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Dalitz plots as a tool to resolve nonsequential paths in strong-field triple ionization
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Strong-field triple ionization of atoms is studied by performing classical-trajectory Monte Carlo simulations.
The momentum distributions of three electrons are visualized via Dalitz plots, exhibiting clear electronic
correlations. Separated traces of various nonsequential paths are identified in these ternary spectra, including
channels with multiple recollisions. It is proposed that Dalitz plots can be used as a valuable tool to study
correlated electron dynamics in strong fields, in particular, as a method to retrieve from experimental data relative
roles of various channels of nonsequential ionization such as direct ionization, recollision-induced excitation
with subsequent ionization, or a multirecollison.
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I. INTRODUCTION

Correlation dynamics between electrons in atomic ioniza-
tion has been studied for a long time and still remains a hot
topic due to the rich physical images [1]. Nowadays, it is
possible to study the one-electron dynamics on the attosecond
timescale employing the concept of streaking spectroscopy
[2,3]. However, direct observation of multielectron dynamics
has so far been extremely difficult. When it comes to the
correlations between electrons that lead to multiple ionization
under a strong laser field, the famous knee structure in the
intensity-dependent ion yields [4,5] has been widely studied,
which indicates a nonsequential regime in which collisions
between electrons play a key role. For strong-field nonse-
quential multiple ionization, because the final drift momenta
of the electrons can be approximated by the vector potential
at the ionization time, we can deduce the possible ionization
mechanisms induced by different correlation effects in which
the emission time of electrons may be different. Thus, to study
the details of correlation dynamics induced by recollisions,
the correlated momentum spectrum of two electrons has been
widely used for nonsequential double ionization (NSDI) with
the help of cold-target recoil-ion momentum spectroscopy [6].
It turned out that specific structures in correlated electron
momentum spectra reveal different dynamics. The fingerlike
pattern showed an asymmetric electron energy sharing after
the recollision [7,8], a cross-shaped structure pointed out the
role of recollision-induced excitation with subsequent ioniza-
tion (RESI) [9], the unusual spectra of the high-Z atom (Xe)
shed light on the shielding effect in NSDI [10], and the anti-
correlated two-electron emission can be caused by a slingshot
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mechanism [11]. The correlated momentum spectrum can
provide much more information as compared to the nuclear
momentum distribution. However, when it comes to nonse-
quential triple ionization (NSTI), only a few works [12,13]
focused on the three-electron correlated momenta because of
the severe difficulties in both experiments and theories.

Since there are three electrons involved in NSTI, vari-
ous paths leading to the formation of the triple ion can be
expected. Understanding the role of these different paths in
strong-field dynamics is crucial for creating consistent theo-
retical models for complex atoms and molecules capable of
describing their behavior in intense short laser fields. While
the existing analytic and semianalytic models [1,14] include
two active electrons at most, there is evidence that a number
of phenomena, like creation and evolution of holes during
strong-field dynamics [15,16], can only be explained with
approaches including three or more active electrons. The
three-active-electron models may serve as building blocks for
a more precise description of complex systems under typical
laser intensities for which nonsequential processes dominate
[17].

The available experimental data related to triple atomic
ionization include the ion momentum distributions and the
electron energy distribution for a set of different target atoms,
laser wavelengths, and laser intensities [18–22]. However,
the predictions based on these data are limited because the
electronic correlation information is not fully represented in
it. For example, in Ref. [20] the authors deduced a possi-
ble NSTI mechanism such as sequential production of Ar2+

followed by NSDI, though the characteristics of the various
possible NSTI channels are difficult to extract solely based
on the ion momentum distributions. Thus, a new technique
is needed to infer the various multiple ionization channels to
understand the correlation effects induced by the rescattering.
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Fortunately, the three-electron coincidence experiments pro-
viding correlated electronic distributions may be feasible in
the future [18,23,24]. A natural question therefore arises as
to whether it is possible to extract the details of the complex
NSTI channels by analyzing the spectra of the three electrons’
correlated momenta.

