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Unified generation and fast emission of arbitrary single-photon multimode W states
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We propose a unified and deterministic scheme to generate arbitrary single-photon multimode W states in
circuit QED. A three-level system (qutrit) is driven by a pump-laser pulse and coupled to N spatially separated
resonators. The coupling strength for each spatial mode gi totally decide the generated single-photon N-mode W
state |WN 〉 = 1

A

∑N
i=1 gi|0102 · · · 1i0i+1 · · · 0N 〉, so arbitrary |WN 〉 can be generated inside resonators by adjusting

gi and N . Moreover, such W states can be fast emitted in symmetric temporal waveform with a probability
reaching 98.9%. The generation (or emission) time and fidelity can both be the same for arbitrary |WN 〉,
independent of mode numbers. Finally, the time evolution process is easy to control since only the pump pulse
is time-dependent.
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I. INTRODUCTION

Entanglement is essential to quantum information, which is
widely applied in quantum dense coding [1], quantum telepor-
tation [2], quantum cryptography [3], and quantum computing
[4]. It was first proposed by Einstein, Podolsky, and Rosen
(EPR) to challenge the completeness of quantum mechanics
[5]. There are two inequivalent categories of tripartite en-
tanglement state [6], the Greenberger-Horne-Zeilinger (GHZ)
state [7–10] and the W state [11], which could be used to prove
Bell’s theorem without inequalities [12]. Notably, the W state
is more robust than the GHZ state since if one particle is traced
out, it retains multiparticle entanglement [12]. Extended to the
multipartite case, the general form of a W state is [13,14]

|WN 〉 = 1

A

N∑
i=1

Ai|0102 · · · 1i0i+1 · · · 0N 〉, (1)

where A = (
∑

A2
i )1/2. |1〉 and |0〉 represent two orthogonal

states encoded in frequencies [15,16], polarizations [17–19],
or spatial modes [20–22] of photons, or qubit energy state
[23–25].

Various schemes for preparing W states have been pro-
posed, via spontaneous four-wave mixing [15,16], polarizing
beam splitter (PBS) [17–19], cavity QED [24–26], circuit
QED [13,22,27–30], cold neutral atoms [31], spin system [32]
and so on. One interesting kind among them is called “chiral
W states” [33,34], which can be used in a noiseless-subsystem
qubit encoding, and have recently been realized theoretically
with trapped ions by Cole et al. [33]. However, a unified
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scheme to generate arbitrary W states with high fidelity, speed,
and feasibility is needed. First, W states are useful from lower-
order to higher-order, since the later establishes entanglement
between a large number of channels, making them favorable
for realization of quantum information process. For example,
Gottesman et al. has shown this state is beneficial in longer
baseline telescopes [35]. However, the preparation of higher-
order W states often involves complex bulk-optical setups
[36–38], and the scheme is complex. Second, the coefficient
of each basis needs to be easily tunable, because sometimes
we require not only the maximum entangled W state where
all Ai are equal [39], but also some other types. For example,
the prototype W state |W3〉 = 1√

3
(|100〉 + |010〉 + |001〉) is

not suitable for quantum teleportation [40], while another one
|W ′

3〉 = 1
2 (|100〉 + |010〉 + √

2|001〉) proposed by Agrawal
and Pati is perfect for teleportation and superdense coding
[41,42]. It has been demonstrated that different W states can
be transformed by entanglement concentration [43,44], but the
process is complex. Third, states must be generated with high
speed and fidelity to accelerate the operation and avoid deco-
herence in practical quantum information processing. Finally,
the scheme should be easy to realize with high experimental
feasibility.

In this paper, we present a unified deterministic scheme
to generate arbitrary single-photon multimode W states |WN 〉,
satisfying the aforementioned requirements. We have a qutrit
[45] [e.g., a �-type superconducting quantum interference
device (SQUID) [46,47], transmon [48–50], Xmon [51], or
fluxoniums [52,53] ] driven by a pump-laser pulse and cou-
pled to N spatially separated resonators, to obtain |WN 〉 (1)
with Ai equaling the coupling strength between the ith res-
onator mode and the qutrit gi. Hence we can generate arbitrary
W state by adjusting gi and N . We can not only create |WN 〉 in-
side resonators through adiabatic evolution along a dark state
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FIG. 1. Scheme of generating the three-mode single-photon W
state |W3〉 inside resonators through adiabatic passage. (a) Relevant
energy levels and transitions. The qutrit states are labeled by |u〉, |e〉,
and |g〉. |0〉 and |1〉 denote the photon number states in the resonator.
(b) Setup: a superconducting qutrit (SQ) is capacitively coupled to
three coplanar waveguide resonators (CWRs) with coupling strength
g1, g2, g3, and a pump laser pulse with Rabi frequency �.

but also emit it into transmission lines through dissipation
with symmetric temporal profile, in favor of its reabsorption
by quantum nodes. The emission probabilities reach 98.9% in
20–50 ns depending on parameters, comparable to the fastest
two-qubit gate (30–45 ns) recently reported [54]. The gener-
ation (or emission) time and fidelity (or probability) can both
be the same for arbitrary |WN 〉, independent of mode numbers.
Besides, we only need to tune the pump pulse during the
whole time evolution process, which is easier to control than
the qutrit and resonators.

