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We study theoretically laser excitation of Rydberg triplet states of strontium atoms in the presence of
weak microwave (MW) fields. Starting from the ground state 5s>'S,, the Rydberg excitation is realized
through the metastable, triplet 5s5p*P; state, whose decay rate y; is 2 x 7.5 kHz, much smaller than the one
in the singlet state or alkali-metal atoms. The influences of y, on the transparency and absorption spectrum in
the electromagnetically induced transparency (EIT), and electromagnetically induced absorption (EIA) regime
are examined. Narrow transparent windows (EIT) or absorption peaks (EIA) are found, whose distance in the
spectrum depends on the Rabi frequency of the weak MW field. It is found that the spectrum exhibits higher
contrast than using the singlet state or alkali-metal atoms in typical situations. Using the metastable intermediate
state, we find that the resonance fluorescence of Sr gases exhibits very narrow peaks, which are modulated by
the MW field. When the MW field is weaker than the probe and control light, the spectrum distance of these
peaks is linearly proportional to €2,,. This allows us to propose an alternative way to sense very weak MW fields
through resonance fluorescence. Our study shows that the Sr triplet state could be used to develop the Rydberg

MW electrometry that gains unique advantages.
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I. INTRODUCTION

Using their large electric-dipole moments and many dipole
allowed transitions, Rydberg atoms are utilized to sense weak
electromagnetic fields from the microwave (MW) to tera-
hertz frequency range [1-4]. These sensing applications are
largely based on alkali-metal atoms, such as Cs [5-7] and
Rb [4,8]. Commonly, atoms are laser excited to a low-lying,
intermediate state, and then to a Rydberg state by a control
light. A MW field couples the Rydberg state near resonantly
to a different Rydberg state. Both Rydberg states have long
lifetime (10-100 ps typically), while the linewidth of the
intermediate state is large [9-11] (e.g., about 2w x 6.07 MHz
in the 5p state of Rb and 27w x 5.22 MHz in the 6p state of
Cs). To sensitively probe the electric component of MW fields,
one typically relies on two quantum interference phenomena,
i.e., electromagnetically induced transparency (EIT) and the
Autler-Townes (AT) effects [4,7,12,13]. Here the Rydberg-
MW field coupling gives rise to two Rydberg dressed states,
which generate two transparent windows (the AT splitting).
The distance of the AT splitting is determined by the Rabi
frequency of the MW electric field, which serves as the basis
in the Rydberg atom based MW electrometry. This method
is influenced by various parameters, such as the control laser
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strength and decay rate in the intermediate state. In particular,
the large decay rate affects the lowest MW field that can be
sensed [14]. A different method, based on the electromagneti-
cally induced absorption (EIA) [15], has been demonstrated
experimentally [14]. In the EIA method, the intermedi-
ate state is adiabatically eliminated through large single-
photon detuning. The MW coupled AT states lead to two
absorption maxima, whose distance equals the MW Rabi fre-
quency when the latter is much larger than the ac Stark shift.
This approach largely avoids impacts from the intermediate
state, and can sense weak MW fields as low as 100 uV/cm
[14]. However, the visibility of the absorption spectrum is
suppressed because the overall absorption is much weaker.

In recent years, Rydberg states of alkaline-earth-metal
atoms have attracted growing interest [16,17]. Experiments
have observed the Rydberg state excitation [9], blockade ef-
fects [18,19], Rydberg dressing [20], and Rydberg polaron
[21] in gases of strontium atoms. Compared to alkali-metal
atoms, one of the key differences is that Rydberg states can
be excited through intermediate, triplet states. For example,
the linewidth of the triplet 5s5p3P; state of Sr atoms is
y, = 2w x 7.5 kHz. The long coherence time in the triplet
state plays important roles in the study of Rydberg physics
of alkaline-earth-metal atoms when excited through EIT [16],
such as quantum clock networks [22], spin squeezing [23]
via Rydberg dressed interactions [24,25], and Rydberg atom
based high-precision quantum metrology [23,26,27]. When
developing MW sensing with alkaline-earth atoms, the em-
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FIG. 1. (a) Level scheme. A probe laser (Rabi frequency €2, and detuning §,) and a control laser (Rabi frequency 2. and detuning 43)
couple the transitions between state |1) — |2) and |2) — |3), respectively. A near-resonant MW field couples Rydberg states |3) — [4) with
Rabi frequency €2,,. (b) EIT and AT effect. When the control laser is resonant §; = 0, the resonant MW field splits the EIT transmission
maximum into two peaks. The distance of the two peaks, i.e., the AT splitting of the dressed states |+) and |—), is approximately equal to €2,,.
(c) EIA scheme is achieved when both the control and probe light are far detuned, while two-photon resonance is approximately maintained.
The MW field induces two absorption peaks with splitting €2,, near the two-photon resonant transition.

ployment of the singlet or triplet intermediate state will have
different optical responses [28,29]. Therefore, it is interesting
to understand the roles played by the triplet state in EIT as
well as in developing MW electrometry with Sr atoms.

