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The continuous-time quantum walk denotes the evolution of a particle on a given graph governed by
Schrodinger’s equation. For different applications, the corresponding Hamiltonian is proportional to either the
Laplacian or the adjacency matrix of the graph. The two quantum walks are equivalent on regular graphs, since
each vertex has the same degree. However, for irregular graphs, the evolutions of the two quantum walks are
generally different. In this paper, we report an experimental investigation of the two quantum walks on irregular
graphs with single photons and interferometric networks. We demonstrate that it is possible to obtain equivalent
probability distributions with the two quantum walks on specific irregular graphs, where the particle is initially
localized at a vertex or uniformly distributed at multiple vertices. Our results not only deepen the understanding
of the equivalence between the two quantum walks, but also extend the application of the continuous-time

quantum walk.
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I. INTRODUCTION

The main pursuit of quantum information is to design
large-scale general-purpose quantum computers [1,2]. An
effective platform to develop quantum algorithms is the quan-
tum walk (QW) [3], which is the quantum analog of a classical
random walk. In QW, a walker can be in superposition of mul-
tiple states so that it propagates in superposition of possible
paths. Therefore, QW spreads quadratically faster through the
interference between paths and entanglement between differ-
ent degrees of freedom [4,5]. It is useful for a wide range
of applications including search algorithms [6-10], quan-
tum simulation [11-13], and universal quantum computation
[14-16].

Similar to a classical random walk, QW has two forms
[17]: the discrete-time quantum walk, which uses a quantum
coin to govern the direction of walk; and the continuous-time
quantum walk (CTQW) [18], which directly defines the walk
in discrete position space through a time-varying unitary ma-
trix that depends on the Hamiltonian of the physical system.
Traditionally, for the CTQW, the space is represented by a
graph, which gives its discrete Laplacian as the Hamiltonian
[7,18-22]. Another kind of Hamiltonian is provided by the
adjacency matrix [9,23-28].

The Laplacian is usually used for discrete approximation
to the kinetic energy operator of quantum mechanics [29-36],
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and the adjacency matrix is used for quantum computation
[8,14,37-41]. We refer to the two QWs as the Laplacian QW
and the adjacency QW. The distinction between the Laplacian
QW and the adjacency QW has been explored in terms of
search algorithms [42] and perfect state transfer [20,43].

For the CTQW on a regular graph, where vertices have the
same number of neighbors, the evolutions of the two QWs are
equivalent [27,30,44—46]. Thus, the probability distributions
of particles are identical in position space. From a conceptual
point of view, an irregular graph has vertices with different
degrees, so the probability distributions of the two QWs gen-
erally show differences. However, Wong and Lockhart have
shown that the probability distributions of the two QWs are
identical on some specific irregular graphs when the walker
starts from a certain vertex [46]. The equivalence of the two
CTQWs has the potential to realize some practical applica-
tions. For specific physical systems, the way to experimentally
realize two models of QWs might be different. That is, the
resources or complexity required to realize the Laplacian and
adjacency QWs might be different. In that case, we can choose
the model at low cost or low complexity to achieve the ap-
plication as the two models are proven to be equal for some
certain applications.

In this paper, we report an experimental simulation of
the Laplacian and the adjacency QWs on irregular graphs
with single photons and interferometric networks. Our results
demonstrate the equivalence of two QWSs on five-vertex and
six-vertex irregular graphs with the walker initially localized
at a certain vertex, which support the prediction in Ref. [46].
In addition, we confirm that such equivalence depends on the

©2022 American Physical Society
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FIG. 1. (a) Irregular graphs with (a) five and (b) six vertices. The

probability distributions of the two QWs are equivalent, if the particle
is initially localized at one of the green vertices.

initial state. Interestingly, we show that equivalence can also
exist even when the walker is initially distributed at multiple
vertices.

