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Propagation dynamics of optically generated unipolar electromagnetic pulses

S. A. Sychugin , A. L. Novokovskaya , and M. I. Bakunov *

Department of Radiophysics, University of Nizhny Novgorod, Nizhny Novgorod 603022, Russia

(Received 19 January 2022; accepted 12 May 2022; published 31 May 2022)

It was recently predicted [M. I. Bakunov, A. V. Maslov, and M. V. Tsarev, Phys. Rev. A 95, 063817
(2017)] that an ultrashort laser pulse producing multiphoton ionization in an electro-optic crystal can generate
a quasistatic unipolar electromagnetic precursor propagating ahead of the laser pulse. Here we study the
propagation dynamics of such a precursor outside the generating crystal. Our analysis is based on a specially
developed semianalytical model that represents the precursor generation as radiation from sequentially switched
discrete current-carrying ribbons distributed along the laser path. The model allows for calculating the precursor
spatiotemporal structure at an arbitrarily long distance behind the crystal. The calculations reveal the complex
propagation dynamics of the precursor. Starting as a unipolar pulse, it becomes quasiunipolar after some distance,
which depends on the precursor transverse size, and then bipolar preserving a constant transverse size and
maximum field strength. These findings are important for the experimental observation of the precursors and
their practical use.
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I. INTRODUCTION

Strong unipolar and quasiunipolar electromagnetic pulses
are a subject of current interest due to their potential for new
regimes of light-matter interaction [1]. In particular, unipolar
(half-cycle) terahertz pulses can be more efficient, compared
to the standard bipolar and few-cycle pulses, for ultrafast
control of the Rydberg atom dynamics [2] and femtochemistry
on metal surfaces [3], molecular orientation and alignment
[4,5], nonlinear terahertz spectroscopy [6], particle accelera-
tion [7,8], and terahertz streaking [9].

The unipolar terahertz pulses can be generated in the near-
field region of photoconductive switches [10] and laser-driven
plasma in solid targets [11]. One-cycle pulses can be con-
verted into unipolar pulses by reflection from a thin layer of
a linear medium [12]. More sophisticated methods of produc-
ing stronger unipolar pulses by nonuniform amplification of
one-cycle pulses in nonequilibrium fast relaxing plasma [13]
and by spatial phase modulation of terahertz pulses optically
generated in a layer of resonant nonlinear medium [14] have
been discussed.

Recently [15], it was found that high-field unipolar pulses
can be generated by femtosecond laser pulses propagating in
electro-optic crystals in the regime of high optical intensity,
when the laser pulse experiences optical rectification and si-
multaneously produces multiphoton ionization in the crystal.
In this regime, photogenerated carriers are accelerated by the
electric field copropagating the nonlinear polarization induced
by the laser pulse in the crystal. This creates a current surge,
which in turn generates electromagnetic fields. The process is
repeated continuously along the laser propagation distance. In
materials with ng > n0, where ng is the optical group refractive
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index and n0 is the low-frequency phase refractive index, the
generated low-frequency fields propagate faster than the laser
pulse and form a quasistatic electromagnetic precursor ahead
of the laser pulse. The unipolar electric and magnetic fields
in the precursor generated by a Ti:sapphire laser pulse in GaP
or ZnTe can exceed the terahertz fields behind the laser pulse
[15,16]. In materials with ng < n0, such as LiNbO3, the gen-
eration of unipolar precursors with the electric and magnetic
fields as strong as hundreds of kV/cm and thousands of gauss
by laser pulses with a tilted pulse front was predicted [17].

To observe the quasistatic unipolar precursors experimen-
tally and use them practically, the usual terahertz schemes
with focusing optics are inapplicable. The electric field in
the focus is proportional to the time derivative of the inci-
dent field and therefore focusing destroys unipolarity. Even
without focusing optics, how long the precursor can preserve
unipolarity upon exiting the crystal is an open question. In-
deed, propagation from the near field to the far field leads
to reshaping effects [10,18]. Since the precursor has a broad
spectrum, which starts from zero frequency, a given distance
can be in the near field for the high frequencies and in the far
field for the lower ones. Moreover, for the dc component with
the wavelength λ → ∞ there is no near-field region in terms
of the Fraunhofer distance LF ∼ d2/λ (d is the transverse size
of the precursor). All this implies a complicated dynamics of
the precursor propagation in free space behind the generator
crystal [19]. (The propagation of unipolar pulses in coaxial
waveguides was considered in Ref. [20].)

