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Non-Born-Oppenheimer confined variational calculation of low-energy Ps-H, scattering
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Using the confined variational method, the low-energy S-wave elastic scattering of positronium from molecu-
lar hydrogen is studied nonadiabatically at incident energy up to 0.13 eV. Accurate S-wave phase shifts, scattering
lengths, and cross sections are calculated and compared with other theoretical and experimental values. Using
the modified effective-range formula, the S-wave scattering length is determined to be 1.97 Bohr radii, which
is about 2.5% smaller than that of the confined variational calculation under the fixed-nucleus approximation.
The consistency of the present cross sections with those from the angular correlation of annihilation radiation
experiment indicates that the results of Doppler broadening spectroscopy might be problematic. We also discuss
the distortion effects of positronium and molecular hydrogen.
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I. INTRODUCTION

Positronium (Ps) is a metastable bound system consisting
of an electron and a positron with a ground-state lifetime of
0.125 ns for the spin-singlet state (p-Ps) and 142 ns for the
spin-triplet state (o-Ps). As a purely leptonic system, Ps is
an ideal testing ground for quantum electrodynamics [1-5],
such as the “Ps fine-structure puzzle” [5]. Furthermore, with
the advancement of Ps beam techniques [6—10], Ps-antiproton
[11,12], Ps-atom, and Ps-molecule collisions have attracted
considerable attention both experimentally and theoretically
[9,11-21]. Interestingly, an electron and Ps have similar total
scattering cross sections for the same incident velocity when
scattering by He, Ar, Kr, Xe, H,, N;, O,, and SF; at interme-
diate energies [14] due to the diffusion of Ps and the stronger
interaction of the electron than positron with targets in this
energy region [22].

Ps-H; scattering is of particular interest because Hj is the
simplest molecule and thus can be considered a benchmark
system for studying Ps-molecule scattering. Experimentally,
Nagashima et al. [23] measured the momentum-transfer cross
section at a Ps average energy of 0.046 eV using the an-
gular correlation of the annihilation radiation method. Saito
et al. [24] obtained a momentum-transfer cross section below
0.3 eV using the same method. Using the Doppler broadening
spectroscopy, Skalsey et al. [25,26] measured the momentum-
transfer cross section at scattering energy ranging from 0.39
to 3.0 eV. Although these experiments can achieve lower
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scattering energies, the accuracy of the measurements is low.
A significant advance was made by Garner et al. [6-8] using
a Ps beam, in which they directly measured the total cross
sections for the scattering energy from 10 to 120 eV. With fur-
ther improvement of Ps beam quality, total cross sections with
incident energy from 6.8 to 109 eV were obtained by Brawley
et al. [14], and similarities between Ps and electrons in the
shape and magnitude of the total cross sections at the same
incident velocity were observed. However, cross sections with
Ps beam energy below the Ps excitation threshold (5.1 eV) are
rarely measured.

There are many theoretical studies on Ps-H, scattering
using various approaches, including the perturbative calcu-
lation by Comi et al. [27], the first Born approximation by
Biswas and Ghosh [28], the coupled-channel calculation by
Biswas and Adhikari [29,30], the pseudopotential method
and the binary-encounter approximation by Wilde and Fab-
rikant [21], the confined variational method (CVM) by Zhang
et al. [31], and the free-electron-gas approximation plus an
orthogonalizing pseudopotential by Wilde and Fabrikant [32].
The complicated Coulomb correlations between scattering
particles and the electron exchange in Ps-H, have been only
partially considered except for the calculations of Zhang et al.
[31]. However, all the previous works were carried out in the
framework of the Born-Oppenheimer approximation.

The confined variational method, an ab initio approach
for studying low-energy elastic-scattering problems, has been
used extensively [31,33-36]. Recently, we developed a strat-
egy that can effectively eliminate nonphysical confinement
effects of the original CVM [37,38]. In addition, contrary to
the original CVM, the strategy of using a smaller constraint
radius Ry can greatly reduce the computational cost [37,38].

©2022 American Physical Society
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The purpose of this paper is to present our study of
low-energy S-wave elastic Ps-H, scattering using CVM by
treating Ps-H, as a six-body Coulomb system without the
Born-Oppenheimer approximation (non-BO). This paper is
organized as follows. In Sec. II, the CVM is introduced.
The computational results are presented in Sec. III, which
includes the S-wave phase shifts in Sec. IIT A, the S-wave
scattering lengths and cross sections in Sec. III B, and the
distortion effects in Sec. IIIC. Finally, we give a summary
in Sec. IV. Atomic units are used throughout unless otherwise
stated.

