometry to-
wards higher and higher masses is twofold. First, from a
fundamental point of view, the observation of an interfer-
ence pattern in the probability distribution of the mechanical
d.f. of a sufficiently massive object constitutes a test of the
linearity of quantum mechanics at large scales [20–23], and
could serve as a test bed for alternative descriptions of nature
such as those advocating collapse models [24,25]. Second, the
extreme sensitivity of interferometers to external fields that
are inhomogeneous across the different interferometric paths
makes of large-mass matter-wave interferometers exquisite
metrological devices of minute forces, such as those of gravi-
tational origin [26–35].

As opposed to matter-wave interferometers based on en-
sembles or beams of a large number of identical particles,
each run of an optomechanical device will typically operate
with a single particle. This implies that in each run of the ex-
periment a unique single body, whose properties may change
from shot to shot, needs to be initialized and probed to re-
construct the probability distribution in which the interference
pattern of interest is encoded: typically, but not necessarily,
that corresponding to the position of the c.m. The faithful
reconstruction of a probability distribution that encodes an
interference pattern from sequentially repeated experiments
requires that every experimental run prepares the observed
d.f. in the same quantum state prior to measurement, thus
ensuring that one is not averaging over different probability
distributions. Noise in the form of an interferometric phase
that fluctuates from shot to shot of the experiment will shift
the interference pattern between measurements, and destroy
any observable interference if the distribution fluctuates by
an amount that exceeds the distance between fringes, see
Fig. 1. This represents an important limitation for these type
of devices, in particular due to the presence of acceleration
noise, including that of gravitational origin, whose influence
on experimental observables is, in general, not easy to remove
[36].

In this paper, we introduce a framework by which a generic
matter-wave interferometer can be made robust to field fluctu-
ations of uncontrolled origin up to an arbitrary order. We show
that an interference pattern can be recovered from the joint
probability distribution of two or more interferometers, even
when the noise is such that the interference pattern is erased
from each of them individually. Our formalism accounts for
the possibility that the interferometers have differing masses,
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FIG. 1. Single and doubled matter-wave interferometry.
(a) Generic matter-wave interferometer, where a massive object
is prepared in a pure superposition state, such that the probability
distribution of the particle position exhibits an interference pattern.
In the presence of a fluctuating mass density (yellow sphere) of
uncontrolled origin, the interference pattern will fluctuate from
shot-to-shot repetition of the experiment and may be lost upon
averaging. (b) Two interferometers subject to the same source of
noise, such that the probability distribution of the difference between
the position of each interferometer is independent of the fluctuations.

and is thus well suited for interferometry with solid-state
objects. Moreover, we do not require that the interferometers
are entangled.

II. SINGLE-DEVICE INTERFEROMETRY

Consider a solid object of mass m suspended in vacuum,
with its c.m. behaving, in all three spatial dimensions, as a
harmonic oscillator of frequency ω. Such a setting is found,
for example, in levitated optomechanical platforms, which can
be realized in a variety of physical implementations, ranging
from dielectric particles levitated with optical fields, to mag-
nets above superconductors, or charged particles trapped in
time-varying electromagnetic fields, among others [24]. We
assume that in such a system it is possible to prepare a sym-
metric superposition of two coherent states |�〉in = (|α〉 +
|−α〉)/Nα , with Nα a normalization constant, and α = αr +
iαi a complex number (see Ref. [37] for a possible realiza-
tion). We are interested in the free evolution of this state in the
presence of acceleration noise g(t ). Note that most levitated
optomechanical systems offer a dynamical control of the trap-
ping fields and thus the possibility to consider free-evolution
dynamics. The function g(t ) gives the value of the acceleration
at time t and is, in the most general case, a stochastic function
of time that might fluctuate slower or faster than the duration
of a single experimental run. One natural origin of such an
acceleration, which is difficult to protect from, is the presence
of a fluctuating gradient of the gravitational potential, which is
to be expected in all matter-wave interferometers. We assume
that a measurement of the position is available that allows
us to reconstruct the probability distribution of the position
variable, where an interference pattern is formed. We are con-
cerned with the detrimental effects of the acceleration on the
visibility of the interference pattern after some evolution time

t , when averaged over many experimental runs and in ways
to mitigate it. To that end, we compute the evolution of the
system under a Hamiltonian of the form Ĥ = p̂2