II. GENERATING THE SINGLE-PHOTON THREE-MODE
W STATE INSIDE RESONATORS

Although we aim to generate arbitrary N-mode W state,
we start with the prototype three-mode case, with our our
scheme depicted in Fig. 1. The qutrit has a �-type configura-
tion formed by two lowest levels |u〉, |g〉 and an excited level
|e〉. The resonator states are denoted by |n〉, where n is the
number of photons. Their frequencies are identical and far off
resonance from the |e〉 to |u〉 transition, so their interactions
with the qutrit only couple |e, n〉 and |g, n + 1〉 with coupling
strengths g1, g2, and g3, respectively. A pump laser pulse with
Rabi frequency � only couples |e, n〉 to |u, n〉 for the same
reason, as shown in Fig. 1. The system is initially in |u, 0〉
and evolved into |g,W3〉 through a stimulated Raman adiabatic
passage (STIRAP) along a dark state.

In the one-photon manifold {|u, 000〉, |e, 000〉, |g, 100〉,
|g, 010〉, |g, 001〉} under rotating wave approximation (RWA),
the Hamiltonian reads (h̄ = 1) [55,56]

H =
∑
i=u,e

Ei|i, 000〉〈i, 000| + (Eg + ω)(|g, 100〉〈g, 100|

+ |g, 010〉〈g, 010| + |g, 001〉〈g, 001|)

+
[

1

2
�e−iωPt |e, 000〉〈u, 000| + g1|e, 000〉〈g, 100|

+ g2|e, 000〉〈g, 010| + g3|e, 000〉〈g, 001| + H.c.

]
, (2)

where Ei represents the eigenvalue of the ith energy level, ω

is the frequency of each resonator. ωP is the frequency of the
pump pulse.

In the interaction picture with respect to free Hamiltonian

H0 = Eu|u, 000〉〈u, 000| + (Eu + ωp)|e, 000〉〈e, 000|
+ (Eu + ωp)(|g, 100〉〈g, 100| + |g, 010〉〈g, 010|
+ |g, 001〉〈g, 001|), (3)

the interaction Hamiltonian reads

1

2

⎛
⎜⎜⎜⎝

0 � 0 0 0
�∗ 2�1 2g1 2g2 2g3

0 2g∗
1 2(�1 − �2) 0 0

0 2g∗
2 0 2(�1 − �2) 0

0 2g∗
3 0 0 2(�1−�2)

⎞
⎟⎟⎟⎠,

(4)
where �1 = (Ee − Eu) − ωp and �2 = (Ee − Eg) − ω are
the detunings of atomic transition from the pump pulse
and cavities, respectively. Under the two-photon reso-
nance condition (�1 = �2) [55,57], there are three de-
generate dark states {2g1|u, 000〉 − �|g, 100〉, 2g2|u, 000〉 −
�|g, 010〉, 2g3|u, 000〉 − �|g, 001〉} with constant eigenen-
ergy E0 = 0, so a general solution with E0 = 0 reads

|�0〉 = 1

N

[
2

3∑
i=1

Aigi|u, 000〉 − �A|g,W3〉
]
, (5)

where A = (
∑3

i=1 A2
i )1/2, |g,W3〉 = |g〉 ⊗ |W3〉,

|W3〉 = 1
A (A1|100〉 + A2|010〉 + A3|001〉), and N =

[4(
∑

i=1
3 Aigi ) 2 +�2A2]1/2 is the normalizing constant.

The coefficients of |g, 100〉, |g, 010〉, and |g, 001〉 in
Eq. (5) are �Ai (i = 1, 2, 3), respectively. According to the
Schrödinger equation ih̄ ∂ψ

