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Teleportation of discrete-variable qubits via continuous-variable lossy channels
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The continuous-variable (CV) quantum state of light allows for the teleportation of a discrete-variable (DV)
photonic qubit. Such an operation is useful in the realm of hybrid quantum networks. However, it is known
that the teleportation of a DV qubit via a Gaussian CV resource state is severely limited under channel loss,

with a teleportation fidelity beyond the classical limit unattainable for losses exceeding a small threshold. In this
paper, we present a nondeterministic teleportation protocol that combines a Gaussian CV resource state with a
modified form of the Bell state measurement that accommodates significantly improved DV-qubit fidelity over a
wide range of channel losses. Beyond this improvement, we also show how the use of non-Gaussian operations

on the CV resource state can lead to a DV-qubit fidelity approaching unity for any channel loss.

DOI: 10.1103/PhysRevA.105.062407

I. INTRODUCTION

Quantum teleportation is the process of transmitting un-
known quantum states from one location to another. At its
core, it is the consumption of entanglement shared between
the locations. Teleportation can be classified into three cate-
gories depending on whether two modes of discrete-variable
(DV) entanglement [1,2], continuous-variable (CV) entan-
glement [3,4], or a combination (hybrid) of DV and CV
entanglement are used as the resource state! for the telepor-
tation [5-8].

A non-Gaussian resource state built on DV entanglement
was originally proposed for the teleportation of DV qubits
[1]. However, in the context of optical communications such
a teleportation scheme cannot be implemented in a deter-
ministic manner using only linear optics [9,10]. In principle,
more sophisticated DV-only schemes, which approach unit
fidelity, are available for deterministic DV-qubit teleportation,
albeit with no clear practical route to deployment [11]. In
contrast, it was proposed in [12] and demonstrated in [13] that
the deterministic teleportation of DV qubits is possible with
an alternative entanglement resource, the Gaussian two-mode
squeezed-vacuum (TMSV) state, albeit at the cost of nonunit
fidelity (except in the unattainable infinite-squeezing limit).

However, recent work shows that the teleportation fidelity
of DV qubits via a TMSV resource state is severely limited by
channel loss,” e.g., the fidelity of dual-rail qubits cannot reach
the classical limit when the channel losses of both modes ex-
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'By “resource state” we refer to the resulting quantum state be-
tween two locations after the distribution of a two-mode entangled
state between the locations.

2By “channel loss” we refer to the loss that occurs during that en-
tanglement distribution, each mode being sent to a different location
through an independent lossy channel.
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ceed 0.5 dB even with infinite squeezing [14]. Such sensitivity
to loss greatly limits the potential of DV-qubit teleportation
via a TMSV resource—an outcome that inhibits the useful
operation of heterogeneous quantum networks in which quan-
tum information will be exchanged between DV-enabled and
CV-enabled devices [15-17]. This is somewhat disappoint-
ing as it is believed that TMSV resource states between the
different types of quantum devices could be easily delivered
and utilized as the “interconnect channel” in emerging hybrid
quantum networks (see, e.g., [18-21]) and play an important
role in hybrid quantum information processors—particularly
in the realm of optical measurement-based quantum computa-
tion [22].

Regarding the teleportation of a DV qubit via a TMSV re-
source state, it is therefore interesting to ask whether improved
loss-resistant schemes that retain reasonable success proba-
bilities exist. If the answer is affirmative, such an outcome
could have profound implications for a range of quantum
information protocols. In this paper, we indeed answer this
question in the affirmative by presenting a nondeterministic
teleportation protocol that combines a TMSV resource state
with a hybrid form of a Bell state measurement (BSM).
Henceforth, we refer to this measurement as the H-BSM, and
its use in teleportation as the H-BSM protocol. As we shall
see, the replacement of the CV-BSM with our H-BSM leads
to dramatic improvements in DV-qubit teleportation fidelity
for a range of channel losses, with the classical limit being
surpassed for a wide range of losses.

Beyond the use of our H-BSM, for comparison, we also
study the use of distillation operations on the resource state
via quantum scissors (QS) and photon catalysis (PC),? as a
means to improve the traditional CV teleportation scheme,
as applied to DV qubits. Such non-Gaussian operations have

3We focus on QS and PC since both have been shown to function
as a noiseless linear amplifier for states with low photon number
[23-27].
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been shown to improve the teleportation of CV states (see,
e.g., [28-36]). However, it remains unclear whether such dis-
tillation operations improve the teleportation of DV qubits. As
we shall see, when applied to the TMSV resource state, both
QS and PC can further improve the teleportation fidelity for
DV qubits. More specifically, we will see that a teleportation
fidelity approaching unity is possible with QS or PC.