2m + mg(t )x̂,
where the second term accounts for the acceleration noise,
and then consider the probability distribution of the position
of the c.m. x̂ = x0(â + â†), with x0 = √

h̄/(2mω). With the
normalization constant Nt the result is (see Appendix A)

P(x, t ) = 1

Nt

(
e
− [x−xγ (t )−xα (t )]2

2σ2
t + e

− [x−xγ (t )−x−α (t )]2

2σ2
t

+ 2e
− xα (t )2

2σ2
t e

− [x−xγ (t )]2

2σ2
t cos {kt [x − xγ (t )]}

)
, (1)

where we have defined x±α (t ) = ±2x0(αr + αiωt ),
σ 2

t = x2
0[1 + (ωt )2], and kt = 2/x0{αi + ωt/[1 + (ωt )2](αr +

αiωt )}. The effect of the acceleration noise is to stochastically
displace the probability distribution in the position variable
by an amount xγ (t ) = ∫ t

0 g(s)(s − t )ds. The induced
displacement is independent of mass or initial state of
the interferometer and depends only on time. For αi �= 0,
we find that at time tk = −αr/(ωαi ), x±α = 0, resulting in a
probability distribution of the simpler form

P(x, tk ) = 4

Ntk

e
− [x−xγ (tk )]2

2σtk cos2

{
ktk

2
[x − xγ (tk )]

}
, (2)

with ktk = 2αi/x0. In the interest of simplicity we shall work
with the probability distribution at this point in time, but all
the results can be derived for any other time.

To reconstruct the probability distribution in Eq. (2) exper-
imentally, a statistically significant number of experimental
runs will be required. Shot-to-shot fluctuations of xγ (tk )
will amount to sampling from a different probability dis-
tribution in each experimental run, and thus, in a loss of
visibility of the interference pattern. In particular, when the
fluctuations extend over distances greater than the separa-
tion between fringes, 2/kt , the interference pattern will be
lost. If we assume that in each experimental run xγ (tk )
takes a random value with a normal probability distribu-
tion μ(xγ ) = 1/(

√
2πσγ ) exp{−x2

γ /(2σ 2
γ )}, characterized by

a standard deviation σγ , the averaged probability distribution
P̄(x) = ∫ ∞

−∞ dxγ μ(xγ )P(x, tk ) takes the form

P̄(x) = e
− x2

2

(
σ2

tk
+σ2

γ

)
N̄

[
1 + e

−k2
σ2

tk
σ2
γ

2

(
σ2

tk
+σ2

γ

)
cos

(
ktk

σ 2
tk

σ 2
γ + σ 2

tk

x

)]
,

(3)

with N̄ a normalization constant. In the limit where the fluc-
tuations are smaller than the width of the wave packet at
the time of measuring, that is when σγ � σtk , the oscillatory
term in the probability distribution is attenuated by a factor
exp{−k2σ 2

γ /2}, which shows that the interference pattern is
quickly suppressed as soon as the fluctuations exceed the
distance between fringes. Similarly, in the limit σγ � σtk , the
interference term is suppressed by a factor exp{−k2σ 2

tk /2}, as
we are in the regime where the envelope of the Gaussian wave
packet exceeds the periodicity of the fringes 1/k.
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III. TWO-DEVICE INTERFEROMETRY

We now consider two interferometers, 1 and 2, of the
type described in the previous section, which are operated
simultaneously and in parallel at a distance close enough from
each other that they can be considered to be affected by the
same acceleration noise g(t ). At time tk , the outcome of a
position measurement is described in each interferometer by
a probability distribution of the form of Eq. (2), P1 and P2,
with parameters σt and kt determined by the mass of each
interferometer, m1 and m2, which in the general case will
differ from each other. While the form of each probability
distribution will be different, the fluctuations of the local
position variables in each of the two distributions will be the
same. This is because, as mentioned earlier, xγ depends only
on the acceleration function g(t ) and time, which here we
assume to be the same for both interferometers. Thus, the joint
probability distribution P12(x1, x2) = P1(x1)P2(x2) is a two-
variable function that fluctuates in the direction of x1 + x2.
Therefore, the dependence of the joint probability distribution
on the stochastic variable xγ can be removed by the variable
transformation x± → (x1 ± x2)/2 and integration over x+.

