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Extraction of the photoelectron spectrum (PES) from the time-dependent wave-packet calculations is a
fundamental requirement for studying strong-field ionization. To analyze the PES, one needs to extract the
physical observables from the time-dependent wave function at the end of the laser pulse. The exact PES can
be obtained by projecting this wave function onto the continuum states of the same binding potential, which
have to obey the incoming boundary condition. This means that the continuum states at large distances from
the atomic or molecular targets have to be localized in momentum space so that asymptotically the continuum
states can be approximated by plane waves. In this paper, we extend our previous analysis [B. Fetić, W. Becker,
and D. B. Milošević, Extracting photoelectron spectra from the time-dependent wave function: Comparison of
the projection onto continuum states and window-operator methods, Phys. Rev. A 102, 023101 (2020)] and
investigate two alternative methods of the PES extraction: projecting the time-dependent wave function onto
plane waves as well as the so-called time-dependent surface flux (tSURFF) method. A thorough analysis is
performed to check the reliability of these methods in comparison with the exact method. The time integral,
which appears in the tSURFF ionization amplitude, is divided into smaller time intervals. Analyzing the
corresponding partial amplitudes and their interference we relate these time intervals to particular parts of the
PES. The method is applied to analyze the high-energy PES as well as the low-energy and very-low-energy
structures in the PES.
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I. INTRODUCTION

Studying the wave-packet dynamics of photoelectrons
emitted from atomic or molecular targets irradiated by a
strong laser field is essential for our understanding of the
physical mechanisms of strong-field photoionization and re-
lated phenomena. The development of an accurate description
of the wave-packet propagation by ab initio methods is a
crucial element, but it is not the only one. Propagation of
the initial bound-state wave function under the influence of
a strong laser field is only the first challenge. In a photoion-
ization experiment, the momentum and energy distributions
of the photoelectrons are the experimental observables; thus
the question arises how to obtain the energy-domain quan-
tities from the time-dependent wave function represented
on a spatial grid. Extraction of the photoelectron spectrum
(PES) can be a challenging and computationally demanding
task. The ever-increasing wavelengths and intensities of the
lasers used in the strong-field ionization experiments and their
simulations by ab initio methods have led to the develop-
ment of numerous techniques for the PES calculation. Here
we mention a few numerical methods which are different
from those we are using, for example, the mask method
[1–3], using the Kramers-Henneberger frame of reference for
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the evaluation of the electron spectra [4,5], and solving the
time-dependent Schrödinger equation (TDSE) directly in the
momentum space [6,7]. For a comprehensive review of the
various numerical methods used in strong-field physics, see
Ref. [8].

To accurately predict the PES from the wave-packet dy-
namics, the corresponding freely propagating photoelectron
wave packet needs to be represented asymptotically by a
superposition of plane waves with momenta close to the mo-
mentum measured at the detector, since plane waves are the
eigenfunctions of the momentum operator. In our previous
paper [9] we investigated the importance of using continuum
states that satisfy the proper boundary condition to extract
the PES from the time-dependent wave function obtained by
numerical solution of the TDSE. The main conclusion of
this paper was that the window-operator method, which has
been used for three decades for obtaining the PES, may give
artificial results for the photoelectron momentum distributions
due to a wrong boundary condition imposed on the final pho-
toelectron continuum wave function. Therefore, whenever an
approximative method is used for calculating the PES, it has
to be validated by direct comparison with the results obtained
using the correct method: projecting the final time-dependent
wave function onto continuum states obeying the correct,
incoming-wave, boundary condition.

In this paper, we continue our analysis by investigating and
validating two additional techniques for extracting the PES:
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the method of projecting the time-dependent wave function
onto plane waves and the so-called time-dependent surface
flux method (tSURFF). Comparisons with the exact results are
presented and a detailed analysis for various targets and laser-
field parameters is provided. In addition, the tSURFF method
is used to investigate the buildup of interference structures in
the time domain by analyzing the photoelectron flux through
a spherical surface at a large distance from the atomic center.
With this analysis, we are able to identify the wave packets
that are responsible for some particular interference structures
that show in the PES.

The paper is organized as follows. In Sec. II we give a
brief introduction to the numerical methods that we use to
propagate the wave function and to extract the corresponding
physical quantities. In Sec. III we present our methods for
extracting the photoelectron spectra. In Sec. IV we present
and discuss our numerical results. In particular, in Secs. IV C
and IV D we introduce a method for the time-energy-resolved
analysis of the PES and apply it to investigate the correspond-
ing high-energy and low-energy structures. Our conclusions
are given in Sec. V. Atomic units (h̄ = 1, 4πε0 = 1, e = 1,
and me = 1) are used throughout the paper, unless otherwise
stated.

