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Compared with entanglement with multiple types of noise, entanglement including only one type of error
is a favorable fundamental resource not only for quantum communication but also for distributed quantum
computation. We consider protocols that present single-error-type entanglement for distant qubits via coherent-

state transmission over a lossy channel. Such a protocol is regarded as a subroutine to serve entanglement for
larger protocol to yield a final output, such as ebits or pbits. In this paper, we provide a subroutine protocol
which achieves the global optimal for typical jointly convex yield functions monotonically nondecreasing with
respect to the singlet fraction, such as an arbitrary convex function of a singlet fraction, two-way distillable
entanglement, and two-way distillable key. Entanglement generation based on remote nondestructive parity
measurement protocol [K. Azuma et al., Phys. Rev. A 85, 062309 (2012)] is identified as such an optimal

subroutine.
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I. INTRODUCTION

Generating entanglement between distant qubits is a fun-
damental building block not only for quantum communication
but also for distributed quantum computation. In quantum key
distribution (QKD), private bits (pbits) are distilled from the
(virtually) generated entangled states through error correc-
tion and privacy amplification [1-5], while Bell pairs (ebits)
are through entanglement distillation [6-8] for more general
scenarios such as quantum teleportation [9] and controlled-
not operations [10-12] for spatially distant qubits and chips
in distributed fault-tolerant quantum computation [13-18].
If entanglement generation protocol is run in parallel be-
tween nearest-neighboring nodes in a quantum network, ebits
and pbits are served for arbitrary clients in the network
efficiently [19-21], through aggregation [21] of quantum
repeaters [19,20] with entanglement distillation and entan-
glement swapping [22]. Therefore, entanglement generation
protocol is regarded in general as a subroutine to serve entan-
glement for larger protocol to yield a final output, such as ebits
or pbits.

Entanglement generation protocol is normally based on
transmission of flying bosonic systems, such as photons, over
a communication channel, such as an optical fiber, a mode in
free space, or a microwave transmission line. The dominant
noise in the channel is the photon loss. Recently, excellent
upper bounds on the two-way quantum and private capaci-
ties of a point-to-point pure-loss bosonic channel are derived
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[23,24] (indeed, one of which, now called PLOB bound [24],
coincides with the capacities). These bounds show that there is
no gap in the rate-loss scaling between the upper bounds and
the rates of existing point-to-point entanglement generation
protocols [25-30] or QKD protocols [31-40] based on the
transmission of polarized (or time-bin) single-photon states,
Fock states, and coherent states (or cat states) over a pure-
loss channel. Entanglement generation protocols [41-43] and
QKD protocols [44-57] working with an intermediate node
between communicators also have the same rate-loss scaling
with upper bounds [21,58-60] on the quantum and private
capacities of the corresponding quantum network. Besides, if
such an entanglement generation protocol, which can provide
ebits with the same rate-loss scaling as the upper bounds for
a point-to-point pure-loss channel (by being combined with
optimal entanglement distillation if necessary), is adopted in
the aggregated quantum repeater protocol [21], its rate-loss
scaling essentially has no gap with that given by the quantum
and private capacity of a pure-loss bosonic channel network
[21,59,60], irrespective of its topology (see, e.g., a review ar-
ticle [61] for detail). These facts suggest that there is not much
room to improve further existing entanglement generation
protocols in terms of scaling. In other words, it is rather impor-
tant in practice to design a protocol by considering a balance
between easiness of the implementation and its specific per-
formance.

Especially, a protocol based on coherent-state encoding is
an example of protocol with such a good balance. In B92
QKD protocol [35,37,38], a bit is encoded into phases of a
coherent state, and it is sent from a sender, Alice, to a receiver,
Bob, directly through an optical channel. In the twin-field
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(TF) QKD protocol [47-54], Alice and Bob send coherent
states with information of bits to an intermediate node, called
Claire, which is supposed to perform a Bell measurement
based on single-photon interference. Entanglement generation
protocol [25-28,30,42,43,62] is also based on coherent-state
encoding to generate entanglement between Alice’s qubit and
Bob’s qubit, as such an encoding can be established through a
dispersive Jaynes-Cummings Hamiltonian between a coherent
state and a matter qubit, such as a superconducting qubit,
a quantum dot, a single ion, a nitrogen-vacancy center in
a diamond, or a single atom. Therefore, protocols based on
coherent-state encoding constitute an important category as
practical entanglement generation and QKD.

In this paper, we consider protocols that present entan-
glement with only one type of error (such as a phase error)
for distant qubits via coherent-state transmission over a lossy
channel, as well as local operations and classical communi-
cation (LOCC). On regarding this as a subroutine to serve
single-error-type entanglement for larger protocol to yield a
final output, we identify a protocol which achieves the global
optimal for typical jointly convex yield functions monotoni-
cally nondecreasing with respect to the singlet fraction [63],
such as an arbitrary convex function of a singlet fraction, two-
way distillable entanglement, and two-way distillable key. In
particular, entanglement generation protocol based on remote
nondestructive parity measurement (RNPM) protocol [27,43]
is identified as such an optimal subroutine.

This paper is organized as follows. In Sec. I, we define the
yield function for single-error-type entanglement and show
its several properties. We consider point-to-point protocol in
Sec. III and three-party protocol working with the help of
an intermediate node in Sec. IV. Section V concludes this

paper.