However, while the resulting probability distribution for
the variable x−, P−(x−) = ∫ ∞

−∞ dx+P12(x+, x−), has been
freed of any stochasticity, it might not retain an interfer-
ence pattern. From the trigonometric identity cos A cos B =
cos(A + B) + cos (A − B), we see that the joint probability
distribution P12 contains an oscillatory term of the form
cos [k+x− + k−(x+ − xγ )], with k± = (k1 ± k2)/2. For the
case in which k1 = k2 = k this term is independent of x+
and thus at least one interferometric term will survive af-
ter integration over x+. Given that, for each interferometer,
k ∝ |α|√m, such a condition can be ensured provided that the
interferometers are initialized in cat states with a choice of α

that keeps the product |α|√m equal for both interferometers.
Notice that this uneven initialization does not affect the time
tk at which the probability distributions adopt the form of
Eq. (2), as this time depends only on the ratio αr/αi and ω,
which can be maintained the same in both interferometers.
Thus, for suitably initialized interferometers, we find that the
probability distribution of variable x− is given by

P−(x−) = e
− x2−

2σ2+

N−

{
2 + cos (2kx−) + 2η

[
cos

(
kσ 2

1

2σ 2+
x−

)

+ cos

(
kσ 2

2

2σ 2+
x−

)]
+ η4 cos

(
kσ 2

−
2σ 2+

x−

)}
, (4)

where N− is a normalization constant, and we have defined
σ 2

± = (σ 2
1 ± σ 2

2 )/4 and η = exp{−k2σ 2
1 σ 2

2 /(8σ 2
+)}. In gen-

eral, we will have that kσ1(2) � 1 which ensures that both
interferometers exhibit an interference pattern. It follows, that
for all cases of interest η � 1 and we can safely neglect in
Eq. (4) terms proportional to η or higher orders of it. The
interference pattern of the variable x− is thus dominated by a
term of the form exp{−x2

−/(2σ 2
+)}[2 + cos(2kx−)]. The price

to pay for the gained robustness against fluctuations of the
acceleration is a reduction in visibility of the interference
pattern. We observe that the width of the Gaussian envelope is
reduced by a factor 1/

√
2 and that the frequency of the pattern

FIG. 2. Interference pattern. (top left) Probability distribution of
the position of a single-particle interferometer in the absence of noise
sources, as given by Eq. (1) with xγ (t ) = 0 and parameters kx0 =
10−3 and σtk = 104x0. (top right) Same interference pattern but now
in the presence of an acceleration noise characterized by a variance
σγ for the stochastic variable xγ . The lower row shows the same two
scenarios now for the probability distribution of x− in a system of two
interferometers. We compare the cases of equal masses and masses
with a ratio m1/m2 = 5.

is doubled. At the same time, the second term in Eq. (4)
reduces the distance between the maxima and minima of the
interference fringes.

In Fig. 2, we confirm that in the presence of noise that is
sufficient to erase the interference pattern in individual inter-
ferometers, the doubled interferometer system in a differential
configuration, x−, exhibits an interference pattern that is in-
sensitive to phase fluctuations. Remarkably, this remains true
for any time dependency of the acceleration field, including
fluctuations that occur in a timescale much smaller than the
duration of each experimental run.

IV. HIGHER ORDERS IN THE MULTIPOLE EXPANSION

We now extend this concept to an array of N interfer-
ometers subject to acceleration noise that might differ at the
location of each interferometer and show that an interference
pattern can be reconstructed that is robust against inhomo-
geneous acceleration noise up to order N of its expansion
in the ratio of the spatial extent of the array to the distance
from the source of the perturbing field. We consider that the
N interferometers are disposed in a linear arrangement along
dimension x, and that they are evenly spaced by a distance h,
see Fig. 3. We expand the acceleration field around the origin
of coordinates, which we conveniently place at the position of
the first interferometer,

g(x, t ) = g(0)(t ) + g(1)(t )x + g(2)(t )x2 + · · · . (5)

The local position variable xn at interferometer n fluctuates
with xγ ,n(t ) = ∫ t

0 g(nh, s)(s − t )ds, which we can express in
orders of the expansion of the acceleration field as

xγ ,n(t ) = x(0)
γ (t ) + nhx(1)

