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Nonlinear magnonics based on the coupling of magnons and optical photons has become a crucial topic
in the quantum magnonic field. Here, we demonstrate the magnon laser, the analog of the optical laser in
magnonics, in a parity-time (P7") symmetric cavity optomagnonical system involving active and passive optical
whispering gallery modes and the magnon mode. We show that the stimulated emitted magnon number can
be coherently amplified above a threshold driving power in the P7 -symmetric regime where the splitting of
optical supermodes is resonant with the magnon frequency, indicating the occurrence of the magnon laser.
And this magnon laser action can work with low threshold when the system approaches the optical gain-loss
balance and when increasing the optomagnonic coupling. Furthermore, the frequency of the magnon laser can
be continuously tuned by adjusting the applied magnetic field strength, which is a distinct feature compared to
the photon or phonon amplification by stimulated emission. The study of the P77 -symmetric magnon laser may
promote the intersection and merging of various disciplines like non-Hermitian physics and quantum magnonics,
and provide the theoretical basis and reference for the research and development of new frequency-tunable laser

devices.
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I. INTRODUCTION

A spin wave refers to collective excitation of magnetization
in ordered magnets, and its propagation does not require the
directional motion of electrons, making it a crucial informa-
tion carrier in modern information technology [1]. A magnon
is the spin wave quantum and possesses excellent nonlinear-
ity and quantum properties [2—8]. Recent experiments have
shown that a yttrium iron garnet (YIG) sphere holds extremely
high spin density p ~ 4.22 x 10?7 m~3, which results in
strong and even ultrastrong coupling between microwave pho-
tons and magnons based on magnetic dipole interaction due
to the mode anticrossing effect and the emergence of magnon
polaritons in the cavity magnonics [6,7]. The YIG crystal has
a high Curie temperature that is up to 559 K and can preserve
ferromagnetic peculiarity at room temperature; in addition, its
operational dissipation is very low, achieving a long quantum
coherence time [1,5]. These merits and powerful compatibility
promote the emergence of new hybrid quantum system for
quantum information processing based on magnons, including
the coupling between magnons and magnons [9], microwave
photons [3,10], phonons [11-14], and a superconducting qubit
[15-17].

Currently, cavity optomagnonics [18-21], which describes
the magneto-optical coupling between optical whispering
gallery modes (WGMs) and magnon modes in the ferri-
magnet YIG sphere, has attracted extensive attention in the
quantum information field and has achieved many excit-
ing advances, for instance, coherent optical-to-microwave
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conversion [22,23], Brillouin light scattering [20,21,24],
magnon entanglement [25], magnon induced transparency
[26,27], magnon induced photonic frequency combs [28],
and chaos [29,30]. On the other hand, non-Hermitian cav-
ity magnonics—including the concept of P77 symmetry, that
makes a non-Hermitian physical system a real eigenvalue
spectrum, and the exceptional point (EP, P77 -symmetry phase
transition point) [31-33]—has aroused considerable inter-
est and emerges as a new frontier in the magnonic field.
Many interesting and useful phenomena—such as observ-
ing the EPs in non-Hermitian systems [34,35], controllable
EPs and bound states in the continuum (BICs) in anti-
PT -symmetric cavity magnonic systems [36], and highly
sensitive magnetometers with sensitivity approaching about
10~ T/+/Hz in PT -symmetric cavity magnonic systems—
have been reported [37]. As a significant nonlinear magnonic
phenomenon, the magnon laser, performing coherent amplifi-
cation of stimulated emission of magnons, has been discussed
based on Brillouin light scattering [38,39]. Achieving fre-
quency tuning functionality is of practical significance for
laser devices. Many experimental proposals have been pre-
sented to affect the frequency of light, for instance changing
the refractive index when light is inside the cavity [40] and
employing superconducting microwave resonators to realize
frequency tuning [41]. More importantly, the magnetization
of a YIG sphere is greatly tunable by external magnetic
field, with magnon frequency ranging from gigahertz (GHz)
to terahertz (THz) [42]. This merit, combined with P7T-
symmetric cavity optomagnonics, makes the magnon laser
with adjustable frequency possible.

Optical lasers, performing at the same frequency and
phase, namely, coherent photons in quantum mechanical lan-
guage, have extremely wide applications in modern science.