Yet even for the theorist it is not an easy task to get
channel-resolved information on strong-field ionization. First,
a very powerful tool used in strong-field physics is an ana-
lytical approach known as strong-field approximation, but it
becomes very convoluted already for two electrons [25]. So
it remains to use numerical methods. However, due to the
involvement of three active electrons, it is extremely difficult
to perform full-dimensional quantum-mechanical simulations
for nonsequential triple ionization. There are mainly three
approaches to treat atomic triple-ionization problems and it
is instructive to briefly review their capabilities. The first
one is the time-dependent close-coupling method [26,27]. It
is a fully quantum-mechanical approach while it can only
solve few-photon ionization problems. The tunneling dy-
namics is hard to incorporate in this approach; thus it has
limited applicability for simulating femtosecond processes.
Another approach is direct integration of the time-dependent
Schrödinger equation (TDSE) with reduced dimensionality
[17,28–33], which appears to be the most successful quan-
tum model for studying particular ionization channels. Within
this approach, one can define different channels according to
the probability fluxes flowing between different regions on
the grid, assigned to neutral atoms and single, double, and
triple ions, respectively. This approach is good for gaining
insight into the intrinsic dynamics of ionization, but it may
never be possible to provide analogous procedures in ac-
tual experiments. Therefore, a direct simulation-experiment
comparison is not possible for this approach and the results
obtained are only qualitative and indicative. Although the
experimental data reflect projections of the final electronic
and ionic states, it is not yet clear how information about the
different ionization channels can be extracted from the final
wave function obtained by the TDSE solution. Thus, even
though in Ref. [12] the authors succeeded to simulate the final
electronic state and express it as the correlated momenta in a
ternary spectrum (the so-called Dalitz plots) [34], the signs of
particular different channels in those spectra remained uniden-
tified. The third approach is the classical-trajectory Monte
Carlo (CTMC) simulation, a method allowing one to obtain
channel-resolved results, including electron momentum dis-
tributions. Each generated trajectory can be unambiguously
attributed to an ionization path and to a point in momentum
spectrum at the same time. The application of the CTMC sim-
ulation to study three-electron momentum spectra would solve
the problem of establishing the channel-momentum spectrum
correspondence within the standard limitations of the CTMC
method (like the inability to correctly take into account elec-
tronic spin configurations and resonance transitions) as it has
been successfully used for the simulation of two-electron
correlated momentum spectra [8]. Yet the classical works
[35–42] employing this method for triple ionization (TI) are
rather focused on properties of ion momentum distributions
in which three-electron correlation information is not fully
represented and some of its features may be lost, for example,

the asymmetrical energy sharing in the direct (e, 3e) NSTI
which would resemble the mechanisms behind the fingerlike
pattern in NSDI. However, different channels may be mixed to
obtain the same ion momentum distribution, making one lose
track of them in the analyzed data. The classical-trajectory
studies of three-electron momentum distributions are known
[43], but they are not focused on differentiating ionization
paths.

In this paper we set our goal to juxtapose information on
NSTI channels and the final electronic momentum to reveal
existing connections between them. The CTMC simulation
can grasp the main picture of the rescattering scenario, and
it has been demonstrated that it can quantitatively simulate
the correlated momentum spectra. To this end, we perform
semiclassical CTMC simulations [41] and study NSTI in Ar
and Ne atoms. We generate the three-electron correlated mo-
mentum distributions that are mapped into ternary spectra.
We find that different NSTI channels as well as their relative
proportions can be extracted directly through analysis of such
a spectrum. Furthermore, based on electron-resolved ternary
spectra, we show that in this way the dynamics underlying
the triple ionization can be investigated in more detail than
by means of the ion momentum distributions solely. The ob-
tained result allows us to unravel the information hidden in
the ternary momentum spectra and will be very useful for
interpretation of experimental data.

The paper is organized as follows. In Sec. II we describe
our numerical model as well as the data representations we
use further. Section III introduces the results of numerical
simulations and then provides a discussion and analysis. The
paper ends with a summary in Sec. IV. Atomic units are used
throughout the paper unless specified otherwise.

II. NUMERICAL METHOD

We run the classical-trajectory Monte Carlo simulations
[41] for the triple ionization of Ne and Ar atoms. The laser
parameters we use are in the tunneling region for single ion-
ization. In simulations, the first electron tunnels out, which is
described by the Ammosov-Delone-Krainov theory [44]. The
tunneling rate is formulated as

W0(t ) = 4

(
4Ip1

|E (t )|
)2/

√
2Ip1−1

exp

(−2(2Ip1)3/2

3|E (t )|
)

, (1)

with E (t ) the laser electric field. In this paper the laser pulse
is polarized along the x axis and is expressed as E(t ) =
f (t )E0 sin(ωt )x̂, where f (t ) denotes an envelope starting with
a plateau comprising several optical cycles (depend on the
pulse duration) followed by the falling edge having two cy-
cles. Here Ip1 is the first-ionization potential for the atoms
(0.579 a.u. for Ar and 0.793 a.u. for Ne). The initial po-
sition of the tunneling electron e3 is determined by x3,0 =
− Ip1

|E (t )| x̂ and the transverse momentum is approximated by a

Gaussian distribution with the width
√

|E (t )|
2
√

2Ip1
. The nonadia-

batic effect is neglected and thus the longitudinal momentum
of the tunneling electron is zero. The initial conditions of
the two bound electrons are constructed by minimizing the
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two-electron Hamiltonian [41]

