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Two-particle states in one-dimensional coupled Bose-Hubbard models
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We study dynamically coupled one-dimensional Bose-Hubbard models and solve for the wave functions
and energies of two-particle eigenstates. Even though the wave functions do not directly follow the form of
a Bethe ansatz, we describe an intuitive construction to express them as combinations of Choy-Haldane states
for models with intra- and interspecies interactions. We find that the two-particle spectrum of the system with
generic interactions comprises in general four different continua and three doublon dispersions. The existence of
doublons depends on the coupling strength � between two species of bosons, and their energies vary with � and
interaction strengths. We give details on one specific limit, i.e., with infinite interaction, and derive the spectrum
for all types of two-particle states and their spatial and entanglement properties. We demonstrate the difference
in time evolution under different coupling strengths and examine the relation between the long-time behavior of
the system and the doublon dispersion. These dynamics can in principle be observed in cold atoms and might
also be simulated by digital quantum computers.
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I. INTRODUCTION

The Bose-Hubbard model (BHM), known as one of the
simplest models that captures the essence of the superfluid–
Mott-insulator transition [1], has given rise to a plethora of
studies with cold bosonic atoms in optical lattices [2–5] in
which the ratio between hopping and on-site interaction is
widely tunable. Extensions to multicomponent BHMs enable
studies of polaron physics [6,7] and quantum magnetism
[8–11], and by adding a dynamical coupling between the
components it is furthermore possible to implement BHMs
that mimic radiative effects [12–15] in waveguide QED
[14,16–21], featuring fractional decay, bound states [22,23],
and polaritons [15,24,25]. This also provides a connection
to photon-based many-body physics [24,26,27] in the mi-
crowave domain [28–32].

The recent implementation of matter-wave polaritons
[15,25] motivates a deeper understanding of the coupled BHM
beyond a single excitation. There have already been some
theoretical works on two-particle and multiparticle waveguide
QED and qubit-photon coupled systems using variational and
perturbative methods [16,24]. In this paper, rather than at-
tempting to solve the full many-body problem, we give an
analytical description of the states with one and two exci-
tations in a one-dimensional coupled Bose-Hubbard model,
including the spectrum under different parameters, as well as
properties of the states in the continua and of the bound states
[14,24,33]. The bound states are the so-called doublon states
[34,35], whose wave function is localized in space. In the
single-species Bose-Hubbard model, doublon states [34,35]
exist outside the two-particle scattering continuum. When
the interaction strength approaches infinity, i.e., U → ∞, the
doublon states form repulsively bound atom pairs that have a
well-defined total momentum.

In this work we consider the coupled Bose-Hubbard model
and provide the complete solution for its two-particle eigen-
states. When the intraspecies U → ∞ and the Rabi coupling
� is not small (on the scale of the hopping), we show below
that the doublon states correspond to two particles residing on
the same site for different species, but on adjacent sites for the
same species, which we will refer to as the adjacency feature.
When we specify the initial state, by exciting specific empty
sites and letting them evolve, we observe in numerical simula-
tions that the wave function decays incompletely, which is the
hallmark of the non-Markovian regime [23]. When two copies
of the same Bose-Hubbard model are coupled together, one
of the doublons naturally lies inside a continuum (different
types of states will be explained in detail in Sec. VII). This
makes it a bound state in the continuum [36,37] that is robust
in a compact (finite-size) system. In some other Hubbard
models, there are also bound states that can move into and
out of the continuum continuously [38–40]. Bound states
in the continuum provide potential applications for quantum
memory and some other quantum information processing
[41–43].

The Bethe ansatz has been a powerful method to infer the
exact wave functions of several systems in one dimension,
including, e.g., spin chains, the Fermi Hubbard model, and the
Kondo problem [44]. In the Bose-Hubbard model, the exact
wave functions of many-body states cannot be inferred from
the Bethe ansatz. However, when the occupation number per
site is smaller than 3, this model is solvable. In fact, in several
Bose-Hubbard-like models, the two-particle wave functions
can be solved. For example, in Refs. [45–47], the two-particle
states were obtained by solving corresponding Schrödinger
equations in the infinite system; in Refs. [38,48], the Bethe
ansatz was explicitly used. As explained in detail below,
in the coupled Bose-Hubbard model, two-particle states can
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always be written by a form modified from Bethe ansatz (in
the form of a superposition of Choy-Haldane states [49–52])
and solutions to any finite periodic system can be obtained.
Viewed from a different perspective, these few-body states in
Bose-Hubbard-like models correspond to one-particle states
in higher-dimensional systems under synthetic dimension
mapping [53].

Our analysis shows that the two-particle spectrum of the
system comprises in general four different continua and three
doublon dispersions with generic interactions. Their energies
vary with interaction strengths. We give details on one specific
limit, i.e., with infinite interaction, and analyze the spectrum
for all types of two-particle states and their spatial and en-
tanglement properties. We also study the dynamics of the
quantities for an initial simple state through demonstration of
the time evolution. We observe an interesting relation between
the large-timescale behavior of the system and the doublon
dispersion.

The remaining structure of the present paper is as follows.
In Sec. II we review the model considered and in Sec. III
we review the solution in the case of single excitations. In
Sec. IV we first review two excitations in the single-species
Bose-Hubbard case and then in Sec. V we generalize the
solution to the coupled Bose-Hubbard models without inter-
species interaction. The result with interspecies interaction is
presented in Appendix B. In Sec. VI we discuss the general
properties of the doublon states. They have exponentially de-
caying wave functions in the thermodynamic limit. In Sec. VII
we show the detailed wave function and spectrum in the
coupled Bose-Hubbard model and use the inverse participa-
tion ratio to demonstrate different localization properties of
doublon and scattering states. We also discuss their entan-
glement between the two species of bosons. In Sec. VIII
we study the time evolution. We find that the existence of
doublon states alter the long-term behavior. We summarize
in Sec. IX.

II. MODEL

We consider a system of two species of bosons on a lattice
with respective hopping strengths J1 and J2 and intraspecies
interactions U1 and U2 and possibly an energy offset �. In
addition, there is a direct Rabi coupling � between the two
species. This is effectively described by the coupled Bose-
Hubbard model (assuming the periodic boundary condition
N + 1 ≡ 1 and single-band approximation)

H = �
∑

j

a†
j a j + U1

2
a†

j a
†
j a ja j + U2

2
b†

jb
†
jb jb j

−
∑
〈i, j〉

(J1a†
i a j + J2b†

i b j ) + �
∑

j

(a†
j b j + H.c.),

(1)

where i and j are the site indices and 〈i, j〉 indicates the
nearest-neighbor pair of sites. One can also regard this as
two ladders (or copies) of the BHM, with the interladder
hopping being −�. After Fourier transforming from the posi-
tion space to momentum space, the Hamiltonian is manifestly

FIG. 1. Dispersion (energy ε vs momentum k) of the two one-
particle states when J1/2 = J2 = � and � = 0. The top curve is ε+

k

and the lower curve is ε−
k . The energy ε is in units of J2.

conserving the total momentum,

H =
∑

k

(ωka†
kak + ω′

kb†
kbk ) + �

∑
k

(a†
kbk + H.c.)

+
∑
k,p,q

U1

2N
a†

k−pa†
k+pak−qak+q + U2

2N
b†

k−pb†
k+pbk−qbk+q,

(2)

where ωk = � − 2J1 cos k and ω′
k = −2J2 cos k arise

from tight-binding dispersion relations, with k =
0, 2π/N, . . . , 2π (N − 1)/N labeling the momentum. Since
the total particle number operator N̂excitation ≡ ∑

k a†
kak + b†

kbk

commutes with H , the Hilbert space can be decomposed into
sectors differing by the particle number (also referred to as
the excitation number): Nexcitation = 0, 1, 2, . . . .

III. SINGLE EXCITATIONS

We study below eigenstates in the Nexcitation = 1, 2 sub-
spaces and note that those in the Nexcitation = 2 subspace can
be written in the form of Choy-Haldane states [49], which we
review in the next section for a single-species Bose-Hubbard
model.

Without loss of generality we write the state of single
excitations in the form

|ψ〉 =
∑

k

(Aka†
k + Bkb†

k ) |0〉 (3)

and plug it into the Schrödinger equation

H |ψ〉 = ε |ψ〉 (4)

to obtain

ωkAk + �Bk = εAk, (5)

�Ak + ω′
kBk = εBk . (6)

Then the eigenenergy is the eigenvalue of this 2 × 2 matrix:

ε±
k = [ωk + ω′

k ±
√

(ωk − ω′
k )2 + 4�2]/2. (7)

We show in Fig. 1 an example of the resultant dispersions.
When the coupling � is large enough, the spectrum splits
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into two parts, whose energy does not overlap, and the wave
functions are roughly symmetric and antisymmetric between
the a and b components, respectively.