Our teleportation protocols are non-Gaussian in nature and
require the use of number-resolving single-photon detectors.
However, the implementation of single-photon detection with
perfect efficiency is still challenging [37-40]. To determine
the performance of our protocols under less challenging set-
tings, we also study their use with nonideal single-photon
detectors, showing that teleportation fidelity outcomes above
the classical limit are still achievable under a range of
detector-efficiency conditions.

The rest of the paper is organized as follows: In Sec. II,
we compare existing teleportation protocols with our protocol.
The use of additional non-Gaussian operations in our protocol
is studied in Sec. III. The impact of single-photon detectors
with nonunity efficiency is studied in Sec. IV. Section V
concludes our paper.

II. TELEPORTATION OF DV QUBITS WITH TMSV STATES

First, consider the use of the protocol proposed by [3] in
the teleportation of DV qubits. For all our calculations we will
assume single-rail DV qubits expressed in the Fock basis as
lin) = cos(6/2)|0) + exp (i¢) sin(#/2)|1).* In this protocol, a
TMSYV state is used as the teleportation resource state. An in-
put qubit (the state being teleported) is coupled with one mode
of the resource state at a 50:50 beam splitter. A CV-BSM with
homodyne detectors is then performed on the coupled modes.
Based on the measurement result, a displacement operation
is applied to the other mode of the resource state. In the
limit of infinite squeezing, the multiphoton components of the
displaced mode (the output mode) vanish and it approaches
the input qubit. We refer to this protocol as the CV-BSM
protocol.

The relation between the input qubit and the output mode
for the CV-BSM protocol can be concisely described using
the characteristic function formalism. Consider a realistic sce-
nario where two locations do not share any entangled state
before teleportation, and a TMSV state is first prepared at a
middle station [see Fig. 1(a)]. The characteristic function for
the TMSYV state can be written as

1| 14+22
yrvisv (&1, &) =exp{ - 5[1 M (CY

2)\' * gk
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“The term “DV” is used to discriminate between the particlelike
qubit and the wavelike qubit [41]. In this paper, we only consider the
particlelike qubit that resides in a finite-dimensional space spanned
by the absence or presence of a single photon. For conciseness, we
will drop the term “DV” in the rest of the paper.

(a)

—— QS/PC (optional) —>®

C Lossy channel
: T,

TMSV(A)

: Lossy channel .
(i) > T, —> QS/PC (optional) —* :)
0@

@)~

Displacement

@D_> Unitary .
transformation

H-BSM

FIG. 1. (a) Distribution of a TMSV state with modes 1 and 2
over lossy channels with transmissivities 7; and 7,. The distributed
TMSV state can be distilled at the receivers by QS or PC. (b) The
CV-BSM protocol. The distributed TMSV state with modes 1" and
2’ is used as the teleportation resource state for an input DV qubit.
(c) The H-BSM protocol, which also uses the TMSV teleportation
resource state (HOM: homodyne detector.)

where &) and &, are complex variables, A = tanhr, and r > 0
is the squeezing parameter for the TMSV state. The two
modes of the TMSV state are then sent through two inde-
pendent lossy channels characterized by the transmissivities
Ti and T5. The characteristic function for the state after the
channel transmission can be written as [42]

Xtmsv (&1, &) = exp { — 3[(1 = TDI&I* + (1 — T)|&I])
x xtmsv(VTi€1, VThEr). ()

As shown in Fig. 1(b), the entangled state with the above char-
acteristic function is then used as the teleportation resource
state. Let xi, (&) and xou () be the characteristic functions of
the input qubit and the output mode. The latter can then be
written as [30]

Xout () = Xin(88) Xrmsy (6, &€, 3)

where g is the displacement gain factor. Let p;, and poy¢ be the
density operators for the input qubit and the output mode. The
teleportation fidelity, which measures the closeness between
Oin and Doy, 1s then defined as [43]

F= (tr{ AY ﬁoutﬁin\/ ﬁout})zo (4)

Assume the input qubit is pure. For this CV-BSM protocol, the
teleportation fidelity defined above can be rewritten as [44]

1
F=— / A€ Xin(&) Xou (—§). )

Next, consider our protocol, the H-BSM protocol of
Fig. 1(c). This uses the same teleportation resource state as
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before, but with a different strategy on the measurement of the
input qubit and the correction of the output mode. As shown
in Fig. 1(c), the H-BSM is performed on the input qubit and
one mode of the resource state. Note, our hybrid qubit-mode
H-BSM is different from the usual DV-BSM considered for
a qubit-qubit system. The different input states to the H-BSM
lead to a range of alternate outcomes, in terms of success prob-
abilities, dependent on the setup of the experiment. Depending
on the results from the H-BSM, a unitary transformation is
then applied to the output mode to recover the input qubit.
For a given input qubit p;, = |in)(in|, the output mode for our
H-BSM protocol can be obtained as follows.’