H1 =
2∑

i=1

[
1

2
p2

i − 3

ri
+ VH (ri, pi )

]
+ 1

|r1 − r2| , (2)

where VH (ri, pi ) is the Heisenberg core potential [45,46]

VH (ri, pi ) = (ξH h̄)2

4αr2
i me

exp

{
α

[
1 −

(
ri pi

ξH h̄

)4]}
. (3)

We set α = 4 and the value of ξH is determined by the ioniza-
tion potential for different atoms (1.6352 for Ar and 1.3233 for
Ne) [41,47]. The Heisenberg core potential is advantageous in
constructing a stable two-bound-electron system and performs
well when dealing with the collision dynamics [48,49]. Here
we ignore the shift in energy level of bound electrons due to
the IR field as in previous CTMC models [8,48]. The level
shift of the ion comes from the Stark shift [50]. This is a linear
Stark effect and the shift value is proportional to the dipole
moment and the electronic field. When the electron states are
degenerate, the Stark state counts and shows the polarization
effects with a nonzero dipole moment. However, such a shift
is always very small as the field is not strong enough. Thus, it
is reasonable for us to ignore the level shift. When it comes to
the shell effect of the atom, although it should be noted that
when we deal with high-Z atoms (like Xe), the shell effect
may be important and we had better use the modified screen
potential [10]. In this work, because of our choice to study Ne
and Ar, we do not need to take extra care about the shell effect
when we construct the CTMC model. The neglect of the shell
effect can also give us quantitative results compared with the
experiments when we study Ne and Ar [36–39,41,48].

The tunneling events are uniformly sampled in the time
region [0, T ] with the weight governed by W0(t ). After the
initial ensemble is set, we solve the canonical equations

dri

dt
= ∂H

∂pi
, (4)

dpi

dt
= −∂H

∂ri
, (5)

with the full Hamiltonian describing the interaction among
three active electrons and the nucleus

H =
3∑

i=1

[
1

2
p2

i − 3

ri
+ VH (ri, pi )

]

+
3∑

i, j=1;i< j

1

|ri − r j | +
3∑

i=1

ri · E(t ). (6)

We define different NSTI channels based on the number of
recollisions and the number of emitted electrons within the
time window Tc after the recollision [41]. In this work, to sep-
arate the direct ionization from the RESI mechanism, we set
Tc = T

8 (unless otherwise specified), with T being the optical
period. The classical model can help us understand different
types of excitation-related channels [41]. Although the tran-
sition rate for various channels from the quantum model will
carry additional information such as resonance enhancement,
the key point that we want to study is the characteristics of
different channels; resonance enhancement will influence the
transition rate of the resonance channel but may not play an

FIG. 1. Sketch of a Dalitz plot. The correlated momenta of three
electrons are mapped onto points in the triangle. The coordinates of
these points are determined by (π1, π2, π3), where πi indicates the
distance from the point to the ith border.

important role in the characteristics of correlated momentum
spectra for the various channels. Thus, the resonance effect
is unimportant in most cases and we can study the channel-
resolved correlated momentum spectra quantitatively based
on the CTMC model [7,8,10,11].

The final momenta of TI events are mapped onto the Dalitz
plot [12] sketched in Fig. 1. We focus on the momentum
along the laser polarization direction. In Fig. 1 we define the
coordinates of the point in the spectrum as

πi =
∣∣∣∣∣∣

pi,x√
p2

1,x + p2
2,x + p2

3,x

∣∣∣∣∣∣
2

, i = 1, 2, 3, (7)

where πi may indicate the distances to the ith border of the
triangle. Here pi,x is the momentum of the ith electron along
the laser polarization direction. To include the information on
momentum directions which are not contained in Fig. 1, one
may collect events in the representations indicated by (ppp)
or (ppm), where p and m denote the directions parallel and
antiparallel to the x axis, respectively (which exactly corre-
spond to the + and − notation introduced in [12]). Since
the three electrons are physically identical and cannot be
distinguished, the symmetrical treatment for three electrons
is performed in simulations. However, the electrons are dis-
tinguishable in the classical model, which makes it possible
to extract information by tracing the trajectory for a particular
electron. In simulations, we use a multicycle laser pulse, and
thus the effects induced by the carrier envelope phase are neg-
ligible. One may expect that the spectra in (ppp) and (mmm)
representations are the same. A similar conclusion holds for
representations (ppm) and (pmm) when three electrons are
undistinguished, of which we consider the first one only.