In Ref. [16], two-dimensional (2D) numerical calculations
using the finite-difference time-domain (FDTD) method were
carried out to model the propagation of a precursor gener-
ated by a Ti:sapphire laser in a 3-mm-thick GaP crystal. The
calculations were limited to a 2-mm distance in free space
behind the crystal and showed that the precursor preserves its
unipolar waveform at this distance. Due to inherent limitations
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of FDTD modeling, such calculations cannot be made for
substantially longer distances.

In this paper, we develop a semianalytical 2D model
that represents the precursor generation as a radiation from
sequentially switched discrete current-carrying ribbons dis-
tributed along the laser path. Since the radiation fields of
the ribbons are written analytically, they can be numerically
summarized at an arbitrarily long distance behind the crystal.
Thus, the model allows for calculating the long-distance dy-
namics of the precursor propagation in free space.

The results of our calculations show that the quasistatic
precursor of a several-millimeter transverse size can propagate
a few centimeters as a unipolar and then quasiunipolar field
structure. After that the precursor propagates a few tens of
centimeters as a bipolar field structure of a constant transverse
size and with the field peaks of a constant amplitude which are
sharpening with distance. Finally, the peaks start to decline,
indicating the onset of the far-field regime.

II. MODEL

Let a pump laser pulse propagate with the optical group
velocity V = c/ng (c is the speed of light) in an electro-optic
crystal of thickness Lc. We take the z axis along the propa-
gation direction. The laser beam is assumed to have a finite
width in the x direction and be infinite in the y direction. This
2D approximation is relevant to the case of focusing the beam
to a line by a cylindrical lens, the geometry often used in the
terahertz generation schemes [21,22]. The laser pulse induces
a nonlinear polarization in the crystal via nonlinear optical
rectification. The polarization direction is determined by the
laser pulse polarization and crystallographic orientation of the
crystal. We assume that the nonlinear polarization is along
the y axis and therefore it generates the electric and magnetic
fields with the components Ey and Bx, Bz, respectively. The
electric field creates a surge current of photogenerated carriers
in the y direction, which acts as a source of a quasistatic
precursor [15].

We model the continuous generation of the precursor in
the crystal by emission of electromagnetic fields from a set of
N discrete current-carrying ribbons (−d/2 < x < d/2) uni-
formly distributed with period �z in the interval 0 < z < Lc

(Fig. 1). The ribbon width d models the transverse size of the
laser pulse. Currents on the ribbons are sequentially switched
on by the front moving with the optical group velocity V , kept
constant for a time T , which models the laser pulse duration,
and then switched off. Thus, the current density on the ith
ribbon is written as

ji = J[η(t − ti ) − η(t − ti − T )]δ(z − zi ), (1)

where J is the current density magnitude, η(t ) is the Heaviside
unit function, δ(z) is the Dirac delta function, zi = i�z, ti =
zi/V , and i = 0, 1, . . . , N − 1. Equation (1) implies that the
laser pulse duration T is much smaller than the photoexcited
carrier lifetime, similarly to Refs. [15–17]. The electron-
hole recombination in semiconductors occurs typically on
the nanosecond timescale [23,24] and therefore can be safely
neglected for femtosecond excitation.

The electric and magnetic fields created by a ribbon can
be found analytically. For clarity, we derive below only the

FIG. 1. Discrete model of the precursor source. Currents (red
arrows) on the ribbons are switched on by the front moving with
the optical group velocity V , kept constant for a time T , and then
switched off.

electric field created by the ribbon placed at z = 0 (i.e., with
i = 0). The generalization for a ribbon at zi �= 0 is straight-
forward. Also, we describe the dynamics of the electric field
formation only after switching on the current on the ribbon.
The switching off of the current is equivalent to the switching
on of the oppositely directed current [Eq. (1)] and therefore
leads to the same dynamics of the electric field of the opposite
sign.