II. PROPAGATION OF THE WAVE FUNCTION

The laser-atom interaction within the single-active-electron
(SAE) approximation is described by the three-dimensional
TDSE:

i
∂�(r, t )

∂t
= [H0 + VI (t )]�(r, t ), H0 = −1

2
∇2 + V (r),

(1)
where H0 is the field-free (atomic) Hamiltonian, ∇ ≡ ∂/∂r,
and V (r) is the spherically symmetric binding potential

V (r) = −1

r
+ Vs(r), (2)

which consists of the Coulomb potential and a short-range
potential Vs(r). For negative atomic ions, the Coulomb poten-
tial is absent so that V (r) = Vs(r). The laser-atom interaction
operator VI (t ) = −iA(t )∂z is written in the dipole approxima-
tion and velocity gauge. Here we assume that the laser field is
linearly polarized along the z axis, so that the vector potential
is given by A(t ) = − ∫ t E (t ′)dt ′, where E (t ) is the electric
field:

E (t ) = E0 sin2
( ωt

2Nc

)
cos(ωt ), t ∈ [0, Tp], (3)

with E0 the electric-field amplitude, ω = 2π/T the laser-field
frequency, and Tp = NcT the pulse duration (Nc is the number
of optical cycles).

The TDSE is solved by expanding the time-dependent
wave function in a basis of B-spline functions and spherical
harmonics:

�(r,�, t ) =
N−1∑
j=2

L−1∑
�=0

c j�(t )
Bj (r)

r
Y m0

� (�), (4)

where the expansion coefficients c j�(t ) are time dependent, N
is the number of B-spline functions in the domain [0, rmax],
and Y m

� (�) are the spherical harmonics, with � ≡ (θ, ϕ) the

FIG. 1. At the end of the laser-atom interaction, the liberated
part of the wave packet moves away from the vicinity of the atom
(Reaction zone). As it further propagates, the short-range potential
falls off very quickly and for r > Rc the wave packet only feels
the Coulomb potential (the Coulomb zone). At some large distance
r > R from the atom, the Coulomb potential can be neglected and
the wave packet can be considered as a plane wave having linear
momentum k (Free zone).

solid angle. For a linearly polarized field, the magnetic quan-
tum number is constant and we set it equal to m0 = 0. Under
the influence of the laser field, an electron, initially in a bound
state, can be liberated from the atomic center and end up in the
continuum. The continuum part of the wave packet is further
accelerated by the electric force of the laser field. When the
laser field is turned off, this part of the wave packet continues
to propagate by moving away from the atomic (ionic) center
as shown in Fig. 1. Outside the vicinity of the atom (called the
reaction zone), the short-range potential falls off very quickly
and beyond r � Rc the wave packet propagates solely under
the influence of the Coulomb potential. At some large distance
from the atom, for r � R, the long-range Coulomb potential
can be neglected and the wave packet can be considered as
moving freely without any interaction with the atomic core.
In a photoionization experiment, we measure the photoelec-
tron momentum, so that the wave packet associated with the
detected photoelectron must be localized in the momentum
space. This implies that a freely propagating wave packet must
(asymptotically) be represented by a superposition of plane
waves with momenta close to that registered at the detector.

The TDSE (1), which describes the propagation of the
wave packet, is numerically solved in a spherical box of the
size r = rmax using the methods described in detail in Ref. [9].
Artificial reflections from the boundary at r = rmax are sup-
pressed by the complex absorbing potential [10]:

VCAP(r) =
{

0, r < r0

−iV0
( r−r0

rmax−r0

)2
, r0 � r � rmax

, (5)

with V0 = 0.1 and rmax − r0 = 100.
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III. CALCULATION OF THE
PHOTOELECTRON SPECTRUM

A. Projection onto continuum states and plane waves

At the end of the laser field at the time t = Tp, using the
propagation method described above, we obtain the time-
dependent complex wave function �(r, Tp). Then the exact
photoelectron momentum distribution (PMD) can be calcu-
lated by projecting |�(Tp)〉 onto the continuum states of
the field-free Hamiltonian H0 with linear momentum k =
(k,�k ), �k ≡ (θk, ϕk ). These continuum states have to obey
the so-called incoming boundary condition [11]. Therefore,
the probability P(Ek, θk ) of detecting the electron with the
kinetic energy Ek = k2/2 emitted in the direction θk is given
by