In this work, we study the AT effect of Sr atoms when
Rydberg states are coupled by a MW field. The Rydberg state
is laser excited via the triplet 5s5p3P; state. We focus on
influences of the weak decay rate in the metastable state. In
the stationary EIT spectrum of Sr atoms, transparent windows
are surrounded by strong absorption peaks, leading to high
contrast signals even when both the MW and probe field Rabi
frequency are of the same order of magnitude of the triplet
decay rate y». Under the large one-photon detuning condition,
the distance between EIA peaks can be used to determine the
MW Rabi frequency [14]. We show that high contrast can be
realized through ETA when both the MW and probe field are
close to y».

Furthermore, we propose an alternative way to sense the
MW field based on resonance fluorescence [30]. Resonance
fluorescence is widely used in optical and atomic physics [31].
Different from the EIT and EIA method, photons randomly
scattered by atoms are measured in resonance fluorescence.
We show that the narrow linewidth of Sr atoms leads to well-
separated fluorescence peaks. We identify the linear regime
where the distance of the peaks is proportional to the MW
Rabi frequency. Moreover, the time-dependent resonance flu-
orescence is employed to capture the slow timescale in the
optical response, determined by y,. Here we show that res-
onance fluorescence can be used to sense MW fields with
Rydberg states of Sr atoms.

The remainder of the paper is organized as follows. In
Sec. II, we present the system whose dynamics is modeled
by a quantum master equation of four-level atoms. In Sec. III,
optical responses of the system in the presence of MW fields
are discussed. We show the spectrum of the optical response
in both the EIT and EIA regimes. A comparison between Rb
and Sr atoms shows that high contrast optical responses can
be obtained in Sr atoms. In Sec. IV, we investigate the roles
of the intermediate state played in the dynamics and resonance

fluorescence. It is found that resonance fluorescence can also
be used to quantify the MW field. The main results and con-
clusions of this work are summarized in Sec. V.

II. SYSTEM AND MODEL

The laser-MW-coupled atom is described by a four-level
model, as depicted in Fig. 1(a). The probe light of frequency
w), drives the transition from the atomic ground state |1) to an
intermediate state |2) with Rabi frequency €2, and detuning
8y = wy; — w,. A strong control light of frequency w, acts
on the transition between state |2) and Rydberg state |3) with
Rabi frequency €2, and detuning 63 = w3, — w.. The MW
field with frequency w,, couples two Rydberg states |3) and
|4) with Rabi frequency €2,, and detuning §,, = w43 — wp. Vi
denotes the decay rate from state |i) to |1). In the electric
dipole and rotating-wave approximation, the Hamiltonian of
the system is given by (7 = 1) [14]

H = Hy + 3[2,012 + Qco23 + Quozs + Hell, (1)

where o, = |a){b| (a, b =1, 2, 3, and 4), and H; = 6,07, +
8033 + 84044 With § = 8, + 63 and &4 = 6, + 63 + 5,,. The
two-photon detuning takes into account the single-photon
probe field detuning &, and control field detuning &3. Due
to spontaneous decays in the intermediate state and Rydberg
states, the dynamics of the density matrix p is governed by a
quantum master equation,

4

d .
P Lp = —ilH, p] + ; viL(o1:)p, 2

with the Liouville £ and dissipator L(-)p = (-)p(-)" —
{()T(), p}/2, and the jump operator is given by o1 = 1)l
Here we assume that Rydberg states directly decay to the
ground state |1), while neglecting cascade decay to multiple
low-lying electronic states. The dephasing of various elec-
tronic states has been neglected.