©2022 American Physical Society
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Taking into consideration the analogy between magnon and
photon, the analog of the optical laser in an optomagnonical
system is an interesting and practical subject. In the present
work, we investigate the steady-state dynamic properties of a
‘PT -symmetric cavity optomagnonical system excited by an
input light field and obtain the analytical expression for the
stimulated emission of magnon number based on the adiabatic
elimination method that is proposed to handle the stimulated
emission of phonons in optomechanics successfully [31,43].
The threshold power and frequency regulation of the P7T -
symmetric magnon laser in different parameter configurations
are discussed. We show that the stimulated emitted magnon
number can be coherently amplified in a certain parameter
condition within the P7-symmetric regime, namely, P7 -
symmetric magnon laser action occurs. And the magnon-laser
threshold can be decreased by increasing the optical gain-loss
ratio and the optomagnonic coupling strength. Moreover, the
frequency of magnon laser can be continuously adjusted by
regulating the applied magnetic field strength. The matching
condition for P7 -symmetric magnon laser generation has
been analyzed in detail. In addition, we theoretically explored
the possibility of observing the P7T -symmetric magnon laser
under the current experimental conditions. Our results provide
a promising method for engineering a magnon-photon con-
verter [22,23], manipulating a coherent magnon source [44],
and developing flexible magnon laser devices.

This paper is organized suitably as follows. We give
a detailed description of the P7-symmetric cavity opto-
magnonical system in Sec. II, where the system Hamiltonian
and a group of dynamics equations are given and simplified
safely within the semiclassical approximation. We solve these
nonlinear equations analytically by means of the adiabatic
elimination method. In Sec. III, we discuss the features of
a magnon laser in a P7-symmetric cavity optomagnonical
system in detail. Finally, the results we obtained and our
conclusions are summarized in Sec. IV.

II. PHYSICAL SETUP AND DYNAMICAL EQUATION

As shown in Fig. 1(a), we consider a P77 -symmetric cavity
optomagnonical system, consisting of an active WGM micro-
cavity and a micrometer-scale ferrimagnet YIG sphere. In this
physical model, the YIG sphere is uniformly magnetized by a
static magnetic field B, = Be, in the z direction and supports
the passive optical WGMs and magnon modes such as the
Kittel mode [20,23]. The total Hamiltonian reads

H = hoala) + aiar) + kI @l a, + ajay)
+ il 2 Qa(@le ™" — 416" + Hpin, (1)

where @, (&I) and a, (&;) are the annihilation (creation)
operators of the active cavity mode and the passive cavity
mode, respectively. The active WGM &, couples to the passive
mode a, (with the same resonance frequency w.) with the
coupling strength J via the optical tunneling effect and is
driven with frequency w, (setting w; = w,) and amplitude
Q4 = +/Pn/hw, with P, being the input power. The cav-
ity @, is fabricated from silica doped with Er** ions, and
the optical gain can be acquired by optically pumping the
Er** ions [45,46]. The magnon-photon coupling due to the
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FIG. 1. (a) Schematic diagram of the P7T -symmetric cavity op-
tomagnonical system. The ferrimagnet YIG sphere supports optical
WGM 4, and magnon mode S, and couples to an active optical
WGM microcavity a;. The input light evanescently couples to the
active optical WGM via a tapered fiber. The two optical supermodes
w,; and w_ caused by the coupled optical WGMs interact with the
magnon mode with frequency w,,, i.e., wy <> w_ + w,,. (b) The
physical model of three-mode interaction.

Faraday effect is captured by the interaction of the circu-
larly polarized optical WGM and the x component of the
collective spin S = (S,, S, S;) [20,42]. The Hamiltonian of