γ (t ) + (nh)2x(2)
γ (t ) · · · , (6)
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FIG. 3. Higher-order interferometry. Array of N interferometers
disposed along the x axis and spaced by a distance h, where inter-
ferometer n displays a probability distribution Pn(xn) subject to a
stochastic displacement of its local position variable xn by an amount
xγ ,n(t ). Variables xn,q with probability distribution Pn,q that are sub-
ject only to noise of order x(q)

γ ,n can be constructed by iteratively
subtracting two consecutive variables of one lower order.

where the coefficients x(k)
γ (t ) = ∫ t

0 g(k)(s)(s − t )ds fluctuate
in time and are independent of the position of the interferom-
eter. In the previous section, we have shown that a variable
constructed from the difference between the positions of two
consecutive interferometers xn,1 = (xn − xn+1)/2 is indepen-
dent of zero-order fluctuations x(0)

γ , and fluctuates with the
next order as hx(1)

γ . Since xn,1 is subject to fluctuations which
to the first significant order are independent of n, this fluc-
tuations can be removed by subtracting two such variables.
That is, three consecutive interferometers can be used to
construct a second-order variable xn,2 = (xn,1 − xn+1,1)/2 =
(xn − 2xn+1 + xn+2)/4 which is sensitive only to fluctuation
of order h2x(2)

γ . In terms of xγ ,n(t ), this linear combination
of positions is the discretized second derivative with respect
to n. Hence, terms of order zero and one are canceled while
quadratic and higher-order terms survive. More generally,
q + 1 interferometers can be used to construct a variable xn,q

of order q that corresponds to the qth order derivative with
respect to n and is therefore only sensitive to fluctuations of
order q, which have the form q!hqx(q)

γ /2q. Such a variable
can be constructed recursively by subtracting two consecutive
variables of order q − 1, that is xn,q = (xn,q−1 − xn+1,q−1)/2,
and it has the general expression

xn,q =
q∑

i=0

(−1)i q!

2qi!(q − i)!
xi+n. (7)

We are therefore interested in checking whether the probabil-
ity distribution of variables xn,q exhibit an interference pattern.

In general, the probability distribution of the difference of
two stochastic variables x− = (x1 − x2)/2, each described by
a probability distribution of the form

P(x) = 1

N
e− x2

2σ [a + cos(kx)], (8)

is obtained by the convolution P−(x−) = ∫ ∞
−∞ dx2P1(2x− +

x2)P2(x2) and has the explicit expression

P−(x−)= 1

N−
e
− x2−

2σ2+

{
2a2 + cos (2kx−) + 2ηa

[
cos

(
σ 2

1

2σ 2+
kx−

)

+ cos

(
σ 2

2

2σ 2+
kx−

)]
+ η4 cos

(
σ 2

1 − σ 2
2

2σ 2+
kx−

)}
,

(9)

with η = exp{−k2σ 2
n σ 2

n+1/(8σ 2
+)}, σ 2

+ = (σ 2
n+1 + σ 2

n )/4. As
discussed in the previous section, we can discard terms pro-
portional to η on the basis that kσ1(2) � 1, which leaves us
with a probability distribution of the same functional form as
that of Eq. (8). We can use this fact to construct recursively
probability distributions for variables xn,q of order q, from two
probability distributions of a previous order. Thus, we have
that the probability distribution for xn,q is given by

Pn,q(xn,q ) = 1

Nn,q
e
− xn,q

2σ2
n,q [aq + cos(kqxn,q )], (10)

where the parameters can be computed from the parameters
of the previous order using the following update formulas:

aq+1 = 2a2
q, σ 2

n,q+1 = σ 2
n,q + σ 2

n+1,q

4
, kq+1 = 2kq. (11)

We observe that a trade-off exists between robustness and
visibility of the interference patterns as we move into higher
orders. While with every order we become insensitive to one
higher order of the acceleration field, the visibility of the
interference pattern is decreased in several ways. On the one
hand, the frequency of the oscillations is doubled with each
order, which makes the fringes more difficult to distinguish.
On the other hand, the constant aq, which determines the
amplitude of the oscillations, is squared with every iteration.
Moreover, the width of the Gaussian envelope determined
by σn,q is reduced approximately by a factor of 1/

√
2 with

every order.
To illustrate the power of using multiple interferometric

devices, we consider an experimental situation where acceler-
ation noise below 	a = 6.67 × 10−17 m s−2 is required [37].
In such a scenario, a single interferometer would be signif-
icantly perturbed by a mass variation of 1 kg at a distance
of 1 km, an effect that could be caused, for example, by
1 ppb pressure or temperature fluctuations of an atmospheric
environment. Our proposed system of two interferometers,
however, would only be sensitive to the relative accelera-
tion, which if we chose to place the two interferometers at
a distance of h = 0.1 m, would require the presence of the
same 1 kg mass at the much closer distance of R = 58 m to
produce a comparable perturbation in the interference pattern.
Extending our approach to three setups we would find that the
distance is further reduced to R ∼= 15 m, which is a volume
that is reasonable to expect could be brought under experi-
mental control.

