
PHYSICAL REVIEW A 105, 062805 (2022)
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The successive ionization potentials (IPs) and electron affinities (EAs) for superheavy elements with 111 �
Z � 114, namely, Rg, Cn, Nh, and Fl, are reexamined using the relativistic Fock-space coupled-cluster method
with nonperturbative single (S), double (D), and triple (T) cluster amplitudes (FS-CCSDT). For most of the con-
sidered quantities, the triple-amplitude contributions turn out to be important. The Breit and frequency-dependent
Breit corrections are evaluated by means of the configuration-interaction method. The quantum-electrodynamics
corrections to the IPs and EAs are taken into account within the model-QED-operator approach. The obtained
results are within 0.10 eV uncertainty.
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I. INTRODUCTION

Superheavy elements (SHEs) are trans-uranium elements
which are artificially synthesized in the cold- and hot-fusion
nuclear reactions with neutron-rich isotopes; see, e.g., reviews
[1–3]. All the known SHEs, starting from rutherfordium (Z=
104, Rf) and ending with oganesson (Z =118, Og), belong
to the seventh row of the periodic table; here and below,
Z is the nuclear charge number. The experimental study of
SHE electronic-structure properties is exceptionally difficult
due to the extremely low production rates and short lifetimes.
Nowadays, the heaviest elements for which experimental data
exist for such electronic-structure properties as ionization po-
tentials are nobelium (Z =102, No) [4–7] and lawrencium
(Z =103, Lr) [7,8]. However, promising experimental tech-
niques [9–11] may expand our knowledge of the electronic
structure of the heavier elements beyond lawrencium.

Modeling of the electronic structure of SHEs is a challeng-
ing task for modern theoretical atomic physics. The necessity
to explicitly account for correlations between a large number
of electrons demands huge computational efforts. Moreover,
very strong electric fields induced by heavy nuclei make
relativistic and quantum-electrodynamics (QED) effects sub-
stantial. As a result, to predict properties of SHEs with reliable
accuracy, one has to employ an efficient method for evalua-
tion of the electron-correlation effects within the relativistic
framework.

Some SHEs have been studied previously employing
various methods, such as the relativistic Fock-space cou-
pled clusters with single (S) and double (D) amplitudes
(FS-CCSD) [12–18], the configuration-interaction method
combined with the many-body perturbation theory (CI+PT)
approach [19–26], and the multiconfiguration Dirac-Fock

method (MCDF) [27,28]. In general, all the above-mentioned
calculations are in agreement with each other; however, in
some cases, there is a discrepancy between the FS-CCSD
and CI+PT results. For example, the discrepancy is about
0.2 eV for the first IP of copernicium (Z = 112, Cn) [16,25]
and 0.5 eV for the same property of roentgenium (Z = 111,
Rg) [12,25]. These inconsistencies have served as motivation
to thoroughly reexamine the electronic-structure properties of
the SHEs.

The present paper aims to revisit ionization potentials (IPs)
and electron affinities (EAs) of SHEs with 111 � Z � 114
by means of the relativistic FS-CC method, with the fully-
relativistic Dirac-Coulomb Hamiltonian being employed. The
main difference between the present FS-CC calculations and
those of the previous works is that besides the SD cluster am-
plitudes, nonperturbative iterative triple, T, cluster amplitudes
are also considered in the present calculations. In most cases,
the triple-amplitude corrections turn out to be comparable or
even larger than the uncertainties of the FS-CCSD correla-
tion treatment. Another major feature of the present FS-CC
calculations is that a basis set used to solve the FS-CCSD
equations is optimized for each particular element in order
to minimize the basis-set incompleteness error. In addition,
our FS-CC results are supplemented by the Gaunt, retarda-
tion, and frequency-dependent Breit corrections as well as
the QED contributions. These effects are evaluated separately
using the configuration-interaction (CI) method in the basis
of the Dirac-Fock-Sturm (DFS) orbitals and the model-QED-
operator approach. We demonstrate the consistency of adding
the CI-DFS based corrections to the FS-CC results by using
the Gaunt interaction as an example.

The paper has the following structure. In Sec. II, a brief
introduction to the FS-CC and CI-DFS methods is presented
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and key features of their implementation are overviewed. In
Sec. III, thorough details of the calculations are given. The
obtained results are discussed and compared with values avail-
able in the literature in Sec. IV, with each element being
placed in a separate section for convenience.

Atomic units are used throughout the paper.

II. METHODS

In the present work, the electronic structure of the SHEs is
calculated by means of a combination of the FS-CC and CI
methods. Namely, the interelectronic interaction represented
by the Dirac-Coulomb Hamiltonian is evaluated within the
FS-CC approach. Various corrections to the FS-CC values are
calculated using the CI method.

Within the FS-CC method [29–31], the model space (MS)
is defined through a projection operator that is decom-
posed into the Fock-space sector projectors corresponding
to different numbers of particles (p) or holes (h) above the
Fermi-vacuum state. The latter one is considered as the Fock-
space sector 0h0p. It is most convenient to use the closed-shell
Fermi-vacuum state. The FS-CC equations are formulated for
an effective many-electron Hamiltonian Heff which is asso-
ciated with some Hamiltonian H , e.g., the Dirac-Coulomb
one, and operates in the MS. The valence-universal wave
operator � is constructed successively for each sector of the
Fock space, starting from the sector 0h0p. For the latter, the
FS-CC equations are reduced to the single-reference CC ones.
In contrast to the single-reference CC method, the FS-CC
method allows one to consider static correlations in terms of
the MS-state mixing.

The FS-CC method implemented in the EXP-T program
[32–34] is used in the present work. We adopt the notation FS-
CCSD for the calculations involving the single (S) and double
(D) cluster amplitudes and FS-CCSDT for the calculations
involving SD and nonperturbative triple (T) amplitudes. The
Dirac-Fock calculations, otherwise known as the relativistic
Hartree-Fock ones, and subsequent integral-transformation
steps are carried out using the DIRAC package [35,36].