Given the solution in momentum space, we could use the
Fourier transform to bring the solution back to the position
space, such as the components of the wave function, Aj =

1√
N

∑
k Akei jk and Bj = 1√

N

∑
k Bkei jk . We note that when the

context is clear, we use the same symbols A and B in both the
position and the momentum spaces. While our analysis above
assumes the single-band approximation used in the Bose-
Hubbard model, the effects of multibands can be taken into
account; see, e.g., Ref. [15] for a full analytical description of
single excitation. We focus on two-excitation solutions below.

IV. TWO-EXCITATION SOLUTIONS

Having reviewed the single-excitation states, we now
turn to two-excitation states. We will first review what was
done previously for the single-species Bose-Hubbard model
[45,49–52] and then discuss our results for the coupled case
in the next section.

Review of the single-species Bose-Hubbard model

We first recall the Hamiltonian in position space

H = �
∑

j

a†
j a j − J

∑
j

(a†
j a j+1 + H.c.) + U

2

∑
j

a†
j a

†
j a ja j,

(8)
which can be equivalently expressed in momentum space

H =
∑

k

ωka†
kak + U

2N

∑
k,p,q

a†
k−pa†

k+pak−qak+q, (9)

where ωk = � − 2J cos k. We assume the two-excitation
wave function to be of the form

|ψ〉 =
∑
nm

Anma†
na†

m |0〉 =
∑

pq

Apqa†
pa†

q |0〉 , (10)

where n and m are site indices ranging from 0 to N − 1, and p
and q are momentum variables, ranging from (2π × 0)/N to
2π × (N − 1)/N . Note that we have abused the notation for
the coefficients A in both position and momentum represen-
tations, as the context will be clear. In the momentum space,
since the total momentum is conserved, we can denote it by P.
Then the only nonzero components are those with momentum
indices satisfying p + q = P. We will thus abbreviate Ap,P−p

as A(P)
p (or even Ap) for simplicity in the following. Then, sim-

ilar to the one-excitation case, the Schrödinger equation gives

Ap = U

N

A(P)

ε − ωp − ωP−p
, (11)

where A(P) ≡ ∑
k Ak,P−k and ε is the eigenenergy.

The position wave function An,m is a symmetric matrix, and
we can write the position-space Schrödinger equations as a
matrix equation

εA + TA + AT − UDA = 0, (12)

where the hopping matrix Tnm = J (δn,m−1 modN + δn,m+1 modN )
and DA is the diagonal part of A, representing double

occupancy of a site. The solutions of this matrix equation are
of the Choy-Haldane type [49–52],

An,m =
{

eikn+iqm + sk,qeiqn+ikm, n � m
Am,n, n > m,

(13)

where

sk,q ≡ [2J (sin k − sin q) − iU ]/[2J (sin k − sin q) + iU ].
(14)

One can verify that this is a solution by substituting this form
An,m into the matrix equation (12) above. For the periodic
boundary condition, the quasimomentum k (also known as the
Bethe parameter) satisfies

e−ikN = 2J (sin k − sin q) − iU

2J (sin k − sin q) + iU
, (15)

and q = P − k from the momentum conservation. Note that
from this constraint we know that for a generic U 	= 0, the
quasimomentum k is not a well-defined momentum on the
lattice, i.e., not a physical momentum, with the latter being
2π
N × integer. The wave function (11) in space should be

related to that (13) in momentum by the Fourier transform:
An,m = 1

N

∑
p,P A(P)

p eink+im(P−k).
Equation (15) is referred to as the Bethe equation [44].

Given the parameters J and U and the total momentum P,
there are N − 1 real solutions in the continuum and one com-
plex solution outside the continuum. The latter, for U > 0, is
a repulsive bound pair state (attractive for U < 0), in which
two particles are located at the same sites. The whole two-
excitation spectrum for fixed U/J = 5 is shown in Fig. 2(a),
where one can see the continuum (i.e., a band) and a separate
dispersion curve above. To illustrate the dependence of the
spectrum as the interaction U changes, in Fig. 2(b) we display
the energy at total momentum P = 0 horizontally and vary
U vertically. This form of the interaction-dependent zero-
momentum diagram will be used extensively below.

The state outside the continuum (whose dispersion is rep-
resented by the curve above the continuum band) is called
a doublon state [34], which is a two-particle bound state (in
the relative coordinate). In the case of repulsive interaction,
it may seem counterintuitive to have a stable bound state of
high energy, but one can understand its existence intuitively as
the pair is unable to decay by converting the potential energy
into the kinetic energy [35]. In terms of the mathematics, the
corresponding quasimomentum of a doublon state is complex,
reflecting the nature of bound states, whose expression is
k = P

2 + π − iK if U > 0 and k = P
2 − iK if U < 0, where

the imaginary part K > 0 is determined by the Bethe equa-
tion. When N → ∞, i.e., in the thermodynamic limit, the
left-hand side of the Bethe equation approaches 0. Thus the
equation becomes 2J cos P

2 sinh K = U . The wave function of
the doublon state is thus

An,m =
{

e−K|n−m|ei(P/2+π )(n+m) when U > 0
e−K|n−m|ei(P/2)(n+m) when U < 0.

(16)

We can clearly see the bound-state feature of the exponen-
tial decay in the relative position of the two particles, i.e.,
e−K|n−m|. We note that an alternative approach to the one
described above [49–52] was also given in Refs. [35,45] by
solving the scattering problem for two bosons.
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FIG. 2. (a) Dispersion of the continuum band and doublon for
U/J = 5. The yellow dashed line indicates the spectrum with to-
tal momentum P = 0, which contains a continuum in the shaded
region (formed by the band of two-particle scattering states) and a
doublon state outside the continuum. (b) Interaction dependence of
the spectrum with total momentum P = 0. The yellow dashed line
shows the spectrum for a fixed interaction strength U/J = 5 and the
horizontal section is the same as the corresponding vertical section in
Fig. 2(a). We have taken � = 0, J = 1, and the thermodynamic limit.
The energy ε is given in units of J .

V. COUPLED BOSE-HUBBARD MODEL WITHOUT
INTERSPECIES INTERACTION

Having reviewed the single Bose-Hubbard model case, we
now present our main results for the doubly occupied, coupled
Bose-Hubbard model, where � is the coupling strength. In the
momentum space, we can assume that the wave function takes
the form

|ψ〉 =
∑
p,q

(Ap,qa†
pa†

q + Bp,qa†
pb†

q + Cp,qb†
pb†

q) |0〉 . (17)

Then the corresponding Schrödinger equations are

(ε − ωp − ωq)Ap,q = U1

N

∑
p+q=P

Ap,q + �

2
(Bp,q + Bq,p),

(ε − ωp − ω′
q)Bp,q = 2�Ap,q + 2�Cp,q,

(ε − ω′
p − ω′

q)Cp,q = U2

N

∑
p+q=P

Cp,q + �

2
(Bp,q + Bq,p). (18)

Since
∑

p+q=P Ap,q and
∑

p+q=P Cp,q are constants after fixing
the total momentum P, we simply denote them by A and C,
respectively. Solving for Ap ≡ Ap,P−p and Cp ≡ Cp,P−p, we
arrive at

Ap = 1

(ε − ωp − ωq − ηpq)(ε − ω′
p − ω′

q − ηpq) − η2
pq

×
(

(ε − ω′
p − ω′

q − ηpq)
U1A

N
+ ηpq

U2C

N

)
, (19)

Cp = 1

(ε − ωp − ωq − ηpq)(ε − ω′
p − ω′

q − ηpq) − η2
pq

×
(

ηpq
U1A

N
+ (ε − ωp − ωq − ηpq)

U2C

N

)
, (20)

where ηpq ≡ �2( 1
ε−ωp−ω′

q
+ 1

ε−ωq−ω′
p
) and q = P − p. If we

further sum over the momentum index p in the above equa-
tions, we would have two linear homogeneous equations for
A and C. To have a nontrivial wave function, the determinant
of the 2 × 2 matrix should be zero. From this we derive the
energy for every given value of the total momentum P. This
allows us to solve for the two-excitation spectrum. We leave
some of the details to Appendix A. In the following, we only
use the momentum-space result, such as in Eqs. (19) and (20),
to guide our main approach that generalizes the real-space
Choy-Haldane solution from the single-species case, which
is in some sense a Bethe ansatz approach.

A. Two-species BHM with coupling �

Let us take the simplest case, i.e., J1 = J2 = J , � = 0,
and U1 = U2 = U . Then we have two identical single-body
spectra ωp = ω′

p = −2J cos p. The 2 × 2 coefficient matrix
mentioned in the preceding paragraph [see also Eq. (A6) in
Appendix A and the discussion therein] has eigenvectors as
A = −C and A = C. In the former case, Bp,q = 0, and the
equation for Ap,q (or Cp,q = −Ap,q) reduces to the Schrödinger
equation for the (single-species) Bose-Hubbard model,

Ap,q = 1

ε − ωp − ωq

UA

N
, (21)

which we have seen in Eq. (11). Therefore, in this case we
have just a single Choy-Haldane state and the solution for A is
identical.

