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Qi-Ping Su,1 Yu Zhang,2 and Chui-Ping Yang 1,3,*

1Department of Physics, Hangzhou Normal University, Hangzhou 311121, China
2School of Physics, Nanjing University, Nanjing 210093, China

3Quantum Information Research Center, Shangrao Normal University, Shangrao 334001, China

(Received 13 October 2021; accepted 6 June 2022; published 21 June 2022)

Hybrid quantum gates have recently drawn considerable attention. They play significant roles in connecting
quantum information processors with qubits of different encoding and have important applications in the
transmission of quantum states between a quantum processor and a quantum memory. In this work, we propose
a single-step implementation of a multitarget-qubit controlled-NOT gate with one superconducting (SC) qubit
simultaneously controlling n target cat-state qubits. In this proposal, the gate is implemented with n microwave
cavities coupled to a three-level SC qutrit. The two logic states of the control SC qubit are represented by the
two lowest levels of the qutrit, while the two logic states of each target cat-state qubit are represented by two
quasi-orthogonal cat states of a microwave cavity. This proposal operates essentially through the dispersive
coupling of each cavity with the qutrit. The gate realization is quite simple because it requires only a single-step
operation. There is no need of applying a classical pulse or performing a measurement. The gate operation
time is independent of the number of target qubits, thus it does not increase as the number of target qubits
increases. Moreover, because the third higher energy level of the qutrit is not occupied during the gate operation,
decoherence from the qutrit is greatly suppressed. As an application of this hybrid multitarget-qubit gate, we
further discuss the generation of a hybrid Greenberger-Horne-Zeilinger (GHZ) entangled state of SC qubits and
cat-state qubits. As an example, we numerically analyze the experimental feasibility of generating a hybrid GHZ
state of one SC qubit and three cat-state qubits within present circuit QED technology. This proposal is quite
general and can be extended to implement a hybrid controlled-NOT gate with one matter qubit (of different type)
simultaneously controlling multiple target cat-state qubits in a wide range of physical systems, such as multiple
microwave or optical cavities coupled to a three-level natural or artificial atom.
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I. INTRODUCTION AND MOTIVATION

Circuit quantum electrodynamics (QED), composed of
microwave cavities and superconducting (SC) qubits, has ap-
peared as one of the most promising candidates for quantum
information processing (QIP) [1–7]. SC qubits (e.g., flux
qubits, transmon qubits, Xmon qubits, fluxonium qubits, etc.)
can be flexibly and easily fabricated with microwave cavities,
by using modern integrated circuit technology. After more
than 20 years of development, the coherence time of SC qubits
has leaped from the initial order of nanoseconds to the order
of hundreds of microseconds [8,9] or even over one mil-
lisecond [10,11]. Due to their improved long coherence time
and energy-level spacings being rapidly adjustable [12–14],
SC qubits are often used as the basic processing units for
solid-state QIP. So far, quantum gates with two SC qubits
[15–27], three SC qubits [28,29], and four SC qubits [29]
have been experimentally demonstrated. In addition, quantum
entangled states of 2–6 SC qubits [12,18,30,31], 10–12 SC
qubits [19,32,33], and 18–20 SC qubits [34,35] have been
created in experiments.
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On the other hand, one-dimensional (1D) microwave
resonators of high quality factor Q � 106 [36–41] and three-
dimensional (3D) microwave cavities with high quality factor
Q � 3.5 × 107 [42–44] have been reported in experiments.
Owing to the experimental demonstration of high-quality
factors, microwave cavities or resonators contain microwave
photons with a lifetime comparable to that of SC qubits
[45]. Quantum state engineering and QIP using microwave
fields and photons have recently drawn much attention. In
particular, there is an increasing interest in QIP with cat-state
qubits (i.e., qubits encoded with cat states) due to their en-
hanced lifetime with quantum error correction (QEC) [46].
Various proposals have been presented for implementing a
universal set of single- and two-qubit gates with cat-state
qubits [47–52], implementing a multiqubit Mølmer-Sørensen
entangling gate using cat-state qubits [53], and realizing
a multitarget-qubit controlled-phase gate of cat-state qubits
[54]. Schemes have also been proposed for creating nonhy-
brid Greenberger-Horne-Zeilinger (GHZ) entangled states of
cat-state qubits [53,55], preparing W -type entangled states
of cat-state qubits [56], and transferring entangled states
of cat-state qubits [57]. In addition, fault-tolerant quantum
computation [58,59] and holonomic geometric quantum con-
trol [60] of cat-state qubits have been studied. Moreover,
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FIG. 1. Schematic circuit of a hybrid multitarget-qubit gate.
Here, c represents the control SC qubit, while 1, 2, . . . , n represent
the n cat-state qubits. The two logic states of the SC qubit are
represented by the two lowest levels |g〉 and |e〉 of a three-level SC
qutrit, while the two logic states of each target cat-state qubit are
represented by the two quasi-orthogonal cat states |0〉 and |1〉 [see
equation (1) in the text]. In the circuit, the symbol ⊕ represents a
NOT gate on each target cat-state qubit. If the control SC qubit is in
the state |e〉, then the state at ⊕ for each target cat-state qubit is bit
flipped as |0〉 → |1〉 and |1〉 → |0〉. However, when the control SC
qubit is in the state |g〉, the state at ⊕ for each target cat-state qubit
remains unchanged.

experiments have demonstrated a set of single-cat-state-qubit
gates [61,62] and produced entangled Bell states of two cat-
state qubits [63].