The relativistic Dirac-Coulomb many-electron Hamilto-
nian HDC is formulated for the present FS-CC calculations as
follows:

HDC = �+[HD + V C]�+, (1)

where HD is the sum of the one-electron Dirac Hamiltonians,
V C is the two-electron Coulomb-interaction operator, and �+
is the projector on the positive-energy states of the Dirac-Fock
(DF) Hamiltonian hDF. The Gaussian model for the nuclear-
charge density is employed to describe the nuclear potential.

Within the current implementation of the FS-CC method,
the Gaunt-interaction operator V G can be included in the
calculations by means of the exact two-component molec-
ular mean-field Hamiltonian HX2Cmmf approach [37]. This
approach allows one to construct the two-component Hamil-
tonian, which exactly reproduces the relativistic DF positive-
energy eigenvalues. In the transformation of the Hamiltonian
to its second-quantized form required for the correlated calcu-
lations, the Gaunt-interaction operator V G can be incorporated
through a correction to the mean field.

The CI calculations are based on the CI-DFS method
[38–41]. In this method, the active space (AS) of one-electron
orbitals consists of numerical solutions of the DF and DFS
equations considered in the central-field approximation. The
CI-correlated many-electron wave function �(JM ) with the
total angular momentum J and its projection M is repre-
sented as a sum of configuration-state functions. The latter are
eigenfunctions of the operator J2 and are constructed from
the orbitals included in the AS according to the restricted
active-space (RAS) scheme [42].

The Dirac-Coulomb-Breit (DCB) Hamiltonian is used in
the CI-DFS method,

HDCB = �+[HD + V C + V G + V R]�+, (2)

where V R is the retardation part of the Breit-interaction op-
erator. The energies corresponding to the states �(JM ) are
given by the eigenvalues of the Hamiltonian represented in
the many-electron basis of the configuration-state functions.

The QED effects related to the vacuum-polarization (VP)
and self-energy (SE) corrections can be incorporated into the
CI-DFS calculations by means of the model-QED-operator
approach presented in Refs. [43,44]. The approach consists
in the inclusion of the model-QED operator V QED into the
one-electron part of the Hamiltonian HDCB, together with
the inclusion of the same operator into the DF and DFS
equations. The SE part of the operator V QED is constructed
from the corresponding matrix elements precalculated for hy-
drogenlike ions, whereas the VP part is given by the local
one-electron potentials. Therefore, V QED exactly reproduces
the lowest-order QED corrections in a system without the
interelectronic interaction. The higher-order QED effects are
accounted for only approximately. The frequency-dependent
Breit-interaction correction is evaluated by using the full
Coulomb-gauge interelectronic-interaction operator (see, e.g.,
Ref. [43] and references therein) instead of the Coulomb V C

and standard Breit V G + V R interactions.

III. COMPUTATIONAL DETAILS

The dominant contribution to the IPs and EAs of the
elements with 111 � Z � 114 is computed with the FS-
CC method. The closed-shell configuration [Rn]5 f 146d107s2,
which appears to be the ground-state configuration of neu-
tral Cn, is chosen as the sector 0h0p. The detailed FS-CC
sector-partitioning schemes used in the calculations are the
following:

Rg+(2h0p) ←− Rg(1h0p) ←− Rg−(0h0p), (3)

Cn2+(2h0p) ←− Cn+(1h0p) ←− Cn(0h0p), (4)

Nh3+(2h0p) ←− Nh2+(1h0p) ←− Nh+(0h0p) −→
−→ Nh(0h1p) −→ Nh−(0h2p), (5)

Fl4+(2h0p) ←− Fl3+(1h0p) ←− Fl2+(0h0p) −→
−→ Fl+(0h1p) −→ Fl(0h2p). (6)

Within the FS-CC approach, the sector 0h0p provides the total
binding energy of the corresponding state, while for the other
sectors, the energies are determined relative to it. Therefore,
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the nth ionization potentials In and the electron affinity ε

can be obtained by the proper combinations of the lowest
eigenvalues of the effective Hamiltonian in all the sectors.

The FS-CCSD approximation is used to evaluate the main
contribution from the correlations to the IPs and EAs. Ex-
plicitly optimized basis sets are employed in the calculations.
Their construction is discussed below. The largest number of
primitive functions used is 37s36p24d18 f 6g4h3i2k1l . The
occupied shells 4 f 5s5p5d6s6p5 f 6d7s are explicitly treated
at the FS-CCSD level. Generally, more than 60 electrons
are included in the correlation treatment for each element.
The energy cutoff for virtual states has been set to 170 a.u.
The contributions from the deep-lying core electrons and
from the virtual states with the energies larger than 170 a.u.
are investigated by performing the calculations with the re-
duced number of the correlated electrons and virtual states.
The MS determinants are constructed from the spinors 6d7s
in the Rg and Cn calculations and the 6d7s7p8s ones in the
Nh and Fl calculations. As an additional check, the practical
independence of the results on the number of the spinors,
which span the MS, is verified.

The contribution from the triple cluster amplitudes is de-
fined as the difference between the FS-CCSDT and FS-CCSD
results. For all the elements, the triple-amplitude correction
is evaluated considering the 6d7s electrons as the active ones
and excluding the virtual states with the energies larger than
25 a.u. Overall, the FS-CCSDT equations are solved for about
250 spinors, depending on the considered element.

As it is implemented in DIRAC, the DF equations are solved
in the finite basis set of the primitive Gaussian functions
{γ L

i (ζi )}, where i enumerates basis functions of a given an-
gular momentum L, and ζi stands for the Gaussian-exponent
parameter. Common basis sets [45–47], which are widely used
in calculations, may not be saturated enough to provide a
proper description of the particular correlation problem at the
desired accuracy level. These basis sets are usually subjected
to some customization. A standard basis-set improvement
strategy is to modify the basis set by including in it additional
basis functions in the valence region in order to improve the
accuracy of the electron-correlation description in this region.