II. SINGLE-ERROR-TYPE ENTANGLEMENT
AND THE YIELD BASED ON IT

In this paper, we consider entanglement generation pro-
tocols which provide single-error-type entanglement 48 for
distant qubits A and B, i.e., a state in the Hilbert subspace
spanned by two orthogonal Bell states, with the free use
of LOCC. Since two orthogonal Bell states can be trans-
formed into |(D+>AB = (|00>AB + |11)AB)/\/§ and |®_)AB =
(100) a5 — |11)AB)/\/§ via a local unitary operation [7], we
can assume that the state is described as

1+ 1-—
B o 0) = OO BTN (@ g

X —iv _ X+
+ 2 — PN P Iup+

Yoyt
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with three real parameters ¢, x, and v satisfying ¢% +
x*>+ v? < 1. By noting that X4 ® XB|®F),p = £|0F) 43
and Z4|®*) a5 = |® )4z and that the application of a
unitary operation e %2"/2 is closed in the Hilbert sub-
space spanned by {|®%)4z}, where X4 := |0)(1|4 + |1)(0[4
and Z4 :=0)(0]4 — |1)(1]4, the state 4% can always be

transformed into a standard form
1+z
2

+ )2—‘<|<1>+><<1>-|AB + D7) (D ap)

. 1—z _
P8z, x) = |®+><¢+|AB+T|<D NP |ap

1+x 1—x
= T|OO)(OO|AB+T|H>“]|AB
Z
+ §(|00><11|AB+ [11)(00]a), 2

via a local unitary operation, where

x =[xl
2=V +? 3)

are non-negative parameters satisfying x> 4+ z> < 1. Note that
z is related with the singlet fraction F of t48 [64], defined by
F := maxgagys ap(®T[(U" @ VE)PAB(UAT @ VET)|0F) 45
with unitary operators U4 and V2, as

7=2F —1. 4)

This implies that any single-error-type state £4% whose stan-
dard form ?AB (z, x) has nonzero z is entangled, which can thus
be called a single-error-type entangled state.

We consider a scenario where a single-error-type entan-
gled state 48 generated through an entanglement generation
protocol can be used as an input for a subsequent proto-
col such as entanglement distillation, secret-key distillation,
entanglement swapping [22], or their combination. In partic-
ular, we assume that the subsequent protocol accepts only
the standard form $*%(z,x) and its yield ¥ is a function
of z and x, i.e., Y = Y ($*(z, x)) = Y (2, x). Using the yield
function Y (z, x) of a subsequent protocol as a reference, we
may define a measure of entanglement in general single-
error-type state £45(¢, x, v), which we also denote by Y as
Y =Y@Y¥(, x, ) =Y (/e + v xD.

For Y(#*%) to be a proper measure, the yield function
Y (z,x) must satisfy several properties as follows. Since
Y (£48) should be zero for any separable state 47, the yield
Y is zero for separable states 745(0, x), i.e.,

Y(0,x)=0. &)

From the monotonicity of ¥ (£42) under LOCC as an entangle-
ment measure, if Alice and Bob can deterministically convert
a state P48(z, x) to another state $45(z’, x') by LOCC, en-
tanglement in $*8(z, x) is no smaller than that in $48(z’, x'),
namely,

Y(z,x) 2 Y, x). (6)

For example, if Alice inputs a qubit pair AB in a state $48(z, x)
into a phase-flip channel

]+UA+1—U
2 PT

with 0 < v < 1, the state of the qubit pair becomes 748 (vz, x)
and, thus,

AP = VA VA ()

Y(z,x) =2 Y(vz, x), )

implying monotonically nondecreasing of Y (z, x) with respect
to z. Similarly, since Alice and Bob can convert state $45(z, x)
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into state $45(z, vx) by inputting the qubit pair into a channel

. Il4+4v, 1—v AR N
E°(p) = ——p+——R'@XDHpE X"
with 0 < v < 1, we have
Y(z,x) 2 Y(z, vx), (10)

implying monotonically nondecreasing of Y (z, x) over x.

In this paper, we impose two assumptions on the function
Y (z, x). That is to say, the results derived in the subsequent
sections are true for any yield function Y (z,x) as long as
it satisfies those assumptions. The first assumption is that
Y (z, x) is a jointly convex function. This means that Y is also
a convex function over single-error-type states $AB ¢, x,v),
which can be seen as follows. Consider a convex mixture of a
single-error-type state #48(¢’, x’/, v’) and a single-error-type
state #48(¢”, x”, v”) and denote it by a single-error-type state
#4B(¢, x, v). Then,

G x.v)=p¢ ', V)+A=p" x" V") A

holds for 0 < p< 1.
#4B(¢, x, v) then satisfies

Y@, . v) =YW+ 02 ) S Y (/e + 072
+ (1= p)ve?+v?, plx'I+ A= pIlx")
<PY (V2 + 02, X'
+ (1= pY e+ 02, X))
=pY Y2’ 1 V)
+ (1= pYEEE, X" V), (12)

where we used the convexity of norms and the monotonicity
of Eqgs. (8) and (10) to have the first inequality, and we used
the joint convexity of the yield Y (z, x) to have the second
inequality.

The second assumption we make is an inequality

Y(vz, V1 —2%) < z¥V (v,0) 13)

for any 0 < v <1 and 0 < z < 1. The left-hand side of
this inequality corresponds to the case where the output of
the phase-flip channel A% with the input of a pure state
748(z,+/1 — 72) is sent to the subsequent protocol. On the
other hand, the right-hand side corresponds to the case where
a maximally entangled state 742(1, 0) given with probability
z is input to the phase-flip channel A%, followed by being sent
to the subsequent protocol. The inequality (13) requires the
latter case to give an average overall yield to be no smaller
than the former. Typical yield functions satisfy the inequality
(13), as inferred from the following examples.