The focus of this work is on hybrid quantum gates act-
ing on different types of qubits. Hybrid quantum gates have
recently drawn considerable attention. They play significant
roles in connecting quantum information processors with
qubits of different encoding and have important applications
in the transmission of quantum states between a quantum
processor and a quantum memory. Over the past years, based
on cavity or circuit QED, theoretical proposals have been pre-
sented for implementing a hybrid two-qubit controlled-phase
or controlled-NOT gate with a charge qubit and an atomic qubit
[64], a charge qubit and a cat-state qubit [65], a photonic
qubit and a SC qubit [66], a photonic qubit and a cat-state
qubit [67,68], and so on. However, after a deep search of the
literature, we find that how to implement a hybrid multiqubit
quantum gate with SC qubits and cat-state qubits has not been
investigated yet. The hybrid multiqubit gates of SC qubits
and cat-state qubits are of significance in realizing a large-
scale QIP executed in a compounded information processor,
which is composed of a SC-qubit based quantum processor
and a cat-state-qubit based quantum processor. They are also
important in the transmission of quantum states between a
SC-qubit based quantum processor and a cat-state-qubit based
quantum memory. Recently, the architecture consisting of a
SC processor and a quantum memory has been shown to
provide a significant interest [69].

In the following, we propose a method to directly imple-
ment a hybrid multitarget-qubit gate, i.e., a controlled-NOT

gate with one SC qubit (the control qubit) simultaneously
controlling multiple target cat-state qubits (Fig. 1). As is
well known, a multitarget-qubit quantum gate plays important
roles in QIP. For instance, a multitarget-qubit quantum gate
has applications in entanglement preparation [70], quantum
cloning [71], error correction [72], and quantum algorithms
[73]. Traditionally, a multitarget-qubit gate can in principle be
constructed by using single-qubit and two-qubit basic gates
[74,75]. However, the number of single-qubit and two-qubit

gates, required to construct a multitarget-qubit gate, increases
substantially with the number of qubits. As a result, the
gate operation time will be quite long and decoherence sig-
nificantly degrades the gate fidelity. Therefore, it is worth
finding effective ways to directly implement multitarget-qubit
quantum gates. We should point out that over the past years,
many efficient methods have been proposed to directly realize
multitarget-qubit gates in various physical systems [54,76–
80]. However, note that the previous works [54,76–80] focus
on the implementation of a nonhybrid multitarget-qubit gate.
They are different from the present work which aims at imple-
menting a hybrid multitarget-qubit gate.

As an application of the proposed hybrid multitarget-qubit
gate, we further discuss the generation of hybrid GHZ en-
tangled states of SC qubits and cat-state qubits. We also
numerically analyze the experimental feasibility of preparing
a hybrid GHZ entangled state of one SC qubit and three
cat-state qubits within present-day circuit QED. This proposal
is quite general and can be extended to implement a hybrid
controlled-NOT gate with one matter qubit (e.g., an atomic
qubit, a quantum dot qubit, a NV center qubit, or a SC qubit
of different type) simultaneously controlling multiple target
cat-state qubits in a wide range of physical systems, such as
multiple microwave or optical cavities coupled to a three-level
natural or artificial atom (e.g., an atom, a quantum dot, a NV
center, or a SC qutrit of different type).

We stress that this work is different from Ref. [54] in the
following aspects: First, Ref. [54] discussed how to implement
a nonhybrid controlled-phase gate with one cat-state qubit
simultaneously controlling multiple target cat-state qubits,
while the present work focuses on the implementation of a
hybrid controlled-NOT gate with one SC qubit simultaneously
controlling multiple target cat-state qubits. The control qubit
in Ref. [54] is a cat-state qubit, but the control qubit in
this work is a SC qubit. Second, the gate in Ref. [54] was
implemented by a pairwise cavity-cavity interaction [see the
effective Hamiltonian described by Eq. (7) in Ref. [54] ]; In
contrast, the present gate is realized by an interaction between
each cavity and the coupler SC qutrit [see the effective Hamil-
tonian given in Eq. (6) below]. Therefore, the focuses of the
two works and the physical mechanisms used in the two works
are different.

We would like to point out that our work is different from
Ref. [53]. First, our work is for the implementation of a
hybrid controlled-NOT gate with one SC qubit simultaneously
controlling n target cat-state qubits, while Ref. [53] is for
the realization of a multiqubit Mølmer-Sørensen entangling
gate using cat-state qubits. Our gate operates within a large
2n+1-dimensional Hilbert space, while the entangling gate
in Ref. [53] is manipulated only within a two-dimensional
Hilbert space formed by two product states of cat-state qubits.
Second, our gate implementation does not require the use of a
classical pulse, while the gate realization in Ref. [53] requires
applying a classical pulse to each cavity in order to obtain a
two-photon drive on each cavity. Last, the effective Hamilto-
nian used for the gate realization in our work is different from
the effective Hamiltonian applied for the gate implementation
in Ref. [53] [see Eq. (2) there].