A different optimization procedure is used in the present
work. Previously, it was employed to calculate the EA of Og in
Ref. [48], where thorough details on the scheme can be found.
The procedure is based on the FS-CCSD calculations with
the generalized relativistic effective core potential (GRECP)
[49,50], which significantly decreases the computational cost
of the calculations by replacing core electrons with an effec-
tive pseudopotential. In the present work, the basis set for each
element under consideration is optimized with respect to all
the IPs and EA which are to be calculated according to the
schemes given by Eqs. (3)–(6).

The optimization algorithm is organized as follows [48,51].
For a particular system, the corresponding most compre-
hensive Dyall’s all-electron basis set [52,53], with the basis
functions for L > 4 being removed, is used as a starting point.
Beginning with L = 0, a basis function γ L(ζ ) with an ad-
justable parameter ζ is added to the initial basis set and the
global extremum of the IP and EA values with respect to
the parameter ζ is searched. The value of ζ ∗ which simul-
taneously delivers the largest in magnitude extremum to all

the considered IP and EA values is permanently added to the
basis set. For the given L, the procedure continues iteratively
until the studied quantities become stable (up to the desired
accuracy) with respect to the addition of a new basis function
to the basis set. Then, the procedure for this value of L is
stopped and optimization of the functions for L + 1 is started
according to the same scheme.

The range of the parameter ζ related to the spatial region
where the valence electrons are localized is empirically found
to be ζ ∈ [0.01, 10]. The basis functions γ L(ζ ) with the pa-
rameter ζ beyond this interval yield a negligible contribution
to the investigated quantities.

The effective core-potential integral-evaluation code em-
ployed in DIRAC allows one to use basis functions with the
angular momenta up to L = 6 (the i-type functions). To
construct the optimized basis set with the maximum angu-
lar momentum L > 6, we actually use the same approach,
but the GRECP Hamiltonian HGRECP is replaced with the
Hamiltonian HX2Cmmf for which there is no such restric-
tion. In addition, we have double checked the quality of the
GRECP-optimized basis set by repeating the same optimiza-
tion scheme, but with the Hamiltonian HX2Cmmf employed
instead of the HGRECP one. This allows us to verify the uncer-
tainty established during the GRECP-optimization procedure.

Throughout all the CI-DFS calculations, the 6d7s7p elec-
trons are considered as the active ones, and the SD excitations
are taken into account. The convergence of the results with
respect to the number of the virtual orbitals is studied.

The CI-DFS method is used to calculate the Gaunt-
interaction correction. This contribution is evaluated as the
difference between the values obtained with the Hamiltonians
HDCG and HDC. In the same way, the correction associated
with the retardation operator V R is calculated. The QED cor-
rections are also evaluated employing the CI-DFS method
according to the scheme described in Sec. II, namely, as
the difference of the energies obtained with and without the
model-QED operator V QED included in the related calcula-
tions. In this regard, we should mention the method presented
in Ref. [54], where the model-QED operator V QED was in-
cluded in the FS-CC calculations. In addition, the QED effects
were incorporated in the atomic version of the FS-CC method
in Ref. [55].

IV. RESULTS AND DISCUSSION

We begin the discussion with the general results on the
Gaunt and QED corrections. Within the FS-CCSD method,
the Gaunt-interaction correction is evaluated as the differ-
ence of the results obtained with and without the operator
V G included in the Hamiltonian HX2Cmmf . Alternatively, it is
calculated using the CI-DFS method. The comparison of the
Gaunt-interaction correction evaluated by the two different
methods for the considered SHEs is presented in Table I.

It can be seen from Table I that our FS-CCSD and CI-DFS
results agree well with each other. The maximum deviation
between these results does not exceed 0.015 eV, which is com-
pletely covered by the uncertainty of the FS-CCSDT values
for the IPs and EAs. The latter uncertainty is associated with
the basis-set incompleteness and estimated to be several tenths
of meV; see below the corresponding discussion for details.
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TABLE I. Comparison of the Gaunt-interaction corrections to
the nth ionization potentials In and electron affinities ε of the SHEs
with 111 � Z � 114 evaluated with the FS-CCSD method using the
exact two-component Hamiltonian HX2Cmmf and the CI-DFS method
using the relativistic Dirac-Coulomb-Gaunt Hamiltonian (eV).

Z Quantity FS-CCSD CI-DFS

111 I1(Rg) 0.026 0.027
ε(Rg) 0.024 0.029

112 I2(Cn) 0.026 0.029
I1(Cn) 0.027 0.030

113 I3(Nh) −0.054 −0.060
I2(Nh) −0.053 −0.049
I1(Nh) −0.043 −0.046
ε(Nh) −0.017 −0.028

114 I4(Fl) −0.076 −0.075
I3(Fl) −0.069 −0.062
I2(Fl) −0.068 −0.082
I1(Fl) −0.044 −0.059

The found agreement ensures us that the corrections obtained
by means of the CI-DFS method can be added to the FS-CC
results. For the Gaunt-interaction corrections, the FS-CCSD
results are considered by us to be more preferable than the
CI-DFS ones since a larger number of electrons are correlated
in the FS-CCSD calculations.

In the present work, the QED corrections are evaluated
by using the CI-DFS method within the model-QED-operator
approach. However, for an illustrative purpose, we also dis-
cuss the evaluation of the QED correction at the one-electron
level, namely, within the DF method. The QED results ob-
tained using the DF method are referred to as QED-DF. To
examine the effect of the model-QED-operator inclusion in
the self-consistent DF equations on the studied quantities, we
compare the calculations in two schemes. In the first scheme,
we merely evaluate the expectation values of V QED with the
one-electron DF wave functions for the relevant orbitals. In
the second scheme, the QED corrections to the IPs and EAs
are obtained as the proper differences of the total DF energies
calculated with and without the operator V QED included in the
related DF equations. The results of the first scheme can be
interpreted as the direct QED contribution to the considered
quantities. We call it the direct QED effect since, in this
case, the orbital relaxation which occurs due to the different
electronic structure of the initial and final states is not taken
into account. On the other hand, the second scheme besides
the direct QED effect accounts for an indirect QED contri-
bution from the orbital-relaxation effects which arise from
the changes in the electronic structure as well as the orbital-
relaxation effects due to including the model-QED potential in
the DF equations. The QED correction obtained by using the
second scheme is referred to as the total QED-DF correction.
The corresponding results are presented in Table II.