As an example, let us consider a subsequent protocol
whose yield function Y depends only on the singlet fraction
of $48(z, x), i.e., Y (z, x) = Y (2) for any x and is convex over
z. In this case, the convexity of Y (z) and Eq. (5) implies

pY(z) 2 Y (p2) (14)

for any 0 < p < 1, leading to Eq. (13). For instance, when
we execute a quantum repeater protocol composed of single-
error-type entanglement generation, the recurrence method

The measure for the mixture

[6-8], and the entanglement swapping, it is conventional
to start by converting initial entangled states p*%(z, x) be-
tween neighboring repeater stations into a Bell-diagonal one,
74B(z,0). Then, the yield function of the overall protocol
would naturally depend only on the singlet fraction of the
initial state, namely, Y ().

Another example of the yield function having convexity
and satisfying Eq. (13) is the distillable entanglement Ep. The
analytic formula of the distillable entanglement for general
mixed states has not yet been found, but it has been derived for
maximally correlated states pAB = Zi,j a;lii){jjlap [63,65].
The formula is described by

Ep(p*?) = S(p") — S(p"®), (15)

where p* := Trz[p*#] and S is the von Neumann entropy de-
fined by S(p) := —Tr[p log, p]. This quantity coincides with
the two-way distillable key, in this case [65-67]. Since the
single-error-type entangled states $45(z, x) are examples of
the maximally correlated states, the distillable entanglement
for p48(z, x) is

1 14 V2 -2
En( . x) = h( ) —n(YEEE) )
2 2
where £ is the binary entropy function A(x) := —x log, x —

(1 —x)log,(1 —x). A direct calculation shows that Ep is
convex over (z, x) and also satisfies Eq. (13).

III. TIGHT BOUND ON SINGLE-ERROR-TYPE
ENTANGLEMENT GENERATION

In this section, we derive a tight bound on entanglement
generation protocols that are based on coherent-state trans-
mission from a sender to a receiver, followed by arbitrary
LOCC operations. We start by defining the protocols and
their yield as the measure of the performance (Sec. Il A).
In Sec. III B, instead of considering an LOCC protocol that
is generally complex, we consider separable operations and
show the requisites for producing single-error-type entangle-
ment. In Sec. I C, we derive an upper bound on the yield
that could be given by the separable operations. Finally, in
Sec. III D, we show that a protocol of Ref. [27] achieves the
upper bound. In Sec. III E, we explicitly show how efficient
the optimal protocol is.

A. Single-error-type entanglement generation and the measure
of its performance

Let us define the family of single-error-type entanglement
generation protocols considered in this paper. Suppose that
separated parties called Alice and Bob have qubits A and
B, respectively, and their goal is to make the qubits AB in
a single-error-type entangled state. In general, a protocol is
described as follows (Fig. 1): (i) Alice prepares qubit A in her
desired state [p)a = Y_;_o | /@€' |j)a With real parameters
®;, q; > 0, and Z_,' g; = 1, and she makes it interact with a

pulse in a coherent state |a), = e lal?/2 gud’ |0}, via a unitary
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FIG. 1. Scenario of single-error-type entanglement generation.
[¢)a == 2,01 /47¢'%|j)a- An outcome k corresponds to the ap-
plication of a separable operator M{ ® NZ. If the final entanglement
#/8 includes only one type of error, Alice and Bob may declare the
success of the protocol.

operation V4 defined by
VA 0)al)a = 10)al0)as
VA aler)a = [1)alern)a, a7

where the possible output states {|o;)4} j=0,1 are also coherent
states. (ii) Alice sends the pulse a to Bob, through a lossy
channel described by an isometry

ﬁa—)bE|a>a: |ﬁa>b|«/l—T(x>E, (18)

where 0 < T < 1 is the transmittance of the channel and
system E is the environment. At this point, Alice and Bob
share a quantum state described by

Wase = D TV 1NaAINT VT =Taje. (19

j=0,1

(iii) Alice and Bob manipulate system Ab through LOCC,
and may declare outcome k with probability p; to herald the
success of the generation of qubits AB in a single-error-type
entangled state f,fB. The correction of the success events k
is denoted by S. We assume that for successful events with
k € S, the state % is given by the standard form in Eq. (2),
namely,

28 = 9P (2, x10) (20)

with z; > 0 and x;, > 0.

Let us define a method for evaluating single-error-type
entanglement generation protocols. Typically, following such
an entanglement generation, a subsequent protocol that works
with the obtained entanglement {5, such as entanglement
distillation, secret-key distillation, or entanglement swapping
[22], is executed. This implies that the value of the entan-
glement generation cannot be determined by itself, namely,
it depends on the protocol to be performed after the entan-
glement generation. In this paper, using the yield function Y
defined in Sec. II, the performance of the overall protocol is

evaluated by the average overall yield ¥, which is defined by
Yo=Y p¥ (#%) = Y iy 0 (e x0)

keS keS

= ZPkY(Zk,xk)- 2D

keS

B. Requisites for separable operations

We start by considering the description of the LOCC in
step (iii) of the protocol in Sec. IIT A. In general, it is known
that any LOCC operation can be described by a separable
operation {M? ® I\Allﬁ9 } (although the converse is not true, that
is, there are separable operations [68—71] that are not imple-
mentable by LOCC). Here « stands for the record of all the
communication between Alice and Bob. The definition of the
protocol in Sec. III A allows the possibility of discarding part
of the record, in which case the output state £ in step (iii) is a
probabilistic mixture Y, g, P2E over the output states {928},
for various values of «. Since f,?B is a single-error-type state in
the form of Eq. (1), all the states {,?)?B } should also be such
single-error-type states. Then, due to the assumed convexity
of the yield function Y in Eq. (12), the optimum value of the
average overall yield Y is always achieved by maintaining all
the record. Hence, we here assume that the state %,?B obtained
in step (iii) is written by a single term as

~2AB __

1 N A~ A A
2 (M @ NP)Tee () (W) (W12 @ KP) (22

T
with separable operators {M{ ® NP} satisfying

domiml @ NFRE < 177, (23)
keS

where M is an operator on the qubit A while operator N7
maps state vectors for the system b to those for the qubit B.
Since ¥ with k € S is entangled by definition, the ranks of
operators My and NP are 2 for any k € S.