∂t = Hψ , we obtain d�Ai
dt = −igice,

where ce = 〈e, 000|ψ〉. Meanwhile, the proposed initial
state is |u, 000〉, which means �Ai(t = 0) = 0. Therefore
A1 : A2 : A3 = g1 : g2 : g3 in this specific case, and Eq. (5) is
simplified as

|�0〉 = 1√
4A2 + �2

[2A|u, 000〉 − �|g,W3〉], (6)

where A = (
∑3

i=1 g2
i )1/2, and |W3〉 = 1

A (g1|100〉 + g2|010〉 +
g3|001〉). The other two bright eigenstates to H (4) can be
written in terms of the above A and |W3〉 as

|�±〉 = 1

N±
[�|u, 000〉 + 2A|g,W3〉

+ (�1 ±
√

4A2 + �2
1 + �2)|e, 000〉], (7)

with E± = [�1 ± (4A2 + �2
1 + �2)1/2]/2 respectively, where

N± = {2[4A2 + �2 + �2
1 ± �1(4A2 + �2 + �2

1)1/2]}1/2 is
the normalizing constant. Since gi is adjustable, the dark
state |�0〉 can be used to generate arbitrary single-photon
three-mode W states inside resonators. First we set g1 : g2 : g3

on demand, and then turn on the pump pulse which rises
slowly enough to ensure the adiabatic transfer from |u, 000〉
to |g〉 ⊗ |W3〉 when � � gi. Choosing the pump pulse
� = �0 exp[−(t − τ )2/T 2

0 ], with �0 = 2π × 700 MHz
[58], T0 = 0.323 μs, and τ = 1 μs, we simulate the
time evolution of the system by solving the Schrödinger
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FIG. 2. Adiabatic transfer from |u, 000〉 to |g,W3〉 obtained by
numerical simulation. Population of states |u, 000〉, |g, 100〉, |g, 010〉,
|g, 001〉, dark state |�0〉, and final state |g,W3〉 as a function of time
for �1 = �2 = 0, � = �0 exp[−(t − τ )2/T 2

0 ], with �0 = 2π ×
700 MHz, T0 = 0.323 μs, and τ = 1 μs. The couplings in panels
(a)–(d) are 2g1/2π = 8.64, 4.32

√
3, 8.64

√
2, and 8.64

√
3/2 MHz,

respectively.

equation numerically. As can be seen in Fig. 2, the adiabatic
fidelity [59–61] |〈ψ (t )|�0〉|2 is close to 1 at all time and the
fidelity F (t ) = |〈ψ (t )|g,W3〉|2 increases as the pump pulse
rises and finally approaches unity when � � gi.

Consequently, our proposal is testified by numerical re-
sults. Now we study the relation between evolution time and
fidelity. Ideally, F (t ) finally reaches �2

0/(4A2 + �2
0) at t = τ .

Since the highest �0/2π we find in circuit QED experiments
≈1 GHz [58] under the RWA, A/2π can be some tens of MHz
to ensure a high fidelity at the end of the adiabatic evolution,
under the adiabatic condition [62–64]∣∣∣∣ 〈�±(t )|�̇0(t )〉

E0 − E±

∣∣∣∣ 
 1, t ∈ [0, τ ], (8)

which reduces to

4A�̇(t )√
(4A2 + �(t )2)N±


 ∣∣�1 ±
√

4A2 + �2
1 + �(t )2

∣∣, (9)

according to Eqs. (6) and (7). In most cases, STIRAP works
best for � = 0 [65], where Eq. (9) becomes

2
√

2A�̇(t )

4A2 + �(t )2



√
4A2 + �(t )2. (10)

Then we integrate Eq. (10) in the time interval [0, τ ] to ob-
tain a “global” adiabatic condition [65]. If we define tan θ =
�/2A, then |�0〉 = cos θ |u, 000〉 − sin θ |g,W3〉 and 2A�̇

4A2+�2 =
θ̇ . Therefore the “global” adiabatic condition reads∫ τ

0

√
4A2 + �(t )2dt �

∫ π/2

0

√
2dθ = π/

√
2, (11)

coinciding with the results for a similar system in
Refs. [65,66]. Here τ = 1 μs and F (τ ) ≈ 99.968%. Select-
ing specific couplings, we can generate a prototype W state

1√
3
(|100〉 + |010〉 + |001〉), shown in Fig. 2(a), a perfect W

state 1
2 (|100〉 + |010〉 + √

2|001〉) in Fig. 2(b), a common one

FIG. 3. Effects of detuning on W -state generation shown in
Fig. 2(a). (a) The effect of detuning �1 on generation fidelity F of
|W3〉. (b) The relation between detuning �1 and the population of two
bright eigenstates �± at the end of adiabatic evolution.

1√
6
(|100〉 + 1/

√
2|010〉 + √

3|001〉) in Fig. 2(c), and a Bell

state 1√
2
(|10〉 + |01〉) in Fig. 2(d). The fidelities F (t ) are equal

anytime in these cases. We will explain it and show its usage
in the last section. Taking the case shown in Fig. 2(a) for
example, we find F (τ ) is not sensitive to detunings, whose
maximum is reached at �1 = �2 = 0. Meanwhile, popula-
tions of bright states �± is smaller than 10−4 at t = τ for
�1/2π = �2/2π ranging from −1 to 1 MHz, as shown in
Fig. 3.