From Table II, it can be seen that in the cases of Rg and Cn,
the direct QED-DF contributions are several times smaller in
magnitude than the total QED-DF ones, and have the opposite
sign. On the contrary, in the case of I1(Nh), ε(Nh), I2(Fl), and
I1(Fl), the direct QED-DF contributions turn out to be several
times larger than the related total QED-DF ones. These results

TABLE II. Comparison of the direct and total QED contributions
to the nth ionization potentials In and electron affinities ε of the SHEs
with 111 � Z � 114 (QED-DF) evaluated within the Dirac-Fock
approximation using the model QED operator V QED (eV). The direct
QED-DF contribution is defined as the expectation value of V QED

with the one-electron DF wave function for the relevant orbitals.
The total QED-DF contribution is defined as the proper difference
of the total DF energies obtained with and without the operator V QED

included in the DF self-consistent equations. See text for the details.

Z Quantity Direct QED-DF Total QED-DF

111 I1(Rg) −0.0050 0.0230
ε(Rg) −0.0045 0.0216

112 I2(Cn) −0.0061 0.0259
I1(Cn) −0.0056 0.0244

113 I3(Nh) −0.0913 −0.0926
I2(Nh) −0.0827 −0.0779
I1(Nh) −0.0128 −0.0017
ε(Nh) −0.0092 0.0019

114 I4(Fl) −0.1096 −0.1097
I3(Fl) −0.1006 −0.0948
I2(Fl) −0.0192 −0.0057
I1(Fl) −0.0162 −0.0021

indicate not the smallness and/or insignificance of the total
QED-DF corrections, but rather the fact that the proper treat-
ment of the indirect QED-DF contributions associated with
the relaxation effects (which are mostly due to the differences
in the electronic structure of the charged state) may lead to
a partial or, in some cases, to considerable cancellation of the
direct QED-DF contributions. Similar studies were performed
in Refs. [22,56–60].

The QED-DF values are improved by using the CI-DFS
method combined with the model-QED operator; see Sec. II
for details. For each SHE under consideration, the final QED
corrections as well as the other contributions are presented in
the forthcoming sections.

A. Roentgenium (Z=111, Rg)

The results for the first IP and EA of roentgenium are
presented in Table III. We obtained that the ground-state con-
figuration for the Rg− anion is 6d107s2 (for brevity, here and
below the common part [Rn]5 f 14 of all the configurations is
omitted), for neutral Rg is 6d97s2 J = 5/2, and for Rg+ ion
is 6d87s2 J = 4, in agreement with the previous FS-CCSD
[12] and CI+PT [21,25] calculations. The inclusion of the
triple cluster amplitudes does not change the order of the
levels; however, the corresponding correction to I1(Rg) and
ε(Rg) turns out to be important. It amounts to −0.10(3) eV
for the EA and −0.40(11) eV for the IP. The uncertainty of
the triple-amplitude correction was conservatively estimated
by varying the virtual-states energy cutoff. Both QED and
Gaunt-interaction corrections for the EA and IP of Rg are
about 0.02 eV; they are fully covered by the uncertainty
of the FS-CC correlation treatment. The retardation and the
frequency-dependent Breit-interaction corrections are one and
two orders of magnitude smaller, respectively, than the QED
and Gaunt-interaction corrections.
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TABLE III. Contributions to the first ionization potential I1(Rg)
and electron affinity ε(Rg) of roentgenium (eV). The ground-state
configuration of the neutral Rg atom is 6d97s2 J = 5/2; the ground-
state configurations of the ion and anion are given in the header.

Contribution I1(Rg) ε(Rg)
6d87s2 J = 4 6d107s2

FS-CCSD 11.03(6) 1.97(5)
Triples −0.40(11) −0.10(3)
Gaunt 0.026 0.024
Retardation −0.002 −0.002
Freq.-dep. Breit −0.0006 0.0001
QED 0.021 0.019
Total 10.67(13) 1.91(6)
Eliav et al. [12] 10.60 1.565
Dzuba [21] 12.2(11)
Lackenby et al. [25] 11.175

The main difference between the present FS-CC calcu-
lations and those reported in Ref. [12] consists in a more
advanced basis set used here and in the inclusion of the
triple cluster amplitudes in a nonperturbative, fully iterative
manner [32]. At the FS-CCSD level, our result for ε(Rg)
differs from the value presented in Ref. [12] by about 25%. We
managed to reproduce the values of Ref. [12] using the basis
set employed there. During the basis-construction procedure,
we found that both IP and EA of Rg increase in magnitude
when the quality of the basis set is improved. Since our
values for I1(Rg) and ε(Rg) are larger by about 0.4 eV, we
conclude that the difference between the results is apparently
due to the lack of the indispensable basis functions used in
that work. Moreover, we note that our full Breit-interaction
(Gaunt plus retardation) correction is in good agreement with
the related results of Ref. [12]. For I1(Rg), the value of
Ref. [12] is 0.03 eV and the present result is 0.024 eV, while
for ε(Rg), the value of Ref. [12] is 0.023 eV and our result is
0.022 eV. The results obtained within the CI+PT calculations
[25] are in reasonable agreement with our data, providing
the triple-cluster-amplitude contribution is excluded from our
total value.

B. Copernicium (Z=112, Cn)

For neutral and singly ionized copernicium, the obtained
ground-state configurations are 6d107s2 and 6d97s2 J = 5/2,
respectively, in accordance with the previous FS-CCSD [13]
and CI+PT [25] calculations. For the Cn2+ ion, using the
FS-CCSDT approach, we obtained that the J = 4 level of the
configuration 6d87s2 has the minimal energy among the other
levels, as was previously reported in Refs. [13,25]. Thus, the
ground-state configuration of Cn2+ coincides with the ground-
state configuration of Rg+.