By using the Green’s function of the 2D wave equation [25]

G(R, τ ) = − v

2π

η(vτ − R)√
v2τ 2 − R2

, (2)

where τ = t − t ′, R = [(x − x′)2 + z2]1/2, and v = c/n0 is the
phase velocity of the low-frequency waves in the crystal,
we write the solution of the wave equation for the single y
component of the vector potential as

Ay(x, z, t ) = 2J

n0

∫ d/2

−d/2
dx′

∫ t−R/v

0
dt ′ η(vt − R)√

v2τ 2 − R2
. (3)

Performing the integral over t ′, we obtain

Ay = 2J

c

∫ d/2

−d/2
dx′η(vt − R) ln

vt + √
v2t2 − R2

R
. (4)

Finally, by using the relation Ey = −(1/c)∂Ay/∂t , we obtain
following formulas for the electric field in three specific time-
spatial regions (due to bilateral symmetry about the y-z plane
the formulas are given only for x � 0):

Ey = − 2J

cn0
π (5)

for
√

v2t2 − z2 < d/2 − x [region I in Figs. 2(a) and 2(b)],

Ey = − 2J

cn0

(
π

2
+ arcsin

d/2 − x√
v2t2 − z2

)
(6)

for |d/2 − x| <
√

v2t2 − z2 < d/2 + x [region II in Figs. 2(a)
and 2(b)], and

Ey = − 2J

cn0

(
arcsin

d/2 + x√
v2t2 − z2

+ arcsin
d/2 − x√
v2t2 − z2

)
(7)

for
√

v2t2 − z2 > d/2 + x [region III in Fig. 2(b)].
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FIG. 2. Snapshots of the electric field Ey (normalized to
2πJ/cn0) emitted by the ribbon current with d = 2 mm placed at
z = 0 for two moments of time (a) t = d/4v and (b) t = 3d/4v

after the switching on of the current at t = 0. Regions I, II, and III
correspond to Eqs. (5), (6), and (7), respectively [with the change
x → −x in Eq. (6) for x < 0].

It can be seen from Fig. 2(a) that switching on the current
on the ribbon gives rise to the emission of constant electric
and magnetic (not shown in Fig. 2) fields that propagate in
both ±z directions (region I). The generation of a magnetic
field by current seems natural; the concurrent generation of an
electric field can be explained by the necessity of a nonzero
energy flow from the source.

The fields in region I are a germ of the quasistatic precursor
formed by the sequence of switching on current ribbons. The
front of the constant fields propagates with the velocity v,
which exceeds the velocity V of the front that switches on
currents on the ribbons. Therefore, the constant fields from a
sequence of ribbons propagate ahead of the switching front
and form a precursor that propagates in the +z direction. The
constant fields emitted in the −z direction should be neglected
because in practice plasma behind the laser pulse prohibits the
fields from penetrating into the plasma region.

An infinitely wide current ribbon, i.e., a current plane,
would generate an expanding region I with constant fields
for infinite time. Due to the finite width of the ribbon, two
cylindrical regions [regions II in Fig. 2(a)], where Ey is given
by Eq. (6) and weaker than in region I, also start to propagate
from the ribbon ends x = ±d/2 at t = 0. As a result, region
I of strong constant fields shrinks with time in the x direction
[Fig. 2(a)]. For t > d/2v, two regions II intersect and form
region III, which separates region I from the current ribbon
[Fig. 2(b)]. From this moment, the region of constant fields
propagates independently of the source as a kind of unipolar
electromagnetic bullet [19,26]. The transverse (along the x
axis) size of the bullet equals d and does not change in the
course of propagation. The longitudinal (along the z axis) size
of the bullet decreases as ∼1/z for z � d/2. The maximum
electric and magnetic fields in the bullet preserve their values.