This paper is organized as follows. In Sec. II, we briefly
introduce a hybrid controlled-NOT gate with one SC qubit
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FIG. 2. (a) Schematic circuit of n microwave cavities coupled
to a SC qutrit. Each square represents a one-dimensional (1D) or
three-dimensional (3D) microwave cavity. The circle A represents
the SC qutrit, which is inductively or capacitively coupled to each
cavity. (b) Illustration of n cavities (1, 2, . . . , n) dispersively coupled
to the |e〉 ↔ | f 〉 transition of the qutrit. In panel (b), the level spacing
between the upper two levels is smaller than that between the two
lowest levels, which applies to a SC phase, transmon, Xmon, or
fluxonium qutrit. Alternatively, the level spacing between the upper
two levels can be larger than that between the two lowest levels,
which applies to a SC charge, flux, or fluxonium qutrit, etc.

simultaneously controlling multiple target cat-state qubits.
In Sec. III, we explicitly show how to realize this hybrid
multitarget-qubit gate. In Sec. IV, we show how to generate
hybrid GHZ entangled states of SC qubits and cat-state qubits
by applying this gate. In Sec. V, we give a discussion on
the experimental feasibility of creating a hybrid GHZ state
of one SC qubit and three cat-state qubits by employing three
1D microwave cavities coupled to a SC transmon qutrit. A
concluding summary is given in Sec. VI.

II. HYBRID CONTROLLED-NOT GATE WITH A
SUPERCONDUCTING QUBIT SIMULTANEOUSLY

CONTROLLING MULTIPLE TARGET CAT-STATE QUBITS

In this work, we propose a method to realize a hybrid
controlled-NOT gate with one SC qubit simultaneously con-
trolling n target cat-state qubits (1, 2, . . . , n) (Fig. 1). This
multitarget-qubit gate is implemented using n microwave cav-
ities (1, 2, . . . , n) coupled to a SC qutrit [Fig. 2(a)]. In our
proposal, the two logic states of the SC qubit (the control
qubit) are represented by the two lowest levels |g〉 and |e〉 of
the SC qutrit, while the two logic states of each target cat-state
qubit are represented by two quasi-orthogonal cat states of
a microwave cavity. Namely, for cat-state qubit j, the two
logical states |0〉 j and |1〉 j are encoded with two cat states
of cavity j, i.e.,

|0〉 j = Nα (|α〉 j + | − α〉 j ),
(1)

|1〉 j = Nα (|iα〉 j + | − iα〉 j ),

where Nα = 1/[2(1 + e−2|α|2 )]1/2 is the normalization coeffi-
cient, | ± α〉 and | ± iα〉 are coherent states with a real number
α. By taking α large enough, the two cat states |0〉 j and |1〉 j

are quasi-orthogonal to each other (e.g., for α = 1.25, one has
j〈0|1〉 j = cos α2/ cosh α2 < 10−3).

For n target qubits, there exist 2n computational basis
states, which form a set of complete orthogonal bases in a 2n-

dimensional Hilbert space of the n qubits. An n-target-qubit
computational basis state is denoted as |l1〉|l2〉 · · · |ln〉, where
subscripts 1, 2, . . . , n represent target qubits 1, 2, . . . , n, re-
spectively, and l j ∈ {0, 1} ( j = 1, 2, . . . , n). In the present
case that each target qubit is a cat-state qubit, the two logic
basis states |0〉 j and |1〉 j of target qubit j ( j = 1, 2, . . . , n) are
encoded as shown in Eq. (1). The hybrid controlled-NOT gate,
with one SC qubit simultaneously controlling n target cat-state
qubits, is characterized by the following state transformation:

|g〉|l1〉|l2〉 · · · |ln〉 → |g〉|l1〉|l2〉 · · · |ln〉,
(2)

|e〉|l1〉|l2〉 · · · |ln〉 → |e〉|l1〉|l2〉 · · · |ln〉,
where l j = 1 − l j ∈ {0, 1} ( j = 1, 2, . . . , n). This transfor-
mation (2) implies that only when the control SC qubit (the
first qubit) is in the state |e〉, a bit flip happens to the state
of each of the n target cat-state qubits, i.e., |0〉 → |1〉 and
|1〉 → |0〉 for each target cat-state qubit, while nothing hap-
pens to the state of each target cat-state qubit when the control
SC qubit is in the state |g〉. In the next section, we will show
how to implement this hybrid multitarget-qubit gate.