In Table IV, the contributions to the first, I1(Cn), and
second, I2(Cn), IPs of copernicium are given. For I1(Cn),
the triple-cluster-amplitude correction turns out to be about
−0.03(2) eV, which is smaller than the FS-CCSD level of
uncertainty. On the contrary, the triple-amplitude correction is
large for the ionization to the J = 4 level of Cn2+ and amounts
to about −0.18(9) eV. Nevertheless, it does not change the

TABLE IV. Contributions to the first two ionization poten-
tials, In(Cn) with n = 1, 2, of copernicium (eV). The ground-state
configuration of the neutral Cn atom is 6d107s2; the ground-state
configurations of the ions are given in the header.

Contribution I2(Cn) I1(Cn)
6d87s2 J = 4 6d97s2 J = 5/2

FS-CCSD 22.54(6) 12.00(5)
Triples −0.18(9) −0.03(2)
Gaunt 0.026 0.027
Retardation −0.001 −0.002
Freq.-dep. Breit −0.001 −0.0006
QED 0.025 0.022
Total 22.41(11) 12.02(5)
Eliav et al. [13] 22.49 11.97
Nash [61] 11.675
Yu et al. [27] 21.98 11.73
Hangele et al. [62] 21.989 11.353
Dzuba [21] 13.1(11)
Lackenby et al. [25] 22.84 12.14

order of the levels. The full Breit interaction and QED correc-
tions contribute about 0.02–0.03 eV to the IPs of copernicium,
and they are roughly the same as for the case of Rg.

Omitting the triple cluster amplitudes and QED correc-
tions, our results for both first and second IPs are in good
agreement with the previous FS-CCSD calculations [13].
However, for the first IP, our full Breit-interaction contribu-
tion, which is 0.025 eV, disagrees with the one from Ref. [13],
which is −0.022 eV, i.e., it has almost the same magnitude
but the opposite sign. On the other hand, our value for the
Gaunt-interaction correction is in reasonable agreement with
the result of Ref. [63], which is 0.031 eV. The obtained
QED correction, 0.022 eV, agrees well with the value from
Ref. [63], which is 0.023 eV.

Our total results excluding the triple-cluster-amplitude cor-
rections for I1(Cn) and I2(Cn) are 1% and 2% smaller than the
ones from Ref. [25], respectively. The addition of the triple-
amplitude corrections, which are negative for all cases, only
increases the difference. Finally, our results are in agreement
with the results of Ref. [27] within the 0.5 eV uncertainty
estimated by the authors of Ref. [27]. The corresponding
values were obtained using the GRASP92 [64] implementation
of the MCDF method.

C. Nihonium (Z=113, Nh)

The different charge states of nihonium have the following
ground-state configurations: 6d107s27p1 for the neutral Nh,
6d107s27p2 for the Nh− anion, and 6d107s2, 6d107s1, and 6d10

for singly, doubly, and triply ionized Nh, respectively. The
occupation of the 6d shell remains unchanged for the first
three ionization processes in Nh, whereas in the cases of Rg
and Cn, the electrons are ionized namely from the 6d shell.
The obtained ground-state configurations are in agreement
with the previous results of Refs. [14,20]. The inclusion of
the nonperturbative triple cluster amplitudes does not change
the ground-state configurations as well.
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TABLE V. Contributions to the first three ionization potentials,
In(Nh) with n = 1–3, and electron affinity, ε(Nh), of nihonium (eV).
The ground-state configuration of the neutral Nh atom is 6d107s27p1;
the ground-state configurations of the ions and anion are given in the
header.

Contribution I3(Nh) I2(Nh) I1(Nh) ε(Nh)
6d10 6d107s1 6d107s2 6d107s27p2

FS-CCSD 33.52(6) 24.00(5) 7.49(4) 0.71(3)
Triples −0.01(3) −0.03(3) 0.04(2) 0.03(2)
Gaunt −0.054 −0.053 −0.043 −0.017
Retardation 0.004 0.003 0.004 0.003
Freq.-dep. Breit −0.005 −0.005 −0.003 −0.002
QED −0.088 −0.078 −0.001 0.002
Total 33.37(7) 23.84(6) 7.49(5) 0.73(4)
Eliav et al. [14] 33.47 23.96 7.306 0.68(5)
Pershina et al. [65] 7.420
Hangele et al. [62] 23.627 7.278
Demidov and
Zaitsevkii [66] 7.44
Dzuba and
Flambaum [20] 33.5 23.6 7.37
Guo et al. [67] 7.569(48) 0.776(30)

The results for the IPs and EA of nihonium are presented
in Table V. The contribution of the triple amplitudes to the
IPs and EA of Nh is about a few tenths of meV, being positive
for ε(Nh) and I1(Nh) and negative for I2(Nh) and I3(Nh). The
QED correction to ε(Nh) and I1(Nh) is negligible in compar-
ison with the uncertainty of the FS-CC correlation treatment
since this correction is mainly determined by the 7p electrons.
However, this is not the case for I2(Nh) and I3(Nh), where
the 7s electrons are ionized. For the second and third IPs, the
QED corrections amount to about −0.08 eV and −0.09 eV,
respectively.

During the basis-set quality-improvement procedure, we
found that the values ε(Nh) and I1(Nh) increase in magnitude.
This could be an explanation for why our FS-CCSD value
for I1(Nh) combined with the full Breit-interaction correction
is about 0.15 eV larger than the corresponding value from
Ref. [14]. The total Breit-interaction correction is in good
agreement with the results of Ref. [14] for all the considered
quantities. For I1(Nh), our value, −0.039 eV, for the full
Breit-interaction correction also agrees with Ref. [63], where
−0.046 eV for this correction was obtained by including the
operator V G + V R in the self-consistent procedure.