We rewrite the state of Eq. (19) as

W)ae = Y @3¢ )alujhslv;e (24)
j=0,1
with0 < g9 < 1,90 +¢1 =1, and
1> [urluo)|'™" = [(vi]v)|" > 0 (25)

from a property [Ty |VTap)| = |{o|og)|T of coherent
states {|&;)} j—o,1. From Egs. (24) and (7), we have a simplified
representation [27]

Trel|¥) (W lase] = Al ooy (1) (W 1a6), (26)
where
W=D @O T falup)y @27
j=0.1

with 2¢ := arg[(vi|vo)]. Thus, Eq. (22) is rewritten as

A 1 9 X7 ! 4 9 7 T
07 = (1 © R Al oy (10000 ) (1 © RE).
(28)
Let us consider requisites for {M,f ® N;f}kes, stemming
from the assumption that f,fB is in the standard form of Eq. (2).
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FIG. 2. An imaginary protocol equivalent to the real proto-

col in Fig. 1. [¥/")ap := Y0, ﬁei‘°f+i(’l)j¢|j)Aluj)b, where ¢ :=
arg[(vy|vg)]/2. Channel a — b becomes ideal at the expense of the
application of a phase-flip channel A% with v = |{v|vp)].

Since Eq. (2) implies 45(01|%{#|01)45 = 0, the separable op-
erator M ® NP must satisfy

0 = ap(OUM AT,y (627 M 101) 4, (29)
where
688 = NE(W) (W' |an) N (30)

From 0 < |(v|vg)| < 1 and the positivity of 628, we have

62B11)p(MAT10)4) = \/62811) (22 MAT10)4) = 0. B1)
If MA"'|0)A and ZAMAUO)A were linearly independent,
«/m [1)p = 0, which would imply that 6% is a separable
state This would, in turn, mean the separablhty of f,?B . To
avoid this contradiction, M,f”O)A and ZAM,?HO)A must be
linearly dependent, which implies that the state MATIO) A 1s an
eigenstate of Z4. Similarly, from 45(10|248]10)45 = 0, i.e.,

0 = ap(10IM ALy, 1oy (GEF)MET110)4, (32)

we have

61810)p (M, 11)4) = /6£810)5(Z*MT11)4) = 0, (33)

meaning that the state M:TH)A must also be an eigenstate
of ZA. Combined with rank(M,fT) = 2, these conclude that
M"10)4 and M;'|1)4 are different eigenstates of Z4. By let-
ting k € S; for I =0, 1 denote the subset of outcomes k €
S such that M{10)4 oc (X4)|0)4 and MT|1)4 o< (R4 1),
where S = Sy U S; with Sy NS = @, this implies

(k € Sp),

o {mg|o><0|A+m,i|1)<llA (34)
(k € S),

T m011) (014 + m)10) (14

with nonzero mk This equatlon shows that MA commutes with
the phase-flip channel A w0 Hence, the con51dered proto-
col is simulatable by a protocol of Fig. 2 where the separable
operation {M{ @ NP }keS is applied to the state |y}, before
the phase-flip channel Af

[{vilvo)|*

Let us consider the form of ]\7,? . From Eq. (34), Egs. (31)

and (33) are reduced to
= /62110045 =0 (k € S),

NCAIVES
AB100)ap = /6 BI11)ap =0 (ke S). (35)
From the definition (30) of 6{%, N should satisfy
NEluo)p = n10)s, NE|ur)y = nj1)p  (k € Sp),
NEluo)y = nd|1) s, NElur)p =nil0)p (k€ S1), (36)

with nonzero ni Let {,(#;|}i=0.1 be a dual basis in the Hilbert
subspace spanned by ,(uo| and ,(u;| for the basis {|u;)p}i=0.1,
which satisfies

(iti|u;) = &;j. 37
By using this dual basis, N,f can be described by
~B {n,?IO)Bb(ﬁol +n} Dpplitn] (k€ Sp), (38)
‘ np 1)y (ito| + ml0)ps (i | (k € Si).

As a result of Egs. (34) and (38), T AAB of Eq. (28) is de-
scribed as 2% = Af o (W) (Wi lap) Wlth

1 . .
|V )a = E(M;? & NI V) av
— Z m j\/—el() jti(— ])’W(XAxB) |jj>
k
\/p_ j=0,1

(39

fork € S; (I =0, 1), where
Pr = Z qﬂmini!z. (40)

j=0.1
Since 2% = At 1oy (V) (Wilag) is in the standard form

pAe (stxk) so is the state [|y)ap, namely, |V )(Vilap =

748(z, /1 — 22), where z}, is obtained from Egs. (2) and (39)
as
2./ mdmindn}
7= QOQI|pk Tk (41
i

Considering the action of the phase-flip channel Af‘(vl‘vo)l, we
have

z = [(vilvo)lzg,
=1 - 22 (42)

Note that we cannot freely choose parameters py and z;. In
particular, in order to make the operators {M{ ® NF} achiev-
able, the operators should satisfy Eq. (23). From Eqgs. (34),
(38), and (37), this condition is shown to be equivalent to

1/2 1/2
<1 - Z |mn}| ) ( Z |miny | ) = [(u1lup)l,
keS keS
1/2 1/2
(1 —Z|m,1n2|2> (1 —Z|m,1n,i|2> > |{ur|uo)].-
keS keS

(43)
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One way to derive these inequalities is to take a
representation of N,ngN,ig with (orthonormal) cat states

lea)p = (e |uo)pEe™® |ur)p)//2(1 £ [{urTuo)D), where

2¢ ;= arg[(u;|up)], and to notice that Eq. (23) means
~Yies mkNBTNB > 0forj=0,1.