This paper is organized as follows. In Sec. II, we give a
brief introduction to the CTQW and illustrate it with irregular
graphs. In Sec. III, we experimentally demonstrate the Lapla-
cian QW and the adjacency QW on the five-vertex irregular
graph and the six-vertex irregular graph. Section IV contains
the experimental results of the equivalence of the two QWs.
We conclude with a summary of our observations in Sec. V.

II. CTQWs ON IRREGULAR GRAPHS

The CTQW is the evolution of a particle in discrete space
governed by Schrodinger’s equation

L =H 1
i ¥) = HIY), M

where we set i = 1. The state of the walker at time ¢ is
[ (1)) = e |3(0)) and the probability that it is localized
at vertex x is P(x, ) = |{x|¥ (t))|?, where {|x)} constitutes the
orthonormal basis spanning the space of the vertices.

As shown in Fig. 1, the discrete space can be represented by
a graph G(V, E') composed of vertices i € V and edges (i, j) €
E. The adjacency matrix A of a graph is defined as

1, (G, j)€E,
Aij = {O’

(. ]) ¢ E. @

For a free particle, the Hamiltonian is the kinetic energy of
the particle H = —y L, which is proportional to the negative
of the Laplacian L = A — D. Here, y is the jumping rate of the
walk and D is the diagonal matrix, where the diagonal entries
D;; = deg(i) represent the degree of vertex i. In some ap-
plications, e.g., search algorithms [9] and PageRank [28,47],
the corresponding Hamiltonian is instead proportional to the
negative of the adjacency matrix A, H = —yA. In this paper,
we choose y = 1.

For a regular graph, each vertex has the same de-
gree d, so D =dI, where [ is the identity matrix. In
this case, the state of the Laplacian QW |y (¢)) differs
from that of the adjacency QW |y¥4(¢)) by a global phase,
[WL(t)) = e |y (0)) = e~ |y (t)). Therefore, the probabil-
ity distributions of the two QWs are equivalent, P, (x,?) =
[l (O =[x Ya()) > = Palx, 1).

For an irregular graph, some vertices have different de-
grees, and the probability distributions of the two QWs
are generally different. However, for some specific irregular
graphs and localized initial states, equivalence can still be
obtained. Wong and Lockhart [46] present eight families of

irregular graphs and analytically prove that the two QWs on
these graphs are equivalent when starting at a certain vertex.

In this paper, we consider two examples of irregular graphs
proposed by Wong and Lockhart [46]. One is an irregular
graph with five vertices as shown in Fig. 1. Its adjacency
matrix A and the Laplacian L are

01 1 0 0

1 0 1 1 1
A=11 1 0 1 1},
01 1 0 0
01 1 0 0
-2 1 1 0 0
1 -4 1 1 1
L=|1 1 -4 1 1],
0 1 1 =2 0
o 1 1 0 =2

respectively. For this graph, the two QWs will have the same
probability distribution when the initial state is localized at
one of the green vertices, as shown in Fig. 1(a). Moreover,
when the initial state is a uniform superposition over vertices
2 and 3, and vertices 1, 4, and 5, the probability distributions
of the two QW are also identical. In Sec. III, we elaborate on
the formula for the superposition states.

The other irregular graph has six vertices as shown in
Fig. 1(b), which has the adjacency matrix A" and the Laplacian
L as

0101 0 0
1 01 1 1 0
,lo1 0111
A=l 11 01 of
01 1 1 0 1
00101 0
2 1 0 1 0 0
I -4 1 1 1 0
A I R R T T
=17y 1 1 4 1 ol
o 1 1 1 -4 1
o 0 1 0 1 -2

respectively. For the irregular graph with six vertices, the two
QWs have the same probability distribution, where the walker
is initially localized at one of the green vertices 1 and 6.
Moreover, the equivalence of the probability distributions of
the two QWs is also satisfied for the initial state with equal
weights at vertices 2 and 4 or equal weights at vertices 3
and 5.