In practice, it is unavoidable to consider the effects of
environment, which are studied here with the Lindblad master
equation [67–72]:

dρ

dt
= −i[H, ρ] +

N+3∑
i=1

1

2
(2LiρL†

i − L†
i Liρ − ρL†

i Li ), (12)

where L1 = √
κ1|g, 000〉〈g, 100|, L2 = √

κ2|g, 000〉〈g, 010|,
L3 = √

κ3|g, 000〉〈g, 001|, LN+1 = √
γe/2(|u, 000〉〈e, 000| +

|g, 000〉〈e, 000|), LN+2 = √
2γϕe|e, 000〉〈e, 000|, LN+3 =√

2γϕu|u, 000〉〈u, 000|, and N is the resonator mode number
which equals three here. The qutrit excited state |e〉 possesses
a lifetime (γe)−1, where we have assumed its decay rates to
|u〉 and |g〉 are equal, and pure dephasing times (γϕe)−1 for
|e〉, (γϕu)−1 for |u〉. The lifetime of the each resonator κ−1

i
is assumed to be equal to κ−1. The system parameters are
chosen as in Fig. 2(a), and we first consider the dephasing
effects. As shown in Fig. 4(a), the fidelity is not sensitive
to γϕe, and the quantum computation target 99.9% [73] is
reached when γϕe < 0.22 (μs−1). But when we take into
account the dephasing of |u, 000〉 as in Ref. [73], we find a
sharp decrease of F even for a small γϕu, as shown by the solid
blue line in Fig. 4(b). F > 99.9% for γϕu < 0.008 (μs−1),
which is demanding but can be realized in experiment
[74,75]. The damping of the qutrit has no significant effects
on F , as shown in Fig. 4(c). However, F is sensitive to the
resonator dissipation, as shown in Fig. 4(d). F > 99.9%
when κ < 0.001 (μs−1), which can be realized in experiment
[76,77]. Finally, we combine all above factors, and choose
γe/2 = γϕe = 0.01 (μs−1), κ = 10−4 (μs−1). The fidelity
as a function of γϕu is depicted as the red dashed line in
Fig. 4(b), which almost overlaps with the blue solid line.
If we choose γe/2 = γϕe = 1 (μs−1), κ = 0.01 (μs−1), the
fidelity will decrease about 1%, as the dot-dashed line shown
in Fig. 4(b). We have also considered the dephasing of |g〉,
and the result is very similar to that of |u〉, so we do not show
it here.
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FIG. 4. The environment effects on the fidelity F of |W3〉 gen-
erated in Fig. 2(a). (a) F as a function of dephasing rate of
|e, 000〉, where γe = γϕu = κ = 0. (b) F as a function of dephasing
rate of |u, 000〉. γe = γϕe = κ = 0 for the solid line. γe/2 = γϕe =
0.01 (μs−1), κ = 10−4 (μs−1) for the red dashed line. γe/2 = γϕe =
1 (μs−1), κ = 0.01 (μs−1) for the dot-dashed line. (c) Fidelity as a
function of γe/2, where κ = γϕu = γϕe = 0. (d) F as a function of
resonator dissipation κ , where γe = γϕu = γϕe = 0.

III. EMISSION OF THE SINGLE-PHOTON THREE-MODE
W STATES

Our scheme to emit the single-photon W state is shown
in Fig. 5. Each CWR is coupled to a transmission line (TL)
through a variable coupler C, so that its dissipation rate κ into
the TL is tunable [78]. We are able to generate a single-photon
W state inside CWRs when C is turned off, as discussed
above. If we turn on each C with the same κ , then the W
state is released into the TLs, overcoming its disadvantage
of uneasy to be detected [26]. First, we give an intuitive
explanation. Any initial superposition state of the form

g1|g, 100〉 + g2|g, 010〉 + g3|g, 001〉 (13)

will be finally transformed to

|g, 000〉 ⊗ (g1|100〉out + g2|010〉out + g3|001〉out ) (14)

⟩

⟩ , 0⟩

| 0⟩

| 0⟩

FIG. 5. The scheme to emit the single-photon three-mode W
state |W3〉. (a) Relevant energy levels and transitions. (b) Setup: we
add a variable coupler [78] to control the dissipation rate of each
CWR into the corresponding transmission line (TL).

through leakage resonators with the same dissipation rate,
where |100〉out , |010〉out , |001〉out denote there is one photon in
the output channel of the first, second and third resonators re-
spectively, considering aiout (t ) = √

κai(t ), i = 1, 2, 3 [58,79]
in the Heisenberg picture. On the contrary to the last section,
a large κ is required here to accelerate the emission of the W
state. κ includes an intrinsic part and an external part caused
by the coupler C. The former is neglected here because it can
be chosen as 1/1000 of the later which reaches 0.2 (ns−1) in
experiment [78].