III. IMPLEMENTATION OF THE HYBRID
MULTI-TARGET-QUBIT CONTROLLED-NOT GATE

The physical system consists of n microwave cavities
(1, 2, . . . , n) coupled to a SC qutrit [Fig. 2(a)]. We define
the three levels of the qutrit as |g〉, |e〉, and | f 〉 [Fig. 2(b)].
Suppose that cavity j ( j = 1, 2, . . . , n) is dispersively coupled
to the |e〉 ↔ | f 〉 transition of the qutrit with coupling constant
gj and detuning � j [Fig. 2(b)]. In addition, assume that the
couplings of each cavity with the |g〉 ↔ |e〉 and |g〉 ↔ | f 〉
transitions of the qutrit are not considered in our theoretical
model. Note that the coupling and decoupling between the SC
qutrit and each cavity can in principle be achieved by prior ad-
justment of the level spacings of the coupler qutrit or/and prior
adjustment of the cavity frequency. For a SC qutrit, the level
spacings can be rapidly (within 1–3 ns) adjusted by changing
external control parameters (e.g., magnetic flux applied to the
superconducting loop of a SC qutrit [12–14,18,81]). More-
over, the frequency of a microwave cavity or resonator can be
quickly tuned within a few nanoseconds [82,83].

When the above assumptions are applied, the Hamiltonian
of the entire system, in the interaction picture and after making
the rotating-wave approximation (RWA), is given by (in units
of h̄ = 1)

HI =
n∑

j=1

g j (e
i� j t â j | f 〉〈e| + H.c.), (3)

where â j is the photon annihilation operator of cavity j, and
� j = ω f e − ωc j . Here, ω f e is the |e〉 ↔ | f 〉 transition fre-
quency of the qutrit while ωc j is the frequency of cavity j
( j = 1, 2, . . . , n).

In the case of |� j | � g j (large-detuning condition), the en-
ergy exchange does not happen between the qutrit and cavity
j ( j = 1, 2, . . . , n). In addition, when

|� j − �k|∣∣�−1
j

∣∣ + ∣∣�−1
k

∣∣ � g jgk, (4)
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(where j, k ∈ {1, 2, . . . , n}, j 	= k), the qutrit does not induce
the interaction between any two of the cavities. Under these
considerations, it is straightforward to show that the Hamilto-
nian (3) becomes [84–86]

He = −
n∑

j=1

λ j (â
†
j â j |e〉〈e| − â j â

†
j | f 〉〈 f |), (5)

where λ j = g2
j/� j . In Eq. (5), the first (second) term de-

scribes the photon-number dependent Stark shift of the energy
level |e〉 (| f 〉) induced by the cavities. In the case when the
level | f 〉 is not occupied, the Hamiltonian (5) further reduces
to

He = −
n∑

j=1

λ j â
†
j â j |e〉〈e|. (6)

We set λ j = λ ( j = 1, 2, . . . , n), i.e., λ1 = λ2 = . . . = λn,
which turns into

g2
1/�1 = g2

2/�2 = · · · = g2
n/�n. (7)

Because of � j = ω f e − ωc j , this equality (7) can be met by
carefully selecting the detuning � j via tuning the frequency
ωc j of cavity j ( j = 1, 2, . . . , n).

For the Hamiltonian He given in Eq. (6), the unitary opera-
tor U = e−iHet can be written as

U =
n∏

j=1

Uj, (8)

where Uj is a unitary operator acting on cavity j and the qutrit,
which is given by

Uj = exp(iλâ†
j â j |e〉〈e|t ). (9)

Based on Eqs. (1) and (9), it is straightforward to show
that the unitary operator Uj results in the following state
transformation:

Uj |g〉|0〉 j = |g〉|0〉 j,

Uj |g〉|1〉 j = |g〉|1〉 j,

Uj |e〉|0〉 j = |e〉Nα (|eiλtα〉 j + | − eiλtα〉 j ),

Uj |e〉|1〉 j = |e〉Nα (|eiλt iα〉 j + | − eiλt iα〉 j ). (10)

For λt = π/2, we have

Nα (|eiλtα〉 j + | − eiλtα〉 j ) = Nα (|iα〉 j + | − iα〉 j ) = |1〉 j,

Nα (|eiλt iα〉 j + | − eiλt iα〉 j ) = Nα (| − α〉 j + |α〉 j ) = |0〉 j .

(11)

Based on Eq. (11), the state transformation (10) thus becomes

Uj |g〉|0〉 j = |g〉|0〉 j,

Uj |g〉|1〉 j = |g〉|1〉 j,
(12)

Uj |e〉|0〉 j = |e〉|1〉 j,

Uj |e〉|1〉 j = |e〉|0〉 j,

which implies that when the SC qubit is initially in the state
|e〉, the state |0〉 j (|1〉 j) of cat-state qubit j flips to the state
|1〉 j (|0〉 j); otherwise, nothing happens to the state of cat-state
qubit j when the SC qubit is initially in the state |g〉.

According to Eqs. (8) and (12), it is easy to obtain the
following state transformation:

n∏
j=1

Uj |g〉|l1〉|l2〉 · · · |ln〉 = |g〉|l1〉|l2〉 · · · |ln〉,
(13)

n∏
j=1

Uj |e〉|l1〉|l2〉 · · · |ln〉 = |e〉|l1〉|l2〉 · · · |ln〉,

where l j, l j ∈ {0, 1}, and l j = 1 − l j ( j = 1, 2, . . . , n).
The result (13) shows that when the control SC qubit is

in the state |g〉, nothing happens to the state of each of the n
target cat-state qubits (1, 2, . . . , n); however, when the control
SC qubit is in the state |e〉, a bit flip from |0〉 to |1〉 (from |1〉
to |0〉) happens to the state |0〉 (|1〉) of each of the n target cat-
state qubits (1, 2, . . . , n). Hence, a hybrid multitarget-qubit
controlled-NOT gate, described by Eq. (2), is implemented
with a SC qubit (the control qubit) and n target cat-state qubits
(1, 2, . . . , n), after the above operation.