III. EXPERIMENT DEMONSTRATION

We first demonstrate the experimental test of the identical
probability distributions of the two QWSs on the irregular
graph with five vertices. As shown in Fig. 2(a), the
experimental setup consists of three stages: the initial-state
preparation, the time evolution of the Laplacian or adjacency
QW, and project measurements. The basis states of the
five-dimensional qudit are encoded as {|1) = |V1),|2) =
|H>), 13) = V), |4) = |H3), I5) = |[V3)}, where H (V)
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FIG. 2. (a) Experimental setup. The heralded single photons are generated and are injected into the optical network to simulate the CTQW
on irregular graphs. The first polarizing beam splitter (PBS), half-wave plates (HWPs), and two beam displacers (BDs) are used to prepare the
initial states. The Laplacian and adjacency QWs can be simulated by an interferometric network, consisting of WPs and BDs. The probability
distributions are obtained by projecting the final state into the basis states via a PBS. The photons are detected by APDs. (b) The 5 x 5
unitary matrix is decomposed into a product of ten two-level unitary matrices. The green nodes represent the two-level unitary operators. The

connection between two matrices indicates that they can be realized at the same time.

denotes the horizontal (vertical) polarizations with the
subscript k (k = 1, 2, 3) denoting the spatial mode.

In the preparation stage, a pair of photons are generated
via spontaneous parametric down-conversion (SPDC) using
a f-barium-borate (BBO) crystal. As one trigger photon is
detected by a single-photon avalanche photodiode (APD), the
signal photon is heralded and injected into the interferomet-
ric network. A polarization beam splitter (PBS), two beam
displacers (BDs), and two half-wave plates (HWPs) are used
to prepare the state of the photonic five-dimensional system
in different initial states. In the experiment, we prepare four
initial states, which are

(1 0 0 0 O, vertex 1,
0 (0)) = © 1 0 0 O, vertex 2,
o 1 1 0 O)T/ﬁ, vertices 2 and 3,
(r o o0 1 1)T/\/§, vertices 1, 4, and 5.
©)]
—iHt

In order to demonstrate the dynamics of CTQWSs’ e
conveniently and flexibly, the evolution time can be regard as a
parameter of the unitary operation. Different time parameters
correspond to different unitary matrices. To implement the
unitary operations, we decompose the matrix into a prod-
uct of ten two-level unitary matrices U, , [9,48,49], where

me{2,...,5} and n e {l,...,4}. Here, U, , denotes the
two-level unitary matrix that acts only on two vector com-
ponents, m and n, in five-dimensional Hilbert space with the
complementary vector components unchanged. For example,
Ui, means that the two-level unitary matrix acts only on
the fourth and second vector components in five-dimensional
Hilbert space. The decomposition of a unitary operator is

U=Usys---Us Usz---Usy---Us. “4)

Through this decomposition, the two-level unitary matri-
ces Uy, and U,_; ,+1 can be implemented simultaneously
in the interferometric networks, thus reducing the number
of optical elements as shown in Fig. 2(b). To realize U, ,,
we first combine the corresponding spatial modes using a
BD, and then realize the 2 x 2 unitary matrices using the
array of wave plates (WPs). Therefore, in the experimental
simulation, the difference between the unitary operators of the
two QWs, Uy and Uy, lies in the parameters of the ten sets of
WPs. We realize unitary operators U, = e’ and Uy = e for
t = {10, 10%, 103, 10*} in the experiment. Experimentally, we
can adjust the time parameters using the wave-plate angles.

In the measurement stage, the probability of the final state
distributed at every vertex is obtained by a projective mea-
surement. A PBS projects the final state into the basis states
|x) x=1,...,5). The output photons are finally detected