In the Fock basis, the initial TMSV state prepared at the
middle station can be written as

VI=22) "2 |nn) . (6)

ITMSV) =
n=0
The two lossy channels alter the TMSV state to [45]
Prmsy = T1 © T2(Prmsv), (N

where prysy = [TMSV)(TMSV|, o represents the composi-
tion of transformations, and the transformation 7; (k =1, 2)
is defined as

Te(p) =Y GUpGY", ®)
=0
with
1— Tk

Vi Tk

and &, the annihilation operator of mode k. For clarity, the
two modes of the TMSV state, after passing through the
channels, are labeled as 1’ and 2/, respectively. An H-BSM,
which detects the four Bell states,

; €))

|dF) = L(|00> + [11)),
V2

1
(W) = —=(I01) £ 110)),
V2
is then performed on the input qubit and mode 1’. Depend-
ing on the result of the H-BSM, a unitary transformation
chosen from

(10)

= 10)(0] + [1)(1] (for|®™)),

= 10)(01 — [1){1] (for|®™)),

= 10)(1] + [1)(0] (for|W™)
) (11 = 11){0] (for|¥™)

(1D
),

6zx =10 )

is applied to mode 2’ of the teleportation resource state. On

the detection of |®™) for the H-BSM, the output mode of our

SDifferent from the CV-BSM protocol, the bra-ket formalism is
adopted since the characteristic function formalism does not provide
a concise description of the relation between the input and output for
this protocol.

protocol can be written as

(DT Pin ® Py PTG, (12)

o+

where Py+ is the probability for the detection of |®*). Similar
definitions of Pg-, Py+, and Py- are in place for the detection
of |®7), [¥™T), and | W), respectively.

The measurement basis of our H-BSM is not complete in
the infinite-dimensional space of mode 1’. Consequently, the
measurement is nondeterministic and its success probability
decreases with increasing mean photon number in mode 1'. In
this section, we assume the H-BSM that only discriminates the
Bell states | W) is adopted. This is the simplest measurement
possible, and one that is readily implemented using current
technology. An implementation of the H-BSM that discrim-
inates the four Bell states, and one which requires additional
non-Gaussian operations, will be discussed in the next section.
Details on the implementation of both forms of the H-BSM
can be found in Appendix A.

We define the total success probability for the H-BSM
protocol as

Pootal = PBSMPuperationa (13)
where
Pgsm = Po+ + Pop- + Py+ + Py- (14)

is the success probability for the H-BSM, and Pyperation 1S
the success probability for additional non-Gaussian operations
(beyond photon detection). Mode 2’ will be discarded when
the protocol fails. For the H-BSM considered in this section,
Py+ = Pyp- =0, and Py = Psm because no additional op-
eration is adopted.

For a pure qubit as the input (the state being teleported) to
our protocol, the teleportation fidelity can be written as [44]

F= tr{,bini)out}v (15)

which is equivalent to the fidelity given by Eq. (5). Assume
the input qubit is uniformly distributed on the Bloch sphere.
Then the joint probability density function for the parameters
0 and ¢ can be written as P(6, ¢) = (sin6)/4mx. The averaged
fidelity, F, will be used as the performance metric. For the
H-BSM protocol, F is obtained by first averaging the F in
Eq. (15) over 6, ¢, and the two possible outcomes of the
H-BSM. The averaged fidelity is then normalized by Pgsm-
For the CV-BSM protocol, F is obtained by averaging the F
in Eq. (5) over 6 and ¢.

First, consider the scenario where the lossy channels are
symmetric, i.e., 7} = T, = T. In the following figures, the
channel loss in decibel units is determined via T[dB] =
—101og,((T), and the initial squeezing of the TMSV states in
decibel units is determined via r[dB] = —10log,,[exp(—2r)].
In all calculations, the TMSV state is truncated to a finite
dimension such that tr(pmvsy) > 0.95 is satisfied.

Figure 2(a) compares the F for the CV-BSM protocol
and the H-BSM protocol. For the CV-BSM protocol, the
displacement gain g is set to maximize F. The CV-BSM
protocol is not effective over most regions of the parameter
space since it only provides a narrow region where the
teleportation channel provides F higher than the classical
limit of 2/3 [46] (see Appendix B for a discussion on the
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FIG. 2. (a) Average teleportation fidelity F for the CV-BSM pro-
tocol (blue surface) and the H-BSM protocol (red surface). The gray
plane represents the classical limit for the teleportation of qubits.
(b) The total success probability for the H-BSM protocol averaged
over the parameters of the input qubit (6 and ¢). The numbers below
each curve represent the squeezing (in dB) of the initial TMSYV state.

classical limit). The H-BSM protocol provides F higher than
2/3 for a region larger than the CV-BSM protocol. Average
fidelity higher than the classical limit is attainable with the
H-BSM protocol when the channel losses of both modes are
4.7 dB. The initial squeezing of the TMSV state required to
provide such an F is around 7 dB.