As shown above, this hybrid multitarget-qubit gate is re-
alized through a single unitary operator U . Note that we
derived the unitary operator U by starting with the original
Hamiltonian (3). Therefore, the gate realization only requires
a single-step operation described by U . The third-higher en-
ergy level | f 〉 of the qutrit is not occupied during the gate
operation. Thus, decoherence from this level of the qutrit is
greatly suppressed. In addition, neither applying a classical
pulse to the qutrit nor performing a measurement on the state
of the qutrit or cavities is needed for the gate realization.

IV. GENERATION OF HYBRID
GREENBERGER-HORNE-ZEILINGER ENTANGLED

STATES

Hybrid entangled states play a key role in QIP and quantum
technology. For example, they help to answer fundamental
questions, such as the boundary between quantum and clas-
sical domains, and the so-called Schrödinger’s paradox [87],
where microscopic quantum systems and macroscopic classi-
cal systems are entangled with each other. Moreover, hybrid
entangled states can be used as an important quantum channel
and intermediate resource for quantum technology, covering
the transmission, operation, and storage of quantum informa-
tion between different formats and encodings [88–90]. On the
other hand, GHZ entangled states are not only of great interest
for fundamental tests of quantum mechanics [91], but also
have applications in QIP [92], quantum communications [93],
error-correction protocols [94], quantum metrology [95], and
high-precision spectroscopy [96]. In this section, we discuss
how to create a hybrid GHZ entangled state of SC qubits and
cat-state qubits by applying the gate above.

A. Generation of hybrid Greenberger-Horne-Zeilinger
entangled states with one SC qubit and n cat-state qubits

Let us return to the physical system depicted in Fig. 2(a).
Assume that the SC qutrit is initially in the state |+〉 =
(|g〉 + |e〉)/

√
2, which can be readily prepared by applying

a classical pulse (resonant with the |g〉 ↔ |e〉 transition) to the
qutrit in the ground state |g〉 [97]. In addition, assume that

062436-4



SINGLE-STEP IMPLEMENTATION OF A HYBRID … PHYSICAL REVIEW A 105, 062436 (2022)

FIG. 3. Schematic of setup of m SC qubits (1, 2, . . . , m) and n
microwave cavities (1, 2, . . . , n). Here, the mth SC qubit is formed
by the two lowest levels of a SC qutrit A [see Fig. 2(b)], which is
coupled to the n cavities. Note that the remaining m − 1 SC qubits
(1, 2, . . . , m − 1) are decoupled from the n cavities. The m − 1 cir-
cles on the left represent the m − 1 SC qubits (1, 2, . . . , m − 1),
while the rightmost circle represents the mth SC qubit or the coupler
qutrit A. Each square represents a 1D or 3D microwave cavity

each cavity is initially in the cat state |0〉 = Nα (|α〉 + | − α〉).
Experimentally, the cat state here has been produced in circuit
QED [62,98–101]. The initial state of the whole system is thus
given by

|ψ (0)〉 = 1√
2

(|g〉 + |e〉)|0〉1|0〉2 · · · |0〉n. (14)

Now apply the hybrid controlled-NOT gate (13) [i.e., the gate
in Eq. (2)] on the qutrit and the n cat-state qubits. According
to Eq. (13), it is easy to see that the state |ψ (0)〉 becomes

|GHZ〉hyb = 1√
2

(|g〉|0〉1|0〉2 · · · |0〉n + |e〉|1〉1|1〉2 · · · |1〉n),

(15)
which shows that one SC qubit and n cat-state qubits are
prepared in a hybrid GHZ entangled state.

B. Generation of hybrid Greenberger-Horne-Zeilinger
entangled states with m superconducting

qubits and n cat-state qubits

Let us consider m SC qubits (1, 2, . . . , m) and n microwave
cavities (1, 2, . . . , n). The n cavities are coupled to a SC qutrit
A (Fig. 3). Note that the mth SC qubit here are formed by
the two lowest levels of the coupler SC qutrit A. Assume
that each cavity is initially in the cat state |0〉 = Nα (|α〉 + | −
α〉). In addition, assume that the m SC qubits (1, 2, . . . , m)
are initially in the GHZ state |GHZ〉 = (|g〉1|g〉2 · · · |g〉m +
|e〉1|e〉2 · · · |e〉m)/

√
2. In the past years, theoretical schemes

for preparing multi-SC-qubit GHZ entangled states have been
proposed [102–107], and the experimental production of GHZ
entangled states with up to 18 SC qubits has been reported
[12,18,19,30–34]. The initial state of the whole system is thus
given by

|ψ (0)〉′ = 1√
2

(|g〉1|g〉2 · · · |g〉m + |e〉1|e〉2

· · · |e〉m)|0〉1|0〉2 · · · |0〉n. (16)