We note that techniques to reject common noise by
differential measurements have been explored already in in-
terferometry that uses ensembles of identical particles, like,
for example, in photon interferometry to correct noise due to
atmospheric turbulence [38], or in atom-interferometry based
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gradiometers used to measure gradients of the gravitational
force [39]. Our work differs from these previous works in
that it applies to a technology that is fundamentally different,
as each interfered particle has a differing mass and experi-
mental runs are performed sequentially. These differences are
critical enough that they invalidate the use of the differential
measurement techniques without adaptation, and thus a dedi-
cated analysis is justified. Moreover, our analysis extends the
technique beyond the rejection of common noise, providing a
framework for the correction of noise that is spatially inho-
mogeneous up to an arbitrary order of the expansion of the
noise field.

Finally, we would like to mention that the principles em-
ployed here can be extended to experiments where the interest
is not in protecting the coherence of a single interferometer
from acceleration noise, but rather the entanglement between
two such interferometers, see Appendix B.

V. CONCLUSION

We introduce a general theory to construct arrays of N + 1
matter-wave interferometers that can combat the effects of
acceleration noise fluctuating with any time dependence up
to order N of the expansion of the potential field along the
dimension of the array. In this manner, we can recover in-
terference patterns that are otherwise erased by this form of
noise. If no countermeasures are taken, standard values for ac-
celeration noise present in earth-based laboratories, and even
in space-born setups, are sufficient to hamper experiments
aiming at the most advanced tests of quantum mechanics, like
tests of collapse models or the quantumness of gravity. Our
work removes one more barrier in the path towards the high
degree of environmental isolation required to successfully
carry out this type of experiments.
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APPENDIX A: DERIVATION OF THE PROBABILITY
DISTRIBUTION

In this Appendix we compute the probability distribution of
the position of an initial cat state |ψ〉in = 1/Nα (|α〉 + |−α〉)
that evolves freely in the presence of a fluctuating gradient of
the gravitational field, governed by the Hamiltonian

HA = p̂2

2m
+ mg(t )x̂. (A1)

We first set the notation, x̂ = x0(a + a†) and p̂ = ip0(a† −
a), where a is defined such that the components |α〉 of the ini-
tial state are its eigenstates, a |α〉 = α |α〉. Notice that x0 and
p0 correspond, respectively, to the position and momentum
variances of the coherent state (A2

0 = 〈α| Â2 |α〉 − 〈α| Â |α〉2,
with A = x, p) and satisfy the relation x0 p0 = h̄/2. Under
these definitions the free-evolution Hamiltonian (A1) can be

rewritten as

HA = p2
0

2m
[2a†a − (a†2 + a2)] + mg(t )x0(a + a†). (A2)

By defining H0 = p2
0

2m [2a†a − (a†2 + a2)], the time-evolution
operator can be expressed as U (t − t0) = U0(t − t0)UI (t −
t0), where UI (s) is the time-evolution operator in the interac-
tion picture with respect to H0 and U0(s) = exp{(−i/h̄)H0s}.
To give an explicit expression for UI (s), we first derive the
Hamiltonian in the interaction picture

HI (s) = mg(s)x0

[(
1 − i

2p2
0

mh̄
s

)
a +

(
1 + i

2p2
0

mh̄
s

)
a†

]
,

(A3)

where we have used the transformation U †
0 aU0 = a +

it
h̄ [H0, a] + 1

2!
(it )2

h̄2 [H0, [H0, a]] + · · · , [H0, a] = p2
0

m (a† − a)
and the fact that all higher-order nested commutators vanish
identically. The unitary-evolution operator associated with the
time-dependent Hamiltonian HI (s), which does not commute
at different times, can be exactly computed in the Magnus
expansion

UI (t ) = e�(1) (t )+�(2) (t )+···, (A4)

with

�(1)(t ) = γt a
† − γ ∗

t a (A5)