C. An upper bound on separable operations

Let us derive an upper bound on the average overall yield
Y defined in Eq. (21) assuming that Y satisfies Eq. (13). From
Eq. (42), we have

7= 3 ¥ (Iluodleg /1 - )

keS
<Y (|{vilvo)], 0) Y piz. (44)
keS

On the other hand, since conditions of Eq. (43) imply

1 o
4 Z Z |m;<”£ ’ < 1= [urluo)l, (45)
keS i,j=0,1
we have
>z =24q01 Y [minimin]
keS keS
< Z‘mknkmknk| Z Z |m§(ni|2
keS keS i,j=0,1
< 1 — [(ur|uo)l- (46)

Therefore, substituting Eq. (46) for the bound of Eq. (44), we
obtain an upper bound described by

Y < Y ([(vifvo)], O)(L — [(ur[uo) ). (47)

If we use Eq. (25), this bound is rewritten as

Y <Y ([ luo) 7 0)(1 — [Gusluo)]). (43)
which gives an upper bound,
Y < [max Y( O)(l —u). (49)

D. An optimal protocol and the optimal performance

Conversely, here we show that the bound of Eq. (49) is
achievable by an entanglement generation protocol introduced
in Ref. [27]. This protocol uses a dispersive Jaynes-Cummings
Hamiltonian between a matter qubit and a coherent state |o),
leading to the assumption of |ag), = |ae®®/?), and o), =
lae=®/2), with a constant § > 0 in Eq. (17) for unitary
operation VA4 and it is regarded as a specific example
of the protocol of Sec. III A, based only on Bob’s local
operation composed of linear optical elements and ideal
photon-number-resolving detectors. In particular, in the pro-
tocol, Alice first makes a probe pulse a in a coherent state
la/~/T), interact with her qubit A in state |+)4 := (|0)4 +
|1)4)/+/2 with the unitary operation V4 and then sends it to
Bob together with a local-oscillator (LO) pulse. On receiving
the pulse a and the LO pulse, Bob generates a probe pulse b in
a coherent state |« ), from the LO pulse, and makes it interact
with his qubit B in state |+)z with the unitary operation V5.

Then, he inputs the pulses a and b to a 50:50 beam split-
ter, followed by a displacement operation D[—~/2a cos(6 /2)]
(using a remaining LO pulse) on the pulse having experienced
the constructive interference. Finally, he measures two output
pulses with photon-number-resolving detectors.

The protocol provides [27] single-error-type entangled
states when it succeeds (i.e., when the photon detectors
find nonzero photons), all of which can be transformed to
PAB(2F — 1, 0) with fidelity

1 +uTt
F = — (50)

and the total success probability Ps = Y, g px is

P=1-u, (51)

where u := |(ae®/?|ae=/?)|T is controllable by choosing «.
Hence, with the entanglement generation protocol, the aver-

age overall yield Y is given by

Y=Y pYQF—1,0)=YQ2F —1,0)P,
keS

=Y(u7,0)(1—u). (52)

Since the parameter u can be chosen freely in the protocol, the
protocol can achieve

— -7

Y = Orgiii(l Y(u T ,O)(l —u), (53)
which coincides with the upper bound (49). Therefore, for
the yield function Y satisfying Eq. (13), the entanglement
generation protocol of Ref. [27] is concluded to give the max-
imum yield of the single-error-type entanglement generation
protocols.

E. Comparison with the quantum and private capacity

To see how efficient the optimal protocol in Sec. IIID is,
let us consider the asymptotic yield of an overall protocol, by
assuming that the single-error-type entangled states success-
fully generated by the protocol are collectively input to the
optimal two-way entanglement distillation protocol, implying
the assumption of ¥ = Ep. In this case, from Egs. (16) and
(53), the overall performance is

Ep max i= omax (11— u)|:l — h<l+%>] 54

<u<l

This quantity represents how many ebits are obtained per
use of the entanglement generation protocol, i.e., per channel
use, in an asymptotically faithful scenario. The overall yield
ED.max is plotted by Fig. 3(b). On the other hand, the two-way
quantum and private capacity of a pure-loss channel with
the transmittance T is —log,(1 — T') [24], represented by
Fig. 3(a). We also describe the success probabilities to ob-
tain single-error-type entanglement with ' = 99.4% and with
F =99.8% by using the optimal entanglement generation in
Sec. IIID as Figs. 3(c) and 3(d), respectively. As shown in
Fig. 3, the overall yield E_D,max based on the optimal two-way
entanglement distillation [Fig. 3(b)] is one order of magnitude
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FIG. 3. Performance of the point-to-point optimal supplier of
single-error-type entanglement over coherent-state transmission over
a lossy channel with the transmittance 7. Curve (a) describes the
quantum and private capacity of the lossy channel as a reference.
Curve (b) describes Ep . which is the two-way distillable en-
tanglement of the single-error-type entanglement generated by the
optimal supplier, per channel use. Curves (c) and (d) represent the
success probabilities to obtain single-error-type entanglement with
F =99.4% and with F = 99.8% by using the optimal supplier,
respectively.

less than the quantum and private capacity of the lossy channel
[Fig. 3(a)], and one order of magnitude better than direct
generation of 99.4%-fidelity entanglement with the optimal
protocol in Sec. III D [Fig. 3(c)].