In total, more than 109 trajectories are calculated and more
than 105 TI events are collected to obtain converged results.
In practical cases when the laser intensity is extremely weak,
the TI rate is so low (lower than 10−5) that it is necessary to
calculate more than 1010 trajectories.
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FIG. 2. (a) and (c) Ion momentum distribution for Ne3+. (b) and
(d) Ternary spectra with symmetrical treatment in the (ppp) rep-
resentation. The pictures are normalized. The intensities of the
seven-cycle 800-nm laser pulses are (a) and (b) 3.0 × 1014 W/cm2

and (c) and (d) 7.0 × 1014 W/cm2.

III. RESULTS AND DISCUSSION

A. Dalitz plots in the (ppp) representation

In this section we study the NSTI of Ne under 800-nm laser
fields in the (ppp) representation. The laser intensities are
below 8.0 × 1014 W/cm2. Previous experimental and theoret-
ical works [21,39,40] implied that for these laser parameters
the recollision occurs once in the three-electron release. For
clarity, we follow the definition of the various triple ionization
channels proposed in Ref. [41] and only briefly reference it
here. The channels involving a single recollision event are
(1-3), (1-2∼3), and (1-1∼3). Here - denotes recollision while
∼ stands for emission without recollision, and numbers in-
dicate the number of free electrons at that moment. In the
channel (1-3), the tunneling electron e3 returns to collide
with the two bound electrons e1 and e2 and three electrons
are emitted immediately within T

8 after the recollision. It is
clear that this channel represents the direct (e, 3e) process.
In the channel (1-2∼3), after the rescattering of e3, only two
electrons (any two of the three electrons) are emitted within T

8 ;
the remaining electron is excited and will be released when the
next wave crest comes. Such a description meets the definition
of the RESI process [51,52]. In the channel (1-1∼3), only one
electron (any one of the three electrons) is emitted within T

8
after the rescattering of e3 and the two remaining electrons are
released via RESI afterward.

In Fig. 2 we compare the ternary spectrum with the ion mo-
mentum distribution for two laser intensities. From Figs. 2(a)
and 2(c) one can see that the double-hump structure becomes
more pronounced when the laser intensity increases from
3.0 × 1014 W/cm2 to 7.0 × 1014 W/cm2. However, since all
possible triple-ionization channels contribute to the ion mo-
mentum distribution [39–41], it is unclear, without additional
simulations, which of them are present or in what proportion
they contribute. The situation is quite different in the case

FIG. 3. Ternary spectra with symmetrical treatment in the (ppp)
representation for different NSTI channels: (a) channel (1-3),
(b) channel (1-2∼3), and (c) channel (1-1∼3). The laser intensity
is 7.0 × 1014 W/cm2 and the laser wavelength is 800 nm.

of ternary spectra [see Figs. 2(b) and 2(d)]. Distinct areas
of the triangles are filled for different laser intensities. It
turns out that these areas can be associated with different
triple-ionization channels. In this way, the analysis of the
real experimental spectra will allow the identification of the
dominant ionization channel under the given conditions.

To determine which regions of the ternary spectrum are
populated by which of the trajectories, in Fig. 3 we show
three separate ternary spectra obtained from trajectories as-
signed to the main one-recollision channels (1-3), (1-2∼3),
and (1-1∼3), respectively. In the channel (1-3) [see Fig. 3(a)],
all electrons are released simultaneously, so they acquire sim-
ilar drift momenta in the laser field, i.e., three electrons all
have similar energies; therefore, the distribution is located
around the center of the triangle and has trifold symmetry.
In the channel (1-2∼3) [see Fig. 3(b)], one of the electrons is
freed via the RESI mechanism and consequently gains a little
drift momentum. However, the first two electrons are emitted
simultaneously soon after the recollision that happens around
the zero of the electric field. Because the drift momentum
is determined by the vector potential at the recollision time,
these two electrons end up with relatively high and similar
momenta. As a result, the distribution of the channel (1-2∼3)
in the ternary spectrum is located close to the borders and is
symmetrical about the midpoint of the edge. Finally, in the
channel (1-1∼3) [see Fig. 3(c)], two electrons are released
close to the maxima of the laser field and they tend to pick up
a little drift momentum; thus the main distribution is close to
the corners of the triangle. Some additional distributions are
present on the edge close to the midpoint (we discuss their
origin below).