In the case when Ap,q = Cp,q, Bp,q 	= 0 and we should not
expect the wave function to be just a single Choy-Haldane
state. Observing that, when A = C, Eq. (19) for A can be
rewritten as

Ap = ε − ωp − ωq

(ε − ωp − ωq − ηpq)(ε − ωp − ωq − ηpq) − η2
pq

UA

N

= 1

2

(
1

ε − ωp − ωq − 2�
+ 1

ε − ωp − ωq + 2�

)
UA

N
.

(22)
It is useful to note that the two terms in Ap are of similar
form to Eq. (21), i.e., the momentum representation of a
Choy-Haldane state, except having an extra constant ±2� in
the denominator. Since ±2� is a constant, we can absorb it
separately into ε in the respective denominator. Therefore,
we expect that in the case when Ap,q = Cp,q, the solution is
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a superposition of two Choy-Haldane states, in which ε is
replaced by ε + 2� and ε − 2�, respectively, and we write
this symbolically as |ψ〉 = |HC1〉 + λ |HC2〉, where λ denotes
the relative weight to be determined.

From the preceding section, we know that a sin-
gle Choy-Haldane state is characterized by the scat-
tering factor sk,q. One expects the two Choy-Haldane
states here to have their own respective (fictitious) in-
teraction strengths, which determines the factor si =
[2J (sin k − sin q) − iŨi]/[2J (sin k − sin q) + iŨi]. (Notice
that we put a tilde on Ui to indicate that it is not the physical
interaction strength in the Hamiltonian.) However, would the
conjectured superposition be a consistent solution as Ũ ′

i s are
not the physical interaction U? In other words, can Ũ ′

i s be
consistently determined from the system’s parameters, such
as the physical interaction strength U , the total energy ε, and
the total momentum P?

It turns out that not only does this superposition trick work,
but we also can determine U ′

i s in terms of physical parameters.
In this and the following examples, we even obtain simple
relations between Ũi and the physical interaction U .

The way to determine the two fictitious interaction
strengths Ũ1 and Ũ2 begins as follows. From the energy equa-
tion for the two Choy-Haldane states,

ε − 2� = ωk1 + ωP−k1 , (23)

ε + 2� = ωk2 + ωP−k2 , (24)

where k1 and k2 are the quasimomenta in |HC1〉 and |HC2〉,
respectively, we have the Bethe equations satisfied by these
quasimomenta,

e−ikiN = 2J[sin ki − sin(P − ki )] − iŨi

2J[sin ki − sin(P − ki )] + iŨi
≡ si, (25)

for i = 1, 2. Furthermore, making use of the Schrödinger
equation for Bn,m, we find that Ũ ′

i s are related to U via

U = 2Ũ1Ũ2

Ũ1 + Ũ2
. (26)

From the three equations above, we finally obtain the relation
of the energy ε to the interaction strength U and the total
momentum P.

We now elaborate on the steps to obtain Eq. (26). To do
this, we use the Schrödinger equations in the position space,
which when J1 = J2 are

εA + TA + AT − UDA = �Bs,

εB + T B + BT = 2�(A + C),

εC + TC + CT − UDC = �Bs,

(27)

where Bs ≡ (B + BT )/2 is the symmetric part of B and we
also define Ba ≡ (B − BT )/2 to be the antisymmetric part of
B. Note that the normalization of our wave function is∑

n,m

2|An,m|2 + |Bn,m|2 + 2|Cn,m|2 = 1. (28)

When A = C, the three equations reduce to two:

εA + TA + AT − UDA = �Bs,

εB + T B + BT = 4�A. (29)

Let us assume Ba = 0 for now (we will return to the
scenario Ba 	= 0 below); then we have Bs = B. Taking A to
be a superposition of two Choy-Haldane states with different
weights, A = ψ1 + λψ2, with these two states ψ1 and ψ2 (in
matrix form) each satisfying an equation similar to the single-
species case in Eq. (12),

(ε − 2�)ψ1 + T ψ1 + ψ1T − Ũ1Dψ1 = 0,

(ε + 2�)ψ2 + T ψ2 + ψ2T − Ũ2Dψ2 = 0,
(30)

where, for convenience, Dψ1 and Dψ2 are used to denote the
diagonal parts of ψ1 and ψ2, respectively. Note that i f

Ũ1(1 + s1) + λŨ2(1 + s2) = U (1 + s1) + λU (1 + s2), (31)

then, according to the first Schrödinger equation, B = 2(ψ1 −
λψ2). With this, we can use the other equation to obtain
another relation for the parameter λ and the Ũ ′

i s:

Ũ1(1 + s1) − λŨ2(1 + s2) = 0. (32)

Solving the above two equations, we obtain the relation U =
2Ũ1Ũ2/(Ũ1 + Ũ2).

To conclude the above calculations, we have shown that
the matrices for the wave function, A and C (as well as B,
if nonzero), can be written as combinations of two Choy-
Haldane states, each with a fictitious interaction strength Ũi.
Since the diagonal part of the Choy-Haldane state is Dnm =
(1 + s)eiPnδnm ∝ eiPnδnm, we have recombined the diagonal
parts in two Choy-Haldane states as in Eq. (31) to satisfy the
Schrödinger equation, in which the diagonal term is propor-
tional to the physical interaction, i.e., UDA or UDC . This is
a key part in obtaining the wave function as a sum of Choy-
Haldane states. We will use this “recombination” technique
below for the generic case.

1. Doublons

In the thermodynamic limit (N → ∞), we concentrate on
those states outside the continua, which are called doublons.
Their wave functions are Choy-Haldane states with complex
quasimomenta: k = a − iK , K > 0. For these states, we can
directly write their energy equations given the total momen-
tum P and interaction strength U . There are three separate
regions, obtained by solving Eq. (23)–(26),

U = −2

√+√−√+ + √− when ε < −2�, (33)

U = 2

√+√−√+ − √− when − 2� < ε < 2�, (34)

U = 2

√+√−√+ + √− when ε > 2�. (35)

where
√± ≡

√
(ε ± 2�)2 − 16J2 cos2 P

2 . We plot the ε-U
relation for P = 0 in Fig. 3(b).

Note that the doublon in between two continua exists in the
continuum shown in Fig. 3(a) (in Sec. VII we refer to it as a
type-1 vacuum) as long as U is large enough for any �. This
means that we have a bound state in the continuum.
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FIG. 3. Spectrum of the coupled Bose-Hubbard model: two-
excitation states in the thermodynamic limit, with � = 0, J = 1,
� = 5, and P = 0 for U1 = U2 = U . The energy ε is in units of J .
(a) Spectrum of states satisfying Ap,q = −Cp,q and |ψ1〉 = |HC0〉 or
satisfying B = Ba. (b) Spectrum of states satisfying Ap,q = Cp,q and
|ψ2〉 = |HC1〉 + λ |HC2〉.

2. Antisymmetric solutions

Until now we have assumed that the antisymmetric part of
B vanishes, i.e., Ba = 0. In fact, there is a set of solutions with
nonzero Ba. From the Schrödinger equations (27), if A = C =
0 and B = Ba, the only remaining equation is

εBa + T Ba + BaT = 0. (36)

The solution of this equation is the antisymmetric Bethe
state

Bn,m = eikn+iqm − eiqn+ikm, (37)

with the Bethe constraint eikN = 1. The corresponding energy
is ε = ωk + ωq. In the thermodynamic limit, these solutions
form a new continuum in the spectrum, whose energy range
coincides with the continuum formed by the case A = −C,
as in Fig. 3(a). However, the wave functions in the latter are
orthogonal to those in the former case as their Ba = 0.

B. Case U1 �= U2

We can now straightforwardly extend our result to the case
when U1 	= U2. Notice from Eq, (18) that Ap,q and Cp,q are

FIG. 4. When U2 = 0 and U1 = U , � = 10 and the spectrum
possesses three continua, outside of which there are three doublons.
The energy ε is given in units of J .

essentially superpositions of |ψ1〉 and |ψ2〉. For instance, if
U1 = U and U2 = 0, we have

Ap = ε − ωp − ωq − ηpq

(ε − ωp − ωq − ηpq)(ε − ωp − ωq − ηpq) − η2
pq

UA

N
,

(38)

Cp = ηpq

(ε − ωp − ωq − ηpq)(ε − ωp − ωq − ηpq) − η2
pq

UA

N
,

(39)

where ηpq = 2�2

ε−ωp−ωq
. We can write the above equations in

another form:

Ap =
(

1

ε − ωp − ωq − 2�
+ 1

ε − ωp − ωq + 2�

+ 1

ε − ωp − ωq

)
UA

2N
, (40)

Cp =
(

1

ε − ωp − ωq − 2�
+ 1

ε − ωp − ωq + 2�

− 1

ε − ωp − ωq

)
UA

2N
. (41)

From these we can deduce that, in the position picture, we
have

Anm = λ′(HC1 + λHC2) + HC0, (42)

Cnm = λ′(HC1 + λHC2) − HC0, (43)

and

Bnm = 2λ′(HC1 − λHC2), (44)

where λ and λ′ are relative weights to be determined.
The spectrum should then possess three continua, outside

of which there are three doublons (see Fig. 4). According to
the above wave function and the Schrödinger equations they
satisfy,

εA + TA + AT − UDA = �Bs,

εB + T B + BT = 2�(A + C),

εC + TC + CT = �Bs,

(45)
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we have

λ′(Ũ1s′
1 + λŨ2s′

2) + Ũ0s′
0 = U [λ′(s′

1 + λs′
2) + s′

0], (46)

λ′(Ũ1s′
1 + λŨ2s′

2) − Ũ0s′
0 = 0, (47)

λ′(Ũ1s′
1 − λŨ2s′

2) = 0, (48)

where we have denoted (1 + si ) by s′
i for convenience.