1.0@)
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FIG. 3. Experimental results of the probability distributions of two QWs at time ¢t = {10, 102, 10%, 10*} for the irregular graph with five

vertices. The blue and green hatched bars represent the experimental results of the Laplacian and adjacency QWs, respectively. The open bars
correspond to the theoretical predictions of the probability distributions of the two QWs. (a)—(d) indicate the results for QW starting at vertex
1, vertex 2, vertices 2 and 3, and vertices 1, 4, and 5, respectively. Error bars indicate the statistical uncertainty, which are obtained based on
assuming Poissonian statistics.
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FIG. 4. Experimental results of the probability distributions of two QWs at time ¢ = {10, 102, 10%, 10*} for the irregular graph with six
vertices. The red and green hatched bars represent the experimental results of the Laplacian and adjacency QWs, respectively. The open bars
correspond to the theoretical predictions of the probability distributions of the two QWs. (a)—(d) indicate the results of the two QWs when
starting at vertex 1, vertex 2, vertices 2 and 4, and vertices 3 and 5, respectively. Error bars indicate the statistical uncertainty, which is obtained

based on assuming Poissonian statistics.

by APDs, in coincidence with the trigger photon. For each
setup, we record clicks for 1 s and register about 8000 single
photons. For the Laplacian (adjacency) QW at time ¢, we
can obtain the number of photons at vertex x, Npa)(x,t).
Therefore, the probability of the final state localized at vertex
x can be evaluated as Ppa)(x, 1) = Npay(x, 1)/ D", Npay(x, 1).

For the irregular graph with six vertices, the exper-
imental simulation is similar to that with five vertices.
In this case, the basis states of the six-dimensional qu-
dit are encoded as {|1) = |H,), |2) = |V1), |3) = |H>), |4) =
[V2), |5) = |H3), |6) = |V3)}. We prepare the initial states of
the system as

(1 0 0 0 0 O, vertex 1,

0 (0)) = @ 1 0 0 O o, vertex 2,
O 1 0 1 0 0)/v2, vertices?2 and 4,
O 0 1 0 1 0)7/+/2, vertices3and5.

®)

The six-dimensional evolution operator can be decom-
posed into a product of 15 two-level unitary matrices U,y ,,
where m' € {2,...,6} and n’' € {1,...,5}. We realize the
6 x 6 unitary operators by using 15 sets of WPs and a complex
interferometric network. There are at most three two-level
unitary matrices that can be realized simultaneously, i.e., Us 1,
Us.», and Uy 3. Through this approach, our experiment can also
be generalized to simulations of CTQWs for graphs with more
vertices [9].

IV. EXPERIMENT RESULTS

For each experiment, we evaluate the probability distri-
butions of the two QWs. The experiment results for the five
(six)-vertex graph are shown in Fig. 3 (Fig. 4).

For both graphs, the Laplacian and adjacency QWs have
the same probability distribution when the initial state is local-
ized in vertex 1 as shown in Figs. 3(a) and 4(a), which verifies
the equivalence as predicted by Wong and Lockhart [46].
Moreover, the probability distributions are different when the
initial state is localized at vertex 2, as shown in Figs. 3(b) and
4(b). Therefore, the equivalence of the probability distribu-
tions is state dependent.

We also measure the probability distributions where the
initial state is in a uniform superposition over multiple ver-
tices. In Figs. 3(c) and 3(d), our experimental results show that
the two QWs on the irregular graph with five vertices evolve
with the same probability distribution when the initial state is
distributed in either the equal superposition of vertices 2 and
3, or that of vertices 1, 4, and 5. The probability distributions
of the two QWs on the irregular graph with six vertices are
still equal when the initial state is distributed in the equal
superposition of vertices 2 and 4, or that of vertices 3 and 5 as
shown in Figs. 4(c) and 4(d).

To quantify the equivalence between the probability distri-
butions of the two QWs, we calculate the similarity between
the measured probability distributions of the two QWs at time
t [12,50-53],

2
S@t) = (Z VPL(x, 1)Ps(x, t)) . (6)

The similarity varies between 0 for completely different
distributions and 1 for identical distributions. The results
of the similarities are presented in Table I. For the

TABLE I. The similarities between the measured probability dis-
tributions of the Laplacian and adjacency QWs.