IV. TIGHT BOUND ON SINGLE-ERROR-TYPE
ENTANGLEMENT GENERATION BY THREE PARTIES

In this section, we derive a tight bound on the entangle-
ment generation protocols based on three parties. We start
by defining the protocols in Sec. IV A. Using the results
in Secs. III B and IIIC, we derive an upper bound on the
performance of protocols based on separable operations in
Sec. IVB. In Sec. IVC, we show that a protocol based on
the remote nondestructive parity measurement of Ref. [43]
achieves the upper bound. In Sec. IV D, we explicitly show
how efficient the optimal protocol is.

A. Single-error-type entanglement generation by three parties

To generate a single-error-type entangled state between
Alice and Bob, they can ask another party called Claire for
help. In fact, single-error-type entanglement generation found
in Ref. [43] adopts such a three-party protocol. This kind of
protocol proceeds as follows (Fig. 4): (i) Alice prepares qubit
A in her desired state |¢p)4 = Zj:O,l q‘j‘.‘e"@ﬂj)A with real
parameters ©4, q? >0, and ), q? =1, and she makes it
interact with a pulse in a coherent state |«), = e lal?/2gud’ [0},
via a unitary operation VA4 of Eq. (17). (ii) Similarly, by
using a unitary operation V3”, Bob makes a pulse in coherent
state |B);, interact with his qubit B prepared in his desired
state |¢)p = ijoql /q?e"(a;i | j)g. (iii) Alice and Bob send the
pulses a and b to Claire through lossy channels described by

[#),la), > 4| a|

9518 ’ bl |B

AB
7%

FIG. 4. Scenario of single-error-type entanglement genera-
tion by three parties. |)a =Y., «/qTJie‘@? |j)a and |@)p :=
> =01 qf & | /). An outcome k corresponds to the application of
a separable operator M{! ® NF ® ¢(O,|. If the final entanglement £/
includes only one type of error, Alice, Bob, and Claire may declare
the success of the protocol.

isometries L9~ ¢Ea gnd [r—>cvEb

poba), = |WTae V1 — Ta)s, (55)

for x = a, b, respectively, where c, is the pulse at Claire’s
location, 0 < 7, < 1 is the transmittance of the channel for
pulse x, and E, is the environment. At this point, Alice, Bob,
and Claire share a quantum state |§)ac,g, ® |£)Be,E, With

Ehace, = 3 S AN To)e, VT = T,
j=0,1

s, = 3 S22 DaINT B e VT = To )i, (56)
j=0,1

(iv) Alice, Bob, and Claire manipulate system ABc,c; through
LOCC, and may declare outcome k with probability p; to
herald the success of the generation of qubits AB in a single-
error-type entangled state £ in the form of Eq. (20) for
keS.

This protocol is evaluated by the same way as in Sec. III A,
namely, by Eq. (21).

B. An upper bound on single-error-type entanglement
generation by three parties

Similar to Sec. III B, we consider a separable operation
{Mf ® Nf ® ¢(Okl}, instead of the LOCC operation executed
by Alice, Bob, and Claire at step (iv), based on the fact that
separable operations compose a class of operations (strictly)
larger than the set of LOCC operations. Here, through find-
ing the form of separable operators M,i1 ®1\A/,? ® (O] that
successfully return single-error-type entanglement /% in the
form of Eq. (20), we associate the three-party protocol with a
two-party protocol as in Fig. 2.

062432-7



AZUMA, IMOTO, AND KOASHI

PHYSICAL REVIEW A 105, 062432 (2022)

For simplicity, let us rewrite the states of Eq. (56) as

Ebiear, = Y} ialuc), |v0)y..

Jj=0,1
e = 3 b ald), o) 5
j=0,1

where 0 < g§ < land g} +¢f = 1forX = A, B, and

Ta

(v |Uo>

(v "|vo)\ (58)

> [fu )] "

|
1> fulug) " = |
From Egs. (57) and (7), we have

Trg, [16) (5 lac,] =
TrEb[lg) (é’ |BC},E[7] -

Aftyeruny (1EME Lac,),
A 1ENE ) (59)

where

Nae, = Z \/Ez@4+i(71)fwa|j>A|ut;)Ca,

j=0,1
Bcb . Z /qf i©F4i(— 1)/%“ ‘u > (60)
j=0,1

with 2¢, = arg[ (v} |vo)] for x =a,b. Hence, a separa-
ble operation {MA®NB®C(0k|} to the system ABc,cp
in state |&)ac,E, ® |$)pe,E, 1S equivalent to that in state
At 08V E o) ® AZ o (181 ey

Suppose that Alice, Bob, and Claire apply a separable
operatorMA ® NP ® (O] to the state Aﬂvi,|v3>|(|é’)($’|,4%) ®

b\u (1¢')('| B, ), and they return an entangled state £ in

the form (2). The separable operator M,i1 ® J\A/,f’ ® (O | must
satisfy

ABCOTIME Ay ) (2 ABVMT101) 45 = 0,

ABCTOIME Al ey (%)M 10) 45 = O, (61)

with

18 = NEc (OkI[18')(E |ac,
® Al (8 se)]IOCNT (62)

Note that Eq. (61) is in the same form as Egs. (29) and (32).
In addition, /i1® is a positive operator and 0 < [(v{|v§)| < 1.
Thus, similar to considerations from Egs. (29) to (34), M,? can
be assumed to be in the form of

7100k + mi (1
T mQ11)(01x + ml 0 (114

(k < 50).