From the three equations, the interaction strength U and
the three other fictitious ones Ũi can be related via U =
4/( 2

Ũ0
+ 1

Ũ1
+ 1

Ũ2
), similar to the previous example. This result

is also confirmed by the numerical solution of the momentum-
space Schrödinger equation; see Eq. (A10) for the relation
between ε and U , which allows us to numerically obtain U
given ε.

Furthermore, we notice that the antisymmetric solutions
(Ba) of the Schrödinger equations still remain when having
arbitrary U1 and U2, because their A and C components are
zero. Their wave functions and energies do not vary with any
interaction. Then we can conclude that when two coupled
Bose-Hubbard models have the same single-particle disper-
sion, there will be three types of two-excitation states in
general. Two of the three types are combinations of three
different Choy-Haldane states, and the remaining type con-
tains antisymmetrized states with two atoms belonging to two
different species. The doublon states are of the former two
types.

C. Generic case

Using the insight from the simple, though already nontriv-
ial, cases that we have just studied, we now move on to the
generic case of the coupled BHM, anticipating that the so-
lutions are basically superposition of different Choy-Haldane
states. We consider arbitrary intraspecies interactions U1 and
U2 and generally different hopping strengths J1 and J2 for
the two respective species or copies of the BHM. (The inter-
species interaction is not considered here in this section, but
the solution to include it can be straightforwardly generalized;
see Appendix B.)

First we recall that the Schrödinger equations for this gen-
eral case are

εA + T1A + AT1 − U1DA = �

2
(B + BT ), (49a)

εB + T1B + BT2 = 2�(A + C), (49b)

εC + T2C + CT2 − U2DC = �

2
(B + BT ). (49c)

We assume that there is a Choy-Haldane state HC with quasi-
momenta k and q that is in A, denoted by λHC ⊂ A, and that
there is another corresponding term λ′HC ⊂ C with the same
k and q. We would like to deduce how the weights λ and
λ′ are related. We ignore the diagonal part for now, because
the diagonal parts of different Choy-Haldane states could be
recombined as done in Eq. (31). Then, from the equality
of (49a) and (49c) (via the B part) we can relate these two
weights,

(ε − ωk − ωq)λ = (ε − ω′
k − ω′

q)λ′. (50)

Since the matrix B is not symmetric now, we can separate it
into the symmetric and antisymmetric parts

Bs = 1
2 (B + BT ), Ba = 1

2 (B − BT ). (51)

Therefore, there is also a corresponding Choy-Haldane state
in Bs as well: λ

ε−ωk−ωq

�
HC ⊂ Bs.

As the right-hand side (rhs) of the Schrödinger equa-
tion (49b) is manifestly symmetric as both A and C are, the
left-hand side (lhs) should be so too, which gives

εBs + T1Bs + BsT2 + εBa + T1Ba + BaT2

= εBs + T2Bs + BsT1 − εBa − T2Ba − BaT1. (52)

We can simplify it to

2εBa + (T1 + T2)Ba + Ba(T1 + T2)

= (T2 − T1)Bs − Bs(T2 − T1), (53)

where Bs contains the Choy-Haldane state HC,

HCn,m =
{

eikn+iqm + sk,qeiqn+ikm, n � m
HCm,n, n > m,

(54)

where sk,q = 2[sin ki−sin(P−ki )]−iũi

2[sin ki−sin(P−ki )]+iũi
satisfies the corresponding

Bethe equation. Substituting it into the right-hand side R of
Eq. (53), we have, for n < m,

Rn,m = χ (eikn+iqm − sk,qeiqn+ikm ), (55)

where χ = λ
ε−ωk−ωq

�
(ωk − ω′

k − ωq + ω′
q).

At this point, it seems natural to introduce a corresponding
term in Ba of a similar form in order to make the two sides
equal. It is indeed the case with the form

HC′
n,m =

⎧⎨
⎩

eikn+iqm − sk,qeiqn+ikm, n < m
0, n = m
−HC′

m,n, n > m
(56)

and we denote the contribution of this Choy-Haldane state to
Ba by κλ

ε−ωk−ωq

�
HC′ ⊂ Ba. The weight κ can be determined

via Eq. (53),

κ = ωk − ω′
k − ωq + ω′

q

2ε − ωk − ω′
k − ωq − ω′

q

. (57)

Then, from the Schrödinger equation (49b) for n < m − 1 we
have

Ln,m = λ
ε − ωk − ωq

�
[(2ε − ωk − ω′

k − ωq − ω′
q)

− κ (ωk − ω′
k − ωq + ω′

q)](eikn+iqm + sk,qeiqn+ikm ),

(58)

Rn,m = 4�(λ + λ′)(eikn+iqm + sk,qeiqn+ikm ), (59)

where λ + λ′ = 2ε−ωk−ω′
k−ωq−ω′

q

ε−ω′
k−ω′

q
λ according to Eq. (50).

Equating both sides, we have the consistency equation that
involves the energy [see Eq. (7)],

(2ε − ωk − ω′
k − ωq − ω′

q)2 − (ωk − ω′
k − ωq + ω′

q)2

= 4�2
(2ε − ωk − ω′

k − ωq − ω′
q)2

(ε − ωk − ωq)(ε − ω′
k − ω′

q)
. (60)
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The solutions (four of them in general) of this energy equa-
tion are exactly a sum of two single-excitation state energies

ε = ε±
k + ε±

q , (61)

where ε±
k = [ωk + ω′

k ± √
(ωk − ω′

k )2 + 4�2]/2. However,
we emphasize that k and q are quasimomenta instead of
physical momenta and their sum is the total momentum P,
i.e., k + q = P. We remark that when J1 = J2 and hence
ωk = ω′

k (if � = 0), Eq. (61), with U1 = U2, reduces to
(a) Eqs. (23) and (24) for the case of Ap,q = Cp,q and (b)
ε = ωk + ωP−k for the case of Ap,q = −Cp,q in Sec. V A.

Indeed, after specifying the total momentum P, we can
have four sets of quasimomenta (ki, qi = P − ki ) in total la-
beled by the index i for some energy ε satisfying Eq. (61). The
wave functions of two-excitation eigenstates are combinations
of the four corresponding Choy-Haldane states

A =
4∑

i=1

λiHCi,

B =
4∑

i=1

λi
ε − ωki − ωqi

�
(HCi + κiHC′

i ),

C =
4∑

i=1

λ′
iHCi. (62)

There are four equations determining weights λi,

4∑
i=1

J1ũiλi(1 + si ) = U1

4∑
i=1

λi(1 + si ), (63)

4∑
i=1

J2ũiλ
′
i(1 + si ) = U2

4∑
i=1

λ′
i(1 + si ), (64)

4∑
i=1

κiλi(ε − ωki − ωqi )(1 − si ) = 0, (65)

4∑
i=1

λi(ε − ωki − ωqi )[(J1 + J2)ũi(1 + si )

−(J1 − J2)2i(sin ki + sin qi )κi(1 − si )] = 0. (66)

The virtual interaction strength ũi (for i = 1, 2, 3, 4) depends
on the quasimomentum ki and the total momentum P via the
Bethe equations. While the nondiagonal entries of the matrix
Schrödinger equations give us energy equations (61), as we
have seen above, these four equations regarding λ′s come
from the almost diagonal entries (n = m and n = m − 1) of
the Schrödinger equations.

To recapitulate, we show that from a specific energy ε,
we obtain four sets of quasimomenta {ki, qi}. The total two-
particle wave function is composed of four Choy-Haldane
states, each having a set of quasimomenta {ki, qi} and each
with a weight λi determined by the above equations. In the
meantime, we see four continua in the two-particle spectrum
(two of the four continua coincide). There is, however, one
exception in this description: When P = 0, instead of four
sets of solutions, we only have three sets of solutions from
Eq. (61). This is due to the fact that the two quasimomenta
are opposite q = P − k = −k, and thus the four equations in

Eq. (61) are not all independent:

ε+
k + ε−

−k ≡ ε−
k + ε+

−k . (67)

When P = 0, it turns out that besides the states in the form∑
i HCi, there are also antisymmetric solutions of B (with A =

C = 0) as we saw earlier when J1 = J2. We now check this
statement. The reduced equations for B by taking A = C = 0
become

2εBa + (T1 + T2)Ba + Ba(T1 + T2) = 0, (68)

(T1 − T2)Ba − Ba(T1 − T2) = 0. (69)

When T1 	= T2, these two equations can be replaced by [as
T1 = (J1/J2)T2]

(T1 + T2)Ba = −εBa, (70)

Ba(T1 + T2) = −εBa. (71)

The matrix T1 + T2 has eigenvalues λ = −2(J1 + J2) cos k,
where k = 2rπ

N , with r = 1, . . . , N . So when k 	= 0, π , there
is degeneracy: (eik, . . . , eiNk ) and (e−ik, . . . , e−iNk ) are dis-
tinct solutions but have the same eigenvalue with respect
to T1 + T2. Therefore, we can take the antisymmetric direct
product of the two vectors to form a solution of the above
matrix equations

(Ba)i, j = sin[(i − j)k]. (72)

This solution corresponds to two particles where one has
momentum k and the other −k, and thus we have a continuum
formed by antisymmetric states when the total momentum
P = k + (−k) = 0.