The first m − 1 SC qubits (1, 2, . . . , m − 1) are not coupled
to the n cavities, while the mth SC qubit (i.e., the coupler
SC qutrit A) is dispersively coupled to the n cavities such
that a hybrid controlled-NOT gate (13) is performed on the

FIG. 4. Diagram of three 1D microwave cavities capacitively
coupled to a SC transmon qutrit. Each cavity here is a one-
dimensional transmission line resonator. The transmon qutrit consists
of two Josephson junctions and a capacitor.

mth SC qubit and the n cat-state qubits. The details on the
implementation of the gate (13) are presented in the previous
Sec. III. According to Eq. (13), it is easy to see that after the
gate operation, the state |ψ (0)〉′ becomes

|GHZ〉hyb = 1√
2

(g〉1|g〉2 · · · |g〉m−1|g〉m|0〉1|0〉2 · · · |0〉n|g〉

+ |e〉1|e〉2 · · · |e〉m−1|e〉m|1〉1|1〉2 · · · |1〉n), (17)

which shows that the m SC qubits (1, 2, . . . , m) and the n
cat-state qubits (1, 2, . . . , n) are prepared in a hybrid GHZ
entangled state.

From the descriptions given above, one can see that the
hybrid GHZ states of SC qubits and cat-state qubits can be
straightforwardly created by applying the hybrid controlled-
NOT gate (2) or (13). Given that the initial state |ψ (0)〉 or
|ψ (0)〉′ of the system is ready, the operation time for the
preparation of the hybrid GHZ state (15) or (17) is equal to
that for the implementation of the gate (13), i.e., t = π/(2λ).
Since the GHZ states here are created based on the gate (13),
the Hamiltonians used for the GHZ state production are the
same as those used for the implementation of the gate (13).

Before ending this section, it should be mentioned that
both Refs. [53,55] have proposed how to create nonhybrid
GHZ entangled states of multiple cat-state qubits. However,
note that how to prepare a hybrid GHZ entangled state with
SC qubits and cat-state qubits was not studied in either of
Refs. [53,55].

V. POSSIBLE EXPERIMENTAL IMPLEMENTATION

In this section, as an example, we investigate the experi-
mental feasibility for creating a hybrid GHZ state with one SC
qubit and three cat-state qubits [i.e., the GHZ state (15) with
n = 3] by using three 1D microwave cavities coupled to a SC
transmon qutrit (Fig. 4). As shown inSec. IV A, the GHZ state
(15) was prepared by applying the hybrid multitarget-qubit
controlled-NOT gate (13) [i.e., the gate in Eq. (2)]. In this
sense, as long as the initial state (14) can be well prepared,
the operational fidelity for the preparation of the GHZ state
(15) mainly depends on the performance of the hybrid gate
(13) applied on the SC qubit and the three cat-state qubits.
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FIG. 5. Illustration of three cavities (1, 2, 3) coupled to the
|e〉 ↔ | f 〉 transition of the qutrit, as well as the unwanted couplings
of the three cavities with the |g〉 ↔ | f 〉 transition and the |g〉 ↔ |e〉
transition of the qutrit.

A. Full Hamiltonian

In the preceding Sec. III, the hybrid gate (13) was realized
based on the effective Hamiltonian (6). Note that this Hamil-
tonian was derived from the original Hamiltonian (3), which
only contains the coupling between each cavity and the |e〉 ↔
| f 〉 transition of the SC qutrit. In a realistic situation, there
exists the unwanted coupling between each cavity and the
|g〉 ↔ | f 〉 transition of the SC qutrit as well as the unwanted
coupling between each cavity and the |g〉 ↔ |e〉 transition of
the SC qutrit. In addition, there exists the unwanted intercavity
crosstalk between the three cavities.

By taking the unwanted couplings and the unwanted inter-
cavity crosstalk into account, the Hamiltonian (3), with n = 3
for the present case, is modified as

H ′
I =

3∑
j=1

g j (e
i� j t â j | f 〉〈e| + H.c.)

+
3∑

j=1

g′
j (e

i�′
j t â j | f 〉〈g| + H.c.)

+
3∑

j=1

g̃ j (e
i�̃ j t â j |e〉〈g| + H.c.)

+ (g12ei�12t â†
1â2 + H.c.) + (g13ei�13t â†

1â3 + H.c.)

+ (g23ei�23′ t â†
2â3 + H.c.), (18)

where the term in line one represents the required coupling
of cavity j with |e〉 ↔ | f 〉 transition of the SC qutrit (Fig. 5),
the first term in line two represents the unwanted coupling
of cavity j with |g〉 ↔ | f 〉 transition of the SC qutrit with
the coupling constant g′

j and the detuning �′
j = ω f g − ωc j

(Fig. 5), the second term in line two represents the unwanted
coupling of cavity j with |g〉 ↔ |e〉 transition of the SC qutrit
with the coupling constant g̃ j and the detuning �̃ j = ωeg −
ωc j (Fig. 5), while the terms in the last line represent the
unwanted intercavity crosstalk among the three cavities, gkl is

TABLE I. For the definitions of the parameters, please refer to
the text. Except for g2 and g3, all parameters listed are used in
the numerical simulations for plotting Figs. 6 and 7. The coupling
constants g2 and g3 listed are used for Fig. 6, which are calculated
according to Eq. (7). While, the coupling constants g2 and g3 used for
Fig. 7 are not shown, which depend on c [see Eq. (21)] and calculated
according to Eq. (21), by using the values of g1, �1, �2, and �3 listed
in the table.