Now we give a more rigorous analysis from the Lindblad
master equation (12). Supposing the system is in an incoherent
superposition of pure states ρ = ∑

pm|ψm〉〈ψm| with

|ψm〉 = cum|u, 000〉 + cem|e, 000〉 + c1m|g, 100〉
+ c2m|g010〉 + c3m|g001〉 + cgm|g000〉, (15)

where pm is the probability of |ψm〉 and m identifies one
possible pure state. Since cum = 1 initially and κi = κ , we find
c1m : c2m : c3m = g1 : g2 : g3 is a solution to

d (c1mc∗
1m)

dt
= −ig1(cemc∗

1m − c∗
emc1m) − κc1mc∗

1m, (16)

d (c2mc∗
2m)

dt
= −ig2(cemc∗

2m − c∗
emc2m) − κc2mc∗

2m, (17)

d (c3mc∗
3m)

dt
= −ig3(cemc∗

3m − c∗
emc3m) − κc3mc∗

3m. (18)

Meanwhile, ρi j = ∑
m pmcimc∗

jm, so that the master equa-
tion (12) can be satisfied. Therefore, the emission rate of each
mode κTr(ρa†

i ai ) and its probability κ
∫

Tr(ρa†
i ai )dt will

be proportional to g2
i , and a desired |W3〉 = 1

A (g1|100〉out +
g2|010〉out + g3|001〉out ) could be created in the output chan-
nels considering aiout (t ) = √

κai(t ) and the whole system will
end up with Eq. (14). Choosing the pump pulse � and cou-
pling gi as shown in Figs. 6(a) and 6(b), the population transfer
under dissipation are shown in Figs. 6(c) and 6(d). The single-
photon W state is created at the rising edge of the pump
pulse and emitted through the leakage resonators. Here we
choose a sawtooth-shaped Rabi frequency as in Refs. [57,80],
which has merits [57] and gives a higher emission rate than
the typical Gaussian type in our numerical simulation, while
the latter has higher fidelity in generating W states inside
resonators, since they are two different processes. In the latter
case, the system has to strictly follow the adiabatic path under
condition Eq. (8), so the adiabatic speed is limited by the gap
|�1 ± [4A2 + �(t )2 + �2

1]1/2|/2. �(t ) increases from about
zero to much larger than 2A. The gap is small in early times,
so 〈�±|�̇0〉 ∼ �̇(t ) must also be small there to satisfy Eq. (8).
In this sense, a Gaussian pulse is better than a linear one. But
in the fast emission process where κ is large, the system will
not always stay in |�0(t )〉, because the coherent superposition
between |u, 000〉 and |g,W3〉 will get lost due to the release
of |W3〉. Therefore �± are also populated, which contains a
contribution from |e, 000〉 [55]. However, this will not hinder
the emission of |W3〉 since the damping and dephasing rate
of |e〉 can be very small. Its population will be transferred
to |g,W3〉, and |W3〉 will still be emitted through resonator
dissipation. Now the key point is to quickly transfer |u, 000〉 to
|e, 000〉 and then to |g,W3〉. Starting with the same �(0) ≈ 0,
a linear shape pulse will increase faster than the Gaussian
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FIG. 6. Simulation of the W -state emission by solving the Lind-
blad master equation (12) numerically. |W3〉 = 1√

3
(|100〉 + |010〉 +

|001〉) in the left panel and 1√
6
(|100〉 + √

2|010〉 + √
3|001〉) in the

right panel. �1 = �2 = 0.02 rad/ns. γe/2 = 2γϕe = 0.04 (μs−1).
κi = κ = 0.2 (ns−1). (a), (b) Pump pulses and coupling strength be-
tween qutrit and each resonator. (c), (d) Population of states |u, 000〉,
|g, 100〉, |g, 010〉, |g, 001〉, |g, 000〉 inside resonators. (e), (f) Emis-
sion rate of each mode into the corresponding transmission line.

shape and the transfer will be faster. However, �(t ) cannot
be too large, which will make the oscillation between |u〉 and
|e〉 so fast that the emitted photon waveform would become
nonsymmetric and multipeaked, not good for its reabsorption
by quantum nodes [58]. To quantify the symmetry of the
photon waveform, we define

s =
∫ 2T0

0 〈a†
iout (t )aiout (t )〉〈a†

iout (2T0 − t )aiout (2T0 − t )〉dt∫ 2T0

0 〈a†
iout (t )aiout (t )〉2dt

,

(19)
similar to [58], where T0 is at the peak of the waveform and s is
actually independent of i here. Choosing γe/2 = 2γϕe = 0.04
(μs−1) [77], κi = κ = 0.2 (ns−1) [78], �max = 0.3 rad/ns
[81], which are within the reach of experiment, the W states
can be emitted in 80 ns with probability P = 99.12% and
s = 0.999, as shown in Fig. 6(e), while P = 99.13% and
s = 0.9987 in Fig. 6(f). We do not take into account the
dephasing of |u〉 or |g〉 here and hereafter, because unlike
the case of generating W states inside resonators, it has lit-
tle effect on emission probabilities even for 2γϕu,g = 0.04
(μs−1). The emission rate and probability of the ith resonator
are proportional to g2