The total values for the IPs of Nh agree within the esti-
mated uncertainty with the CI+PT results of Ref. [20], where
the 1% uncertainty for the energies was reported. Also, within
the estimated uncertainty, the result for I1(Nh) is in a good
agreement with the one obtained by Demidov and Zaitsevskii
[66], who employed the scalar relativistic CC-SD(T) method,
with the spin-dependent relativistic corrections being evalu-
ated using the two-component relativistic density functional
theory. Our result for I1(Nh) is close to the one of the work in
Ref. [65], which was aimed at evaluating the SHE adsorption
properties. Our results for I1(Nh) and I2(Nh), are about 0.2 eV
larger in magnitude than those reported in Ref. [62]. Finally,
the present I1(Nh) and ε(Nh) values agree with the very recent

TABLE VI. Contributions to the first four ionization poten-
tials, In(Fl) with n = 1–4, of flerovium (eV). The ground-state
configuration of the neutral Fl atom is 6d107s27p2; the ground-state
configurations of the ions are given in the header.

Contribution I4(Fl) I3(Fl) I2(Fl) I1(Fl)
6d10 6d107s1 6d107s2 6d107s27p1

FS-CCSD 46.24(6) 35.78(6) 16.95(5) 8.69(5)
Triples −0.01(3) −0.05(3) 0.04(3) 0.01(2)
Gaunt −0.076 −0.069 −0.068 −0.044
Retardation 0.006 0.004 0.006 0.004
Freq.-dep. Breit −0.006 −0.006 −0.004 −0.003
QED −0.105 −0.093 −0.004 −0.002
Total 46.05(7) 35.56(7) 16.92(6) 8.65(5)
Seth et al. [68] 35.52 16.55 8.36
Landau et al. [16] 46.272 35.739 16.871 8.539
Nash [61] 8.529
Yu et al. [28] 46.57 35.82 17.22 8.28
Hangele et al. [62] 35.383 16.111 7.260
Dzuba and
Flambaum [20] 17.00 8.37

results from Ref. [67], which were obtained by the use of the
CC method including the QED corrections.

D. Flerovium (Z=114, Fl)

The obtained ground-state configuration for the Fl atom is
6d107s27p2. The order of the electron detachment in the Fl el-
ement is the following: at first, two 7p1/2 electrons are ionized,
then two 7s ones, leaving the ion Fl4+ with the 6d10 ground-
state configuration. The obtained ground-state configurations
for the Fl atom and its ions are in agreement with the previous
findings made in Refs. [16,20,28]: the triple-amplitude contri-
bution does not change the ground-state configurations for the
Fl ions. The results for the IPs of flerovium are presented in
Table VI.

The triple-amplitude correction to I2(Fl) and I3(Fl) turns
out to be tenths of meV, and these contributions are compara-
ble with the FS-CCSD uncertainties. It is interesting to note
that for Fl, this correction appears to be roughly the same as
for Nh. The QED corrections for I3(Fl) and I4(Fl), where the
7s electrons are ionized, are found to be about −0.1 eV. On
the contrary, for I1(Fl) and I2(Fl), the QED corrections are
found to be negligible compared to the uncertainty due to the
approximate treatment of electronic correlations. The retar-
dation and the frequency-dependent Breit corrections almost
cancel each other, yielding several-meV contributions to the
IPs. They are an order of magnitude smaller than the numeri-
cal uncertainty associated with the correlation treatment.

Our FS-CCSD values combined with the Gaunt and retar-
dation corrections agree well with the results of Ref. [16],
which were obtained using the FS-CCSD method with the
DCB Hamiltonian. The I1(Fl) value obtained in Ref. [61] by
means of the CCSD(T) method is also in agreement with our
results. Since the triple-cluster-amplitude contribution turns
out to be small for I1(Fl), the single-reference CCSD(T)
method, where the triple amplitudes are evaluated perturba-
tively, seems to yield a reliable result in this case. However, as
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in the case of Cn, the basis set used in Ref. [61] was consider-
ably smaller than the one employed in the present work.

Our total results for the first and second potentials agree
up to several percent with the values from Ref. [20], which
were obtained by means of the CI approach combined with
the linearized CCSD method [69] and also include the Breit
and QED corrections. Furthermore, our total results turn out
to be systematically larger by 3–4% than those from Ref. [28],
where the uncertainty was estimated to be 2000 cm−1, which
is about 0.25 eV. With this uncertainty, our results agree better
for I2(Fl) and I3(Fl) and worse for I1(Fl) and I4(Fl). The dis-
crepancy may be a result of the fact that a configuration space
employed in Ref. [28] was not saturated sufficiently. Finally,
we note that the results from Ref. [62] for Fl obtained using
a pseudopotential approach deviate from our corresponding
results: the deviation is larger than 1 eV for I1(Fl), about
0.8 eV for I2(Fl), and about 0.2 eV for I3(Fl). The reason for
this discrepancy is unclear to us.

V. CONCLUSION

The ionization potentials and electron affinities of the
SHEs with 111 � Z � 114 are calculated by means of the
relativistic FS-CC method within the Dirac-Coulomb Hamil-
tonian. To this end, the optimized basis sets of the primitive
Gaussian exponents were constructed for each SHE consid-
ered. For these systems, the nonperturbative triple-amplitude
corrections are evaluated based on the implementation of
Refs. [32–34]. Especially in those cases, where the occupation
of the d shell is changed during the ionization process, the pre-
viously unaccounted corrections due to the triple amplitudes
turn out to be significant and even larger than the uncertainty

of the FS-CCSD correlation treatment. The Breit-interaction
and frequency-dependent Breit-interaction corrections are cal-
culated by means of the CI-DFS method [38–41]. The QED
corrections are also evaluated within the CI-DFS approach
employing the model-QED operator [43,44]. The correspond-
ing contributions amount to about −0.1 eV in the cases, where
the ionization goes from the s shell.