A

the optomagnonic interaction can be well written as Hi, =
FzGS’X&;&z, where the coupling strength G = %% [20], also
known as parametric optomagnonic coupling, with the to-
tal spin number S of the YIG sphere, the vacuum speed
of light ¢, the Faraday rotation ¢}y per unit length, and the
relative permittivity €. The frequency of the magnon mode
can be expressed by w,, = yHy, wherein y /2w = 28 GHz/T
is the gyromagnetic ratio and Hp denotes the magnetic
field strength [6]. The Hamiltonian of the spin mode can
be described by A, = —hme‘Z. Consequently, ﬂspm =H,+
ﬂim = —szmS’Z + hGSxaE&Q. In a word, the cavity modes a;,
&, and spin mode S, form a tripartite cascade model, as shown
in Fig. 1(b). Based on the huge spin density, the expres-
sions 8, = /S/2( + m') and S. = S — i '7 can be yielded
by the Holstein-Primakoff transform [47], where S, and S‘z
represent the x and z components of the spin operator, re-
spectively. Then Hypin = hiw,ii'm + hG/S/2 ayan (i + 1),
which is the starting point of our following discussion; that is,
we can replace the spin S with the magnon m.

Based on the above Hamiltonian, in a frame rotating with
frequency wy, the system dynamics can be well described

by the Heisenberg-Langevin equations (A = %[ﬂ , A]) via the
unitary transformation U (t) = exp[—iw, (&J{&l + &;&z)t]:

al =K1/2a1 —iJa2+\/K1/ZQd, (28.)
élz = —K2/2a2 — iJCll — iG\/S/Zag(m* + m), (2b)
m = —iwum — Yin/2m — iG\/S/2a5as, (2¢)

where 1, k2, and y,, are, respectively, the optical gain of the
active cavity mode a;, the optical decay of the passive cavity
mode d,, and the decay rate of the magnon mode. Within
the semiclassical approximation, all operators are reduced to
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FIG. 2. (a) Mode splitting (w1 — w.)/k> and (b) linewidth y. /k, of the eigenmodes vary with the optical tunneling rate J/k, under the
condition of x; = k,. Inset map in (b): The phase diagram displays the EP, P7 -symmetry phase (PTSP), and P7 -symmetry-breaking phase

(PTBP).

their expectation values in the case of considering the mean
response of the system, viz., aj) = (@1¢2)), m = (i), as well
as m* = (i'), and the quantum correlations and noise terms
can be safely dropped [48,49]. In addition, the mean-field
approximation by factorizing averages, i.e., (17/) = m*m, is
used to deal with the nonlinear term iG\/S/2 a}a,. Accord-
ingly, the steady-state solutions provided by the input light
P,, are, respectively, aj, = —/k1/2Q4/[K1/2 — J?/(k2/2 +
i), azy = iJ /12 Qa/ (K12 /4 — T* + ik /2), and mg =
—iG/S]2 |ax* /(iwn + Y/2), where ¢o = G/S]2(m +
my).

Before proceeding further, let wus illustrate the
physical mechanism of the EP and P7-symmetry phase
transition. The non-Hermitian Hamiltonian /e (aa; +
iK1/2) + hw (@50, — iKa/2) + RJ(alas + aja;)  can  be
straightforwardly — diagonalized as /(w4 + iy )&1&+ +
ho_ +iy_ )aia, via a Bogoliubov transformation [50],
with s = we £ /72 — (k1 + k2)2/16 and yo = (k1 — k2)/4
being the eigenfrequencies and decay of the two eigenmodes
ay = (@ X a)/ /2, also called optical supermodes.

In Fig. 2, we plot the mode splitting and linewidth of
the optical supermodes as a function of the optical tunneling
rate J/k,. As can be seen from Figs. 2(a) and 2(b), for the
case of J > (k| + k3)/4, the two eigenvalues are real and
nondegenerate, and simultaneously the corresponding dissi-
pation rates y; = (k1 — k»)/4 are degenerate, indicating the
system is in the P7T-symmetry phase. The splitting width
Aw of the two modes wy is 2\/12 — (k1 + k2)*/16. When
J < (k1 + k2)/4, the eigenvalues coalesce, i.e., v+ = w,, and
the corresponding dissipation rates are yL = (k] — k3)/4 =
VJ? — (k1 + k2)?/16, corresponding to the P7T-symmetry-
breaking phase. The inset map in Fig. 2(b) presents the
‘PT-symmetry phase transition diagram in terms of J/k, and
k1/Kk2, where the black dashed line caused by J = (k1 4 x2)/4
represents the EP. The above and following areas of EP in-
dicate the P7T -symmetry phase and P7T -symmetry-breaking
phase respectively. Subsequently, we can analyze the physical
process in the eigenstate representation [31-33].