63
kesy,

with nonzero mk, where S and S{ are two disjoint subsets
of set S, i.e., satisfying S = S§ U SA and S} NS = @, and

piB satisfies

PLEI0Dap = |/ AP0 =0 (k € 57),

22100045 = /2P I1ag =0 (k€ ST).  (64)
This implies
(OllNBAB ok (02)NE101)45 = O,

Ap(10INF A ey (0£B)NE110)45 = 0 (65)

for any k € S and
A5 (00|Nf AB W] (5P)NE100)45 = O,

As(11|N} AB it (07B)NE 1145 =0 (66)

for any k € S¢, with

0P = (O (1E)(E e, ® 1E)(C I8e,)| Ok} (67)

Similar to considerations from Egs. (29) to (34), Combingd
with 0 < [(v?]v)| < 1, Egs. (65) and (66) conclude that NZ
can be assumed to be in the form of
NE — nR]0)(0ls + nj|1)(1]5
© 0110015 + nb 10115

(k < 5P)
68
kest), @

where S? and SP are two disjoint subsets of set S, with
nonzero nk, and A,ﬁ‘B satisfies

(k € Uizo.1 St ﬂSf),
(k € Uiz S mSz%Bl)'
(69)

0810145 = /08 [10)45 = O
D8100) 45 = /DB |11) 45 = O

At this point, we have obtained two facts: (i) M} ® N& com-
mutes with the phase-flip channel Afj, . ® Aﬁv’]’\v{)’)l; (ii)

the range of d{# is either the two-dimensional Hilbert sub-
space spanned by states {|00)ap, |11)ap} or that by states
{101)ap, |10)4p}. The fact (i) implies that the considered pro-
tocol is simulatable by a protocol of Fig. 5 where the separable
operation {M{ ® NE ® c(Ox|} is applied to the state |&') 4., ®

|¢) e, before the phase-flip channel A\A<v,“|vg>| ® Aﬁv{’\vg)\' In

addition, combined with Egs. (63), (68), and (69), the fact
(i) indicates that MANEc(Ok|1€")ac,1¢') 5o, belongs to the
subspace spanned by states {|00)sp, |11)4p}. This implies
that the effect of the phase-flip channel Af (Aflepon )

on the entangled state M{NEc(O||€")ac, 1€ 8e, is equivalent
to that of a phase-flip channel A/ﬁ(vb\vbn (Af ). Hence,
%o
in the success cases, the protocol works equivalently to a
virtual protocol A (B) in Fig.A 5 where Alice, Bob, and Claire
prepare unnormalized state MfN,fc(Ok [1E") ac,1¢") Be, to be in-
put into a series of phase-flip channels AAU},WA|A<U?|U6,>| =
A B B _ AB

Altutrgnotion Aot Xt = Aot

Let us relate the virtual protocol A in Fig. 5 to the two-party
protocol depicted in Fig. 2 by regarding Claire and Bob in
the former as a single party, which is Bob in the latter. Since
Alice’s operator M,f takes the same form [see Eqs. (63) and

wIvh)]

v lvg)l
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|E >A5 Ca Cb

B~ 10,

|
[M)U)EM)

FIG. 5. An imaginary protocol equivalent to the real protocol
- O 4i(—1Va) | a
in Fig. 4. &) ac, 1= Y01 /7t T j)alut)e, and |8) e, =

> imoi \/T; O i 1)j"”’lj )8lu%),. Channels @ — ¢, and b — ¢, be-
come ideal at the expense of the apphcatlon of phase-flip channels
Aj. with v* = |[(vf|vg)| and A, with v” = [(v}|v})], respectively.
If the protocol returns success outcome k, the effect of phase-flip
channel A%, (A%.) is equivalent to that of A, (A%.). We define
virtual protocol A (B) as the modified protocol where Afb (A%) is
converted to A%, (A%).

(34)], we notice that the protocol A is a special case of the
protocol in Fig. 2 with the following substitutions:

q;j = q‘;‘
®; — 7,
luj)p |”7>c
v lvo)l = [{i[vg)][{orvg)]
NE = ({0 @ NE)I1E e, (70)

Therefore, derivation of requisites starting from Egs. (35) to
(47) is also applicable here under the above substitution. We
thus obtain a bound

7 < ()02 0 — fltlegl) 7

for the virtual protocol A. Similarly, by exchanging the roles of
Alice and Bob in the above argument, we also obtain a bound

v <y (ftfeg)lere)l 0) (1 = [furlug)l) — (72)

for the virtual protocol B. Let u := max{]|{(u{|ug)|, |(ull’|u(b))|}.
Since both inequalities (71) and (72) hold, use of Egs. (58)
and (8) leads to

7 <y (v [og)lIorfog)l 0) 1 = )
<Y 0)(1 - u). (73)
This gives an upper bound on ¥,
_ 1y 1T,
Y < max Y(u o T T ,0)(1 —u). (74)

O<u<l1

C. An optimal protocol and the optimal performance
for three-party protocols

Conversely, here we show that the bound of Eq. (74)
for protocols based on separable operations is achievable

by a protocol based on the remote nondestructive parity
measurement proposed in Ref. [43], which is a three-party
implementation of the optimal protocol [27] (employed in
Sec. IIID) for executing projective measurement 24 ® Z5.
In particular, similar to the protocol [27], this protocol uses
unitary interaction V4% of Eq. (17) with the assumption of
loto) e = |ae®’?), and |or)), = |ae/2), for the coherent-state
input |a), with a constant 6 > 0, and it is based only on
Claire’s local operation composed of linear optical elements
and ideal photon-number-resolving detectors. More precisely,
in the protocol, Alice (Bob) first makes probe pulse a (b) in
a coherent state |a/+/Ty), (|a/+/Tp)p) interact with her qubit
A (his qubit B) in state |+)4 (|4+)p) with the unitary operation
V44 (V5) and then sends it to Claire. On receiving the pulse
a from Alice and the pulse b from Bob, Claire makes them
interfere via a 50:50 beam splitter, and applies a displacement
operation D[—+/2a cos(6/2)] on the pulse having experi-
enced the constructive interference. Finally, Claire measures
two output pulses with photon-number-resolving detectors.