Figure 2(b) shows the averaged total success probability
for the H-BSM protocol against the channel loss for various
values of the initial squeezing of the TMSYV state. The average
is taken over the parameters 8 and ¢ of the input qubit.
The H-BSM protocol provides a success probability higher
than 40% when the classical limit is surpassed. Note, the
TMSYV state approaches two vacuum modes as the channel
loss increases (in decibels), and the total success probability
for the H-BSM protocol approaches 50% as the multiphoton
components vanish.

For the scenario of asymmetric lossy channels, the H-BSM
protocol still provides F higher than the classical limit for

(a) o101 (b)
or
D [10)(10| [1)(1]

Te

l0)(0] —AL—>
" (1]

[1)(1

Ts = 1/2 for truncation
Ts < 1/2 for distillation

T, < 1/4 for distillation

FIG. 3. (a) The diagram for the QS operation on one mode of
a state p. The operation has been successful if a single photon is
detected in either of the single-photon detectors. (b) The diagram
for the PC operation. The operation has been successful if a single
photon is detected in the single-photon detector. In both diagrams,
the input and output to the operation are denoted by p and p/,
respectively.

a region larger than the CV-BSM protocol. For the scenario
where 7y =T and 7, = 1, F for both protocols decreases
monotonously as the channel loss increases (in decibels).

III. TELEPORTATION WITH ADDITIONAL OPERATIONS
A. The H-BSM protocol without entanglement distillation

Non-Gaussian operations are defined as operations that
map a quantum state to a non-Gaussian state. In this section,
we consider the use of additional non-Gaussian operations in
the H-BSM protocol, beyond the non-Gaussian photon detec-
tion utilized in the previous section.

Assume the TMSV state is first distributed to the two
locations through lossy channels. Similar to before, assume
the two channels have the same transmissivity. In the first
instance, let us also assume an H-BSM that can discriminate
the four Bell states is adopted, and that Pgsy = 1. A specific
experimental route to the implementation of this form of the
H-BSM can be found in Appendix A. The implementation
discussed there requires the truncation of the mode of the re-
source state that couples the input qubit. The truncation can be
realized by a QS operation [see Fig. 3(a)], which implements
the transformation [47]

1 . .
ﬁtrun = > trun;a"/[Mva;;uny (16)
})trun
where
N 1
My = E(IOM(OI + 1) (1D), (17)

Pyun = tr{(|0)1 (O] + 1)1 {1])ppmsy/2) is the success proba-
bility for the truncation, and pygy 1S the density operator
given by Eq. (7). The truncated TMSV state, Pyun, iS then
used as the teleportation resource state. The total success
probability for the H-BSM protocol can then be written as
Potat = Piun-

Figure 4 compares the performance of the H-BSM protocol
(with the measurement that can discriminate the four Bell
states) against the CV-BSM protocol. For both protocols, for a
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FIG. 4. The maximum attainable average fidelity for a given
channel loss for the CV-BSM protocol (solid black) and the H-BSM
protocol (dash-dotted black). For both protocols, for a given channel
loss, the initial squeezing of the TMSV state is adjusted indepen-
dently so as to maximize the average fidelity. The corresponding
optimal initial squeezings for the two protocols are plotted in red.
No entanglement distillation is present in any of these calculations.

given channel loss, the initial squeezing of the TMSV state is
adjusted independently so as to maximize the average fidelity.
As can be seen, the H-BSM protocol provides a higher F
relative to the CV-BSM protocol over the entire region of
channel losses. The improved loss tolerance for achieving
teleportation fidelity above the classical limit is evident. It can
also be seen that the H-BSM protocol offers ~20% fidelity
improvement at the loss level where the CV-BSM protocol
falls below the classical limit. The results shown are for the
teleportation of a single-rail qubit—as is the case for all cal-
culations in this paper. For the case of the teleportation of
dual-rail qubits (achieved via two uses of the teleportation
protocol), the H-BSM protocol provides even better relative
fidelity improvement at a given loss level—but the loss at
which the classical limit is obtained in both protocols for this
case is lowered (both curves moved to the left).