P(Ek, θk ) = 2πk|〈ψ (−)
k |�(Tp)〉|2, (6)

where kx = k sin θk and kz = k cos θk. The continuum states
ψ

(−)
k (r) can be written as the partial wave expansion

ψ
(−)
k (r) =

√
2

π

1

k

∑
�,m

i�e−i��
u�(k, r)

r
Y m

� (�)Y m∗
� (�k ), (7)

where u�(k, r) is the solution of the radial Schrödinger equa-
tion for fixed orbital quantum number � and momentum k
and �� is the scattering phase shift of the �th partial wave.
The continuum states (7) are normalized on the momentum
scale, i.e., 〈ψ (±)

k′ |ψ (±)
k 〉 = δ(k′ − k). The wave packet formed

by the continuum states (7) approaches a wave packet formed
by the plane waves φk(r) = (2π )−3/2eik·r in the limit where
t → +∞ [9,11,12]. The states ψ

(+)
k (see below) do not satisfy

this requirement. We call this method the projection onto
continuum states (PCS) method.

As explained in Ref. [9] and in Sec. 4 of Ref. [11], only
the wave packet �

(−)
k (r, t ) ≡ ∫

dk′Ck (k′)e−iEk′ tψ
(−)
k′ (r), with

Ck (k′) an envelope function peaked at k′ = k, is suitable for
describing an ionization experiment. The reason is that in
such an experiment the ionized electrons, having the linear
momentum k and described by the wave packet �k(r, t ) ≡∫

dk′Ck (k′)e−iEk′ tφk′ (r), are registered at the detector after
the ionization has occurred. Macroscopically, this electron is
detected at the time t → +∞. After a lengthy calculation (see

Sec. 4.2 in Ref. [12]) it can be shown that �
(−)
k (r, t )

t→∞−−−→
�k(r, t = +∞), which justifies our statements. On the other
hand, forming the analogous wave packet with the so-called
ψ

(+)
k states, which are also continuum eigenstates of the

Hamiltonian H0 but satisfy the outgoing boundary condition,

one obtains �
(+)
k (r, t )

t→∞−−−→ �k(r, t = +∞) plus a scattering
wave. Such states are suitable for the description of the final
state in a scattering experiment but cannot be used in our case
of ionization.

The advantage of the PCS method is that there is no need
for additional postpulse propagation so that it poses lesser
demands on the box size. On the other hand, an analyti-
cal solution for the continuum states is known only for the
pure Coulomb potential. Continuum states for more complex
atoms, modeled within the SAE approximation, have to be ob-
tained numerically. This shortcoming of the PCS method can
be overcome by further propagating the time-dependent wave
function for some time τ after the laser field has been turned

off. Mathematical details and an analysis of this method are
discussed in Ref. [13]. The general idea is to postpulse propa-
gate �(r, Tp) under the influence of the field-free Hamiltonian
H0 for some time τ so that even the slowest part of the wave
packet has reached the free zone. In that case, the PMD can be
calculated by projecting out the bound part of the wave packet
�(r, Tp + τ ) and projecting only the continuum part onto the
plane wave:

P(Ek, θk ) ≈ P′(Ek, θk ) = 2πk|〈φk|� ′(Tp + τ )〉|2. (8)

We call this the projection onto plane waves (PPW) method.
The prime on the time-dependent wave function in (8) indi-
cates that we take only the part of the wave function |�(Tp +
τ )〉 that has reached beyond the outer border of the Coulomb
zone, i.e., beyond r = R. The plane waves can be written as
the partial wave expansion

φk(r) =
√

2

π

∑
�,m

i� jl (kr)Y m
� (�)Y m∗

� (�k ), (9)

where j�(kr) is the spherical Bessel function of the order �. In-
serting (4) and (9) into (8) we obtain the following expression
for the PMD:

P′(Ek, θk ) = 4

k

∣∣∣∣∣
∑

j,�

(−i)�c j�(Tp + τ )Y m0
� (�k )

×
∫ rmax

R
j�(kr)Bj (r)r dr

∣∣∣∣∣
2

. (10)

B. Time-dependent surface flux method

A method frequently used for calculating the PES is the
so-called tSURFF method, which was introduced by Tao and
Scrinzi [14] and followed up in numerous papers by various
authors (for details, see Refs. [15–20]). The basic idea behind
the tSURFF method is to obtain the ionization probability by
integrating the time-dependent outgoing electron flux through
a surface at some distance from the atomic center. In practice,
this means that we do not require the knowledge of the time-
dependent wave function at every spatial point, but only the
part of it enclosed in a sphere of radius R, thus reducing the
computational effort for obtaining the PMD. In this section,
we introduce an implementation of the tSURFF method in
connection with the B splines.