The existence of this continuum can also be understood as
follows. When P = 0, from Eq. (57) we have κ = 0, as ωk =
ω−k , and that Eq. (53) reduces to (T1 − T2)Bs = Bs(T1 − T2).
Thus the wave-function components in B of Eq. (62) will have
a vanishing antisymmetric part. As we obtain three indepen-
dent solutions from Eq. (61), the number of continua in the
form of combinations of Choy-Haldane states is reduced from
4 to 3. Meanwhile, we have antisymmetric states shown in
Eq. (72). In total we still have 3 + 1 = 4 sets of continua when
N → ∞.

When P 	= 0, there are four continua formed by com-
binations of Choy-Haldane states. So when P 	= 0, the
antisymmetric Ba itself is no longer the eigenstate of the
system. Instead, as κ 	= 0, it becomes a component in the
Choy-Haldane form of wave functions as in Eq. (62), which
makes the number of such continua 4. Note that what happens
in the J1 = J2 case is that κ ≡ 0 for all P because ωk ≡ ω′

k .
Thus the Ba continuum independently exists for all P, as we
saw earlier in Sec. V A.

1. Example

We now give an explicit spectrum of the system when
J1 = 0, U1 = 100J2, � = J2, � = J2, and U2 = 0 in Fig. 5.
Notice that the middle continuum has a darker shade than the
other two, as it represents (effectively) two continua. These
two continua of the four coincide, while the doublons appear
in between different continua, plotted as red solid lines. The
third doublon has a very high energy (ε ≈ 100J2) and its
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FIG. 5. Spectrum of the two-particle states for J1 = 0, U1 =
100J2, U2 = 0, and � = � = J2. The red solid curves represent the
dispersion for doublons. The energy ε is given in units of J2. The third
doublon is around ε ≈ 102.2J2 (shown on top) and its momentum
dependence is extremely weak

dispersion is almost flat. We note that similar plots were also
shown in Ref. [24], in which the authors used perturbations to
acquire the two-particle spectrum.

In this case, since J1 = 0, we have three sets of solutions
and three corresponding Choy-Haldane states to combine.
However, different from the P = 0 case, where we also have
three sets of solutions, the number of continua in the spectrum
is still 4. The reason is that, in the P = 0 case, two solutions
of the energy equations coincide, while when J1 approaches 0,
one of the four solutions moves to ∞. When the quasimomen-
tum k goes to ∞, the Choy-Haldane state does not disappear,
but its weight λ for every eigenstate goes to 0. Therefore, the
number of continua does not change and remains 4.

2. Including the interspecies interaction

We can also generalize our method discussed in this sec-
tion to include the interspecies interaction. The steps are
similar and the results are presented in Appendix B.

VI. DOUBLON STATES

As mentioned earlier, we call the states outside the con-
tinua doublon states. In the single-species Bose-Hubbard
model, there is one state outside the continuum. From
Eq. (15), in the thermodynamic limit, U = ±4J cos P

2 sinh K ,
and from the energy equation ε = ±4J cos P

2 cosh K . In the
limit of U → ∞, this state represents two atoms residing
on the same site and traveling through the lattice with mo-
mentum P. Thus, this state is called a doublon and can be
regarded as one particle with the dispersion relation ε =
±

√
U 2 + 16J2 cos2 P

2 .
With our analytic results in the preceding section, we

can easily study doublons in the case of the coupled
Bose-Hubbard model. When N → ∞, the doublon states

have the following real-space wave functions, e.g., the
components of A:

An,m =
4∑

i=1

λi exp(−Ki|n − m|). (73)

As an illustration, we focus on the properties of doublons
in the limit of infinite interactions (i.e., U1 and U2 being very
large). In the general case (J1 	= J2), from the Schrödinger
equations we have

4∑
i=1

J1ũiλi = U1

4∑
i=1

λi,

4∑
i=1

J2ũiλ
′
i = U2

4∑
i=1

λ′
i,

4∑
i=1

λi(ε − ωki − ωqi )[(J1 + J2)ũi

− (J1 − J2)2i(sin ki + sin qi )κi] = 0,

4∑
i=1

κiλi(ε − ωki − ωqi ) = 0. (74)

When U1 → ∞, the rhs of the first equation must vanish.
Therefore,

∑
i λi → 0. Two of the three doublon dispersions

have finite energies in this limit, their diagonal parts of A in the
wave function vanish, and diagonal parts of B and C are the
dominant components of the wave functions. When U2 → ∞
as well, the diagonal parts of A and C will both vanish for the
one of the three doublon dispersions that still has finite energy,
while the diagonal parts of B dominate the wave functions,

Bn,m =
4∑

i=1

λ′′
i [1 + κisgn(n − m)] exp(−Ki|n − m|), (75)

where λ′′
i ≡ λi

ε−ωki −ωqi
�

. We show in Fig. 6 the probability
density from the wave function for U1 = U2 → ∞, which
clearly demonstrate the adjacency feature.

We saw in the preceding section that the number of solu-
tions of energy equations can be deduced by the number of
independent linear equations on λi. The number of continua
can be further inferred. While the number of doublons is set
equal to 3, their asymptotic energy as interactions become
large can be simply derived. When U1 and U2 are large, in
the leading order we can ignore the hopping strength Ji. Then
the matrix equations are reduced to scalar equations,⎛

⎝ε − U1 −�

−2� ε −2�

−� ε − U2

⎞
⎠

⎛
⎝a

b
c

⎞
⎠ ≈ 0. (76)

If U1 and U2 are both large, two doublons will have en-
ergies U1 and U2 and the other one has a finite energy. If
U2 = 0 and U1 is large, one doublon will have energy U1 and
the other two have a finite energy. We saw these two cases in
Sec. V. We can also study the leading-order energy of the three
doublons when including interspecies interaction and � 
 J
in this way.
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FIG. 6. Matrix plot of a finite-energy doublon state when U1 =
U2 → ∞ and �/J = 2, in which case when the diagonal entries of
A and C are 0: (a) |Ai j |2 (or |Ci j |2) and (b) |Bi j |2. We set N = 10 for
the plot.

VII. DETAILED ANALYSIS OF the DISCRETE SPECTRUM

In this section we describe all two-excitation eigenstates
and examine their properties, such as the inverse participation
ratio and entanglement behavior. To do this in detail, we will
focus on certain limits of the interaction.

When U1 = U2 = U → ∞, we have three types of so-
lutions: (i) ψ1, where A = −C is a Choy-Haldane state
(with sk,−k = −1) and B = 0, with the energy ε = 2ωk;
(ii) ψ2, where A = C = HC1 + λHC2 and B = 2(HC1 −
λHC2), with the energy equation being ε = 2ωk1 + 2� =
2ωk2 − 2�; and (iii) ψ3, which are antisymmetrized states,
which will not be of our concern. The first type is a sin-
gle Choy-Haldane state. When U → ∞, from the Bethe
equation e−ikN = −1, the quasimomentum k = 2π

N × (half
integer).

FIG. 7. Spectrum of the second type of state, which can be di-
vided into five parts. This is the spectrum for P = 0 specifically.

The second type of state contains two Choy-Haldane states.
It was shown in the preceding section that the spectrum of
this type of state possesses two continua and two doublon
dispersions. We divide the spectrum into five parts as in Fig. 7
and discuss them one by one. We note that the spectrum
is different when �/J < 2, in which case the two continua
overlap. In this case, the only qualitative difference is in region
III: Instead of having a localized doublon state, there are
additional extended states in the overlapping continuum in
region III.

The following are the eigenenergies and the wave func-
tions. In region I,

ε = −4 cos
P

2
cosh K1 + 2�

= −4 cos
P

2
cosh K2 − 2� (77)

and

A = C = HC1 + λHC2,

B = 2(HC1 − λHC2),
(78)

where λ = − 1+s1
1+s2

= − 1+e−i(P/2−iK1 )N

1+e−i(P/2−iK2 )N . When U → −∞, K1 and
K2 → ∞; when U → +∞, there is no solution.

In region II,

ε = −4 cos
P

2
cosh K + 2�

= −2 cos k − 2 cos(P − k) − 2� (79)

and

A = C = HC1 + λHC2,

B = 2(HC1 − λHC2),
(80)

where λ = − 1+s1
1+s2

= − 1+e−ikN

1+e−i(P/2−iK )N . When U → +∞, ũ1 =
−ũ2, whose expressions are

ũ1 = 2[sin k − sin(P − k)] tan
kN

2
,

ũ2 = −4i cos
P

2
sinh K tan(

P

2
− iK )

N

2
.