Focusing on Rydberg triplet states of Sr atoms, we con-
sider the ground state |1) = |5s%>'Sp) and intermediate state
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|2) = |5s5p3P;). State |2) couples to a Rydberg state |3) =
|5sns381) [18,19], or |Ssnd 3Dy) [10]. A MW field couples
state |3) to a neighboring Rydberg state |4) = |Ssn'p3P;).
Depending on the principal quantum numbers, lifetimes in
Rydberg states typically range from a few to tens of microsec-
onds [32], leading to decay rates y34 ~ 2w x 1...100 kHz.
In the following, we will compare the optical response of Sr
triplet states with conventional situations, where the decay
rate of the intermediate state is large. The latter can be real-
ized, for example, by using the Sr singlet state or alkali-metal
atoms. To be concrete, the 581 2(F = 3) — 5P;p(F =4) —
50Ds;, — 51P;, transition of 85Rb atoms will be considered
as an example, where y, & 27 x 6 MHz [33]. While the Ryd-
berg decay rate is similar in both cases, the order of magnitude
difference of the decay rate in the intermediate states leads to
very different optical responses, as will be illustrated in the
following.

III. MW MODULATED EIT AND EIA

The transmission of the probe light is Iy = Ip exp(—aL),
where L and o are the length of the medium and absorp-
tion coefficient. The absorption coefficient & o< Im(p;2) [34].
Hence our analysis will be focusing on py,. First, the steady
state of the master equation can be solved perturbatively [34].
In the limit of the weak probe light and with the initial state
p(0) = [1)(1], the master equation in the linear order of ), is
approximately given by

. . V2 .Qc Q
P2 = (132 - E)Plz + =13 + 171)7 3
P13 = |1 3 P13 T 1 5 P12 T1 3 P14,
. . Ya .Qm
P4 = <l54 - ?)PM + == pis. (5

The analytic expression of the coherence between states |1)
and |2) in the steady state is [33,35]

; |12 + 3Ty o
T |Qu)2 + Tyl Q2 + Dol 7

P12 ~ (6)
where Fg =Y — 2i32, F3 =¥Y3— 2i5, and F4 = Y4 — 2i54.
The absorption of the probe light is determined by the imagi-
nary part of p;,, while the real part gives the dispersion. Here
a crucial approximation in deriving the steady solution is that
2, is assumed to be small. We note that such perturbative
approach is valid in the case of alkali-metal atoms (e.g., Rb)
where the condition y, > Q, can be met. In the case of Sr
triplet states, we will examine the validity of the perturbative
result by comparing the perturbative and numerical calcula-
tions.

In the EIT regime, both the control light and MW field
are resonant with respect to the underlying transition, i.e.,
63 = 6, = 0. The MW field causes the AT splitting, whose
distance depends on the MW Rabi frequency. This relation can
be used to accurately sense the properties of MW fields [4].
Recently, Liao et al. [14] have experimentally studied EIA of
Rb atoms. Their experiment shows that €2,, can be determined
through measuring the absorption spectrum. EIA of Sr atoms

has not been studied thoroughly, which will be examined in
the following.

A. EIT regime

In the case of alkali-metal atoms, decay in Rydberg states
is typically not important, as typically y3 ~ y4 < y». When
the coupling and MW field are resonant with respect to the
transitions, i.e., 83 = §,, = 0, the coherence is reduced to

B 48 — Q2 q
28(48% — Q2 — Q2) + iy (462 —Q2) "

P12 & (M
Both the imaginary and real parts of the coherence vanish
when § = £9,,/2, leading to two transparent windows. When
§=0,0ord = :I:,/Qg + Q%, /2, the coherence becomes a pure
imaginary number, pi; = —i€2,/y». This leads to strong ab-
sorption, whose peak increases with smaller y,. Moreover, the
coherence is pure imaginary when all the fields are resonant,

Vaya + Q2
72 + va(vavs + 22)

We define the saturation of the absorption with s = |p},|>.
With y, > y3, y4, the saturation is approximately given by
2
s~ so = Q—;’,
"2
which indicates the saturation is small in conventional EIT
when y, > Q,,.

To verify the perturbation analysis, we show numerical
results in Figs. 2(a)-2(d) obtained by solving the master
equation (2). Transparent windows are found at § = £,,/2,
denoted by the open circles in Figs. 2(a)-2(c), which agree
with the numerical result. Two absorption peaks are visible
at § = £,/Q2, 4+ Q2/2, and a weak absorption line appears at
6 = 0, whose height is determined by sy. This absorption line
becomes stronger when increasing €2,,. In Fig. 2(d), we plot
the resonant absorption at 6 = 0. When 2, is much smaller
than y,, the saturation s is quadratic with ,; see Eq. (9).
When ,, is large, the perturbation theory cannot predict the
absorption accurately.