Irregular graph with five vertices

t=10 t =102 t =10° t=10*
From 1 0.9976(8)  0.9959(10) 0.9977(7) 0.9950(11)
From 2 0.1612(58) 0.9768(23) 0.7877(63) 0.7454(69)
From 2 and 3 0.9836(20) 0.9949(11) 0.9968(9) 0.9824(21)
From 1,4,and 5 0.9975(8) 0.9988(5) 0.9859(19) 0.9982(6)
Irregular graph with six vertices
t=10 t =102 t=10° t=10*
From 1 0.9684(27) 0.9923(13) 0.9853(19) 0.9860(18)
From 2 0.6664(73) 0.9866(18) 0.7346(70) 0.9848(19)
From2and 4 0.9885(17) 0.9875(17) 0.9677(28) 0.9649(29)
From3and5 0.9916(14) 0.9946(12) 0.9830(20) 0.9949(11)
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irregular graph with five vertices, we get the minimum
similarity of the two QWs when starting at vertices 2 and 3,
S(10%) = 0.9824 £ 0.0021. For the irregular graph with six
vertices, the minimum similarity of probability distributions
of the two QWs measured in the experiment when starting
at vertices 2 and 4 is S(10%) = 0.9649 4+ 0.0029. The
reason for the larger uncertainty is that the experimental
implementation of the 6 x 6 unitary matrix requires more
complex interferometric networks.

The experimental results agree with the theoretical predic-
tion very well. The imperfection of the experiment is mainly
caused by the accuracy of the WPs and the dephasing in-
troduced via the misalignment of the BDs, two of which
form a Mach-Zehnder interferometer. Thus, we experimen-
tally demonstrate that on irregular graphs, there is equivalence
between Laplacian and adjacency QWs, which depends on
both the graphs and the initial states.

V. DISCUSSION AND CONCLUSIONS

In summary, we have investigated the probability distri-
butions of the Laplacian and adjacency QWs on irregular
graphs with five and six vertices using single photons and in-
terferometric networks. We can decompose an arbitrary n X n
unitary matrix into n(n — 1)/2 two-level unitary matrices. Our
experimental setup directly implements the two-level unitary
matrices in a bulk optical system, the advantage of which is
the flexibility to demonstrate the dynamics of CTQWs [9].
The experimental results agree with the prediction proposed
by Wong et al. [46], i.e., they have the same probability
distribution over the vertices when the walker is initially at
a certain vertex. Our experiments also show that this equiv-
alence depends on the initial state. However, we find and
experimentally show that the equivalence between the proba-
bility distributions of the two QWs can also be observed even
when the walker starts from an equal superposition of specific
multiple vertices.

The significance of our experiments is the experimental
verification and demonstration of the existence of this equiv-
alence. For large-scale irregular graphs, the number of spatial
modes N, and the number of bulk optical elements (BDs) Ngp
increase with the number of vertices n, i.e., Ny ~ [n/2] and
Npp ~ 2n — 4. Moreover, our method can be applied to the
recently developed waveguide technology, which promises
breakthroughs in stability and scalability.

The Laplacian and adjacency QWs are preferred for certain
applications. The choice of the Laplacian and the adjacency
matrix affects the efficiency of quantum search algorithms
[42]. In the case of searching on such an irregular graph,
there may be equivalence in the search efficiencies of the two
QWs. Furthermore, there are some potential applications of
our work, i.e., the equivalence of the two QWSs on irregular
graphs. For specific physical systems, the way to experimen-
tally realize two models of QWs might be different. That is,
the resources or complexity required to realize the Laplacian
and adjacency QWs might be different. In that case, we can
choose the model at low cost or low complexity to achieve
the application as the two models are proven to be equal for
some certain applications. There is still a great deal we need
to learn about the Laplacian and the adjacency matrix. For the
two QWs, the evolution on more complex irregular graphs is a
possible area of research. Whether there are more initial states
can still satisfy the equivalence of the two QWs. Our work
deepens the understanding of the Laplacian and the adjacency
matrix and sheds light on accelerating the development of
quantum computation.
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