i for κi = κ , which means that the out-
put single-photon state could still possesses the structure of
g1|100〉 + g2|010〉 + g3|001〉, an easily tunable W state, as
shown in Figs. 6(e) and 6(f). Similar to the generation of W3

inside resonators, the emission probability P is not sensitive
to detunings, but �1 = 0 is no longer always most efficient.
P = 99.12% when �1 = 0.02 rad/ns and P = 99.10% for
�1 = 0.

FIG. 7. Fast emission of the W state using certain parameters.
γe/2 = 2γϕe = 0.04 (μs−1). (a)–(c) gi and � used for κ = 0.2 (ns−1),
0.4 (ns−1), 0.5 (ns−1) in numerical simulation, respectively. (d) The
corresponding photon wave packets of each mode, which are over-
lapped since the couplings and emission rates are equal. �1 = �2 =
0. (e) Emission probabilities (EP) in 50 ns against 2g and �max, for
κ = 0.2 (ns−1), �1 = �2 = 0. (f) EP in 50 ns against �1 and �2, for
κ = 0.2 (ns−1), � and g chosen as in panels (a).

The emission rate and probability depend on gi, κ , γ , γϕe,
�1, �2, and �, and we shall explore a combination of param-
eters available for fast rate, high probability, and symmetric
waveform [58]. For simplicity, we consider g1 = g2 = g3 = g,
so that the photon emission rate for three resonators are the
same and their wave packets are overlapped. The maximum
κ we found in experiment is 0.2 (ns−1) [78], but in principle,
it could be larger in the bad-cavity limit [77,82,83]. So we
consider κ = 0.2 (ns−1), 0.4 (ns−1), 0.5 (ns−1), and choose
different combinations of � and g for the fast emission of the
W state, which are shown in Figs. 7(a)–7(c), respectively. The
corresponding emission probabilities of the prototype W state
reach 98.9% in 50 ns with s = 0.989, 99.5% in 30 ns with
s = 0.983, and 98.9% in 20 ns with s = 0.99, respectively,
as shown in Fig. 7(d), comparable to the recently reported
fastest two-qubit gate (30–45 ns) [54]. Here γe/2 = 2γϕe =
0.04 (μs−1) [77], and �1 = �2 = 0.

These parameters are chosen based on analyses and numer-
ical experiments. First, as can be seen from Figs. 7(a)–7(d), a
combination of larger κ , g, and � will make the photon wave
packet sharper and shifted towards earlier time. The system is
initially in |u, 0〉, so a large � at t = 0 will transfer the pop-
ulation to |e, 0〉 quickly. Meanwhile, a proper combination of
g and κ will quickly transfer the population of |e, 0〉 to |g,W3〉
and release the photon. We find a linear decreasing shape of
�(t ) will make the photon wave packet more symmetric in
time and centered at one peak. Because a large �(t ) will make
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a fast oscillation between |u〉 and |e〉, such that the photon
waveform will be multipeaked. Here we limit the total evo-
lution time T = 50 ns, and �(t ) = �max(1 − t/t f )�(t f − t ).
Taking κ = 0.2 (ns−1) for example, we choose t f = 45 ns, and
search for the best combination of g and �max to give the max-
imum emission probability numerically, as shown in Fig. 7(e).
The best choice (2g = 0.1 rad/ns, �max = 0.19 rad/ns) is
depicted in Fig. 7(a). Second, damping γe and dephasing
γϕe will reduce the emission probability, so we choose very
small γe and γϕe available for superconducting qubits [77].
Last, for the case shown in Fig. 7(a) with κ = 0.2 (ns−1), we
change parameters �1 and �2 to find the maximum emission
probability reached at the resonance condition �1 = �2 = 0,
shown in Fig. 7(f).

IV. GENERATION AND EMISSION OF ARBITRARY
SINGLE-PHOTON MULTIMODE W STATES WITH THE

SAME FIDELITY AND TIME

Here we extend our scheme to generate and emit
arbitrary single-photon multimode W states |WN 〉 =
1
A

∑N
i=1 Ai|0102 · · · 1i0i+1 · · · 0N 〉. The system is in principle

the same as Fig. 5, just with resonator number added to N .
The Hamiltonian of this system in the one-photon manifold

under the RWA becomes

H =
∑

j=u,e,g

E j | j, 00 · · · 0〉〈 j, 00 · · · 0|

+ (Eg + ω)

(
N∑

i=1

|g, 0102 · · · 1i0i+1 · · · 0N 〉

⊗ 〈g, 0102 · · · 1i0i+1 · · · 0N |
)

+
(

1

2
�e−iωPt |e, 00 · · · 0〉〈u, 00 · · · 0|

+
N∑

i=1

gi|g, 0102 · · · 1i0i+1 · · · 0N 〉〈e, 00 · · · 0| + H.c.