By applying the rotating-wave approximation, we can de-
rive the Hamiltonian in the new representation, yielding

H = hw,alay + ho_ala_ + ho,m'm
hG/ST2
- T/(aiam' +ata_m). 3)

The detailed derivation is given in Egs. (A1)—(A3) of the
Appendix. Based on the above Hamiltonian, the system dy-
namics can be well described by the Heisenberg-Langevin

equations (A = %[ﬁ ,A))

d—sztﬁJrQ,

7 “)

where v = (1, CiD)T, & = &ifur is the optical inversion oper-
ator with a; = (&) £ a,)/ ﬁ, the coefficient matrix

iG\/S72/2

—iWy — VYm/2
—iAw —y')2)’

M= (—iG«/S/_ZAN/Z

AN =ata, —ala., Ao=2J*— (k| +2)?/16, y =

K1 — k3, and @ = (M, ﬁDin)T are the noise operators in-
cluding quantum and thermal noise and their mean val-
ues are zero, i.e., (Mj,(z)) =0 and (dAD,-n(t)) =0. The
correlation functions of the noise term of the magnon
mode are given by (rhin(t)ﬁ’li](t/)) = [my(wy) + 118 — 1)
and (rhjn(t)iﬁ,-n(t’)) = my(w,)8( —t') where the average
numbers of the equilibrium thermal magnon my,(w,) =
[exp(hw,, /kgT) — 117! with kg being the Boltzmann constant
and T being the environmental temperature [51]. Applying
the semiclassical approximation, all operators are reduced to
their expectation values, viz., m = (1) and & = (®), and
the quantum noise terms can be safely dropped. Then the
Heisenberg-Langevin equations (4) can be converted into
the following forms by transferring the variables m and &
to the rotating frame, i.e., i1 = me'’ and ® = P2 [see
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FIG. 3. The magnon gain G as a function of the incident power P,, and (a) optical gain-loss ratio x| /k, and (b) the optomagnonic coupling
strength G. The black solid lines represent the threshold power Py, evolved by (a) «;/«, and (b) G subject to G = y,,/2. We use G = 1 Hz
[53-55] in (a) and «;/k; = 0.9 in (b), and the other system parameters are w,, /27 = | GHz, k, /27 = 15 MHz, J = %,/w; + (k) + K2)?/4,

yu/2m = 0.1 MHz, S = 1 x 10'° [20,21,38].

Eq. (AS) in the Appendix]:
il = — Y /2 + iGy/S/2 [2De@nmtor (5a)
® = —y'/2® — iG\/S/2 AN [2ime >=n (5b)

Due to the fact that the optical decay is more rapid than
the decay of magnons, i.e., k3, ¥’ > ¥, comparing with the
variation of ®, /i can be seen as constant. Namely, the degree
of freedom of the optical mode can be adiabatically eliminated
[31]. In addition, we consider the mean response of the in-
tracavity photons and population difference AN due to the
fact that the optical frequency is much larger than the magnon
frequency. The time-dependent term of ® resulting from the
temporal evolution of AN can be safely neglected due to
Y’ > G+/S [31,52]. In order to satisfy the condition y’ > v,
and G+/S, the maximum value that Kk1/Kk> can achieve is 0.95
approximately. So we can solve Eq. (5b) analytically by the
solution of a first-order ordinary differential equation and
obtain the first-order approximate solution as follows:

—iG/SJ2 AN [2¢/A0-ont
m.

o= .
(Ao — o)+ 5

(6)

By substituting ® into Eq. (5a), the amplitude of magnon 7
can be obtained as

i =exp[(—=ym/2 +G —iQu)t], (7N
with
G?’SANy'/16
(Aw — o) + (4)

2
G Re G?SAN/8 ’
i(Aw — o)+ 5
iIG’SAN(Aw — w,)/8
(Aw — wy,)? + (%)2 .
®)

G represents the magnon gain arising from the energy tran-
sition from a higher energy level wy to a lower energy
level w_ accompanied by coherent amplification of stimulated

2SAN/8
szlm[ G>SaN/ ]

(Ao — )+ %

emission of magnons. According to Eq. (7), the stimu-
lated emission of magnon number M(t) = || = exp[2(G —
Ym/2)t]. Setting T = [y,,/2]17", we define M(t) = exp[2(G —
Yn/2)/ (¥im/2)] as the magnon number at ¢ = [y,,/2]~!, which
characterizes the performance of the magnon laser.