Returning to the problem of calculating the total electric
field from the set of N current ribbons sequentially switched
on and off [Eq. (1)], we represent the total field at an

observation point as a sum

Ey(x, z, t ) =
N−1∑
i=0

[Eyi(x, z − zi, t − ti )

− Eyi(x, z − zi, t − ti − T )], (8)

where the contributions Eyi from the ith current ribbon are
taken in the form of Eq. (5), (6), or (7) according to the
above-given conditions of their existence (with changes z →
zi and t → t − ti or t → t − ti − T ). Thus, the total field at
an observation point is in general a superposition of partial
(from individual ribbons) fields, which correspond to different
propagation regions (I, II, and III) and can be of different signs
due to opposite signs of the terms on the right-hand side of
Eq. (8). This determines a complex spatiotemporal dynamics
of the total field. To calculate the field outside the crystal, we
set n0 = 1 in Eqs. (5)–(7).

III. RESULTS AND DISCUSSION

To verify the correctness of the approach developed in
Sec. II, we apply it first to calculate the precursor formation in
the crystal and compare our results with the results of accurate
FDTD calculations [16]. We use the same refractive indices
ng = 3.66 and n0 = 3.31, which correspond to a GaP crystal
excited by a Ti:sapphire laser, and the same crystal thickness
Lc = 3 mm as in Ref. [16]. In the calculations below, the total
number of ribbons is N = 3000 (�z = 1 μm) and the number
of ribbons within the current pulse length V T (T = 250 fs) is
20. The discretization step (�z = 1 μm) is sufficiently small
to obtain smooth (with negligible discretization effects) field
distributions, which are practically not improved by a further
decrease of �z (increase of N).

Figure 3 shows the dynamics of the precursor formation
for two ribbon widths d = 8 and 2 mm. The precursor is
formed as a pulse of negative polarity just before the front that
switches on current ribbons. The transverse size of the precur-
sor does not change and equals the ribbon width [Figs. 3(a)
and 3(b)]. The length of the precursor grows monotonically in
the crystal with the velocity v − V due to accumulation of the
fields emitted by different ribbons. This dynamics agrees well
with the results of FDTD calculations [16].

Despite the similar formation dynamics, the structure of the
precursors in Figs. 3(a) and 3(b) differs substantially. For d =
8 mm, the field is distributed uniformly over the precursor
in both the transverse and longitudinal directions [Figs. 3(a)
and 3(c)]. The precursor exhibits a distinct unipolar character
[1]. For d = 2 mm, regions of a stronger and a weaker field
in the precursor can be seen [Fig. 3(b)] and the field on
the axis decreases to the end of the precursor [Fig. 3(c)].
There is also a weak long tail of opposite (positive) polarity
behind the precursor, i.e., the precursor constitutes a part of
a quasiunipolarlike pulse [1]. These results also agree with
Ref. [16], where the generation of a well-formed plateaulike
precursor was predicted for the laser transverse size (full
width at half maximum) larger than ∼3.5–5 mm and a de-
crease in the precursor field was predicted for smaller laser
sizes.

Now let us apply the developed method to calculating the
propagation dynamics of the precursor in free space behind
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FIG. 3. Snapshots of Ey (normalized to the maximum value)
at three moments of time for (a) d = 8 mm and (b) d = 2 mm.
(c) Snapshots of Ey on the z axis (at x = 0) for the same values of
d . The current pulse duration is T = 250 fs. The arrows indicate the
position of the front moving with the velocity V inside the crystal
(shaded region 0 < z < 3 mm).

the generating crystal (z > Lc, Lc = 3 mm). We will con-
sider the precursor generated by the ribbons with d = 8 mm.
This width is sufficient for generating a well-formed unipolar
precursor at the crystal exit boundary [Fig. 3(a)]. For the
calculations, we set n0 = 1 and ng = 1.35 in the formulas of
Sec. II. The value of ng is determined from the condition of
a correct precursor length in free space, which is 3.66 times
longer than in the crystal.