B. The H-BSM protocol with entanglement distillation

Next, we consider using QS and PC to distill the entan-
glement of the distributed TMSV state before teleportation.
On performing the same QS operation on both modes of the
distributed TMSV state, the density operator for the state can
be written as [23,27]

R | N N
Pas = Mo\ Piysy M M3, (18)
Qs
where Py is the overall-success probability for the bi-side QS
operations,®

My = VT0), (0| + VI = T|1) (1. k=1,2 (19

®The QS operations discussed in this subsection are for entangle-
ment distillation and distinct from the QS operation suggested for
delivering the full BSM in Sec. III A. The overall-success probability
for the bi-side QS operations on the TMSV state is the product of the
success probabilities for each QS operation. A similar definition is
used for the overall-success probability for the PC operations.

is the operator for the QS operation, 7; < 1/2 is the transmis-
sivity of the beam splitter used in the QS operation, and again
Prumsy 1s the density operator given by Eq. (7).

On performing the same PC operation on both modes of the
distributed TMSYV state, the density operator for the resultant
state can be written as [48]

R 1 55 pipt
Ppc = ——RaoR  Prysy R Ry, (20)
Pec
where Ppc is the overall-success probability for the bi-side PC
operations,

zékzﬁc(

is the operator for the PC operation, 7, < 1/4 is the transmis-
sivity for the beam splitter in PC [see Fig. 3(b)], and &Z is the
creation operator of mode k.

The distilled TMSV state is then used as the teleportation
resource state. Again we assume the form of the H-BSM that
can discriminate all four Bell states is adopted. Note, the trun-
cation previously used is not required for a resource state that
has been distilled by QS. In terms of total success probabilities
we have the following two outcomes: (1) P = Pgs, if the
TMSV state has been distilled by QS before it is used as the
resource state, and (2) P = Ppc Py, if the TMSYV state has
been distilled by PC before it is used as the resource state,
where P, = tr{(0), (0] + [1), {1)pc/2}.

Figure 5 compares the performance of the H-BSM protocol
with and without entanglement distillation. In Figs. 5(a) and
5(b), the red surface corresponds to the case without entangle-
ment distillation—it only requires the full BSM. The purple
and green surfaces correspond to the cases with QS and PC,
respectively. For QS and PC the transmissivities 7; and T
are set to maximize F. In comparison to not performing any
distillation before teleportation, both QS and PC can improve
the average fidelity over some parameter spaces. QS provides
the largest F over the entire parameter space. The average
fidelity provided by QS is always larger than the classical
limit. The total success probability for the H-BSM protocol
with additional non-Gaussian operations is shown in Fig. 5(c).
When the initial squeezing of the TMSV state approaches zero
(curves marked with diamonds), both QS and PC provide for
an average fidelity approaching unity—at the cost of vanish-
ing success probability for the operations. The total success
probability for the protocol is reduced significantly when PC
is applied.

For the scenario of asymmetric lossy channels, parameters
for the non-Gaussian operations performed on the two modes
of the resource state can be set independently to maximize F.
QS provides the largest F over the entire parameter space of
{r, T1, T»}. For both QS and PC, their P, for the case of 7} >
T, T, =T is always higher than the case of T1 =T, = T.

T.—1

C

ajay
aay + 1>¢Tck ‘ Q1)

C. The CV-BSM protocol

For completeness, the use of non-Gaussian operations
in the CV-BSM teleportation protocol is also studied. To
determine fidelities, the characteristic functions for the non-
Gaussified resource states are useful. The characteristic
function for the resource state after the bi-side QS operations
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FIG. 5. [(a), (b)] The average fidelity of the H-BSM protocol
with QS or PC. The red surface represents the average fidelity for
the case without entanglement distillation. The purple (green) sur-
face represents the average fidelity for the case with QS (PC). The
gray plane represents the classical limit. (¢) The corresponding total
success probability for the H-BSM protocol. Curves with different
markers represent different initial squeezings of the resource state.
The red curves represent the case without entanglement distillation.

can be directly obtained from

xos (&1, &) = tr{D(E)D (&) s ), (22)

where D(£) is the displacement operator, and pqs is the den-
sity operator given by Eq. (18).

I Fos — Frasy
[ Fpe — Frusv
[ 2/3 — Frusv

0.15 —

0.1 4

0.05 4

0
o
(()) - 10 %6\6
\O
2 10 &
Initial Squeezing [dB] 15 20 G\@ﬁ‘

FIG. 6. The difference of the average fidelity of the CV-BSM
protocol with QS or PC. The gray surface represents the difference
between the classical limit 2/3 and the average fidelity for the case
without entanglement distillation. The purple (green) surface repre-
sents the difference between the average fidelity for the case with
QS (PC) and the case without entanglement distillation.