The ionization probability amplitude within the approxi-
mation used in the tSURFF method is given by [14]

ak = i
∫ Tt

0
dt〈χk(t )|[HV ,�(r − R)]|�(t )〉, (11)

where �(r − R) is the Heaviside step function, HV =
− 1

2∇2 − iA(t ) · ∇ is the Hamiltonian describing the motion
of the electron in the laser field, and χk(r, t ) is the correspond-
ing Volkov wave function [21]:

χk(r, t ) = (2π )−3/2e−iEkt+ik·[r−α(t )], (12)

where α(t ) = ∫ t dt ′A(t ′) is the classical excursion of an elec-
tron in the laser field alone. [In the velocity gauge, the A2(t )
term has been removed by a contact transformation.] The
upper limit Tt in (11) must be chosen so that even the slowest
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part of the wave packet reaches the surface boundary at r = R.
Therefore, the tSURFF method requires that we postpulse
propagate the time-dependent wave function for some addi-
tional time interval τ after the laser field has been turned off,
i.e., Tt = Tp + τ . The Volkov wave function becomes a plane
wave when the laser field is turned off.

Inserting the time-dependent wave function (4) and the
Volkov wave function (12) into (11) we obtain the following
expression for the ionization amplitude [18]:

ak = R√
2π

∫ Tt

0
dt eiEkt+ikα(t ) cos θk

×
∑

j,�

{
(−i)�+1Y m0

� (�k )

[
j�(kr)c j�(t )

×
(

d

dr
− � + 1

r

)
Bj (r) + 2iA(t ) j�(kr)

×[
cm0
�−1c j�−1(t ) + cm0

� c j�+1(t )
]
Bj (r)

+k j�+1(kr)c j�(t )Bj (r)

]}∣∣∣∣
r=R

, (13)

with

cm0
� =

√
(� + 1)2 − m2

0

(2� + 1)(2� + 3)
. (14)

Now we can define the probability of detecting an electron
with the energy Ek in the direction θk:

P(Ek, θk ) ≈ Pt (Ek, θk ) = 2πk|ak|2. (15)

The tSURFF method properly produces the PES if the
surface boundary is sufficiently far away from the atomic
center so that the influence of the residual ion on the prop-
agating wave packet can be neglected. In our calculations we
set R = 600. The upper limit for the time integration can be
estimated by using the classical picture of the electron motion
in the laser pulse as

Tt � Tp + R

kmin
, (16)

where kmin is the minimal momentum that we want to resolve
in our PMD calculations. As a technical detail we mention
that, in order to avoid an artificial contribution to the time
integral, the integrand in Eq. (13) should be multiplied by a
Hanning window [18]:

h(t ) =
{1, t < Tt/2,

1 − cos (2πt/Tt ), t � Tt/2.
(17)

IV. RESULTS

A. Projection onto plane waves

Let us first consider photoionization of the negative atomic
ion H−. Within the SAE approximation the correspond-
ing binding potential can be modeled with the short-range
potential [22]

Vs(r) = −1.1
e−r

r
, (18)

FIG. 2. Photoelectron spectra for the negative hydrogen ion H−

obtained by the PCS and PPW methods for θk = 0◦. The exact PCS
spectrum is represented by the solid black line, while the results
obtained by the PPW method are given by the dashed blue line (for
τ = 0; the corresponding spectrum is shifted vertically for clarity)
and by the dashed red line with circles (for τ = 1600). The laser
parameters are I = 1011 W/cm2, λ = 10.8 μm, and Nc = 4. Note
that the PCS and the PPW (τ = 1600 a.u.) spectra are practically
indistinguishable except at the highest energies.

which reproduces the ionization potential of the 1s ground
state of H−, which is equal to Ip = 0.75 eV. We use
the following laser parameters: I = E2

0 = 1011 W/cm2, λ =
2πc/ω = 10.8 μm, and Nc = 4. The ponderomotive energy
for these field parameters is Up = E2