The above analysis shows that care must be taken when
considering Sr atoms, where one typically encounters y, <
Q2,. Moreover, as Rydberg state decay rates y3; and y,; are
comparable with the respective y,, according to Eq. (6) one
can get Im[p;,] o y3y4 at the transparent windows centered at
6 = £9,,/2. It means that the minima of Im[p,] do not reach
zero with nonzero y3 and yy [see Figs. 2(e)-2(g)]. Therefore,
the probe light will experience losses, regardless of the de-
tuning, and this could reduce the visibility of the transmission
spectrum.

With nonzero y3 and y4, the saturation at resonance be-
comes

P12 =1i Qp. ®)

9

2
§1 A |: (V%z + an)gp i|
l ~ b
2 (22, + 77) + v 22
where we have assumed y3 = y4. Equation (10) indicates that
the saturation will be affected by the finite Rydberg state

decay rates y3u4), €2,, and £2,, even when Q, < y, [see
Fig. 2(h)]. In addition to the absorption peak at resonance,

(10)
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FIG. 2. (a)—(c) Imaginary parts of the coherence Im[p;,] by varying the two-photon detuning for (a) 2,, = 2, (b) 2, = 3y», and (¢) 2, =
6y, when y3 = y4 = 0. In each panel, the solid, dashed, and dot-dashed curves correspond to €2, = 0.5y», ¥», and 2y,. The open circle and
filled circle in the axis give the minimal and maximal locations of Im[pjp] at § = £€,,/2 and § = +,/Q2, + Q2/2, respectively. The numerical
data agree with the perturbative calculations excellently. (d) ./so when y3 = y4 = &, = 0. The other parameters are 63 = §,, = 0, and Q2. = 8y».
The solid, dashed, and dot-dashed curves correspond to €2, = y», 3y», and 6y,. The dotted curves are the analytical results shown in Eq. (9).
(e)—~(g) Im[p;2] for (e) 2, = y», (f) 2, = 3y, and (g) 2, = 6y> When y3 = y4 = 2y,. (h) \/s; when y3 = y4 = 2y,. The solid, dashed, and
dot-dashed curves correspond to 2,, = y», 3y», and 6y,, while the dotted curves are the analytical results shown in Eq. (10).

two more absorption peaks are found at § ~ £,/Q2 + Q2 /2,
which can be seen in Figs. 2(e)-2(g).

The distance between the AT splitting is independent of y,
and €2,, as shown in Figs. 3(a) and 3(b). A notable change
is that the absorption becomes stronger and its linewidth be-
comes smaller when decreasing y,. When fixing y,, larger 2,
will decrease the absorption and increase linewidth. Here the
contrast between the smallest and largest Im[p;,] becomes
smaller when €2, or y, increases. To capture such contrast,
we define visibility V = (Rmax — Rmin)/(Rmax + Rmin), Where
Riin and Ry, are the minimum and maximal value of Im[p;,].
Large visibility means it would be easier to observe the
nonuniform profile of the spectrum and provide strong signals.
As shown in Figs. 3(c) and 3(d), the visibility will decrease
due to the sharp decrease of maximum absorption coefficients
as y» and €, increase. A potential drawback is that smaller y»
leads to slightly wider transparent windows at the AT splitting
[Fig. 3(a)].

B. EIA regime

In the far-detuned case |63] ~ |82] > 8, Q., and y», the
state |2) can be adiabatically eliminated, leading to the EIA
scheme [Fig. 1(c)]. This yields an effective three-level Hamil-
tonian [14],

Hegr = (8 + 8ac)13) (3] + 84/4) (4]
Qefy

M

|1)(3|+%|3)(4|+H.c., an

where Qe = Q.£2,/283 is an effective Rabi frequency, and
8ac = (27 4 Q7)/483 is the ac Stark shift. When Qefr < Qi

0.02 NN )

0.01 ¥ .
0.00257 == .
Eoigeors =2l 0,0022 ¥ g
-0.1 0 0.1 -0.1 0 0.1

003 006
/27 (MHz)

62w (MHz)

v, 2w (MHz)

FIG. 3. (a) Im[p;] with y,/2m = 7.5 kHz (black solid line),
0.6 MHz (blue dashed line), and 6 MHz (red dot-dashed line). The
other parameters are 83 = 8,, = 0, y3/27w = y4/2m = 15kHz, Q, =
y3, 2. = 10y3, and 2,, = 5y3. The open circle and filled circle in the
axis give the minimal and maximal locations of the absorption coef-
ficient. The left panel shows a zoom in the absorption. (b) Im[p;,]
with /27w = 7.5 kHz (black solid line), 30 kHz (blue dashed line),
and 75 kHz (red dot-dashed line). Here, y, /2w = 7.5 kHz and the
other parameters are the same as (a). (c) The visibility as a function
of y, with ©,, /27 = 50 kHz (black solid line), 0.2 MHz (blue dashed
line), and 1 MHz (red dot-dashed line). (d) The visibility as a function
of @, with y,/2m = 7.5 kHz, Q,,/27 = 50 kHz (black solid line),
0.2 MHz (blue dashed line), and 1 MHz (red dot-dashed line).
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an analytic solution of the two-photon coherence is obtained,
r
i @
Q%I + T4(T'3 — 2i8y¢)