ωeg/2π = 4.0 GHz ω f e/2π = 3.3 GHz ω f g/2π = 7.3 GHz

ωc1/2π = 3.24 GHz ωc2/2π = 3.21 GvHz ωc3/2π = 3.18 GHz

�1/2π = 60 MHz �2/2π = 90 MHz �3/2π = 120 MHz

�1′/2π = 4.06 GHz �2′/2π = 4.09 GHz �3′/2π = 4.12 GHz

�̃1/2π = 760 MHz �̃2/2π = 790 MHz �̃3/2π = 820 MHz

�12/2π = 30 MHz �23/2π = 30 MHz �13/2π = 60 MHz

g1/2π = 4.5 MHz g2/2π = 5.51 MHz g3/2π = 6.36 MHz

the crosstalk strength between the two cavities k and l with the
frequency difference �kl = ωck − ωcl (k, l ∈ {1, 2, 3}; k 	= l ).
Here, ω f g (ωeg) is the |g〉 ↔ | f 〉 (|g〉 ↔ |e〉) transition fre-
quency of the qutrit, while ωck (ωcl ) is the frequency of cavity
k (l).

B. Numerical results

The dynamics of the lossy system, with finite qutrit re-
laxation, dephasing, and photon lifetime being included, is
determined by

dρ

dt
= −i[H ′

I , ρ] +
3∑

j=1

κ jL[â j]

+ γegL[σ−
eg] + γ f eL[σ−

f e] + γ f gL[σ−
f g]

+ γe,ϕ (σeeρσee − σeeρ/2 − ρσee/2)

+ γ f ,ϕ (σ f f ρσ f f − σ f f ρ/2 − ρσ f f /2), (19)

where σ−
eg = |g〉〈e|, σ−

f e = |e〉〈 f |, σ−
f g = |g〉〈 f |, σee = |e〉〈e|,

σ f f = | f 〉〈 f |, L[
] = 
ρ
† − 
†
ρ/2 − ρ
†
/2 (with

 = â j , σ−

eg , σ−
f e, σ−

f g), κ j is the decay rate of cavity j ( j =
1, 2, 3), γeg is the energy relaxation rate of the level |e〉 for the
decay path |e〉 → |g〉 of the qutrit, γ f e (γ f g) is the relaxation
rate of the level | f 〉 for the decay path | f 〉 → |e〉 (| f 〉 → |g〉)
of the qutrit; γe,ϕ (γ f ,ϕ) is the dephasing rate of the level |e〉
(| f 〉) of the qutrit.

The operational fidelity is given by F = √〈ψid|ρ|ψid〉,
where |ψid〉 is the ideal output state of Eq. (15) with n = 3
(which is obtained without considering the system dissipation,
the intercavity crosstalk and the unwanted couplings); while
ρ is the density operator of the system when the operation is
performed in a realistic situation.

plxrunonpara
As a concrete example, let us consider the parameters

listed in Table I, which are used in our numerical simula-
tions. For a transmon qutrit, the level spacing anharmonicity
100–720 MHz was reported in experiments [108]. For a trans-
mon qutrit [109], one has g̃ j = g j/

√
2( j = 1, 2, 3). Since

the |g〉 ↔ | f 〉 transition for a transmon qutrit is forbidden
or weak [109], we choose g′

j = 0.01g j ( j = 1, 2, 3). For the
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FIG. 6. Fidelity versus δ for κ−1 = 45 μs, 60 μs, and 100 μs.

coupling constants listed in Table I, the maximal value gmax =
max{g1, g2, g3} is 2π × 6.36 MHz, which is readily available
because a coupling strength ≈2π × 360 MHz has been re-
ported for a transmon qutrit coupled to a 1D microwave cavity
[110].

Other parameters used in the numerical simulations are
(i) γ −1

eg = 60 μs, γ −1
f g = 150 μs [111], γ −1

f e = 30 μs, γ −1
φe =

γ −1
φ f = 20 μs, (ii) κ1 = κ2 = κ3 = κ , (iii) g12 = g23 = g13 =

gcr , (iv) gcr = 0.01gmax, and (v) α = 1.25. Here, we con-
sider a rather conservative case for decoherence time of the
transmon qutrit because energy relaxation time with a range
from 65 μs to 0.5 ms and dephasing time from 25 to 75 μs
have been experimentally demonstrated for a superconducting
transmon device [8,9,112,113]. In addition, for each cavity, a
cat state with α = 1.25 can be created in experiments because
the circuit-QED experimental preparation of a cat state with
the amplitude |α| � 5.27 has been reported [62,98–101]. The
choice of gcr = 0.01gmax is obtainable in experiments by a
prior design of the sample with appropriate capacitances C1,
C2, and C3 depicted in Fig. 4 [114].