Finding the characteristic function for the resultant state
after the bi-side PC operations is more involved [49]—it is
given by

yid’y,
xpc(§1,82) = / m}(m{sv(yh v2)

X k(&1 yOk(y1, §Dk(E2, y2)k(y2, §2),  (23)

where x1vsy (V1. ¥2) is the characteristic function given by
Eq. (2), T; is the transmissivity for the beam splitter in
PC, and

ke, yy = E VT
) T—1
For a given resource state, depending on which non-Gaussian
operation is performed, the characteristic function for the dis-
tilled resource state can be obtained by putting Eq. (22) or
Eq. (23) into Eq. (3).

Figure 6 compares the performance of the CV-BSM pro-
tocol with QS or PC. Different from Fig. 5, for added clarity,
the difference between the average fidelity for the cases with
QS or PC and the average fidelity for the case without entan-
glement distillation is shown. Both QS and PC can improve
the average fidelity over a certain range of the parameter
space. The improvement is the most significant when the ini-
tial squeezing of the TMSV state approaches zero. However,
at such squeezing this improvement is meaningless as none
of the non-Gaussian operations can provide average fidelity
larger than the classical limit.

(24)

IV. THE IMPACT OF IMPERFECT SINGLE-PHOTON
DETECTORS

Consider the use of single-photon detectors with detection
efficiency 1.’ To bring focus to this discussion, as shown in

"The detection efficiency of the single-photon detector, which is
defined as the probability of registering a count if a photon arrives
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FIG. 7. (a) The H-BSM protocol with QS operations and the
H-BSM that only discriminates the Bell states |¥*). (b) The QS
operation with imperfect single-photon detectors. (c) The H-BSM
that only discriminates the Bell states |¥*) with imperfect single-
photon detectors.

Fig. 7(a), we will consider the photon detectors used in the QS
operation and the H-BSM (recall from the previous section,
QS outperforms PC in terms of fidelity and success proba-
bility). Considering that an imperfect single-photon detector,
i.e., a detector with n < 1, is equivalent to a detector with
unity efficiency preceded by a beam splitter with transmis-
sivity n [51], we will use such an equivalent form and model
the detection efficiency by an additional beam splitter with
transmissivity . A mode to be detected first interacts with a
vacuum mode at the beam splitter.

Note, the impact the detection efficiency has on the H-BSM
depends on the implementation of the measurement [52]. For
simplicity, we revert in this section back to the form of the
H-BSM that only discriminates the Bell states |W™).

The QS operation with imperfect single-photon detectors
is shown in Fig. 7(b). The teleportation resource state after
the two symmetric QS operations with the same imperfect
detectors can be written as

Pas = Qv 0 Qo (Prmsy)s (25)
where the transformation for the QS operation on a mode of a
state p can be written as [53]

P =Q(p)
1 o0
= Y (= WM, (26)
" =1, n'=0

where P, is a normalization constant, and

,\ o nl— f—1)!
M, =(=1D)"2"" " (n— 1) [(ntn— Dt
’ nln'!

ntn'—1

X VT|0) n+ 1 — 1|+ (=1)"27 "2

w SO A, @7)

n'n'!

at the detector, is considered as the product of coupling loss and the
intrinsic quantum efficiency of the detector [50].

which reduces to the operator given by Eq. (19) when n = 1.
We note, four imperfect single-photon detectors are used in
the two QS operations.

As shown in Fig. 7(c), suppose the H-BSM adopts single-
photon detectors with the same detection efficiency as the QS
operations. Let pqe¢ be the full description of the system before
the H-BSM with imperfect detectors:

Pdet = Pin ® PQs, (28)

where pi, is the qubit to be teleported, and pqs is the density
operator given by Eq. (25). We note that the beam splitters
modeling the detection efficiency commute with the 50:50
beam splitter in the H-BSM [51]. To simplify the analysis we
swap the order of the beam splitters with transmissivity 1 and
the 50:50 beam splitter. The beam splitters with transmissivity
n alter the state pge; to

/A)eq = &in 0 E1(Pder), (29)

where the transformation £ is similar to the transforma-
tion given by Eq. (8), but with 7; being replaced by 1. An
H-BSM using efficient single-photon detectors (n = 1) is then
performed on mode “in” and mode 1’ of peg.

Consider the scenario of symmetric lossy channels. The
average fidelity for the H-BSM protocol with imperfect
single-photon detectors is shown in Fig. 8(a). For the case
of no QS adopted, the average fidelity is not sensitive to the
decrease of n when the initial squeezing is small. With QS
the H-BSM protocol is more robust against the decrease of
n. Average fidelity higher than the classical limit is attainable
with QS even when 5 drops to 0.5 (see Appendix B for a
discussion on the classical limit and the measure-and-prepare
scheme). When single-photon detectors with n =~ 0.9 (see,
e.g., [54]) are used, the H-BSM protocol with QS provides
average fidelity higher than the classical limit over the entire
channel loss region considered (up to 20-dB loss).