(81)
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FIG. 8. Solution of ũ1 = −ũ2 in Eq. (81). (a) The blue (yellow)
curve is the lhs (rhs) of the equation in terms of k when P = 0, for
N = 10 type-2 states in region II. (b) The blue (yellow) curve is the
lhs (rhs) of the equation in terms of k when P = 2π

10 , for N = 10
type-2 states in region II. Every intersection of the two curves gives
one such state.

Given a total site number N , the total momentum can be P =
2πr
N , with r = 0, 1, . . . , N − 1. For each P value, the above

equations could be solved numerically. For instance, we take
N = 10 and � = 10J . When P = 0, we plot in Fig. 8(a) the
lhs and rhs of the equation ũ1 = −ũ2 in terms of k.

Thus the equations have five solutions, if we consider the
fact that by exchanging k and P − k, we essentially have the
same state. The corresponding plot for P = 2π

10 is shown in
Fig. 8(b). There are four solutions in this case. This pattern
persists if we continue with higher P. When r is even, we
would have five distinct states, but when r is odd, we would
have only four distinct solutions. In total, when N = 10, re-
gion II of the second type gives 55 states.

In region III,

ε = −4 cos
P

2
cosh K1 + 2�

= 4 cos
P

2
cosh K2 − 2� (82)

and

A = C = HC1 + λHC2,

B = 2(HC1 − λHC2),
(83)

where λ = − 1+s1
1+s2

= − 1+e−i(P/2−iK1 )N

1+e−i(π+P/2−iK2 )N . When U → +∞ and
ε = 0, the equation ũ1 = −ũ2 is satisfied automatically. The

energy equations become 2 cos P
2 cosh K = �, where K1 =

K2 = K :

ũ1 = −4i cos
P

2
sinh K tan

[(
P

2
− iK

)
N

2

]
, (84)

ũ2 = 4i cos
P

2
sinh K tan

[(
π + P

2
− iK

)
N

2

]
. (85)

We note that the factor tan[( P
2 − iK ) N

2 ] = tan[(π + P
2 −

iK ) N
2 ] for any N , and therefore ũ1 = −ũ2. There is one state

for each P, thus ten states in total.
If the two continua II and IV overlap, as long as � 	= 0, the

above equations will still give us some valid wave functions.
However, in this case we would expect some extended states
in the overlapped region, whose quasimomenta are real,

ε = −2 cos k1 − 2 cos(P − k1) − 2�

= −2 cos k2 − 2 cos(P − k2) + 2�,
(86)

while

ũ1 = 2[sin k1 − sin(P − k1)] tan
k1N

2
,

ũ2 = 2[sin k2 − sin(P − k2)] tan
k2N

2
. (87)

In region IV,

ε = −2 cos k − 2 cos(P − k) + 2�

= 4 cos
P

2
cosh K − 2� (88)

and

A = C = HC1 + λHC2,

B = 2(HC1 − λHC2),
(89)

where λ = − 1+s1
1+s2

= − 1+e−i(π+P/2−iK )N

1+e−ikN . When U1 → +∞, ũ1 =
−ũ2, where

ũ1 = −4i cos
P

2
sinh K tan

(
P

2
− iK

)
N

2
,

ũ2 = 2[sin k − sin(P − k)] tan
kN

2
. (90)

As in region II, there are 55 states in total when N = 10.
In region V,

ε = 4 cos
P

2
cosh K1 + 2�

= 4 cos
P

2
cosh K2 − 2� (91)

and

A = C = HC1 + λHC2,

B = 2(HC1 − λHC2), (92)

where λ = − 1+s1
1+s2

= − 1+e−i(π+P/2−iK1 )N

1+e−i(π+P/2−iK2 )N . When U1 → +∞, K1

and K2 → ∞.
In regions III and V, the eigenvalues are straightforwardly

obtained. In regions II and IV, we need to solve for the two
quasimomenta satisfying both energy equations and the equa-
tion ũ1 = −ũ2, as illustrated in Fig. 8.
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Now with solutions of all two-particle eigenstates, we ex-
amine them in terms of their inverse participation ratio.

Inverse participation ratio. We use the inverse participation
ratio (IPR) I to characterize and demonstrate the localization
properties of all the eigenstates [54]. The IPR in the single-
particle case is defined as the integral of the square of the
density over the space, i.e., I = ∑

i |ψi|4. In our system we
choose a two-particle spatial basis to define the IPR, which is
a special case of the many-body IPR (see, e.g., Ref. [47]) and
we obtain

I =
∑
n,m

4|An,m|4 + |Bn,m|4 + 4|Cn,m|4, (93)

under our previous normalization in Eq. (28). For the case of
N = 10 and U1 = U2 = ∞, Fig. 9 shows the whole spectrum
of type-2 states. When �/J = 10, states in the two continua
are pretty much extended (I < 0.01) and the doublon states
are highly localized (I ≈ 0.1, which is the largest IPR of
states under translational symmetry).

When �/J = 1, the two continua intersect around ε = 0.
The doublon states thus vanish, replaced by the more extended
states in region III. These eigenstates are composed of two
Choy-Haldane states with real quasimomenta, i.e., they are
essentially combinations of scattering states. Therefore, their
IPRs are expected to be lower than all the other states.

Therefore, we observe a hierarchy of localization in the
spectrum. The most localized states are the doublons, fol-
lowed by the states composed of one scattering state and one
localized state, and then the states composed of two scattering
states, which are the most delocalized among the three kinds.
Note that the doublon in between two continua and the states
of the third kind cannot appear simultaneously. When � is
large, the two continua are distant and the doublon emerges
in between as the interaction is turned on; when � is small,
the two continua intersect and the doublon is replaced by the
scattering states. We note that since the IPR just depends on
the density distribution of the system, it can in principle be
measured by imaging the system [55].

Entanglement. We also calculate the entanglement between
the two species a and b. To do this, we define the reduced
density matrix ρa for species a by tracing over the degrees
of freedom in b-particle Hilbert space. Given that there are at
most two b particles, we have ρa for a given two-excitation
state |ψ〉 defined as

ρa = b〈0|(|ψ〉〈ψ |)|0〉b +
∑

i

b〈0|bi|ψ〉〈ψ |b†
i |0〉b

+
∑

i j

1
2 b〈0|b jbi|ψ〉〈ψ |b†

i b†
j |0〉b, (94)

where we have used |0〉b to define the vacuum for b particles.
We expect that ρa will be block diagonal with three blocks
contributed by the vacuum and one-particle and two-particle
subspaces, respectively,

ρa = ρ2 ⊕ ρ1 ⊕ ρ0. (95)

The entanglement entropy of |ψ〉 is then given by

SvN = −Tr(ρa ln ρa) = S2 + S1 + S0, (96)

FIG. 9. Spectrum ε and IPR (represented by color) of type-2
states vs momentum P when U1 = U2 = U → ∞. (a) For �/J = 1,
two continua overlap and all the states in the continua including those
inside the overlapped region are extended. (b) For �/J = 2, two
continua lie side by side. The doublon states become more localized
when they are energetically distant from those in the continua. (c) For
�/J = 10, the doublon states are almost maximally localized. Their
IPR reaches 0.1, which is the maximal value assuming translational
invariance. The total site number is taken to be N = 10

where Si ≡ −Tr(ρi ln ρi ). To be more specific, we have

S2 = −λc ln λc, (97)

S1 = −Tr(BB† ln BB†), (98)

S0 = −λa ln λa, (99)
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FIG. 10. Entanglement entropy of type-2 states when U1 = U2 =
U → ∞. (a) For �/J = 1 two continua overlap. The states in the
overlapped region have slightly higher entanglement between parti-
cles a and b. (b) For �/J = 2, two continua lie side by side. The
doublon states have an entanglement entropy that is close to ln 2.
(c) For �/J = 10, the doublon states are at almost maximal (approx-
imately equal to ln 10) entanglement between particles a and b. States
on the edge of each continuum have slightly lower entanglement than
the other states in the continuum. The total site number is taken to be
N = 10

where λa ≡ ∑
n,m 2|An,m|2 and λc ≡ ∑

n,m 2|Cn,m|2. For type-
1 eigenstates, A = −C and B = 0. After imposing normal-
ization as in Eq. (28), we have λa = λc = 1

2 . Thus the
entanglement entropy of type-1 eigenstates is S = ln 2. We
show the entanglement entropy of type-2 states in Fig. 10.

Site number. The analysis for now in this part concentrates
on the system with N = 10 sites for simplicity and for illus-
tration. If we increase N , the number of states will increase
for sure. Other than that, the IPR of doublon state will scale
as ∼1/N , while the IPR of states in the continua will scale
as ∼1/N2. The entropy of doublon states will be ∼ ln N and
the entropy of other states will be much lower. Eventually,
when the thermodynamic limit is reached, states form four
real continua (one in type 1, two in type 2, and one in type 3).