II. THEORY

For the Ps-H, scattering, the Hamiltonian operator in the
laboratory frame can be expressed as

5

S LA

i=0 1] =0 ! J
j>i

where r;, m;, and g; represent, respectively, the position vector,
mass, and charge of the ith particle and p; is the momen-
tum conjugate to r;. The two protons are labeled particles 0
and 1; the three electrons are labeled 2, 3, and 4, and the
positron is labeled 5. Furthermore, if we choose the zeroth
particle as the reference particle, after eliminating the center-
of-mass motion, the internal Hamiltonian has the following
form:

i qiq;
Z A - 0 + Z j’oj Z m 2
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In the above equation, m; = Z?:o m; is the total mass of the
system.

After adding a confining potential V, in the Hamiltonian
H, the CVM converts the original many-body scattering prob-
lem into a confined many-body bound-state one,

(H +Vp)V(x,8) = EV(X, ), “)

where x denotes, collectively, (X1, Xz, X3, X4, X5); § denotes
(so, S1, S2, S3, 84, S5) of the six particle spins; and W is the
eigenfunction of H + V, corresponding to E. It is understood
that E is the total energy of the original scattering system,
which includes the ground-state energies of Ps and H, and
the scattering energy Ej, i.e., E = Ep; + Ey, + E;. The re-
lation between the scattering energy E; and the scattering
momentum k is E; = k?/(211), where u = 1.998911951 is
the reduced mass between Ps and H,. To describe the compli-
cated Coulomb correlations between particles, the many-body
wave function W is expanded in terms of explicitly correlated

Gaussian (ECG) functions [39],

V= chﬁiqsnv (5)

n,i

¢n = \/:-—7_[ |X1 |2K exXp <_%XTA}1X> X(S),
x(8) = (aoB1 — Boar1) (283

where {C,} are the linear coefficients determined by solving
the generalized eigenvalue problem (4), {£;} are permuta-
tion operators of identical particles, x (s) is the chosen spin
function, A, is a symmetric positive-definite matrix of real
parameters, K is a positive integer, and |x;|*X is an important
factor to describe the relative motion between the two protons.
Due to the fact that the Hamiltonian operator H is independent
of particle spins, our results are suitable for the scattering of
both parapositronium and orthopositronium.

The confining potential used in this work [33] has the form

— Boraz)asas,

4
Vep = Z Ucp(pi)v (6)
i=2

where

0, pi < Ro,

Vep (1) = {G(pi —Ro%. pi >R, 2

and p; is the distance between the center of mass of H, and
the center of mass of Ps composed of the ith electron and the
positron. The confining radius Ry should be large enough to
ensure that the complicated short-range interaction between
Ps and H; can be ignored outside the sphere of radius Ry. To
eliminate unphysical confining effects, we define the follow-
ing judgment index s between two basis functions ¢, and

Om:

o (@ O(xis — R)(Xis — R1)*|¢m)
’ (#al®(p; — Ro)(pi — Ro)*|¢m)

where X;5 = |X; — Xs|, with 2 < i < 4, O is the Heaviside step
function, and R) is an adJustable parameter. In this work, we
discard (¢, |vep(0i)pm) when s is larger than 1.0 [37,38].

The confining potential parameter G in Eq. (7) is tuned to
ensure that a specific total energy E (or the scattering mo-
mentum k) is yielded. The variational process of solving the
eigenenergies of the confined Ps-H, system is the most time-
consuming part of our calculation. The stochastic variational
method is applied to optimize the nonlinear parameter matri-
ces {A,}. Once the confining potential vc,(0) is determined,
we then use the associated Laguerre polynomials L7(p) as
basis functions and solve the one-dimensional bound-state
problem

®)

(—ivz + Vn(p) + vcp(p))®(p) =E'®(p), (9
where the model potential V,, is determined to produce the
same scattering energy, i.e., E’ = Ej, under the same confin-
ing potential v,. The convergence of this step is checked by
using different sizes of basis set, different «;, and different
grids of numerical integration. The main requirement for V,,
is that its short-range part vanishes at Ry. We choose V,,,(p) to
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be
—a Cs —(p/B)°
Vin(p) = de™®" — — (1 — '), (10)
P

where A, @, and § are adjustable parameters and Cs = 49.3
is the van der Waals coefficient [20]. The second term in
Eq. (10) is to correctly describe the interaction between Ps
and H; in the asymptotic region, the region outside the sphere
of radius Ry. We fix @« = 0.5 and 8 = 5 and adjust only A so
that the eigenvalue of Eq. (9) is E/ = k*/(2u) for given k.
Subsequently, we solve the only scattering equation for V,,,,