�(2)(t ) = − i2p2
0

h̄3

∫ t

0
dt1

∫ t1

0
dt2g(t1)g(t2)(t2 − t1), (A6)

where γt = − imx0
h̄

∫ t
0 dsg(s)(1 + i 2p2

0
mh̄ s), and all higher-order

terms vanish. The first term represents a displacement by the
complex time-dependent amplitude γt in phase space, while
the second order is just a global phase that can be ignored.
Back in the Schrödinger picture the time evolution is given by

U (t ) = e− i p̂2

2mh̄ t eγt a†−γ ∗
t a. (A7)

We look, now, into the action of this operator on the initial
state

U (t ) |ψ〉in = 1

Nα

U0(eiφ(t ) |α + γt 〉 + e−iφ(t ) |−α + γt 〉),

(A8)
where

φ(t ) = Imγtα
∗

= −mx0αr

h̄

∫ t

0
dsg(s) + 2p2

0x0αi

h̄2

∫ t

0
dsg(s)s, (A9)

with α = αr + iαi. Here, we have used the composition rule
for the displacement operator D(β )D(α) = e(βα∗−β∗α)/2D(α +
β ). Ultimately, we are interested in the probability distribution
P(x) = |〈x|ψ (t )〉|2 which takes the form

P(x) = 1

N2
α

[|〈x|U0 |α + γt 〉|2 + |〈x|U0 |−α + γt 〉|2

+ (〈x|U0 |α + γt 〉 〈−α + γt |U †
0 |x〉 ei2φ(t ) + H.c.)].

(A10)

The terms 〈x|U0 |α〉 are time dependent and correspond to
the wave functions in the spatial representation of a coherent
state evolving under free evolution. Their explicit expression
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is

〈x|U0 |α〉 = 1√
1 + i 2p2

0
h̄m t

(
1

2πx2
0

)1/4

× exp

{
−

[
x − (〈x〉α + 〈p〉α

m t
)]2

4x2
0

[
1 + ( 2p2

0
h̄m t

)2]
(

1 − i
2p2

0

h̄m
t

)}

× exp

{
i
〈p〉α

h̄

[
x −

(
〈x〉α + 〈p〉α

m
t

)
/2

]}
,

(A11)

where 〈x〉α = 2x0αr and 〈p〉 = 2p0αi are, respectively, the
position and momentum expectation values of the initial state
|α〉. Finally, inserting Eq. (A11) in Eq. (A10) we recover the
probability distribution

P(x, t ) = 1

Nt

(
e
− [x−xγ (t )−xα (t )]2

2σ2
t + e

− [x−xγ (t )−x−α (t )]2

2σ2
t

+ 2e
− xα (t )2

2σ2
t e

− [x−xγ (t )]2

2σ2
t cos {kt [x − xγ (t )]}

)
. (A12)

APPENDIX B: ENTANGLEMENT

In this Appendix, we discuss the case where the primary
entity of interest is not one interferometer but a system com-
posed of two entangled interferometers, and we analyze one
possible application of the same principles discussed in the
main text for the protection of a single-device coherence to
the protection of the entanglement between these two devices.

In this case, a single device consists of two interferometers
A and B, where each interferometer can prepare states |L〉
(for the left arm) and |R〉 (for right arm) in superposition.
We are interested in the entanglement between A and B in
this two-dimensional subspace of {|L〉 , |R〉}. For simplicity,
we will consider maximally entangled states of the form
1/

√
2(|L〉A |L〉B + eiφ |R〉A |R〉B), where the phase φ repre-

sents our source of noise, which appears due to the presence
of a gradient of a potential field (e.g., gravitational) and will,
in general, fluctuate randomly in timescales shorter than the
duration of an experimental run. If φ has a variance σφ > 2π ,
then the entanglement in our double-interferometer setup will
be lost upon averaging over different realizations of φ, such
that the state of the system will be given by

〈ρ〉φ = 1
2 (P|L〉A|L〉B

+ P|R〉A|R〉B
), (B1)

where P|ψ〉 = |ψ〉 〈ψ | is the projector on the state indicated in
its subscript.