Figure 8(b) shows the corresponding total success proba-
bility for the H-BSM protocol. For both cases, P, decreases
monotonously as 1 decreases, independent of the channel loss
and the initial squeezing.

V. CONCLUSION

We have proposed a hybrid teleportation protocol for DV
qubits that combines a CV teleportation resource state and a
different form of a hybrid Bell state measurement. We dis-
cussed two forms of this measurement, one in which only
two of the Bell states are discriminated, and a more complex
one in which all Bell states are discriminated. We found that
the loss tolerance in our protocol was significantly improved
relative to known teleportation protocols and that high fi-
delity and success probability were both possible. The use of
non-Gaussian operations on the resource state was also stud-
ied. With such operations, a teleportation fidelity approaching
unity was found possible for any channel loss, albeit at van-
ishing success probability. Finally, we studied the impact of
single-photon detection with nonunity efficiency in our proto-
col, finding that it can accommodate significant channel loss
using current single-photon detectors.
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FIG. 8. (a) The average fidelity for the H-BSM protocol with
imperfect single-photon detectors for different initial squeezing (r)
and channel loss (7). The red curves represent the case of no en-
tanglement distillation (QS) adopted. The blue curves represent the
case with QS. The black dashed line represents the 2/3 classical
limit. The black dotted line represents the average fidelity for the
measure-and-prepare scheme. (b) The corresponding total success
probability for the H-BSM protocol.

APPENDIX A: IMPLEMENTATION OF THE H-BSM

Here, we discuss the implementation of the H-BSM. First,
consider the form of the H-BSM that can only discriminate
the Bell states |W¥) [55], which contains a beam splitter and
two single-photon detectors. We define n; as the number of
photons detected at the ith detector, &T as the creation operator
for the qubit to be teleported, and &; as the creation operator
for the mode of the teleportation resource state that couples
the qubit. Modes 1 and 2 are mixed at the beam splitter, which
implements the transformation:

() )
2 2

(AL)

a; = Qi 1
ﬁ; N Beqm— N ) ny
Quantum splitter
scissors Array
o — " —Dn
3
1 N
T.=3 s™ :
c’i;\, _ _>D n,nN
N>1

FIG. 9. The diagram for the H-BSM, where &J{ and 21; are the
creation operators for the qubit to be teleported and the mode of
the resource state that couples the qubit, respectively; &;, &Z, cees &;N
are the creation operators for the ancillary modes; T; is a parameter
associated with the QS; and »n; is the photon number detected at the
ith single-photon detector. The mode of the resource state is first
truncated by a QS operation before entering the beam-splitter array.

S(l)_L 1 1
EVACT YA

and lAJJi and B; are the creation operators for the output modes
of the beam splitter.

The H-BSM is successful when one photon is detected by
one of the detectors. For n; = 1 and n, = 0, the input modes
are projected into

1 1
V2 V2

For n; =0 and n, = 1, the input modes are projected into
\/%( |10) — |01)). The probabilities for the projection of |W™)

and | ™) are, respectively,
Py = tr{| W) (W D1},
Py- = tr{[W7 N (V7 (P12},

where

(A2)

b}100) = —= (@} + a})|00) = —=(|10) + [01)).  (A3)

(A4)

where 1, is the density operator for modes 1 and 2. When no
other non-Gaussian operations are adopted, the total success
probability for the H-BSM protocol can then be written as
Powal = Py+ + Py-.

Next, built upon [56], we present a variation of the H-BSM
that can discriminate the four Bell states expressed in the
Fock basis (see also [57]). We note that this variation is only
one of the many routes possible to such a full-discrimination
measurement. As shown in Fig. 9, this H-BSM consists of
an array of beam splitters (22V =2 in total), 2" — 2 ancillary
modes, and 2V single-photon detectors (N > 1). Same as be-
fore, the creation operator for the qubit to be teleported is
denoted by &I and the creation operator for the mode of the
teleportation resource state that couples the qubit is denoted
by &er. The creation operators for the ancillary modes are
denoted by &;, &I, e, &;N. Mode 2 should be truncated to the
space spanned by {|0), |1)} before it enters the beam-splitter
array. This can be implemented by performing a QS operation
with 7, = 0.5 on mode 2. Let p, be the density operator of
mode 2. The success probability for such a QS operation can
then be written as