The maximal absorption occurs when the real part of the
denominator vanishes at

s = —18uc + 8w EAGW], (13)

with A(S,,) = \/an + V34 + (8ac — 8m)%. When §,, = 0, we
obtain p;3 at 5,

eff - (12)

P13 =

P& = iA(0) £ (4 + idac)
B AO) (s + v3) £ Sac(ys — va)

which shows that the absorption is asymmetric when §,. #
0. Note that coherence becomes a pure real value, p;3 =

le—ifi—?sflam)’ when neglecting Rydberg state decay y; =

va = 0.
When §,, =0 and €2, > 84, the coherence is approxi-
mately given by

Qesr 1 n
2 | 2864 Qu+iys 26—, +iys ]|

It contains two equal-width (width y3) Lorentzian peaks
shifted by +£2,,/2 from the two-photon resonance frequency.
The two absorption peaks of the coherence can be used to
sense MW fields [36] whose splitting is equal to €2, as has
been demonstrated in a recent experiment [14].

When § = ££,,/2, the saturation parameter is obtained,

Qeir \ 2 Q.9,\°
s = (_ff) - <_”> . (16)
2y3 4y363

Compared to the EIT regime, the saturation parameter in the
EIA regime will rely on the Rydberg state decay rate. For
given Rydberg states, strong absorption can be obtained by
using large 2. and €2, and small §3. Note that the latter means
that y, needs to be small, as the adiabatic elimination requires
33 > ys.

In Fig. 4, we show the absorption spectrum obtained by
numerically solving the original master equation (2). The
absorption peaks agree with the analytical result, especially
when y; is small. Though §. is independent of y;, the width
of the absorption peak increases with increasing y,. 81 is not
symmetric and depends non-negligibly on Rabi frequencies of
the probe and MW fields. In Fig. 4(b), the location of the peaks
shifts to the positive § with increasing €2, due to the Stark
shift, though the distance between the peaks is unchanged. In
Fig. 4(c), one can clearly observe when the MW field is weak,
Q< 84, and the two absorption peaks are asymmetric, as
shown in Eq. (14). When €2, is strong enough, €2,, > §,c, the
symmetry of the two absorptions is nearly restored, which is
consistent with Eq. (15). One important figure of merit is the
contrast between the height of the peaks and the lowest value
between the two peaks. The resulting visibility is plotted in
Figs. 4(d) and 4(e). Similar to the EIT case, the visibility
increases with increasing €2, (decreasing y,) with fixed y»
(£2;,). Moreover, when 2, > Q,, the visibility decreases dra-
matically with increasing £2,,.

In Figs. 5(a) and 5(b), we compare the absorption spec-
trum when y, =27 x6 MHz and y, =27 x 7.5 kHz,

Qefr, (14)

(15)

o3~ —

0.2 (a) —7.5kHz (b) — 0.15MHz
---0.6MHZ 001 --- 0.3MHz
” 6 MHz — 4, -~ 0.6MHz
S ’
g
0 )
-0.1 0 0.1 0.1 0 0.1
62w (MHz) 0/2m (MHz)
1 e
C —0.03MHz d) T
© - - 0.05MHz (\‘\? > ©
= 0.01 - -0.15MHz N % 3 o
oY SO Op/27
= > o
&
— 0.03MHz ™~ 7~ _
) ---0.IMHz Sl
Qe . ol - IMHz
-0.1 0 0.1 0 3 6
62w (MHz) v, /27 (MHz)