VIII. TIME EVOLUTION

After analyzing detailed eigenstates in Sec. VII, it is natural
to ask how the system evolves from a certain initial state. To
write down the total wave function, we start with four sets
of quasimomenta which satisfy their corresponding energy
equations. Then using the Bethe equations and equations re-
combining diagonal parts, we can determine the ũ, sk,q, and λ.
After writing out the complete basis set, for every initial state
(e.g., Bnm = δn,0δm,0), we can expand the total wave function
in terms of the eigenbasis. After the expansion, we obtain the
time evolution of the system easily: |ψ (t )〉 = ∑

i cie−iEit |Ei〉.
This approach applies to arbitrary long times. We also re-
mark that we also integrate the time-dependent Schrödinger
equation numerically to obtain the dynamics, which is good
for time not too long so that the numerical error does not
accumulate too much.

To study the time evolution of a system that possesses dou-
blon dispersions, we set the initial state to be |ψ〉 = a†

0b†
0 |0〉,

with two bosons of different species occupying the same posi-
tion, and examine the case when U1 = U2 = U is large. From
the flat dispersion of the doublon state, we expect the initial
state to persist in the large-� and large-U limit. Therefore, we
examine the time evolution of Ndb ≡ ∑

i |〈ψ | a†
i b†

i aibi |ψ〉|2,
which counts only the double occupation of different species
at the same sites. The initial value Ndb = 1, as shown in
Fig. 11, and it decays incompletely and persists at a high value
at late times.

To study the mean and fluctuations of Ndb for a broader
range of �/J , we plot these values gathered between times
t = 30 and 40 in Fig. 12. When �/J < 2, although doublon
states exist near P = π in the momentum space, two continua
overlap around P = 0. As a result, Ndb decays drastically,
giving a small mean and large deviation in the plot. When
�/J > 2, once the doublon has a full band, the time evolution
of Ndb is dominated by the doublon. This phenomenon is due
to the localization property of doublon states; thus when �

is small enough such that doublons do not exist, we expect
a pretty different late-time behavior. The difference in the
late-time behavior due to doublon states can be observed in
the time evolution of the IPR. When �/J < 2, the IPR will
drastically decrease from 1 to 0 and oscillate slightly above it.
When �/J > 2, the IPR will decrease from 1 to somewhere
above 1/N (which is 0.1 in our case study) instead.

Note that when U → ∞ and � → ∞, due to the flat
doublon dispersion, the initial state is an eigenstate. Both Ndb

and the IPR will remain 1 in the unitary evolution and we
have a standing doublon. When U → ∞ and � 
 1, doublon
dispersion is not perfectly flat and Ndb will be still close to 1,
but the IPR will drop as shown in Fig. 13(c).
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FIG. 11. Time evolution of Ndb and IPR for U/J = 100 and
N = 10 sites. (a) For �/J = 1, Ndb decays and oscillates drastically.
(b) For �/J = 5, Ndb remains slightly smaller than 1. (c) For �/J =
1, the IPR decays to around 0.01 and oscillates. (d) For �/J = 5, the
IPR decays, but has a minimum 0.1. The time t is given in units of
1/J .

We also study the time evolution of entanglement entropy
between a and b particles from the same initial state of
a†

0b†
0|0〉 as above. In Fig. 13(a) we show the evolution of

the entanglement entropy when U/J = 500 and �/J = 10.
We observe very-high-frequency oscillation, which is easier
to see in Fig. 13(e) with U/J = 100. This is due to the in-
terference between the doublon state in region III and that
in region IV. Therefore, the frequency is proportional to the
energy difference �ε between the two states. When U 
 1
and � 
 U , �ε ∝ �; when U 
 1 but U 
 �, �ε ∝ U .
This can be seen from comparing Figs. 13(a) and 13(e), where
the high-frequency oscillation in the latter is slower than in the
former. Moreover, the entropy varies drastically from Jt = 0,

FIG. 12. Mean values and standard deviations of Ndb between
t = 30 and 40 for U/J = 100. When �/J > 2, because of the forma-
tion of the doublon, the late time mean is high, with small deviation
(oscillation amplitude). When �/J is small, the mean is small and
the deviation is quite high, indicating a different late-time behavior.

FIG. 13. (a)–(c) Time evolution of the coupled Bose-Hubbard
model when �/J = 10 and U/J = 500. Entanglement entropy evo-
lution is shown from (a) Jt = 0 to 2 and (b) Jt = 0 to 400. (c) The
IPR from Jt = 0 to 400. (d) Time evolution of the two-particle state
in the single-species Bose-Hubbard model with U ′/J = −166.7,
which is almost identical to that in (b) except for the small-amplitude
oscillations and the initial buildup. Entanglement evolution between
two particles is shown from (e) Jt = 0 to 2 and (f) Jt = 0 to 400
when U/J = 100. The oscillation pattern in (f) is 5 times faster than
that in (b). In (a) an initial buildup of entanglement is shown in a form
similar to a damped oscillator. In contrast, such an initial buildup for
U/J = 100 is weaker, as seen in (e).

analogous to a damped oscillation, and saturates around Jt ≈
O(1), with the saturation time dependent on �. From then on
after the initial buildup, the evolution is milder.

The large-timescale evolution of the entropy is shown in
Fig. 13(b) with U/J = 500. This behavior is due to the dis-
persion of the doublon. When U 
 1 and � is large, from
Eq. (35), the group velocity of the doublon is

dε

dP
≈ 1

U
12J2 sin P. (100)

The simple way to demonstrate our claim regarding the
behavior of entanglement is to use the single-species Bose-
Hubbard model under time evolution. In this case, when the
interaction strength U ′ 
 1 (we add a prime to U to distin-
guish it from the interaction strengths in the coupled case),

using the energy equation ε =
√

U ′2 + 16J2 cos2 P
2 , the dou-

blon group velocity is

dε

dP
≈ − 1

U ′ 4J2 sin P. (101)
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After the above preparation, we can now study the en-
tanglement entropy evolution between the two particles in
the single-species Bose-Hubbard model with U ′ = −U

3 and
the initial state being |ψ〉0 = 1√

2
a†

0a†
0 |0〉. The entanglement

behavior in the single-species case is expected to be similar
to that in the coupled case with U = −3U ′. The expression
(98) for two species motivates us to define the entanglement
entropy for the single-species case as S = −Tr(AA† ln AA†)
for the wave function of the form |ψ〉 = ∑

n,m An,ma†
na†

m |0〉.
As long as U 
 1, we should expect a similar result in both
single- and double-species cases, since the doublons in two
systems have roughly the same dispersion. We demonstrate
this for U ′ = − 500

3 (corresponding to U = 500) in Fig. 13(d),
in which the evolution is essentially the same as in Fig. 13(b),
except that in the (single-species) Bose-Hubbard model there
is no initial buildup process. Additionally, when U/J is low-
ered to 100, as in Fig. 13(f) the oscillation pattern is 5 times
faster than that in Fig. 13(b). We also see that in Figs. 13(b)
and 13(c), when the entropy increases, the IPR decreases and
vice versa. This confirms the claim that the large-timescale
evolution is due to the dispersion of the doublon. Notice that
the IPR oscillates above 0.1 at large times; I = 1/N = 0.1 is
the value of the IPR when the probability density is evenly
distributed in N lattice sites.

IX. CONCLUSION

We have solved the two-particle spectrum of a generic
doubly coupled Bose-Hubbard model. Our solutions include
several different two-particle continua and doublon disper-
sions outside the continua. The continua are composed of
states whose wave functions are superpositions of Choy-
Haldane states in general. In addition to these extended states,
we have also obtained doublon states that are localized (in
relative coordinates). These doublons can differ from those
in the single-species Bose-Hubbard model in the pattern of
spatial occupation (or the adjacency feature referred earlier),
such as nearest neighbor vs on site. Some doublons possess
energies that overlap with a continuum, and hence they are
also bound states in the continuum.

Given that we were able to solve for all two-particle eigen-
states, we have examined the inverse participation ratio and
entanglement entropy (between the two species) for eigen-
states. As doublon states are localized, they do possess a
large IPR. They also have a large entanglement between the
two species. We have also studied the dynamics of simple
initial two-particle states and found that the IPR and entan-
glement behave in opposite ways under the time evolution
of the coupled Bose-Hubbard Hamiltonian. It is interesting
that the behavior of entanglement is dominated by doublons at
late times, and this is confirmed by the similar single-species
Bose-Hubbard case. The correspondence between the coupled

case and the single-species case is identified by a relation in
their interactions (e.g., U = −3U ′) inferred from the doublon
dispersions. We remark that our approach can be extended to
include next-nearest-neighbor or longer-range hopping and to
an arbitrary number of Bose-Hubbard models that are cou-
pled, albeit still only one- and two-particle solutions.