III. RESULTS AND DISCUSSION

It is well known that an optical laser performs by the
interaction between the pump field and the gain medium.
Here, the two optical supermodes, acting as the gain medium,
can produce stimulated emission of magnons driven by the
pump field. Figure 3(a) shows that the magnon gain G changes
with the incident power P, and optical gain-loss ratio x| /x3.
By setting the threshold condition G = y,,/2, we can obtain
the threshold power Py, of the P7T -symmetric magnon laser,
varying with «;/k, which reveals the critical value of the
driving power at which the magnon gain can overcome the dis-
sipation of magnons. We can see that, with increasing optical
gain coefficient x|, the magnitude of magnon gain increases
dramatically. In contrast, the threshold power decreases ex-
tremely as k; increases and is reduced to 21.6 mW when
k1 reaches about 0.95«;. According to previous studies, the
balanced gain and loss condition («x;/k; — 1) can be careful
satisfied by optically pumping the doped erbium ions in the
active cavity to acquire the desired gain «; [45]. The effective
magnon gain is a necessary prerequisite of producing magnon
laser action. Figure 3(b) shows that the magnon gain G varies
with the incident power P,, and the optomagnonic coupling
strength G. According to the relationship between the thresh-
old power Py and the optomagnonic coupling strength G
depicted by the black solid line in Fig. 3(b), we can see that
the threshold power becomes lower as the coupling strength
increases; moreover, it features an exponential decay law ap-
proximately, which limits further reduction of the threshold
power.

Figure 4 presents the stimulated emitted magnon number
M (7) versus the input power P, for four different values of
the cavity gain coefficient «;. The black solid line [M(t) = 1]
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FIG. 4. Magnon laser as seen through the stimulated emitted
magnon number M (t) varied with the input power P, for the dif-
ferent gain coefficients «; under the matching condition Aw = w,,.
The other system parameters are the same as Fig. 3(a).

represents the threshold condition obtained by G = y,,,/2 and
the four colored dots denote the threshold power respectively.
The matching condition requires that the splitting of the two
supermodes is resonant with the magnon frequency Aw =
Wi, 1.€., 2\/J2 — (k1 + Kk2)*/16 = w,,, and the system accom-

panied by the strong optical tunneling rate between the active
and passive cavities is well within the P77 -symmetric regime.
Fundamentally, the magnon laser action is generated by a
parametric resonance process, where the energy transition
between the two optical supermodes w1 can be engineered by
magnons. Namely, a photon with higher energy is annihilated
to generate a photon with lower energy and a magnon. This is
consistent with the physical mechanism of optical laser gen-
eration, that is, the pump light interacts with the gain medium
to excite the two-level system to emit coherent photons from
the high level to the low level. Based on previous researches
[31,43], only above the threshold value can the magnon
laser occur. We can clearly see that the magnon number in-
creases fast with the input power after reaching the threshold
value, which indicates that the magnon laser is well triggered.
Moreover, Fig. 4 also shows that one can tune «; to adjust
the threshold value of the magnon laser, and the magnon
laser allows a low threshold value when the optical gain-
loss ratio ky/k7 increasingly approaches 1. It clearly shows
that «;/k, = 0.8, 0.85, 0.9, 0.95, respectively, correspond
to the threshold values Py = 51.3, 41.8, 32.3, 21.6 mW.
Physically, this is because, in the P7T-symmetry phase, the
linewidth of the two optical supermodes (y+) is very small
when the system approaches the optical gain-loss balance,
resulting in the fact that the process of exchanging energy
between the optical supermodes operates with low internal

loss.
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FIG. 5. The magnon emission line shape function below and above the threshold value in the context of gain-loss ratio x; /k, = 0.9 [(a) and
(©)] and «1/k; = 0.95 [(b) and (d)]. The input powers in (a)—(d) are 10, 7, 70, and 47 mW respectively. The other system parameters are the

same as Fig. 3(a).
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FIG. 6. (a) Stimulated emitted magnon number M (7) (in logarithmic form) as a function of the optomagnonic coupling strength G and
the laser frequency. (b)—(d) plot the magnon line shape function in the cases of G = 1, 2, and 1.5 Hz, respectively. We choose P, = 20 mW,

k1/ka = 0.9, and the other system parameters are the same as Fig. 3.