In most cases, the numerical uncertainty of our calcula-
tions does not exceed 0.1 eV. It is mainly determined by the
uncertainties associated with the finite size of the basis sets
employed and the uncertainty arising from the core electrons
uncorrelated within the FS-CCSDT model. With the QED
and triple-amplitude contributions being excluded, our results
are in agreement with the previous FS-CCSD ones, which
were obtained by Eliav and co-workers in a series of works
[12–14,16] where these contributions were not considered.
However, for roentgenium, using the more advanced basis set,
we managed to significantly improve the electron-correlation
description compared to the previous FS-CCSD calculations
[12]. Our predictions are also in reasonable agreement with
the results from Refs. [20,25] obtained using the CI+PT
method and taking into account the QED corrections. How-
ever, for a reason that is unclear to us, the discrepancy of more
than 0.25 eV takes place for the first ionization potential of Rg,
the second ionization potential of Cn, and the first ionization
potential of Fl.

ACKNOWLEDGMENT

The work is supported by the Ministry of Science and
Higher Education of the Russian Federation within Grant No.
075-10-2020-117.

[1] Y. T. Oganessian, A. Sobiczewski, and G. M. Ter-Akopian,
Phys. Scr. 92, 023003 (2017).

[2] S. A. Giuliani, Z. Matheson, W. Nazarewicz, E. Olsen, P.-G.
Reinhard, J. Sadhukhan, B. Schuetrumpf, N. Schunck, and P.
Schwerdtfeger, Rev. Mod. Phys. 91, 011001 (2019).

[3] C. E. Düllmann, Radiochimica Acta 107, 587 (2019).
[4] M. Laatiaoui, W. Lauth, H. Backe, M. Block, D. Ackermann,

B. Cheal, P. Chhetri, C. E. Düllmann, P. van Duppen, J. Even,
R. Ferrer, F. Giacoppo, S. Götz, F. P. Heßberger, M. Huyse,
O. Kaleja, J. Khuyagbaatar, P. Kunz, F. Lautenschläger, A. K.
Mistry, S. Raeder, E. M. Ramirez, T. Walther, C. Wraith, and
A. Yakushev, Nature (London) 538, 495 (2016).

[5] P. Chhetri, D. Ackermann, H. Backe, M. Block, B. Cheal,
C. E. Düllmann, J. Even, R. Ferrer, F. Giacoppo, S. Götz, F. P.
Heßberger, O. Kaleja, J. Khuyagbaatar, P. Kunz, M. Laatiaoui,
F. Lautenschläger, W. Lauth, E. M. Ramirez, A. K. Mistry, S.
Raeder, C. Wraith, T. Walther, and A. Yakushev, Europhys. J.
D 71, 195 (2017).

[6] P. Chhetri, D. Ackermann, H. Backe, M. Block, B. Cheal, C.
Droese, C. E. Düllmann, J. Even, R. Ferrer, F. Giacoppo, S.
Götz, F. P. Heßberger, M. Huyse, O. Kaleja, J. Khuyagbaatar, P.
Kunz, M. Laatiaoui, F. Lautenschläger, W. Lauth, N. Lecesne,
L. Lens, E. Minaya Ramirez, A. K. Mistry, S. Raeder, P. Van
Duppen, T. Walther, A. Yakushev, and Z. Zhang, Phys. Rev.
Lett. 120, 263003 (2018).

[7] T. K. Sato, M. Asai, A. Borschevsky, R. Beerwerth, Y.
Kaneya, H. Makii, A. Mitsukai, Y. Nagame, A. Osa, A.
Toyoshima, K. Tsukada, M. Sakama, S. Takeda, K. Ooe, D.
Sato, Y. Shigekawa, S.-i. Ichikawa, C. E. Düllmann, J. Grund,
D. Renisch, J. V. Kratz, M. Schädel, E. Eliav, U. Kaldor,
S. Fritzsche, and T. Stora, J. Am. Chem. Soc. 140, 14609
(2018).

[8] T. K. Sato, M. Asai, A. Borschevsky, T. Stora, N. Sato, Y.
Kaneya, K. Tsukada, C. E. Düllmann, K. Eberhardt, E. Eliav,
S. Ichikawa, U. Kaldor, J. V. Kratz, S. Miyashita, Y. Nagame,
K. Ooe, A. Osa, D. Renisch, J. Runke, M. Schädel, P. Thörle-
Pospiech, A. Toyoshima, and N. Trautmann, Nature (London)
520, 209 (2015).

[9] Y. T. Oganessian and S. N. Dmitriev, Russian Chem. Rev. 85,
901 (2016).

[10] F. Lautenschläger, P. Chhetri, D. Ackermann, H. Backe, M.
Block, B. Cheal, A. Clark, C. Droese, R. Ferrer, F. Giacoppo,
S. Götz, F. P. Heßberger, O. Kaleja, J. Khuyagbaatar, P. Kunz,
A. K. Mistry, M. Laatiaoui, W. Lauth, S. Raeder, T. Walther,
and C. Wraith, Nucl. Instrum. Methods Phys. Res., Sect. B 383,
115 (2016).

[11] M. Laatiaoui, A. A. Buchachenko, and L. A. Viehland, Phys.
Rev. Lett. 125, 023002 (2020).

[12] E. Eliav, U. Kaldor, P. Schwerdtfeger, B. A. Hess, and Y.
Ishikawa, Phys. Rev. Lett. 73, 3203 (1994).

062805-7

https://doi.org/10.1088/1402-4896/aa53c1
https://doi.org/10.1103/RevModPhys.91.011001
https://doi.org/10.1515/ract-2019-0012
https://doi.org/10.1038/nature19345
https://doi.org/10.1140/epjd/e2017-80122-x
https://doi.org/10.1103/PhysRevLett.120.263003
https://doi.org/10.1021/jacs.8b09068
https://doi.org/10.1038/nature14342
https://doi.org/10.1070/RCR4607
https://doi.org/10.1016/j.nimb.2016.06.001
https://doi.org/10.1103/PhysRevLett.125.023002
https://doi.org/10.1103/PhysRevLett.73.3203


M. Y. KAYGORODOV et al. PHYSICAL REVIEW A 105, 062805 (2022)

[13] E. Eliav, U. Kaldor, and Y. Ishikawa, Phys. Rev. A 52, 2765
(1995).