Our paper provides a complete solution for the two-particle
subspace; however, finding analytic solutions for many inter-
acting bosons remains challenging. In certain limiting cases,
few-particle solutions, such as those with bound states, may
offer a qualitative explanation for many-body states in some
regime. In Ref. [56] the authors found that the formation
of the liquid in the one-dimensional Bose-Hubbard model
coincides with the appearance of a bound state in the dimer-
dimer problem. Moreover, doublons have been observed in
one-dimensional (single-species) Bose-Hubbard experiments
in a low filling factor [35]. We expect that when the doublons
are localized enough (when � is large enough), one could
observe the doublons and the effects they have in a sparse
lattice. The most obvious method is to image the system using,
e.g., a quantum gas microscope [57]. For example, when U1 =
U2 
 1, the group velocity of doublons approaches zero,
which means that if one carefully specifies the initial state
as several doublons lying in a sparse lattice, all the particles
will essentially freeze at their initial positions. One could vary
the interactions and observe different dynamics. Alternatively,
one could also use modulation spectroscopy and time-of-flight
techniques to detect the presence of doublons, similar to the
single-species case in [35].

Finally, a digital quantum computer may also be used to
simulate the system. When U1 = U2 = ∞, the a and b parti-
cles are hard-core bosons. So the two-particle wave function
can be simulated by a and b types of qubits, with coupling on
site. However, when the intraspecies interaction is finite, the
two-particle wave function should be simulated by two types
of qutrits instead of qubits, as there are three possible occupa-
tions |0〉, |1〉, and |2〉 of the same species. Their dynamics can
be studied in principle via a Trotter-Suzuki decomposition of
the time-evolution operator into a sequence of quantum gates.
The IPR, entanglement (perhaps using the Rényi entropy of
order 2 instead of the von Neumann entropy), and diagonal oc-
cupation can all be studied by measurements. At the moment,
qubit digital quantum computers look more promising for
hard-core bosons, but some recent experiments have begun to
explore qutrits [58], which might be used to simulate general
two-excitation states in the coupled Bose-Hubbard model.
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APPENDIX A: MOMENTUM-SPACE SCHRÖDINGER EQUATIONs

The following are the momentum-space Schrödinger equations:

(ε − ωp − ωq)Ap,q = U1

N

∑
p+q=P

Ap,q + �

2
(Bp,q + Bq,p), (A1a)

053310-15



LI, SCHNEBLE, AND WEI PHYSICAL REVIEW A 105, 053310 (2022)

(ε − ωp − ω′
q)Bp,q = 2�Ap,q + 2�Cp,q, (A1b)

(ε − ω′
p − ω′

q)Cp,q = U2

N

∑
p+q=P

Cp,q + �

2
(Bp,q + Bq,p). (A1c)

Substituting (A1c) into (A1b), we have

(ε − ωp − ωq)Ap,q = U1A

N
+ �

2
(Bp,q + Bq,p),

2�Ap,q = (ε − ωp − ω′
q)Bp,q − �2 Bp,q + Bq,p

ε − ω′
p − ω′

q

+ 2�U2C

N (ε − ω′
p − ω′

q)
. (A2)

Substituting (A1b) into (A1a), we have

(ε − ωp − ω′
q)Bp,q − �2

(
1

ε − ωp − ωq
+ 1

ε − ω′
p − ω′

q

)
(Bp,q + Bq,p)

= 2�U1A

N

1

ε − ωp − ωq
− 2�U2C

N

1

ε − ω′
p − ω′

q

. (A3)

From Eq. (A2) we could further have

ε − ωp − ω′
q

2�
Bp,q = 2ε − ωp − ωq − ω′

p − ω′
q

ε − ω′
p − ω′

q

Ap,q − U1A

N

1

ε − ω′
p − ω′

q

− U2C

N

1

ε − ω′
p − ω′

q

. (A4)

Substituting this into Eq. (A3) and taking advantage of the fact that Ap,q = Aq,p, we arrive at

Ap,q = 1

(ε − ωp − ωq − ηpq)(ε − ω′
p − ω′

q − ηpq) − η2
pq

(
(ε − ω′

p − ω′
q − ηpq)

U1A

N
+ ηpq

U2C

N

)
, (A5)

where ηpq ≡ �2( 1
ε−ωp−ω′

q
+ 1

ε−ωq−ω′
p
). Similarly for Cp,q,

Cp,q = 1

(ε − ωp − ωq − ηpq)(ε − ω′
p − ω′

q − ηpq) − η2
pq

(
ηpq

U1A

N
+ (ε − ωp − ωq − ηpq)

U2C

N

)
. (A6)

This essentially forms a matrix equation (
Ap

Cp

)
= M(p)

( A
N
C
N

)
. (A7)

Since
∑

p Ap = A and
∑

p Cp = C, we have an equation for the matrix M which essentially becomes the energy equation

det

(∑
p

M(p) − 1

)
= 0, (A8)

or in the thermodynamic limit, the sum becomes an integral

det

( ∫ 2π

0

d p

2π
M(p) − 1

)
= 0. (A9)

As an example, when U2 = 0 and J2 = 0, the matrix equation reduces to an ordinary equation. Then the energy equation is

∑
p+q=P

U

N

(ε − ωp − ωq) − (
�2

ε−�−ωq
+ �2

ε−�−ωp

)
(ε − 2�)(ε − ωp − ωq) − (2ε − 2� − ωp − ωq)

(
�2

ε−�−ωq
+ �2

ε−�−ωp

) = 1. (A10)

In the limit of N → ∞, this sum turns into an integral

∫ 2π

0
d p

(ε − ωp − ωq) − (
�2

ε−�−ωq
+ �2

ε−�−ωp

)
(ε − 2�)(ε − ωp − ωq) − (2ε − 2� − ωp − ωq)

(
�2

ε−�−ωq
+ �2

ε−�−ωp

)
∣∣∣∣∣
q=P−p

= 2π

U
. (A11)

From this equation one can in principle solve for the two-excitation energy ε. In fact, we can use this in the opposite direction,
i.e., by fixing an ε and performing the integration (e.g., numerically) to obtain the corresponding interaction U . This allows us
to obtain the relation between ε and U , in particular, for the doublons.
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APPENDIX B: INTERSPECIES INTERACTION

So far we have not included the interaction between the
two species of atoms. If we have interspecies interaction, the
Schrödinger equations become

εA + T1A + AT1 − U1DA = �

2
(B + BT ), (B1)

εB + T1B + BT2 − U3DB = 2�(A + C), (B2)

εC + T2C + CT2 − U2DC = �

2
(B + BT ). (B3)

The two-excitation states can still be solved, because the
energy equations from Eq. (61) still hold. Therefore, the
wave functions are still combinations of four different Choy-
Haldane states, just with different weights λ. Since the second
equation has one extra term when the interspecies interaction
is nonvanishing, the equations determining λ become slightly
modified,

4∑
i=1

J1ũiλi(1 + si ) = U1

4∑
i=1

λi(1 + si ), (B4)

4∑
i=1

J2ũiλ
′
i(1 + si ) = U2

4∑
i=1

λ′
i(1 + si ), (B5)

4∑
i=1

λi(ε − ωki − ωqi )[(J1 + J2)ũi(1 + si )

−(J1 − J2)2i(sin ki + sin qi )κi(1 − si )]

= 2�U3

4∑
i=0

λi(ε − ωki − ωqi )(1 + si ), (B6)

4∑
i=1

κiλi(ε − ωki − ωqi )(1 − si ) = 0. (B7)

With these equations, we now discuss a few limits.

(i) When U1 = U , U2 = 0, and J1 = J2 = J , these equa-
tions are simplified and λ′

1,2 = λ1,2 and λ′
3 = −λ3. We let

ui ≡ Ui/J ,

3∑
i=1

λi(1 + si )ũi = u
3∑

i=1

λi(1 + si ), (B8)

3∑
i=1

λ′
i(1 + si )ũi = u2

3∑
i=1

λ′
i(1 + si ) = 0, (B9)

2∑
i=1

(−1)iλi(1 + si )ũi = u3

(
2∑

i=1

(−1)iλi(1 + si )

)
. (B10)

(ii) When U1 = U2 = U and J1 = J2 = J , these equa-
tions become

λ1(1 + s1)ũ1 + λ2(1 + s2)ũ2

= u[λ1(1 + s1) + λ2(1 + s2)], (B11)

λ1(1 + s1)ũ1 − λ2(1 + s2)ũ2

= u3[λ1(1 + s1) − λ2(1 + s2)], (B12)

ũ3 = u3. (B13)
It turns out that when U3 	= 0, there are the same three

types of solutions we saw in Sec. VII: (i) A = −C = HC0

and B = 0, (ii) A = C = λ1HC1 + λ2HC2, and (iii) B = −BT

and A = C = 0. Turning on the interspecies interaction U3,
the first and third types of states stay the same. For the second
type of states, they are still combinations of the same two
Choy-Haldane states, except that λ1,2 are different now. We
can further take the case when U1 = U2 = U3 = U ; then the
resulting solutions of the second type are just (ũ1 = u, λ2 =
0) and (ũ2 = u, λ1 = 0). This means that when all the inter-
and intraspecies interactions are the same, the two-particle
states are simply Choy-Haldane states (and antisymmetric
states) |ψ〉 = |HCi〉, whose momenta satisfy energy equations
ε = ωk + ωq + c, with c = 0,±2�.
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