0 /(4ω2) = 0.038 56. In
Fig. 2 we show the photoelectron spectrum in the direction
θk = 0◦, obtained by the PCS (solid black line) and PPW
methods (dashed red line with circles and dashed blue line).
Since there is no Coulomb potential, the Coulomb zone is ab-
sent and the free zone is very close to the atomic center. In the
present calculations we set R = 40 and the radius of the spher-
ical box is rmax = 4500. The convergence of the numerical
results was accomplished with N = 12 009 B-spline functions
and L = 50 spherical harmonics. From the results presented
in Fig. 2, we see that the PPW spectrum obtained without
postpulse propagation (dashed blue line) exhibits an artificial
maximum in the high-energy region beyond the cutoff. This
can be suppressed by using a longer postpulse propagation
(dashed red line with circles), thus achieving better agreement
with the PCS method in the high-energy region. The general
rule for this kind of time-dependent calculations is that, with
increasing postpulse propagation time τ , the agreement with
the exact spectrum becomes better. This also implies that the
radius of the spherical box rmax has to be large enough to
enclose the entire wave function. Therefore, a compromise
has to be made between the consumption of the computing
resources and obtaining a photoelectron spectrum up to a
desired kinetic energy. In Fig. 3, for another comparison, the
PMDs obtained by these two methods are shown as color
maps covering six orders of magnitude. Again, we see that
these two methods produce identical PMDs. This conclusion
also holds if we use another negative ion such as F−. Details
of this analysis can be found in Ref. [23].
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FIG. 3. The PMDs for the negative hydrogen ion H− obtained by the PCS and PPW methods. The left panel shows the PMD obtained by
the PCS method, while the right panel shows the PMD obtained by the PPW method with τ = 1600. The laser parameters are the same as in
Fig. 2.

As the second example, we use the Ar atom modeled by
the one-electron potential [24]

V (r) = −1 + a1e−a2r + a3re−a4r + a5e−a6r

r
, (19)

with a1 = 16.039, a2 = 2.007, a3 = −25.543, a4 = 4.525,
a5 = 0.961, and a6 = 0.443. The ionization potential of the
3p ground state of Ar is Ip = 15.774 eV. In Fig. 4 we show
the PMD obtained for the following laser parameters: I =
7 × 1013 W/cm2, λ = 800 nm (Up = 0.15375), and Nc = 4.
Due to the long range of the Coulomb potential, the free
zone boundary was set to R = 60 and, in order to achieve
agreement with the exact spectrum, the postpulse time interval
was increased to τ = 1800. Again, we can see that the agree-
ment of the results obtained using the PCS and PPW methods
is more than satisfactory. The TDSE was solved using the
numerical parameters rmax = 4000, N = 14 009, and L = 40.

In the case of atomic photoionization where the liberated
electron moves in the modified Coulomb potential, a natural
choice would be to use the Coulomb waves as an asymptotic
approximation to the true continuum states. If we assume
that the photoelectron moves in the long-range Coulomb field

at the moment when it is detected, this will imply that the
residual atomic (molecular) ion influences the detector and, in
that case, the detected signal would be a consequence of the
signal coming from the photoelectrons and the signal coming
from the interaction with the ion. This is the main reason why
the detectors are placed far away from the interaction region
so that we can say with confidence that there are no additional
signals recorded by the detectors except those coming from
the photoelectrons. Hence, the Coulomb field cannot influence
the photoelectrons in this region. We have explicitly shown
that the results obtained by the PCS method at the instant
when the laser field is turned off are the same as those obtained
if we let the wave packet propagate freely to the detector
and then use as the final wave function a plane wave with a
well-defined momentum to obtain the differential ionization
probability. However, the Coulomb waves behave asymptoti-
cally as plane waves only for very large distances, far beyond
R = 60 as we used in our simulation. Therefore, projecting
onto the Coulomb waves for R not large enough leads to incor-
rect results (in addition, the use of very large rmax to enclose
the entire wave function is numerically too demanding). In
this case, more satisfactory results are obtained by projecting

FIG. 4. The PMDs for the argon atom obtained by the PCS and PPW methods. The left panel shows the PMD obtained by the PCS
method, while the right panel shows the PMD obtained by the PPW method with τ = 1800. The laser parameters are I = 7 × 1013 W/cm2,
λ = 800 nm, and Nc = 4.
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FIG. 5. Photoelectron spectra for the argon atom obtained by the
PCS (solid black line), PPW (dashed red line with circles), and PCW
(dashed blue line) methods for θk = 0◦. The PPW and PCW spectra
are calculated for R = 60 and τ = 1800. The laser parameters are the
same as in Fig. 4. Note that throughout most of the plot the black line
(PCS) is almost completely overlaid by the red line (PPW).

onto plane waves, which are eigenstates of the momentum
operator. This is illustrated in Fig. 5 where we show the
photoelectron spectrum for the Ar atom in the direction of the
laser-field polarization. The dashed blue line [projection onto
Coulomb waves (PCW)] represents the spectrum calculated
by projecting onto Coulomb waves within the free zone, while
the dashed red line with circles (solid black line) specifies the
spectrum obtained by the PPW (PCS) method. As can be seen
from this plot, the PCW method gives the wrong spectrum,
while the spectra obtained by the PCS method and the PPW
method with τ = 1800 agree quite well.