Prun = 5 tr{(10)(0] + [1) (1))} (AS5)
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The beam-splitter array implements the transformation:

b} a;
¢ =8 % : (A6)
bow aow
where
S =S(l)®S(N_]), (A7)
and lAfl, 13;, R IQ;V are the creation operators for the output

modes of the beam-splitter array.
Before entering the beam-splitter array, the 2V — 2 ancil-
lary modes are in the state

N-1
12V =@ 1EY). (A8)
j=1

which is a product state of N — 1 different entangled states:

. 1
|§<j>>=E<|()o...o>+|11...1)>. (A9)

27 27

We label the summation of the numbers of photons de-
tected by the detectors as ngm = Ziz:] n; <2V. On the

N
detection of ®?:1 |n;) at the output of the beam-splitter array,
modes 1 and 2 are projected into the state

. p 117
Pp=—m— (A10)
tr{I1p12}
where I1 = |¢)(¢|, and
2V 2V (AT
()
1) = (BN | — =L T 10),  (ALD
\/E " E I’li!
where sV are elements of the matrix S™.

Depéi{ding on the value of ng,,, the detection outcomes
can be categorized into four mutually exclusive groups.

(1) When ng, = 0, modes 1 and 2 are projected into |00).
The probability for this group is

tr{|00){00|p12}

0 = TH (A12)

(2) When ng, =2V, independent of the permutation of

{n;}, modes 1 and 2 are projected into |11). The probability
for this group is

_ w{I1D (1P}

Py N

(A13)

(3) When ng,, is even (but not equal to 0 and 2V), depend-
ing on the permutation of {n;}, modes 1 and 2 are projected
into |®*) or |®~). For a given permutation of {n;}, the
states |®*) and |® ) can be determined by using Eq. (A10).
The probabilities for the projection of |®T) and |®~) are,
respectively,

P¢+=<1—

1
Po- = <1 - F) tr{[P7) (P | P12}

1
F) tr{|dF) (DT |pa),
(Al14)

(4) When ng,y, is odd, depending on the permutation of
{n;}, modes 1 and 2 are projected into |W) or |¥™). For
a given permutation of {n;}, the states |¥*) and |¥~) can
be determined by using Eq. (A10). The probabilities for the
projection of |WT) and |W ™) are, respectively,

Py = tr{ [ W) (U pra),
Py = tr{|[ W) (W7 pra).

(A15)

The H-BSM is successful when modes 1 and 2 are pro-
jected into one of the four Bell states. The corresponding
success probability can be written as

Py

Pgsm = Po+ + Pp- + Py+ + Py- =1 — N1 (A16)

where Pg = tr{(|00)(00| + |11)(11])p12}. When no other
non-Gaussian operations are adopted, the total success proba-
bility for the H-BSM protocol can then be written as Py =
PirunPesm, Which approaches Py, as N increases.

APPENDIX B: THE CLASSICAL LIMIT FOR
THE TELEPORTATION OF QUBITS

Consider a qubit expressed in the Fock basis as |in) =
cos(0/2)|0) + exp (i¢p) sin(8/2)|1). Alice is given [in), un-
known to her, and Bob is required to prepare a qubit |out) as
close as possible to |in). Alice and Bob are connected only by
a classical channel and their goal is to maximize the fidelity
|(out|in)|? averaged over the parameters 6 and ¢. The classical
limit is the upper limit for the average fidelity, which can be
achieved by the measure-and-prepare scheme [46]. Alice mea-
sures |in) by a single-photon detector, of which the result can
be |0) or |1). Alice informs Bob about her measurement re-
sult, and Bob prepares a |0) (or |1)) if the result is |0)
(or [1)).

Now consider the use of a single-photon detector with
nonunity efficiency. Again, we use a beam splitter with trans-
missivity 1 to model the efficiency in the detector. For a given
lin), using such a detector the probabilities for the detection
of |0) and |1) are, respectively,

Py = tr{|0)(0|E(Jin){in|)} = cos> g + (1 = p)sin? g,

Py = w{[1)(1]€(Jin) (in])} = 7 sin® Q,

7 (BI)
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where again the transformation £ is similar to the transformation given by Eq. (8), but with 7; being replaced by . The fidelity
for the measure-and-prepare scheme can then be written as

- ™ 2 ino 0 0 3
F= / 6 / do( Y (cos2 Uy +sin2 Zp ) = 2121 (B2)
0 0 47[ 2 2 6

The classical limit 2/3 is achieved by the measure-and-prepare scheme when an efficient single-photon detector (n = 1) is used.
When n = 0, Bob will prepare a qubit in the state of |0) independent of the state of Alice’s initial qubit |in). The corresponding
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