The protocol provides [43] single-error-type entangled
states when it succeeds (i.e., when Claire’s photon detectors
find nonzero photons), all of which can be transformed to
PAB(2F — 1, 0) with fidelity

Ty

1— n4j

it
F= lii?——ﬂ (75)

and the total success probability Py = )", g px is
P=1-u, (76)
where u := |(ae®/?|ae™/?) |« is a parameter controllable by

choosing «. Therefore, with the entanglement generation pro-
tocol, the yield Y is

¥ =) pYQF —1,00=YQF — 1,0)P,
keS
-7
B, 0)(1 — w). (77)

Since u can freely be chosen in the entanglement generation
protocol of Ref. [43], it can achieve the bound of (74), i.e.,

= Y(u%+

1-7;

7 = max ¥ ('m0 0)(1 - u), (78)

O<u<l1

D. Comparison with the quantum and private capacity

Similar to Sec. III D, to see how efficient the optimal pro-
tocol in Sec. IV C is, let us consider an asymptotic yield with
Y = Ep, by assuming that the single-error-type entangled
states successfully generated by the protocol are collectively
input to the optimal two-way entanglement distillation pro-
tocol. In this case, from Egs. (16) and (78), the overall
performance is

_ L+umt
Eumﬂzgmxﬂ—u{l—h(—ii———i>} (79)

<u<l1 2

For simplicity, let T, = T, = /T, where T represents the
transmittance of a series of lossy channels between Alice
and Claire and between Claire and Bob. Then, the yield
ED max is described by Fig. 6(b). On the other hand, the two-
way quantum and private capacity (per use of the pair of
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FIG. 6. Performance of the optimal supplier of single-error-type
entanglement with a middle measuring station. This middle station is
connected with Alice and Bob by a lossy channel with transmittance
JT, respectively (i.e., T, = T, = JT ). Curve (a) describes the quan-
tum and private capacity of this network. Curve (b) describes Ep nax
which is the two-way distillable entanglement of the single-error-
type entanglement generated by the optimal supplier, per use of the
pair of channels between AC and CB. Curves (c) and (d) represent
the success probabilities to obtain single-error-type entanglement
with F = 99.4% and with F' = 99.8% by using the optimal supplier,
respectively. Curve (e) describes the quantum and private capacity
of a lossy channel with transmittance 7 (which can directly connect
Alice and Bob).

channels between A and C and between C and B) of the con-
sidered network is —log,(1 — JT ) [21,59-61], represented
by Fig. 6(a). We also describe the success probabilities to
obtain single-error-type entanglement with F = 99.4% and
with F = 99.8% by using the optimal entanglement genera-
tion in Sec. IVD as Figs. 6(c) and 6(d), respectively. As a
reference, we also describe the quantum and private capacity
—log,(1 — T') of alossy channel with transmittance 7 (which
can directly connect Alice and Bob) as Fig. 6(e). As shown
in Fig. 6, the yield Ep . based on the optimal two-way
entanglement distillation [Fig. 6(b)] is one order of magnitude
less than the quantum and private capacity of the network
[Fig. 6(a)], and one order of magnitude better than direct
generation of 99.4%-fidelity entanglement with the RNPM
protocol in Sec. IV C [Fig. 6(c)].

V. DISCUSSION

In this paper, we have identified entanglement generation
based on the RNPM as the optimal supplier of single-
error-type entanglement over coherent-state transmission, for
arbitrary subsequent protocol with a jointly convex yield func-
tion satisfying Eq. (13). Notice that although the RNPM is
designed to distribute entanglement (or, more generally, to
implement the projective measurement Z4 ® Z%), it is closely
related with QKD as well. In fact, the RNPMs for the two-

party scenario in Sec. IIID and for the three-party scenario
in Sec. IV C can be regarded as coherent versions of the B92
QKD and of the TF QKD, respectively. Besides, note that they
have a slight difference in the implementation, as described
in Secs. IIID and IV C. In particular, the receiver can use
a transmitted LO pulse to generate a coherent state with a
properly locked phase in the former scenario, while both of
the communicators need their own local LOs phase-locked
to each other in the latter. Nevertheless, even in the latter
scenario, we would be able to lock the phases properly in
the near future, by considering recent progress of the related
technology in the context of realization of TF QKD (see, e.g.,
[73D).

The condition (13) is satisfied by typical yield functions,
such as arbitrary convex functions of the singlet fraction, two-
way distillable entanglement, and two-way distillable key. If
the distillable entanglement or key is adopted as a measure of
the performance, its overall yield is only one order of magni-
tude less than the quantum and private capacity [21,24,59,60]
of the associated pure-loss bosonic channel network, and
merely one order of magnitude better than direct generation of
high-fidelity (in particular, 99.4%-fidelity) entanglement with
the RNPM, as represented by Fig. 3 for the two-party protocol
and by Fig. 6 for the three-party protocol. Considering that
the overall yield cannot be achieved without the use of the
optimal entanglement distillation in an asymptotic scenario,
the latter gap implies that if entanglement generation protocol
is efficient like one based on the RNPM, entanglement distil-
lation protocol may not be necessary to achieve controlled-not
operations in distributed quantum computation, in contrast to
what one may infer from existing schemes [13—16]. This sug-
gests that performance of entanglement generation protocol
affects the overall design of a distributed quantum computing
architecture. On the other hand, considering that the quantum
and private capacity [21,24,59,60] of the associated pure-loss
bosonic channel network is achieved with the use of two-mode
infinitely squeezed vacuum states [72], the former gap implies
that it is reasonable in practice to adopt protocol based on
coherent-state transmission, like the RNPM protocol. Indeed,
in the field of QKD, TF QKD protocol [47-54] based on
coherent-state encoding has already been identified as an
important class of protocol to beat the repeaterless bounds
[23,24] in a practical manner (see, e.g., [73]).
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