The PPW method, although computationally a very expen-
sive method in terms of the box size, can be also applied for
studying molecular systems. We applied this method to the
molecular hydrogen cation H+

2 exposed to a linearly polarized
laser pulse having the intensity I = 1014 W/cm2, wavelength
λ = 632 nm (Up = 0.1371), and a total duration of Nc = 4
optical cycles. We assume that the laser-field polarization
axis is parallel to the internuclear axis. The three-dimensional
TDSE is numerically solved by expanding the time-dependent
wave function in terms of the B-spline functions and express-
ing the spherical harmonics in prolate spheroidal coordinates
within the fixed-nuclei approximation. The initial state is
1σu and the internuclear distance is 2 a.u. Details of the
applied numerical method can be found in Refs. [25,26].
Calculated photoelectron spectra are shown in Fig. 6, where
the solid black line represents the spectrum obtained by pro-
jecting the time-dependent wave function onto the two-center
Coulomb wave function, whereas the dashed red line with
circles depicts the spectrum obtained by projecting on plane
waves, with the total postpulse propagation time τ = 12T .
Again, we see that the PPW and PCS methods give qualita-
tively the same photoelectron spectra. Therefore, regardless
of the target, the PCS and PPW methods give the same
results.

FIG. 6. Photoelectron spectra for the H+
2 ion exposed to a

laser pulse having the intensity I = 1014 W/cm2, wavelength λ =
632 nm, and total duration of Nc = 4 optical cycles. The solid black
line depicts the exact spectrum, while the dashed red line with circles
depicts the spectrum obtained by projecting the wave function onto
plane waves, with the postpulse propagation time τ = 12T .

B. Photoelectron spectra with the tSURFF method

The postpulse propagation of the time-dependent wave
function, used in the previous examples, leads to larger spatial
grids in the numerical solution of the TDSE, effectively in-
creasing the computational demands. This unfavorable feature
of the PPW method can be overcome by using the tSURFF
method, which is based on the calculation of the electron flux
through a surface at a distance R from the atomic center. In
this section, we show examples of PES and compare results
obtained by the PCS and tSURFF methods. We use the argon
atom as a benchmark case.

To test the reliability of the tSURFF method we increase
the laser-pulse duration to Nc = 12 optical cycles while keep-
ing the other laser parameters the same as in Fig. 4. In Fig. 7

FIG. 7. Photoelectron spectra for the argon atom obtained by the
PCS and tSURFF methods for θk = 0◦. The exact PCS spectrum
is depicted by the solid black line, while the tSURFF spectrum is
represented by the dashed red line with circles. The laser parameters
are I = 7 × 1013 W/cm2, λ = 800 nm, and Nc = 12.
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FIG. 8. The PMDs for the argon atom obtained by the PCS (left panel) and the tSURFF (right panel) methods. The laser parameters are
the same as in Fig. 7.

we compare the PES obtained by the PCS method (black solid
line) and the tSURFF method (dashed red line with circles)
in the direction θk = 0◦. As we see, these two spectra com-
pletely overlap almost in the entire energy spectrum, except
near the zero-energy region (this discrepancy can be corrected
by further increasing the postpulse propagation time). The
PCS spectrum is obtained by numerically solving the TDSE
using up to N = 10 009 B-spline functions, L = 40 spherical
harmonics, and the spherical box of size rmax = 1800. On
the other hand, the tSURFF spectrum is obtained by solving
the TDSE using N = 4009, L = 40, and rmax = 800, with the
postpulse propagation time τ = 30T . Since the requirement
for the spherical box size is reduced in the tSURFF calcula-
tions, the TDSE is numerically solved much faster if the PES
is calculated with the tSURFF method (in comparison with the
PCS method). This very useful feature of the tSURFF method
becomes especially manifest for long and intense laser pulses
in the near-infrared wavelength range where the liberated
electron can travel a very large distance from the atomic core,
thus requiring a very large spherical box to enclose the entire
time-dependent wave function. In Fig. 8 we show the PMD
velocity maps for the same parameters as in Fig. 7. They look
the same, except again for very small momenta. Therefore,
we conclude that the tSURFF method is a highly reliable and
efficient method for calculating the PES if it is used properly.

C. Time-energy-resolved photoelectron spectrum

The interference of electron wave packets plays a cru-
cial role in our understanding of the strong-field ionization
process. Electron wave packets, liberated by the laser field
at two different instants of time, follow different trajectories
along which the electron wave packets accumulate different
phases but can end up in a quantum state with the same final
momentum. The wave packets are then coherently superim-
posed, leading to an interference pattern in the photoelectron
momentum distribution. Examples of electron wave-packet
interference patterns and the corresponding analysis can be
found in Refs. [27–34].