[14] E. Eliav, U. Kaldor, Y. Ishikawa, M. Seth, and P. Pyykkö, Phys.
Rev. A 53, 3926 (1996).

[15] E. Eliav, U. Kaldor, Y. Ishikawa, and P. Pyykkö, Phys. Rev. Lett.
77, 5350 (1996).

[16] A. Landau, E. Eliav, Y. Ishikawa, and U. Kaldor, J. Chem. Phys.
115, 2389 (2001).

[17] A. Borschevsky, L. F. Pašteka, V. Pershina, E. Eliav, and U.
Kaldor, Phys. Rev. A 91, 020501(R) (2015).

[18] E. V. Kahl, J. C. Berengut, M. Laatiaoui, E. Eliav, and A.
Borschevsky, Phys. Rev. A 100, 062505 (2019).

[19] T. H. Dinh, V. A. Dzuba, V. V. Flambaum, and J. S. M. Ginges,
Phys. Rev. A 78, 022507 (2008).

[20] V. A. Dzuba and V. V. Flambaum, Hyperfine Interact. 237, 160
(2016).

[21] V. A. Dzuba, Phys. Rev. A 93, 032519 (2016).
[22] J. S. M. Ginges and J. C. Berengut, Phys. Rev. A 93,

052509 (2016); J. Phys. B: At., Mol. Opt. Phys. 49, 095001
(2016).

[23] B. G. C. Lackenby, V. A. Dzuba, and V. V. Flambaum, Phys.
Rev. A 98, 022518 (2018).

[24] B. G. C. Lackenby, V. A. Dzuba, and V. V. Flambaum, Phys.
Rev. A 98, 042512 (2018).

[25] B. G. C. Lackenby, V. A. Dzuba, and V. V. Flambaum, Phys.
Rev. A 101, 012514 (2020).

[26] S. O. Allehabi, V. A. Dzuba, and V. V. Flambaum, Phys. Rev. A
104, 052811 (2021).

[27] Y. J. Yu, J. G. Li, C. Z. Dong, X. B. Ding, S. Fritzsche, and B.
Fricke, The European Physical Journal D 44, 51 (2007).

[28] Y. J. Yu, C. Z. Dong, J. G. Li, and B. Fricke, J. Chem. Phys.
128, 124316 (2008).

[29] U. Kaldor, Theor. Chim. Acta 80, 427 (1991).
[30] L. Visscher, E. Eliav, and U. Kaldor, J. Chem. Phys. 115, 9720

(2001).
[31] E. Eliav, A. Borschevsky, and U. Kaldor, in Handbook of Rela-

tivistic Quantum Chemistry, edited by W. Liu (Springer, Berlin,
2017), pp. 825–855.

[32] A. V. Oleynichenko, A. Zaitsevskii, L. V. Skripnikov, and E.
Eliav, Symmetry 12, 1101 (2020).

[33] A. V. Oleynichenko, A. Zaitsevskii, and E. Eliav, in Supercom-
puting, Communications in Computer and Information Science,
edited by V. Voevodin and S. Sobolev (Springer International
Publishing, Cham, 2020), pp. 375–386.

[34] A. V. Oleynichenko, A. V. Zaitsevskii, and E. Eliav, EXP-T,
an extensible code for Fock-space relativistic coupled cluster
calculations, http://www.qchem.pnpi.spb.ru/expt.

[35] A. S. P. Gomes, T. Saue, L. Visscher, H. J. Aa. Jensen, and R.
Bast, with contributions from I. A. Aucar, V. Bakken, K. G.
Dyall, S. Dubillard, U. Ekström, E. Eliav, T. Enevoldsen, E.
Faßhauer, T. Fleig, O. Fossgaard, L. Halbert, E. D. Hedegård,
B. Heimlich–Paris, T. Helgaker, J. Henriksson, M. Iliaš, Ch.
R. Jacob, S. Knecht, S. Komorovský, O. Kullie, J. K. Lær-
dahl, C. V. Larsen, Y. S. Lee, H. S. Nataraj, M. K. Nayak, P.
Norman, G. Olejniczak, J. Olsen, J. M. H. Olsen, Y. C. Park,
J. K. Pedersen, M. Pernpointner, R. di Remigio, K. Ruud, P.
Sałek, B. Schimmelpfennig, B. Senjean, A. Shee, J. Sikkema,
A. J. Thorvaldsen, J. Thyssen, J. van Stralen, M. L. Vidal,
S. Villaume, O. Visser, T. Winther, and S. Yamamoto, com-
puter code DIRAC, A relativistic ab initio electronic structure

program, rel. DIRAC19 (Zenodo, 2019), http://dx.doi.org/10.
5281/zenodo.3572669; see, also, http://www.diracprogram.org.

[36] T. Saue, R. Bast, A. S. P. Gomes, H. J. A. Jensen, L. Visscher,
I. A. Aucar, R. Di Remigio, K. G. Dyall, E. Eliav, E. Fasshauer,
T. Fleig, L. Halbert, E. D. Hedegård, B. Helmich-Paris, M. Iliaš,
C. R. Jacob, S. Knecht, J. K. Laerdahl, M. L. Vidal, M. K.
Nayak, M. Olejniczak, J. M. H. Olsen, M. Pernpointner, B.
Senjean, A. Shee, A. Sunaga, and J. N. P. van Stralen, J. Chem.
Phys. 152, 204104 (2020).

[37] J. Sikkema, L. Visscher, T. Saue, and M. Iliaš, J. Chem. Phys.
131, 124116 (2009).

[38] I. I. Tupitsyn and A. V. Loginov, Opt. Spectrosc. 94, 319 (2003).
[39] I. I. Tupitsyn, V. M. Shabaev, J. R. Crespo López-Urrutia, I.
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