)
.

(20)

First we consider the generation of W states inside
resonators. Supposing all dissipations are negligible, and
the system is in state |ψ〉 = cu|u, 000〉 + ce|e, 000〉 +∑N

i=1 ci|0102 · · · 1i0i+1 · · · 0N 〉. Similar to the three-mode
case, we solve the eigenenergy equation in the interaction
picture and find N degenerate dark states {2g1|u, 00 · · · 0〉 −
�|g, 10 · · · 0〉, 2g2|u, 00 · · · 0〉 − �|g, 01 · · · 0〉, . . . ,
2gN |u, 000〉 − �|g, 00 · · · 1〉} with E = 0. On the other
hand, according to the Schrödinger equation ċi = igice with
initial condition cu = 1, we find ci(t )/c j (t ) = gi/g j . Hence
the dark state in this specific case reads:

|�0〉 = 1√
4A2 + �2

[2A|u, 000〉 − �|g,WN 〉], (21)

where |WN 〉 = 1
A

∑N
i=1 gi|0102 · · · 1i0i+1 · · · 0N 〉, and A =

(
∑N

i=1 g2
i )1/2. To create an arbitrary |WN 〉, we need to set gi

and N as required and then turn on the pump pulse which
rises slowly to adiabatically transfer |u, 00 · · · 〉 to the target
state. We shall explore a combination of parameters which
gives high fidelity and speed available for all mode numbers,
as we have done for the three-mode case.

The ideal fidelity F = |〈g,WN |�0〉|2 = �2/(4A2 + �2),
meanwhile, the energy gap limiting the adiabatic speed
is |�1 ± (4A2 + �2 + �2

1)1/2|/2, so intuitively, if A =
(
∑N

i=1 g2
i )1/2 and other parameters are fixed for different N ,

the fidelity and evolution time will both be the same. We give
a more rigorous proof using the Schrödinger equation

dcu

dt
= − i

2
�ce,

dce

dt
= − i

2

(
�cu + 2�1ce +

N∑
i=1

2gici

)
,

dci

dt
= −igice.

It is easy to find if

N ′∑
i′=1

g′2
i′ =

N∑
i=1

g2
i (22)

for mode number N ′, with other parameters fixed, then

c′
e(t ) = ce(t ), (23)

c′
u(t ) = cu(t ), (24)

ci(t )/c j (t ) = gi/g j, (25)

c′
i′ (t )/ci(t ) = g′

i′/gi, (26)

are solutions of the Schrödinger equation for mode numbers N
and N ′, where c′

e(t ), c′
u(t ), and c′

i′ (t ) are corresponding wave
functions for N ′ case. Therefore, the fidelity to obtain |WN 〉
and |W ′

N ′ 〉 are the same at any time according to Eqs. (22) and
(26). Once we find a combination of parameters to generate
a W state with high speed and fidelity, we equally find it
for arbitrary ones by using Eq. (22) (N ′ can equal N). And
that is why the generation time and fidelity are both the same
for different three-mode W states, as shown in Fig. 2. Now
we testify it for different mode numbers. For simplicity, we
assume all g′

is (i = 1, 2, . . . , M) equal to gM for M-mode case.
Choosing the same parameters as the three-mode case shown
in Fig. 2(a) except for gM = √

3g3/
√

M = g1/
√

M with M
ranging from 1 to 20, as depicted in Fig. 8(c), we find the
fidelities are all equal to 99.968% in 1 μs by solving the
Schrödinger equation numerically, shown in Fig. 8(a).

Then we consider the emission of |WN 〉 using the master
equation (12) with N extended to arbitrary positive integers.
First we assume the system is in an incoherent superposition
of pure states ρ = ∑

pm|ψm〉〈ψm| with |ψm〉 = cum|u,

00 · · · 0〉 + cem|e, 00 · · · 0〉 + ∑N
i=1 cim|g, 00 · · · 1i0i+10N 〉 +

cgm|g00 · · · 0〉 with cum = 1 initially and κi = κ . Then,
following the same routine as the three-mode case, we
can prove the emission rate of each resonator κ〈a†

i ai〉 is
proportional to g2

i , and an adjustable single-photon multimode
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FIG. 8. Fidelities of |WM〉 = 1
M