To infer how the features observed on the ternary spectra
of each ionization channel are formed, we take advantage of
the classicality of the simulation method we use and analyze
the data without the symmetrical treatment (see Fig. 4). The
electron-resolved spectrum for the events from the channel
(1-3) is shown in Fig. 4(a). Due to the lack of symmetrical
treatment, the causality in the time domain is easy to trace, i.e.,
e3 is the electron that tunnels first and e1 and e2 are the two
initially bound electrons. The whole distribution is close to the
e3 edge, which means that e3 tends to have a lower momentum
than the other two electrons. There are two types of maxima
visible in the distribution: Type-I is located exactly on the
altitude falling from the corner corresponding to electron e3

(solid circle) and type-II is located symmetrically with respect
to that altitude (dotted circles). For the events contributing
to the type-I maximum, e3 has the lowest momentum of the
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FIG. 4. Electron-resolved ternary spectra for different channels in the (ppp) representation. The channels in different panels are marked
above the panels. The dotted and solid circles in (a) represent two types of dynamics, respectively. The laser intensity is 7.0 × 1014 W/cm2

and the laser wavelength is 800 nm.

three electrons, while e1 and e2 carry similar higher momenta.
The events that make up the type-II maximum have a hierar-
chy of momentum sharing, i.e., either e1 carries the highest
momentum among three electrons or e2 carries the highest
momentum. The other two electrons both have lower but
similar momenta. In both types, the energy is shared asym-
metrically between three electrons. When the laser intensity
is 7.0 × 1014 W/cm2, the corresponding 3.17Up equals 4.86
a.u. (higher than the Ip2 + Ip3 of Ne). Hence, the maximum
rescattering energy is high enough to kick off two bound
electrons together with certain residual energy. The dynamics
behind the type-I maximum may be qualitatively described in
the following way: e3 is slowed down on return because of the
interaction with the two bound electrons. The bound electrons
acquire enough energy to be emitted and are then accelerated
by the laser field, while e3 still has residual momentum with
an opposite direction as compared to the laser electric field
force and will continue to slow down, which results in a
low final momentum for it. The following is the sequence
of events behind the type-II maximum: e3 returns with high
momentum and during recollision kicks out one of the bound
electrons that has an initial momentum of opposite direction
with respect to the laser electric field force. These two elec-
trons will be slowed down by the field; thus they end up with
lower final momenta as compared to the other bound electron.
Note that the latter electron is emitted immediately after the
recollision and is accelerated by the laser field. Under the
laser intensity considered, the probability of type-II is higher
[see Fig. 4(a)]. The described dynamics is similar to that
responsible for the fingerlike structures observed in double
ionization [7,8].

In Fig. 4(b) we present events corresponding to the channel
(1-2∼3). Here the freed electrons right after the recollision
are e′

1 and e′
3. They tend to have high momenta and the third

electron (it is e′
2 in the depicted case ) carries very little

momentum. Therefore, the distribution is located along the
e′

2 border, close to its midpoint. In Fig. 4(c) we present events
corresponding to the channel (1-1∼3), in which e′′

3 is the only
electron emitted within T

8 after the rescattering and it carries
a high drift momentum; thus the distribution is located in the
upper region of the triangle. The remaining two electrons are
released by the laser field at later times. If one of the remaining
electrons is pumped into a highly excited state, it might be

emitted within T
4 with a momentum that is a bit lower than

that carried by e′′
3 but much higher than that carried by the last

emitted electron. Such a sequence of events is the reason why
the signal is seen in the upper half of the borders in Fig. 4(c).
In Fig. 4(d) we collect the events in the channel (1-1∼3) that
have a time difference between the emission of e′′

1 (or e′′
2) and

the rescattering larger than 0.5T (Tc = 0.5T ), which corre-
sponds to selecting cases with both electrons being emitted
close to the field maximum (without highly excited states).
Such a pick results in the distribution shrunken to the corner.

Based on the above analysis, the ternary spectrum in the
(ppp) representation may be divided into three regions, each
of which corresponds to one of the three main channels with
a single recollision event (see Fig. 5). Then we can extract
the ionization channels as well as their relative proportions
from the spectra similar to those presented in Fig. 2. For the
data presented in Fig. 2(b), the channel (1-1∼3) dominates.
However, when the laser intensity increases [see Fig. 2(d)],
the role of the channel (1-2∼3) grows and a weak indication
of the presence of the channel (1-3) appears. The scheme
presented in Fig. 5 can help to directly extract the ionization
mechanisms when the intensity of the laser is not very high
(i.e., when channels with single recollision dominate NSTI).
The presented method of interpretation of the ternary spectra
in the (ppp) representation is important for both experiment
and theory. In particular, in the latter case, one may obtain the
ternary spectrum through the TDSE simulations [12] though
the information of ionization channels is hard to extract di-
rectly solely from quantum simulations. However, with the
help of Fig. 5, one can immediately analyze the mechanisms

FIG. 5. Demonstration of how to extract NSTI channels through
the ternary spectrum in the (ppp) representation.
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FIG. 6. (a) and (e) Ternary spectra with symmetrical treatment for the channels (a) (1-2∼3) and (e) (1-1∼3) in the (ppm) representation.
(b)–(d) Ternary spectra without symmetrical treatment for the channel (1-2∼3). (f)–(h) Ternary spectra without symmetrical treatment for the
channel (1-1∼3). The representations at the top mean the directions of e′

1, e′
2, and e′

3 (e′′
1, e′′

2, and e′′
3), respectively. The electron notation is

the same as that used in Fig. 4. The spectra in (a) and (e) are normalized by their own maxima. (b)–(d) and (f)–(h) share the same color bar,
respectively. The laser intensity is 7.0 × 1014 W/cm2 and the laser wavelength is 800 nm.

of ionization, as long as the information on correlated mo-
menta of the three electrons is available.