Figure 5 shows the magnon emission line shape as a Gaus-
sian function with center frequency w,, = 6.283 GHz below
and above the threshold value. Based on the above analysis,
the threshold values of x| /x; = 0.9, 0.95 correspond to Py, =
32.3 and 21.6 mW respectively. By comparing Figs. 5(a) and
5(c), we can see that the linewidth above the threshold value
is much narrower than that below the threshold value. And
a similar phenomenon can be observed in Figs. 5(b) and 5(d).
On the other hand, although Figs. 5(c) and 5(d) exhibit similar
magnon numbers, the linewidth in Fig. 5(d) is significantly
narrower. Specifically, the linewidth of the magnon laser with
k1/k2 = 0.9 is about 3 MHz, while the linewidth is about
1 MHz with «; /k; = 0.95. For the practical application, the
narrower linewidth gives the magnon laser a better coherency
property, which provides a promising route for achieving a
high-intensity and narrow-pulse laser [56]. In addition, the
average number of thermal magnons is about 6256 at T =
300 K by numerical calculation, while the stimulated emitted
magnon number can achieve 1.32 x 10 approximately with
k1/k2 = 0.92 when the input power is 80 mW. So we can
ignore the influence of thermal noise safely at room tempera-
ture. This merit may bring about a new and broad prospective
for the practical application of magnon lasers.

In order to more intuitively describe the relationship be-
tween stimulated emitted magnon number M(tr) and the

optomagnonic coupling strength G, we plot a three-
dimensional diagram of M(t) (in logarithmic form) varying
with the optomagnonic coupling strength G and the laser fre-
quency in Fig. 6(a). As expected, the stronger optomagnonic
coupling can improve the magnon laser generation. This is
because the magnon gain is proportional to the square of the
optomagnonic coupling strength G based on Eq. (8). In detail,
Figs. 6(b)-6(d) show the magnon line shape function under
the conditions of G = 1, 2, and 1.5 Hz, respectively. It can
be seen that the enhancement of the optomagnonic coupling
will lead not only to the dramatic enhancement of the magnon
number, but to the reduction of the linewidth of the magnon
laser. In the laboratory, one can scale down the YIG sphere
size to reduce the mode volume to improve the coupling
strength [18]. Furthermore, the spatial overlap between the
magnons and photons can be engineered in ellipsoidal or
nanostructured magnets to improve the coupling strength [19].
With these improvements and the above discussion, a magnon
laser featuring narrow linewidth and low threshold can be
highly accessible in experiments in the near future.

To further show the performance and tunability of the
magnon laser, in Fig. 7, we present the dependence of the
frequency distribution of the magnon laser on the applied
magnetic field Hy for the same driving power and gain-loss
ratio. As can be seen from the figure, the magnetic fields
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FIG. 7. The line shape function of stimulated emitted magnon
number M (t) in the case of different magnetic field strengths Hj.
The curves with different colors, denoting the magnon lasers with
different frequencies, correspond to the different applied magnetic
fields. Here «; /k; = 0.9, P, = 50 mW, and the other system param-
eters are are the same as Fig. 3(a).