A very intriguing feature of the tSURFF method is that it
can be used to track the temporal interference of the electron
wave packets as they pass through the surface at r = R. This

surface can be viewed as a detector of the photoelectron
wave packets. The temporal interference of the electron wave
packets is incorporated in the time integral of the ionization
amplitude (13). The time integration interval [0, Tt ] can be
divided into Nt smaller intervals the contributions of which
coherently add up:

ak =
Nt∑

i=1

aki =
Nt∑

i=1

∫ ti

ti−1

ãk(t )dt, (20)

where ãk(t ) is the integrand in (13), t0 = 0, and tNt = Tt . Each
term in the sum substantially contributes to the ionization
amplitude in a specific energy interval since it captures only
those wave packets that pass through the surface during the
time t ∈ [ti−1, ti]. This allows us to analyze the buildup of
interference as it evolves in time. The ionization amplitude
(13) can also be used to extract the time-energy resolved
spectra with the help of the zero-frequency component of the
Gabor transform, leading to a quasiprobability distribution in
the energy-time domain [35].

In Fig. 9 we show the PES for the argon atom in the
direction θk = 0◦ exposed to a laser pulse with the inten-
sity I = 1.5 × 1014 W/cm2, wavelength λ = 800 nm (Up =
0.32946), and a total duration of Nc = 4 optical cycles. The
solid black line represents the exact PES, while the dashed
red line with circles represents the tSURFF spectrum obtained
with the postpulse propagation time τ = 18T . As we can
see, these two curves completely overlap. Now, we closely
examine the partial contributions to the PES using Eq. (20).
We first divide the time integration interval [0, Tt = 22T ]
into Nt = 88 subintervals, so that we can distinguish electron
wave packets that pass through the surface during any one
of the four quarters of the optical cycle. The solid blue line
with squares ak17 shows the captured electron flux that passes
through the surface in the time interval t ∈ [4T, 4.25T ]. These
are the fastest electrons, with energies beyond the classical
cutoff, Ek > 10Up. On the other hand, the dashed blue line
ak18 shows the contribution of the electron wave packets that
pass through the surface in the interval t ∈ [4.25T, 4.5T ].
The dash-dotted green line ak19 and solid purple line ak20

exhibit the contributions of the electrons passing through for
t ∈ [4.5T, 4.75T ] and [4.75T, 5T ], respectively. The region
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FIG. 9. Photoelectron spectra for the argon atom obtained by the
PCS and tSURFF methods for θk = 0◦. The exact spectrum and the
spectrum obtained by the tSURFF method are depicted by the solid
black line and the red line with circles, respectively. The solid blue
line with squares and the dashed blue line show the contributions of
the tSURFF spectrum for t ∈ [4T, 4.25T ] and [4.25T, 4.5T ], respec-
tively. The dash-dotted green line and the solid purple line display
the contributions of the electron wave packets registered in the time
intervals t ∈ [4.5T, 4.75T ] and [4.75T, 5T ], respectively. The laser
parameters are I = 1.5 × 1014 W/cm2, λ = 800 nm, and Nc = 4.

near the classical cutoff at 10Up can be explained by the
interference of the wave packets corresponding to the partial
contributions ak18 and ak19. The electron trajectories corre-
sponding to these wave packets will have the same energy
but will arrive at the detector at different times. The middle
section of the plateau is produced mainly by the interference
of the wave packets corresponding to the partial contributions
ak19 and ak20 (solid purple line). The oscillatory character of
the plateau that we observe can be explained by the beating
of these partial contributions against each other. To conclude,
the structure of the plateau can be reproduced almost com-
pletely by the interference of the electron wave packets that
reach the surface in the time interval t ∈ [4T, 5T ]. From the
quantum-orbit analysis, we know that only two distinct orbits,
the short and the long one, are responsible for the formation
of the plateau and its structure in few-cycle laser pulses [29].