B. Dalitz plots in the (ppm) representation

In this section we study the NSTI channels of Ne in the
(ppm) representation, i.e., one electron has momentum in the
opposite direction compared to the momentum directions of
the other two electrons. In Figs. 6(a) and 6(e) we present the
spectra with symmetrical treatment for the channels (1-2∼3)
and (1-1∼3), respectively. To analyze the details of dynamics,
we examine relevant spectra without the symmetrical treat-
ment [see Figs. 6(b)–6(d) and 6(f)–6(h)]. All electrons from
the channel (1-3) have the same momentum direction; hence
there is no corresponding distribution in the (ppm) represen-
tation.

We start with an analysis of the ternary spectra with sym-
metrical treatment. In the channel (1-2∼3), the two electrons
emitted simultaneously after the recollision have high mo-
menta with the same direction and the remaining electron
emitted by RESI carries a low drift momentum with the op-
posite direction. The distribution in Fig. 6(a) resembles the
result presented in Fig. 3(b). In the channel (1-1∼3), the first
emitted electron carries a high momentum while the other two
electrons are freed by RESI with the opposite direction; thus
the distribution shown in Fig. 6(e) resembles the one shown in
Fig. 3(c).

The electron-resolved ternary spectra in the (ppm) rep-
resentation are more complex than those in the (ppp)
representation. In Figs. 6(b)–6(d) and 6(f)–6(h) we show such
spectra for the channels (1-2∼3) and (1-1∼3), respectively.
Because one of the electrons has the opposite momentum
direction (it can be any one of the three electrons), we need

to consider three different representations for each channel. In
Figs. 6(b) and 6(f), e′

3 and e′′
3, respectively, have the opposite

momentum direction as compared to the other two electrons.
In Figs. 6(c) and 6(g) the electrons with the opposite momen-
tum direction are e′

2 and e′′
2 and in Figs. 6(d) and 6(h) e′

1 and
e′′

1, respectively. The notation for electrons used in Fig. 6 is
the same as that in Fig. 4. In the channel (1-2∼3), e′

1 and e′
3

must have the same direction (they are emitted together within
T
8 ); therefore, in Figs. 6(b) and 6(d) there is no signal and all
are registered in Fig. 6(c). In the channel (1-1∼3), however
[Fig. 6(f)], there is a very weak signal in the e′′

3 corner because
e′′

1 and e′′
2 are both released around the maximum of the laser

field and they end up with low momentum pointing in the
same direction. Such a scenario happens much less frequently
than those responsible for the distributions in Figs. 6(g) and
6(h). This is because one of the bounded electrons tends to
be sent into a highly excited state during the recollision. If e′′

1
is sent to a highly excited state, then it will be emitted in the
same direction as e′′

3 within a smaller time delay. Because the
recollision time is around the zero of the laser field, e′′

3 tends
to have the highest drift momentum. Thus, the momentum
of e′′

1 will usually be lower than that of e′′
3. This situation

corresponds to Fig. 6(g). When e′′
2 is sent to a highly excited

state, the situation corresponds to Fig. 6(h) and the dynamics
is similar to that responsible for distribution in Fig. 6(g).

Based on the above analysis, the ternary spectrum in the
(ppm) representation may be divided into two regions corre-
sponding to the channels (1-2∼3) and (1-1∼3), as depicted in
Fig. 7. A natural question therefore arises as to whether there
exist a channel that is represented by a distribution mainly
located around the center of the ternary spectrum in the (ppm)
representation. When the analysis is restricted to trajectories
with a single-recollision event, the answer is negative. Indeed,
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FIG. 7. Demonstration of how to extract NSTI channels through
the ternary spectrum in the (ppm) representation.

for the laser intensities under which the one-recollision non-
sequential ionization dominates, the signals of the spectra are
always located around the border due to the participation of
RESI. Hence, to observe the distribution around the center
in the (ppm) representation, the dominant ionization channel
should not contain the RESI mechanism. Additionally, three
electrons should not be emitted within the same half laser
cycle. To satisfy the above conditions, multiple-recollision
channels have to be taken into account. The special properties
of the ternary spectra of multirecollision channels will be
analyzed in the following section.