FIG. 4. (a) The absorption spectrum with y,/2m = 7.5 kHz
(black solid line), 0.6 MHz (blue dashed line), and 6 MHz (red
dot-dashed line) in the far-detuning case (83/2m = 6MHz). The
other parameters are y3 /27 = y4/2n = 15kHz, Q,/27n = 0.3 MHz,
Q./2m = 0.45 MHz, Q2,, = 5y3, and §,, = 0. The filled circles in the
axis give the locations of the maximal absorption. (b) The absorption
spectrum with 2,,/2w = 0.15 MHz (black solid line), 0.3 MHz (blue
dashed line), and 0.6 MHz (red dot-dashed line). Here, y,/27 =
7.5 kHz and the other parameters are the same as (a). (c) The absorp-
tion spectrum with 2,, /27 = 0.03 MHz (black solid line), 0.05 MHz
(blue dashed line), and 0.15 MHz (red dot-dashed line). (d) Visibility
as a function of y, with ,/27 = 0.05 MHz (black solid line),
0.1 MHz (blue dashed line), and 1 MHz (red dot-dashed line). (e)
Visibility as a function of €2, with 2,,/27 = 0.05 MHz (black solid
line), 0.1 MHz (blue dashed line), and 1 MHz (red dot-dashed line).
The other parameters in (c)—(e) are the same as (b).

respectively. The resulting absorption spectrum is asymmetric
in Fig. 5(a), as the large detuning condition is not fully met.
The absorption peaks sit on a non-negligible background such
that the contrast is low. To meet the EIA condition, even larger
83 is needed, which would lead to weaker absorption [14]. On
the contrary, we can balance the large detuning condition and
high saturation to achieve high contrast when y; is small. As
shown in Fig. 5(b), the absorption spectrum becomes symmet-
ric and the distance between the EIA peaks is €2,,. The above
results show that the EIA spectrum of Sr triplet states is robust.
The high visibility might be beneficial to sensing weak MW
fields.

C. Finite-temperature effects

In this section, we briefly discuss the Doppler effect due
to finite temperature 7 > 0 of the atomic gas. We will show
that the main conclusions are still valid, even though the
(absorption or transmission) signal becomes weaker. We as-
sume that the probe and control light counterpropagate, where
the Doppler effect is integrated into the detuning through § ;, =
8 + Q2 /xp)v, 8. = 83 — (27 /A )v, with v the atomic veloc-
ity [37,38]. Doppler shifts of the MW field are small and can
be ignored. We average the steady-state solution of p;, over
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FIG. 5. (a), (b) The absorption spectrum with (a) y, = 27 X
6 MHz and (b) y, = 27 x 7.5 kHz. The other parameters are y; =
s =2m x 15 kHz, Q, =27 x 0.3 MHz, Q. = 0.45 MHz, §,, =
0,83 = 2w x 6 MHz. (c), (d) Absorption (normalized) vs atom ve-
locity and detuning § with 7 = 300 K, y», =27 x 7.5 kHz, y3 =
y4 =21 x 15 kHz, and ,, =27 x 0.1 MHz. The dashed lines
in (c) show that the absorption dips are shifted. The open (filled)
circles indicate the absorption dip (peak) locations when the atoms
do not move, i.e., v = 0. The other parameters are (c) EIT regime:
83 =0,Q, =2m x 15 kHz, Q. =27 x 150 kHz, (d) EIA regime:
83 =2m x 6 MHz, Q, =27 x 0.3 MHz, Q. =27 x 0.45 MHz.
(e), (f) The corresponding Doppler averaged absorption spectrum in
the (e) EIT and (f) EIA regime.

the atomic velocity distribution that is found in a vapor cell at
temperature 7 with pj; = fdvf(v)plg(S;,, 8.). Here, f(v) =
1/(/mu)exp[—(v /u)z] is the Maxwell-Boltzmann velocity
distribution [37,39] with u = /2kgT /m the root-mean-square
atom velocity at temperature 7 and m the mass of the atom.
The absorption spectrum of the atoms with different ve-
locities and the Doppler averaged absorption spectrum in the
EIT regime and EIA regime are shown in Figs. 5(c)-5(f). In
Fig. 5(c), the absorption peak in the center § = O is shifted
by 27 /A,v and represents the one-photon resonance signal
of the probe beam. The two absorption minima around § =
+Q,,/2 (the open circles, at zero temperature) are shifted
by the Doppler shift (27 /A, — 27 /A:)v of the two-photon
resonance [the dashed lines in Fig. 5(c)] due to the wave-
length difference between the probe and control fields. As
a result, the contribution from each velocity class strongly
reduces the visibility of the probe absorption spectrum com-
pared to the Doppler-free case, as depicted in Figs. 5(e).
However, in the EIA regime, as shown in Fig. 5(d), the
two absorption peaks are shifted by the Doppler shift of
the two-photon resonance to be (27 /A, — 27 /A.)v and the
one-photon Doppler shift is absent because of the large one-
photon detuning. The above analysis shows that the EIA

Im[A](MHz) () Re[\](MHz)  (b)
——— (W(MH?)