D. Low-energy structures

Finally, we investigate the so-called low-energy structure
(LES) [36,37], called “ionization surprise” in Ref. [38], since
it came as a surprise at a time when above-threshold ion-
ization was believed to be completely understood. Moreover,
the Keldysh-Faisal-Reiss theory [39–41], which had been ex-
pected to fully describe the low-energy (direct) part of the
spectrum, failed to predict its existence. The LES manifests
itself as a narrow enhancement in the photoelectron spec-
trum along the laser polarization axis direction at energies of
a small fraction of the ponderomotive energy, about 0.1Up

and lower. Actually, there is a series of low-energy struc-
tures, called LES1, LES2, etc., at lower and lower energies.
By now, there appears to be consensus that the LES is a
rescattering phenomenon caused by forward-scattering tra-

FIG. 10. Formation of the LES and VLES in the strong-field
ionization spectrum of the argon atom exposed to a laser pulse with
the intensity I = 1.5 × 1014 W/cm2, wavelength λ = 2000 nm, and
total duration of Nc = 6 optical cycles. The solid black line shows
the full tSURFF spectrum in the direction θk = 0◦. The red dashed
line with the circles and the dashed blue line show the partial contri-
butions to the spectrum from the electron wave packets passing the
surface for times t ∈ [49 T

8 , 80 T
8 ] and [99 T

8 , 220 T
8 ], respectively.

jectories the contributions of which are further enhanced
by Coulomb focusing [42–44]. However, the LES is not a
Coulomb effect per se. It is only strongly enhanced by the
Coulomb field [45–47]. Another enhancement in the photo-
electron spectrum at energies even lower than those of the
LES, called the very-low-energy structure (VLES), was also
observed [48,49]. While the LES can be traced to forward-
scattered quantum orbits [46,47], the origin of the VLES is
unclear. The cutoffs for the particular quantum orbits that
generate the LES are at 0.094 38Up + 0.049 53Ip for the LES
highest in energy (the LES1) [at the intersection of the quan-
tum orbits classified as (ν, μ) = (±1, 1)] and at 0.032 96Up +
0.016 76Ip for (ν, μ) = (±1, 2), 0.016 68Up + 0.008 41Ip for
(ν, μ) = (±1, 3), etc., for the LES2 and LES3 (see Table I
in Ref. [50]); these values were obtained for an infinitely
long (continuous wave) pulse and without taking into account
Coulomb effects. Therefore, for the present paper, they can
only serve as benchmark values.

Let us now investigate the buildup of the LES and VLES
in time using the tSURFF method. In Fig. 10 we show
the photoelectron spectra in the direction θk = 0◦ for the
laser parameters I = 1.5 × 1014 W/cm2, λ = 2000 nm (Up =
2.0591), and Nc = 6. The postpulse propagation time is τ =
28T . As in the previous example, we divide the total time
Tt = 34T into Nt = 272 smaller time intervals so that we can
distinguish electrons passing the surface down to one-eighth
of an optical cycle. The TDSE is solved using N = 4009 B-
spline functions and L = 70 spherical harmonics. The surface
is set at R = 600 with the total spherical box extending up
to rmax = 800. The solid black line represents the spectrum
obtained with the tSURFF method, while the dashed red line
with circles represents the partial contribution to the spectrum
from those wave packets that reach the surface in the time
interval t ∈ [49 T

8 , 80 T
8 ]. The electrons that form the LES1
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pass the surface in this time interval. The dash-dotted blue
line shows the partial contribution from the wave packets that
reach the surface in the time interval t ∈ [99 T

8 , 220 T
8 ]. These

electrons contribute to the VLES, the LES3, and, possibly, the
LES2. This analysis helps us to identify the times when the
LES and the VLES are formed at the detector. We can now at-
tribute other properties to the electron trajectories responsible
for the LES and VLES since we know the time intervals when
the various trajectories arrive at the detector.

V. CONCLUSIONS

We investigated and compared two different methods for
the extraction of the photoelectron spectrum from the time-
dependent wave packet calculated via numerical solution of
the time-dependent Schrödinger equation. We showed that
the photoelectron spectrum can, in principle, be obtained
by approximating the exact continuum state of the field-free
Hamiltonian obeying the incoming boundary condition with a
plane wave having the linear momentum k. Even though this
approximation is appealing from the numerical point of view,
it comes at an extra cost regarding the size of the spherical

box. Namely, to obtain a converged photoelectron spectrum
in the high-energy region, the wave function at the end of
the laser-atom interaction has to be further propagated by the
field-free Hamiltonian. This postpulse propagation requires
that the spherical box be large enough to enclose the entire
wave function.

Next, we used the tSURFF method to calculate the photo-
electron spectrum. The results obtained were compared with
the exact results. We showed that the time-dependent sur-
face flux method is a reliable and very accurate method for
calculating the photoelectron spectrum if it is used properly.
Furthermore, we used the time-dependent surface flux method
to track the buildup of the interference structure in the pho-
toelectron spectrum as it evolves in time. We applied this
method to investigate the buildup in time of the high-energy
plateau and the cutoff PES as well as of the low-energy and
very-low-energy structures in the photoelectron spectrum.
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