C. Multirecollision regime

The ion momentum distribution of multirecollision channel
has been partly studied in previous work [41]. The recollisions
tend to happen around the zeros of the laser field, i.e., the time
difference between recollisions is approximately equal to mul-
tiples of T

2 . If the time difference between the two recollisions
approximately equals multiples of T , three electrons will have
similar drift momenta, in terms of both direction and value,
and the final ternary spectrum in the (ppp) representation
will show a maximum value around the center (temporarily
ignore the influence of RESI). However, the ternary spectrum
in the (ppp) representation does not allow one to differenti-
ate between the channel (1-3) and multirecollision channels;
therefore, we focus on the (ppm) representation further in
this section. If the time difference between two recollisions
approximately equals (2n + 1) T

2 (n = 1, 2, 3, . . .), then the
drift momenta of the two electrons emitted later will have the
opposite direction (the absolute values are close) as compared
to the electron emitted first. Consequently, the final ternary
spectrum in the (ppm) representation will show a maximum
value around the center. If one considers the ion momentum
only, the discussed ionization channel will be mixed with
other channels, while in the ternary spectrum under the (ppm)
representation, it is clearly separated provided the RESI mech-
anism is strongly suppressed. There are two main difficulties
in observing the multirecollision channel without RESI: (i)
The proportion of the multirecollision events among all TIs is
usually very small [41] and (ii) it is difficult to simultaneously
enhance multirecollision events and suppress RESI events. In
this section we find ways to surmount these two problems.

Let us investigate a typical case of the multirecollision
channel in its time evolution, i.e., the energy of each elec-
tron as a function of time, as shown in Fig. 8(a). The laser
parameters are set so that the ponderomotive energy is 0.3946
a.u. In this channel, only one electron (can be any of the three

FIG. 8. (a) Time evolution of electron energies for the channel
(1-1∼2-3) of Ar. The black dashed, blue solid, and red dotted lines
are for e1, e2, and e3, respectively. The laser intensity is 2.0 ×
1013 W/cm2. The laser wavelength is 2400 nm. (b) Proportions of
the channel (1-1∼2-3) and the one-recollision channels [sum of the
channels (1-3), (1-2∼3), and (1-1∼3)] under different laser intensi-
ties for Ar. The ponderomotive energy of the laser field is fixed at
0.3946 a.u.

electrons) is emitted within T
2 after the first rescattering of

e3; the remaining two electrons are both excited and undergo
interaction for some time. Then, at an instant approximately
equal to 4T [see Fig. 8(a)], one of the bound electrons is
dumped and kicks out the other bound electron. The freed
electron returns at approximately 5.5T and recollides with
the remaining electron. Because 3.17Up in this laser field
parameters is 1.25 a.u., which is lower than the third ionization
potential of Ar (1.5 a.u.), the last electron is released by the
RESI mechanism. We label this channel a mixed channel
(1-1∼2-3), in which double excitation is followed by NSDI
(via RESI). To study the importance of that channel we check
its proportion in comparison to the proportions of all one-
recollision channels, counted together, as the laser intensity
increases while the ponderomotive energy is kept constant
(3.17Up = 1.25 a.u.) [see Fig. 8(b)]. Only for the lowest in-
tensities, the channel (1-1∼2-3) dominates the other channels.
When the laser intensity is 2.0 × 1013 W/cm2, nearly half
of the TI events belong to the channel (1-1∼2-3); there is
only a small proportion of the one-recollision events and the
rest of the cases belong to other types of multirecollision
channels. Thus, keeping 3.17Up close to the third ionization
potential Ip3 (1.5 a.u. for Ar) while reducing the laser in-
tensity can enhance the proportion of the channel (1-1∼2-3)
with respect to others. The purpose of keeping Up at such a
constant is just to suppress RESI. In principle, 3.17Up should
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FIG. 9. (a) Distribution of the time difference between two recol-
lisions in the channel (1-1∼2-3). The black solid line is for the events
counted in the (ppp) representation and the red dotted line is for the
events counted in the (ppm) representation. (b) Ternary spectrum
of the channel (1-1∼2-3) in the (ppm) representation. The laser
intensity is 2.0 × 1013 W/cm2 and the laser wavelength is 2400 nm.
(c) Correlated momentum spectrum of the two electrons that emit
later by the second recollision. The target atom Ar has been used in
the calculations in (a)–(c).

be a bit higher than Ip3 to suppress RESI more successfully.
However, if 3.17Up = 1.5 a.u., even for the laser intensity
2.0 × 1013 W/cm2, the proportion of one-recollision chan-
nels will be larger than 30%. Further reduction of the laser
intensity leads to an extremely low TI rate, i.e., lower than
10−6, and it is difficult to perform reliable simulations. Also,
we choose Ar as our target atom in this section instead of
Ne (the bound energy of Ne is higher than that of Ar); thus
we need a longer wavelength, leading to a lower TI rate.
Based on the above analysis, we set the laser parameters to be
2400 nm and 2.0 × 1013 W/cm2. Under these parameters, the
channel (1-1∼2-3) dominates and its ternary spectrum will be
discussed in the following.