Figure 4(a) shows the snapshots of the electric field Ey at
three moments of time, when the precursor is at the distances
z − Lc of 3, 9, and 39 mm from the crystal exit boundary
(z = Lc = 3 mm). The field structure of the precursor at these
distances is shown in more detail in Figs. 4(b) and 4(c). After
propagating about 3 mm, the region of a strong field nar-
rows in its rear part and becomes almost triangular [compare
Fig. 4(b), left panel, with Fig. 3(a)] but the field itself remains
uniform in this region and of the same strength as at the crystal
boundary. Despite the appearance of a weak tail in the wave-
form at x = 0, the waveforms at both x = 0 and x = d/2 = 4
mm preserve their unipolar character [Fig. 4(c), left panel].
This is confirmed by the waveform (x = 0) spectrum which
has a nonzero spectral amplitude at zero frequency [Fig. 4(d)].
Thus, at the distances z − Lc � 3 mm the precursor propa-
gates as a unipolar electromagnetic pulse.

For z − Lc � 3 mm, the triangular region of a strong field
starts shrinking in the longitudinal (along the z axis) direction
and acquires a swallow-tail shape [Fig. 4(b), middle panel].
Simultaneously, the tail of the field of opposite polarity be-
comes stronger and shorter. As a result, the waveform at x =

FIG. 4. (a) and (b) Snapshots of Ey (normalized to the maximum
value) at three moments of time for d = 8 mm and T = 250 fs.
(c) Snapshots of Ey at x = 0 and x = d/2 for the same moments of
time. (d) Spectra of the fields at x = 0 for the same moments of time.
In (a) the shaded region (0 < z < 3 mm) shows the crystal.

0 [Fig. 4(c), middle panel] acquires a typical quasiunipolar
shape with a short leading half-cycle part and a long weak
tail of opposite polarity [1]. The negligible spectral amplitude
at zero frequency [Fig. 4(d)] indicates a close to zero electric
field area of the waveform [1]. Interestingly, the waveform at
x = d/2 = 4 mm preserves a unipolar character. The trans-
verse size of the high-field region and the field strength in
the region remain the same as at the crystal boundary. Such
spatiotemporal field structure can be called a quasiunipolar
electromagnetic bullet. This propagation regime continues up
to distances as long as z − Lc ∼ 40 mm. In practice, the qua-
siunipolar pulses can be used to control nonlinear systems in
a similar way to the unipolar pulses [27].

At the distances z − Lc ∼ 40 mm, the waveform at x = 0
approaches the time derivative of the rectangularlike wave-
form at the exit crystal boundary, i.e., acquires two sharp
peaks of opposite polarity in the beginning and in the end
[Fig. 4(c), right panel]. The low-frequency part of the spec-
trum is depleted by diffraction [Fig. 4(d)]. The transverse size
of the high-field regions and the field strength in the regions
are still the same as at the crystal boundary [Fig. 4(b), right
panel]. Such a spatiotemporal field structure can be called
a bipolar electromagnetic bullet. The precursor propagates
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as a bipolar bullet up to distances as long as z ∼ 200 mm,
experiencing a sharpening of the field peaks (not shown). At
distances z � 200 mm, the peaks start to decline, indicating a
transition to the far-field propagation regime.

IV. CONCLUSION

We developed a semianalytical model that allows for
calculating the arbitrarily long-distance propagation of the
quasiconstant unipolar electromagnetic fields generated by
ultrashort laser pulses in electro-optic crystals in the regime of
multiphoton ionization. By using the developed approach, we
found that the generated unipolar fields demonstrate a com-
plex propagation dynamics in free space behind the generating
crystal. Starting propagation as a unipolar electromagnetic
pulse, it gradually transforms to a quasiunipolar (with a short
half-cycle leading part and a long weak tail of opposite po-
larity) pulse and then to a bipolar (one-cycle) pulse. Both
the transverse (with respect to the propagation direction) size
of the pulse and the field strength in the pulse remain the

same as at the crystal boundary. Such a stable spatiotemporal
field structure can be considered as a kind of electromagnetic
bullet.

In particular, for a bullet with an 8 mm width the regimes
of unipolar, quasiunipolar, and bipolar propagation occur at
distances of �3 mm, ∼3–40 mm, and ∼40–200 mm, re-
spectively. At larger distances, the bipolar field peaks start
to decline, indicating the onset of the far-field propagation
regime.

Since the standard terahertz detection schemes with fo-
cusing optics destroy unipolarity, the predicted propagation
dynamics of unipolar and quasiunipolar electromagnetic fields
is important for their experimental observation and practical
use.
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