We now double our device and check if entanglement sur-
vives in some bi-partition of the four interferometers upon
averaging over the stochastic source of noise. In this case,
the total state of the system before averaging is given by
a tensor product of the two entangled states of each of the
interferometers 1 and 2, that is

� = 1
2 (|L〉A1 |L〉B1 + eiφ |R〉A1 |R〉B1)

⊗ (|L〉A2 |L〉B2 + eiφ |R〉A2 |R〉B2), (B2)

where, for the moment, we are assuming that both devices
observe the same form of noise, and therefore, pick up the

same random phase φ. Averaging over this phase yields the
mixed state

〈ρ〉φ = 1
4P|LL〉A|LL〉B

+ 1
4P|RR〉A|RR〉B

+ 1
2P (|LR〉A|LR〉B+|RL〉A|RL〉B )/

√
2, (B3)

where we have introduced the abbreviated notation |i j〉α ≡
|i〉α1 | j〉α2, with i, j ∈ {L, R} and α ∈ {A, B}. Remarkably, the
state in Eq. (B3) contains half a bit of entanglement between
the system composed of interferometers A in devices 1 and
2, and the system composed of interferometers B as can be
confirmed by calculation of the logarithmic entanglement of
the state [40]. Apart from direct computation, another way to
see state (B3) is entangled is the following: Consider a local
observable in the partition A of the total system which is of
the form

OA = |LL〉〈LL| + 2(|LR〉〈LR| + |RL〉〈RL|) + 3|RR〉〈RR|.
(B4)

Measurement of this observable on state (B3) will yield out-
come 2 with probability p = 1/2 and leaves the system in the
maximally entangled state

ρ = P (|LR〉A|LR〉B+|RL〉A|RL〉B )/
√

2, (B5)

while the other two outcomes leave the system in a separable
state. Now, since the measurement of observable OA is a local
operation it cannot create entanglement, and therefore we can
conclude that state (B3) must contain at least an amount of
entanglement equal to the average of the entanglement of
each of the states that the system can take after measurement,
weighted with the probability of collapsing onto each state.
Thus, we have shown that by doubling the two-interferometer
device we can recover entanglement between partitions A and
B of the extended system, in the presence of noise that is
strong enough to destroy the entanglement contained in each
of the two devices.

By further doubling the setup, the same principle can be
employed to recover entanglement in the case where the noise
observed by the different copies of the device varies. We
consider first the next order in the expansion of the noise field,
for which the phase of the entangled state in each device is not
constant but varies linearly with the position of the device. In
this case, for a collection of devices that is arranged linearly
and spaced evenly, each of the devices would exhibit, for a
particular realization of the noise, a state of the form

� j = 1√
2

(|L〉A j |L〉B j + ei[φ+( j−1)	φ] |R〉A j |R〉B j ). (B6)

Now, for each pair of consecutive devices we have the com-
bined state

� j, j+1 = 1

2
|LL〉A |LL〉B + 1

2
ei[2φ+(2 j−1)	φ] |RR〉A |RR〉B

+ 1√
2

ei[φ+( j−1)	φ] |RL〉A |RL〉B + ei	φ |LR〉A |LR〉B√
2

.

(B7)

The second line in Eq. (B7) shows that the state contains a
contribution of a maximally entangled state with a relative
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phase 	φ, which does not depend on the position of the two
consecutive devices in the array. Naturally, with increasing
size of the fluctuations 	φ the entanglement contained in
such a state would be erased upon averaging. However, if
we now take two such pairs of devices, that is four devices
(eight interferometers), their combined state will contain a
component

�1−4 = · · · + 1

2
ei2(φ+	φ) (|RL〉A |RL〉B + ei	φ |LR〉A |LR〉B)12√

2

⊗ (|RL〉A |RL〉B + ei	φ |LR〉A |LR〉B)34√
2

+ · · · ,

(B8)

which is of the same form of the state in Eq. (B2), and thus
we know that it preserves entanglement upon averaging over
different realizations of the noise.

The same argument can be applied recursively to cancel
higher orders of the noise, where in each iteration the system
used for the previous order needs to be doubled, while the
recovered entanglement is halved. Notice that in this case
the number of copies required to recover in the presence
of noise a fraction of the entanglement contained in a sin-
gle copy is exponential, while in the case described in the
main text, aimed at recovering the coherence of a single
device, the scaling was linear. Nevertheless, this example il-
lustrates that the notion of parallelization of interferometers
can be applied to the protection of entanglement. Optimiza-
tions and further extensions of it will be pursued in future
work.
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