As discussed above, the time difference between the suc-
cessive recollisions is an appropriate parameter to determine
whether all electrons will have the same momentum direction
or not. Therefore, in Fig. 9(a) we show the distributions of
the time difference between two recollisions for events from
the channel (1-1∼2-3) counted in the (ppp) and (ppm) repre-
sentations, respectively. Indeed, in the (ppp) representation,
the distribution of the time difference has maxima at time
instants around integer multiples of T . However, in the (ppm)
representation, the distribution has maxima at all time instants
being odd multiples of T

2 . Such time differences between
recollisions certainly lead to a situation where one of the
electrons has the opposite momentum direction with respect
to the other two. The distribution has also maxima at even
multiples of T/2, though these peaks are much lower. This is
due to the fact that 3.17Up is a bit lower than Ip3 and RESI is

still possible, and thus the last electron may carry momentum
with a different direction from the other two. Interestingly,
the maxima at 1.5T and 2.5T in the (ppm) representation are
both higher than the highest maximum in the (ppp) repre-
sentation (the maximum at 1.5T is even three times higher).
Taking into account that all peaks have comparable widths,
this means that among all events in the channel (1-1∼2-3),
the biggest proportion falls into the (ppm) representation. In
Fig. 9(b) we show the ternary spectrum for the events from
the channel (1-1∼2-3); it is very different from the ones we
discussed when analyzing the one-recollision channel. The
signal around the center can be understood with the help of
the two-electron momentum distribution shown in Fig. 9(c).
Here e′′

1 and e′′
2 are the two electrons that are emitted after

the second recollision; the signals around the center of the
ternary spectrum come from the regions which are framed by
the dotted lines in Fig. 9(c). The signals present next to the
borders of the ternary spectrum come from the regions which
are close to the axes in the two-electron distribution (RESI
induced). The fact that a considerable signal can be found
at the center in the (ppm) representation shows the special
property of multirecollision channels. In principle, if it were
possible to lower the laser intensity further while setting the
value of 3.17Up slightly higher than Ip3, the RESI mechanism
would be even more suppressed and a stronger signal would
be seen around the center of the ternary spectrum. If this
scenario could be implemented in experiments, even if it is
not possible to measure distributions of correlated momenta
for three electrons simultaneously now, it is still possible to
extract information about the presence of multiple-recollision
channels through the ion momentum distributions. The ion
momentum distribution for events that contribute to distribu-
tions in the (ppp) representation has maxima around 3A0 (A0

being the amplitude of the vector potential), while the ion mo-
mentum distribution for events that contribute to distributions
in the (ppm) representation has maxima around A0. Thus,
four energy peaks in the ion momentum distribution might be
expected.

IV. CONCLUSION

We performed channel-resolved semiclassical simulations
for nonsequential channels of triple ionization of atoms, in
particular Ar and Ne. We found that mapping the three-
electron momenta onto the Dalitz plots allows for direct
extraction of the NSTI channels. We defined the two repre-
sentations that cover the possible combination of electronic
motion directions. In the (ppp) representation, the three main
channels characterized by one recollision [(1-3), (1-2∼3), and
(1-1∼3)] can be made to correspond to the three different
regions (center, border, and corner) on a Dalitz plot. The
case of the (ppm) representation implies that the channels
(1-2∼3) and (1-1∼3) fall onto the border and corner regions,
respectively, while the normal one-recollision channels cannot
show a maximum around the center of a ternary spectrum.
However, a considerable signal around the center is noticeable
for multirecollision channels. Such channels can be made
dominant by decreasing the laser intensity while keeping the
ponderomotive energy of the tunneled electron constant (be-
tween Ip2 and Ip3).
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We found that one can reveal manifestations of electron
correlation by performing an analysis of electron-resolved
ternary spectra. For the direct (1-3) channel there is an asym-
metry energy sharing on Dalitz plots that resembles the effect
behind the famous fingerlike pattern in NSDI. The structures
corresponding to the multirecollision channels may be tricky
to trace in experiment, as usually one cannot decrease the laser
intensity as drastically as we did in our simulations because
the ionization yield is too low for clear detection. However,
one can possibly eliminate such a problem by using an addi-
tional XUV source for bursting the initial electron production

and thus making the final three-electron signal strong enough
for detection.
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