20

Q.(MHz)

T
i

Im[AJMHz) () Re[A](MHz)  (d)

m %0 %0 QOm(MHz)

= Qu(MHz) ~0%

A

FIG. 6. The imaginary and real parts of the spectrum of the Li-
ouville operator £ when (a), (b) y, = 27 x 6 MHz and (c), (d) y», =
2m x 7.5 kHz. The other parameters are y3 = y4 = 2w x 15 kHz,
Q,=Q.=2m x 1.5MHz,and §, =83 =6, =0

feature persists even in the presence of Doppler effects
[Fig. 5(H)].

IV. RESONANCE FLUORESCENCE
A. Timescales in the EIT and EIA schemes

So far our analysis has been focused on the stationary
coherence. When y; is small, one would expect that the sys-
tem takes a longer time to reach the stationary state. The
response time of the system depends on a number of pa-
rameters [40—42]. Here we investigate the timescale of the
dynamics in the EIT and EIA regimes through analyzing the
master equation. We calculate eigenvalues A; of the Liouville
operator L [43],

LRy = MRy, (17)

L L = MLy, (18)

with eigenvalues Ay, (k = 1, 2, ...), and left and right eigen-
vectors L; and Ry, respectively. The orthogonality and
completeness of the eigenvectors are defined in respect to
the trace, such that Tr{L;Ry} = &; «. Eigenvalue A; = 0 and
the corresponding eigenvector give the stationary state of the
master equation.

If the MW field and the decay rate are small, €2, y» K
Qp, Q., the imaginary part of the eigenvalues can be approx-
imately obtained. The first two sets of solutions are Im[A] ~
{0, £V Q3 + Q7} independent of 2,,. The other two sets of
solutions to Im[A] are

+ [+ 2
49 [P VT i |Rq L (19)
Q. 2 Q.

The approximate solutions show that Im[A;] that are between
0 and the maximum (minimum) will be linearly changing
with €,,. In Fig. 6, the numerical spectrum of operator £ as
a function of 2, for (a), (b) y» = 27 x 6 MHz and (c), (d)
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FIG. 7. Timescale in the (a), (b) EIT and (c), (d) EIA regimes. We
consider (a) 2, =27 x 7.5 kHz and (b) y» = 27 x 7.5 kHz with
y3s =yy =21 x 15 kHz, 8, =83 =3, =0, Q. =27 x 75 kHz,
and 2, = 27 x 0.16 MHz. In the EIA regime, we consider (c) 2, =
27 x 0.3 MHz and (d) y, = 27 x 7.5 kHz with §; = 2w x 6 MHz.
The other parameters are y; = y4, = 27 x 15 kHz, 8, =4, =0,
Q. =2m x 0.45MHz, and 2, = 27 x 0.16 MHz.

y2 = 2w x 7.5 kHz are shown. The linear dependence can be
seen in the figure when €2,, is small.

[Re[Ar]] gives the relaxation rate of the kth mode. The
inverse of the real part of the second largest eigenvalue,
1/|Re[A2]], gives the longest time required for the system
to evolve to a stationary state [44]. We plot the longest
timescale in the EIT [§3 = 0, Figs. 7(a) and 7(b)] and EIA
[63 = 2w x 6 MHz, Figs. 7(c) and 7(d)] regimes, respec-
tively. For large y», it takes shorter times to reach the steady
state in the EIA than in the EIT regime. When y, is small,
the timescale between the EIT and EIA schemes is similar.
As shown in Figs. 7(b) and 7(d), the timescale no longer
changes monotonously with €2,. A sharp dip appears in the
timescale due to the degeneracy of Re[A;] and Re[A3]. The
above analysis shows that when y, is small, it could take
a significant amount of time to reach the steady state. Such
slow timescale could be probed, for example, by measuring
the time-dependent probe light transmission [41].

B. Spectrum of resonance fluorescence

In the rest of the work, we investigate the spectrum of
resonance fluorescence of Sr atoms. We will identify a linear
relation between the spectrum and MW field, which could
provide an alternative way to measure weak MW fields. The
power spectrum is given by the transform of the optical field
autocorrelation function [45],

S(w,1) = Re / ~ dreior (021()o12(T +1)). (20)
0

Using quantum regression theorem, the two-time correlation
function can be calculated,

(021(t)o12(t + 7)) = Trlon At + 7, 1), 2L

50

S/Smax

Il

25

Qum(MHz)

0
o (MHz)

0
o (MHz)