Hy = (35.71, 36.07, 36.43, 36.79, 37.14, 37.5, 37.86) mT,
respectively, correspond to magnon laser frequencies w,, =
(6.283, 6.346, 6.409, 6.472, 6.535, 6.597, 6.66) GHz de-
picted by the different color curves. Although the magnon
laser what we show in Fig. 7 is modulated in the form
of equally spaced magnon modes, arbitrary frequencies of
the magnon laser can be acquired by adjusting the mag-
netic field Hy = 2,/J2 — (k + y)?/16 /y derived from Aw =
wy, = yHy, which restricts the frequency splitting of the
two supermodes based on the matching condition mentioned
above. In general, the center frequency of the magnon emis-
sion line shape representing the frequency of the magnon
laser can be well tuned by the applied magnetic field. The
underlying physical mechanism is derived from the promi-
nent controllability of the P7 -symmetric optical structure
and optomagnonic system. Specifically, on the one hand, the
frequency splitting of the two supermodes can be regulated
by the coupling strength between the active cavity and passive
cavity in the P7 -symmetric structure, which can be imple-
mented by adjusting the distance between the active cavity
and passive cavity in experiments [45]. And the splitting
frequency can be tuned from 10 MHz to nearly 10 GHz by us-
ing microtoroids to enhance the evanescent coupling strength
[52]. Furthermore, a recent experimental work suggests that a
coupled magneto-optical microcavities structure can be used
to improve the microwave-to-optical conversion efficiency,
operating with the frequency splitting of the optical super-
modes matching the magnon frequency [23]. On the other
hand, the frequency of the magnon mode can be well mediated
by the applied magnetic field. Thus, within current experimen-
tal reach, the frequency splitting can have a resonance with the
magnon frequency in a wide frequency range (ranging from 1
to 10 GHz [42]) via tuning the magnon frequency and the cou-
pling strength [23]. The flexible controllability of frequency
gives the P77 -symmetric magnon laser more expansive appli-

cation scenarios. According to previous studies, the frequency
regulation of a laser is realized by the frequency-doubling
process, such as high-order harmonic generation via the in-
teraction between light and atom [57], high-order sideband
generation via the mechanical effect of light [58], and so on.
To the best of our knowledge, it is presently quite difficult
for a laser device to realize continuous adjustment of laser
frequency in a large operational bandwidth. Excitingly, this
study makes a P7T -symmetric optomagnonic system an al-
ternative candidate for engineering new laser devices with
flexible frequency regulation, which may vigorously facilitate
the magnon laser in fundamental scientific investigations and
practical applications.

IV. CONCLUSION

In conclusion, we have theoretically proposed the concept
of a PT -symmetric magnon laser and explored its character-
istics with respect to threshold and controllability. We show
that the stimulated emitted magnon number can be coherently
amplified in the P7T -symmetric regime and follows an expo-
nential increase law, which indicates a magnon laser action.
Moreover, by varying the applied magnetic field strength, the
frequency of the magnon laser can be continuously adjusted in
a frequency range distributed from about 1 to 10 GHz subject
to the frequency of the Kittel magnon mode allowed in the
ferrimagnet YIG sphere within current experimental reach. In
addition, the approximately balanced optical gain-loss ratio
makes the magnon laser perform at a low threshold. Based
on the flexible controllability of our scheme, the magnon
laser presented here possesses the features of low thresh-
old and tunable frequency, which are urgently required for
practical applications in engineering new chip-based laser
devices. This study provides an achievable route for realizing
continuous frequency regulation in a laser field by virtue of
magnonics, and may promote the intersection and merging of
PT -symmetric theory and magnon spintronics.
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APPENDIX: DERIVATION OF THE DYNAMICAL
EQUATIONS

By introducing the supermode operators ai = (a; +
a,)/~/2, the optomagnonic interaction of Hamiltonian
hG/S]2a5a, (it + ') can be written as

RGVSIZ o v

> (aiaym' —a
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Applying the rotating-wave approximation, the Hamiltonian
(A1) becomes

nG./S/2
—T/(&iamT +ala_im). (A2)
So the Hamiltonian Eq. (1) can be converted to
N ' . hG./S/2
A = hoiala, + ho_a' a_ + hom'n — T/(aimﬁ
+ata_m)+ iy 2Q@" +a’ —He.). (A3)
Based on the above Hamiltonian, the semiclassical

N

Heisenberg-Langevin equations read (setting A = (A),

where A is an any magnon or optical inversion
operator)
= (—iwy — Yn/2)m + iG/S/2 2, (Ada)

b = (—iAw — y'/2)® — iG\/S/2AN [2m. (Adb)

Transferring the variables m and ® to a rotating frame by car-
rying out an unitary transformation U (¢) = exp(iw,,m"'mt +
iAw®T ®r), we can obtain

m=U"mU =me“", &=U"dU = ®e'®”. (AS5)
By substituting Eq. (AS) into Egs. (A4), we can obtain
= =Y /2 +iGy/S/2 [2®e'“r 2", (A6a)

® = —y'/2® — iG\/S/2 AN [2me >=n  (A6b)
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