In a realistic situation, the initial state of Eq. (14) may
not be prepared perfectly. Therefore, we consider a nonideal
initial state of the system:

|ψ (0)〉non-ideal = Ñ3
α (

√
1 + δ|α〉1 + √

1 − δ| − α〉1)

× (
√

1 + δ|α〉2 + √
1 − δ| − α〉2)

×(
√

1 + δ|α〉3 + √
1 − δ| − α〉3)

× 1√
2

(
√

1 + δ|g〉 + √
1 − δ|e〉), (20)

where Ñα = 1/[2 + 2(1 − δ2)1/2e−2|α|2 ]1/2. For this case,
we numerically plot Fig. 6, which illustrates that the fi-
delity decreases with increasing of δ. Nevertheless, for δ ∈
[−0.1, 0.1], i.e., a 10% error in the weights of |α〉 and | − α〉
states as well as in the weights of |g〉 and |e〉, a fidelity
greater than 91.56%, 92.38%, and 93.37% can be achieved
for κ−1 = 45 μs, 60 μs, and 100 μs, respectively.

It may be an experimental challenge to have the condition
(7) well satisfied. Thus, to be more realistic, we modify the
condition (7) (with n = 3 for the three-cavity case) as follows:

g2
1/�1 = (1 + c)g2

2/�2 = (1 − c)g2
3/�3. (21)

We numerically plot Fig. 7, which illustrates the fidelity ver-
sus c. The coupling constants g2 and g3, used in the numerical
simulation for plotting Fig. 7, are dependent on c and calcu-

FIG. 7. Fidelity versus c for κ−1 = 45 μs, 60 μs, and 100 μs.

lated according to Eq. (21), given the values of g1, �1, �2,
and �3 listed in Table I. Figure 7 shows that the fidelity de-
creases with increasing of c. However, for c ∈ [−0.05, 0.05],
i.e., a 5% deviation with respect to the ideal condition (7),
the fidelity is greater than 91.67%, 92.49%, and 93.48% for
κ−1 = 45 μs, 60 μs, 100 μs, respectively. This result indicates
that a high fidelity can still be obtained when the condition (7)
is not well satisfied.

The operational time for the GHZ state preparation is
estimated to be ≈0.74 μs, which is much shorter than the
decoherence time of the transmon qutrit and the cavity decay
time used in the numerical simulations. For the cavity fre-
quencies given in Table I and κ−1 = 45 μs, the quality factors
of the three cavities are Q1 ≈ 9.16 × 105, Q2 ≈ 9.07 × 105,
and Q3 ≈ 8.99 × 105, which are available because a 1D mi-
crowave cavity or resonator with a high quality factor Q � 106

was reported in experiments [37–42].

C. Discussion

The analysis presented above shows that the operational
fidelity is sensitive to the error in the initial-state preparation
and the deviation from the ideal condition (7). Our numerical
simulations demonstrate that a high fidelity can still be ob-
tained when the error in the initial-state preparation and the
deviation from the condition (7) are small. To achieve a high
fidelity, one would need to reduce the error in the initial-state
preparation, reduce the deviation from the condition (7), select
cavities with a high quality factor, and choose the qutrit with
a long coherence time. One can also improve the fidelity by
employing a coupler qutrit with a larger level anharmonicity,
so that the unwanted couplings between each cavity and the
irrelevant level transitions of the qutrit are negligible. Finally,
it should be remarked that further investigation is needed for
each particular experimental setup. However, this requires a
rather lengthy and complex analysis, which is beyond the
scope of this theoretical work.

VI. CONCLUSIONS

We have proposed a one-step method to realize a hybrid
controlled-NOT gate with one SC qubit simultaneously con-
trolling multiple target cat-state qubits. This proposal operates
essentially through the dispersive coupling of each cavity with
the coupler qutrit. This work demonstrates the realization of
the proposed hybrid target-qubit gate based on cavity or cir-
cuit QED. This proposal is quite general and can be applied to
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implement a hybrid controlled-NOT gate with one matter qubit
(of different type) simultaneously controlling multiple target
cat-state qubits in a wide range of physical systems.

As shown above, this proposal has the following features
and advantages: (i) The gate implementation is quite simple,
because it requires only a single-step operation. (ii) Neither
classical pulse nor measurement is needed. (iii) The hardware
resources are significantly reduced because only one coupler
SC qutrit is needed to couple all of the cavities. (iv) The inter-
mediate higher energy level of the SC qutrit is not occupied
during the gate realization, thus decoherence from the coupler
SC qutrit is significantly reduced. (v) The gate operation time
is independent of the number of target qubits, thus it does not
increase with an increasing number of target qubits.

As an application, we further discuss how to create a hy-
brid GHZ entangled state of SC qubits and cat-state qubits,
by applying the proposed hybrid multiqubit gate. Our work

shows the preparation of a hybrid GHZ entangled state of SC
qubits and cat-state qubits. We have also numerically analyzed
the experimental feasibility of generating a hybrid GHZ state
with one SC qubit and three cat-state qubits within current
circuit QED technology. We hope that this work will stimulate
experimental activities in the near future.
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