∑M
i=1 |0102 · · · 1i0i+1 · · · 0M〉

within the same evolution time for different M. (a) Fidelities of
generating |WM〉 inside resonators in 1 μs, which are all equal to
99.968%, with M ranging from 1 to 20. The parameters for each
mode is the same as the three-mode case shown in Fig. 2(a), except
for gM = √

3g3/
√

M = g1/
√

M, which is depicted in panel (c).
(b) Reciprocal of emission probabilities P−1 of |WM〉 (all modes
and each mode) into transmission lines in 20 ns for different M.
The total P equals 98.93% for each M, where P for the ith mode is
98.93

M %. κ = 0.5 (ns−1). �1 = �2 = 0. � is chosen as Fig. 5(c), and
γe/2 = γϕe = 0.04 (μs−1). gM = g1/

√
M with 2g1 = 420 rad/μs,

as shown in panel (d).

W state could be emitted. In practice, we need to find
proper parameters to release the W states with high rate
and probability for arbitrary N , as we have done for the
three-mode case.

For each |ψm〉〈ψm|, the master equation (12) with subscript
“m” neglected reads

d (cic∗
i )

dt
= igi(c

∗
e ci − cec∗

i ) − κcic
∗
i , (27)

d (cec∗
e )

dt
= − i

2

[
�(cuc∗

e − c∗
uce) +

N∑
i=1

2gi(cic
∗
e − c∗

i ce)

]

− γecec∗
e , (28)

d (cuc∗
u )

dt
= − i

2
�(cec∗

u − c∗
e cu) + γe

2
cec∗

e , (29)

d (cuc∗
e )

dt
= − i

2

[
�(cec∗

e − c∗
ucu) −

N∑
i=1

2gicuc∗
i − 2�1cuc∗

e

]

−
(

γe

2
+ γϕe

)
cuc∗

e , (30)

d (cuc∗
i )

dt
= − i

2
[�cec∗

i − 2gicuc∗
e ] − κ

2
cuc∗

i , (31)

d (cec∗
i )

dt
= − i

2

[
�cuc∗

i +
N∑

j=1

2g jc jc
∗
i + 2�1cec∗

i − 2gicec∗
e

]

−
(

γϕe + γe + κ

2

)
cec∗

i , (32)

d (cic∗
j )

dt
= i[g jcic

∗
e − gicec∗

j ] − κcic
∗
j . (33)

We find Eqs. (23)–(26) are still solutions of the above equa-
tion set for different mode numbers N and N ′ under the
condition

∑N ′
i′=1 g′2

i′ = ∑N
i=1 g2

i and with the other parameters
fixed. The total emission rates κ

∑N
i |ci|2 and κ

∑N ′
i′=1 |c′

i′ |2
are equal according to Eqs. (22) and (26). So in this specific
case, the total emission rate and probability of |WN 〉 and |W ′

N ′ 〉
will be the same at anytime. For simplicity, we assume all
gi (i = 1, 2, . . . , M) are equal to gM for the M-mode case
in numerical simulation. Then we choose gM = g1/

√
M with

2g1 = 420 rad/μs and M ranging from 1 to 20, as shown in
Fig. 8(d), while fixing other parameters as in the three-mode
case. The total emission rates and emission probabilities P
are found to be equal for any mode number M, where the
emission probability P for the ith mode is naturally 1/M of
the total emission probability, which reaches 98.93% in 20 ns,
as shown in Fig. 8(b).

V. CONCLUSION

We proposed a unified deterministic scheme of generating
and releasing arbitrary single-photon multimode W state on
demand with high emission rate, experimental feasibility and
symmetric waveform. Essentially, the preparation times do
not depend on mode numbers. We have a qutrit coupled to N
spatially separated resonators and a pump pulse. Making the
system evolve adiabatically along a dark state, we obtain arbi-
trary W states inside resonators. The first merit of our scheme
is the coefficient for the ith basis |0102 · · · 1i0i+1 · · · 0N 〉 of
this W state is proportional to the coupling strength of the
ith mode gi, so we can obtain arbitrary W state by tuning
this coupling. Second, we can release such W states with
symmetric temporal profile into transmission lines on demand
by adding a variable coupler to modulate the dissipation rate
of the resonators. The emission probabilities reach 98.9% in
20–50 ns, depending on parameters, comparable to the fastest
two-qubit gate recently reported. Third, we only need to vary
the pump-laser pulse during the time evolution process, which
is easier to control than the qutrit. Last, the generation (or
emission) time and fidelity (or probability) can both be the
same for N-mode and N ′-mode cases (N , N ′ are arbitrary
natural numbers), by choosing

∑N ′
i′=1 g′2

i′ = ∑N
i=1 g2

i and other
parameters fixed. Therefore, once we find a proper combina-
tion of parameters for the fast generation (emission) of one
W state, we equally find it for arbitrary ones. It could be
interesting to consider its experimental realization in circuit
QED or related systems.
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