FIG. 8. The spectrum of resonance fluorescence as a function of
Q, with (a) y» = 2w x 6 MHz, (b) y, = 27 x 7.5 kHz. (¢), (d) The
enlarged region marked by the white box in (a) and (b). The dashed
lines indicate imaginary parts of A;. The other parameters are the
same as Fig. 6.

where A(f + 7, t) satisfies the evolution equation
At +71,t)=LAE+1,1), (22)
and the initial condition is
AL, 1) = p(t)oa;. (23)
One can find that A(t + 7, 1) = e~ A(¢, 1), so that

o0
S(w,t) = Re / dre " Tr[o A + 1, 1)]
0

1
=R
e|:ia)—£

ZTr[mzeWCkRszl]], (24)
k

where ¢, = Tr[Lypin].
When t — oo, lim,_, o, A(t,t) = pss021 = A(0). The cor-
responding stationary spectrum can be obtained,

S(w) = Re / dre “ Trlo, A(7)]
0

1
:Re[Xk:iw—k

which indicates that the spectrum of resonance fluorescence
is the sum of the Lorentz profile, centered at the imaginary
part of the eigenvalues of £, with width given by the real part
of A;. The fluorescence spectrum can also be understood by
analyzing eigenenergies of the dressed states [46—48].

In the stationary state, the peaks acquires a wider linewidth
when y, is large [see Fig. 6(b)]. The wide linewidth will
suppress peaks for w # 0 [see Figs. 8(a) and 8(c)]. When y,
is smaller than €,(c), the system is in the so-called strongly
driven regime. A well-studied example in this regime is the
so-called Mollow triplet of two-level atoms [30]. Multiple

Tr[UIZCkRkUZI]]s (25)
k
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FIG. 9. Time-dependent fluorescence spectrum for y, = 2w x
7.5 kHz. Other parameters are y; = y4, = 2m x 15kHz, Q,, & 27 x
0.48 MHz, and @, = Q, = 27 x 1.5 MHz.

peaks can be observed in the spectrum of the resonance flu-
orescence, and the distance between the peaks near the center
peak increases linearly with increasing €2, for weak MW
fields, as shown in Figs. 8(b) and 8(d). These peaks have
particularly narrow linewidth, as the real parts of A; are small
[see Fig. 6(d)]. The linear dependence on €2, potentially al-
lows us to identify the MW field Rabi frequency (e.g., when
the strength of the MW field drifts slowly with time) by
measuring the distance between these two peaks, opening per-
spectives to develop Rydberg MW electrometry based on Sr
atoms.

Finally, we address the time-dependent fluorescence spec-
trum, shown in Fig. 9. Initially, the heights of the fluorescence
peaks are low. These peaks increase with increasing in-
teraction time. The spectrum approaches the stationary
distribution when ¢ > 10 us. Here the timescale in the dy-
namical evolution of the spectrum is largely determined
by 1/y», consistent with the analysis of the eigenval-
ues of the Liouville operator. These timescales are much
smaller than the motional dephasing in cold and ultra-
cold atom gases, and hence could be measured in current
experiments.

V. CONCLUSION

We have studied the optical responses of the Sr triplet opti-
cal transition and showed that a weak MW field can be sensed
through using combined EIT and AT splitting, as well as EIA.
The significantly small decay rate in the triplet state affects
the transparency spectrum in the Rydberg EIT. The station-
ary transmission, compared with alkali-metal atoms, becomes
weaker. Narrow and strong absorption peaks are found neigh-
boring the weakened transparent window, leading to apparent
differences between the transparent and absorption strength
(Fig. 3). In the EIA regime, the maximal absorption is in-
creased from the background absorption. The distance of the
transparent windows (EIT) and the absorption peaks (EIA),
given by €2,,, can be as small as the decay rate y, of the
intermediate state. The high contrast in both approaches is
beneficial when sensing the MW field with Sr Rydberg states.
Moreover, we have examined resonance fluorescence of the
lower transition in the four-level system. Mathematically, it is
found that the location of the florescence peaks is determined
by the imaginary parts of the Liouville operator. We have
shown that the distance between neighboring peaks is linearly
proportional to the MW field Rabi frequency when €2, ~
¥y K Q¢, Q,. Such dependence is not visible in the case of
alkali-metal atoms because the decay rate in the respective
state is large and so one might be able to measure weak
MW fields coupled to triplet Rydberg states with Sr atoms.
In the EIT-AT and EIA methods, one directly measures the
transmission and absorption of the probe light. In resonance
fluorescence, photons scattered by the atoms are collected and
measured. This method provides an opportunity to sense MW
fields when directly measuring the transmission or absorption
is not possible, or difficult to achieve.
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