1
(—2—V2 + Vm(p)> '(p) = E'®'(p). (11)
uw

After choosing ®'(p) = ¢(p)/(kp) for the S-wave scattering,
we have {dd—; 4+ 2u[E" — Vi (p)1}@o(p) = 0. The asymptotic
form of ¢(p) is Asin(kp + &), with A being an unknown
constant. Then the logarithmic derivative I'(p) of ¢(p)
is propagated to p = 500 using Johnson’s log-derivative
method. Then the phase shift §; is obtained by comparing the
numerical value of I'(p = 500) to the corresponding asymp-
totic form kcot(500k + 8;). The convergence of this step is
checked with different maximum values of p and different
grids of the numerical integration. The key point of the CVM
is that the logarithmic derivatives of the wave functions ¥, &,
and @’ are exactly the same as that of the original scattering
wave function for the same energy E; at Ry. In addition,
the phase shift is a function of the logarithmic derivative.
Therefore, the phase shift obtained from solving the V,,(p)
scattering problem is equal to that of the Ps-H, elastic scatter-
ing. For more details about the CVM, the reader is referred to
Refs. [31,33-38].

III. RESULTS
A. Phase shifts

Table I presents a convergence study of the total en-
ergy E in Eq. (4), the confining parameter G in Eq. (7),
and the S-wave phase shift §; at k =0.1 and Ry = 17 as
the size of the basis set N increases progressively. Here
the proton mass is taken to be 1836.152 67389 [40], and
the ground-state energy of Hj is Ey, = —1.16402503088
[41], yielding the many-body eigenenergy E = Eps + En, +
k*/(2u) = —1.411523670 at k = 0.1. As can be seen, E, G,
and Oy are smoothly converged to the ninth, fourth, and third
significant digits, respectively. Table II presents a convergence
study of A in Eq. (10) and &; as the confining radius Ry
increases, where k = 0.1 and N = 4400. We can see that both

TABLE I. Convergence of the total energy E, the confining pa-
rameter G, and the S-wave phase shift 6, (in radians) at k = 0.1 and
Ry = 17 as the size of the basis set N increases.

N E G 5t

4000 —1.411523665 2.22462 x 1075 —0.18223
4200 —1.411523 666 222501 x 105 —0.18215
4400 —1.411523667 222547 x 1075 —0.18206
4600 —1.411523668 2.22567 x 1075 —0.18202

TABLE II. Convergence of A and the S-wave phase shift O
(in radians) at k = 0.1 and N = 4400 as the confining radius Ry
increases. The confining parameter G in Eq. (7) is also listed.

Ro G A Ok

15 1.4890216 x 1073 0.05930 —0.1817
16 1.8069991 x 1073 0.05936 —0.1819
17 2.2254726 x 1073 0.059 42 —0.1821
18 2.7865626 x 1073 0.059 48 —0.1822

A and 9 converge smoothly to the third significant digit. We
thus fix N = 4400 and Ry = 17 in all the other calculations.
Due to the limited ECG basis size and limited R, size, the
uncertainty of the bound-state calculations for the confined
Ps-H; system is the main source of phase-shift uncertainty.
Table III lists a comparison of the S-wave phase shifts
obtained using the present non-BO CVM, the CVM with the
fixed-nucleus approximation (FNA) [31], and the pseudopo-
tential (PP) methods with and without the van der Waals
potential (vdWP) [21]. For the case of incident momen-
tum greater than k = 0.14 (i.e., the corresponding energy
is 0.13 eV), such as k = 0.16, we cannot obtain a stable
and converged numerical result when optimizing the lowest
eigenenergy of the confined system. Although the optimiza-
tion of higher eigenenergy levels may resolve this issue, it
would take much longer to reach the same accuracy as for
k < 0.14. Note that the phase shifts of the PP method are
extracted directly from Fig. 5 of Ref. [21]. For £ < 0.1 the
extraction of the phase shift is difficult, and thus, the results
are not shown. Comparing the non-BO CVM and FNA-CVM
values, we can see that the phase shift increases when the
FNA is removed and that for 8 ; the percentage difference is
1.4%. In our previous work on Ps-H scattering [38], we found
that the percentage difference in the phase shift between the
infinite-nuclear-mass and finite-nuclear-mass cases is 0.1%
for singlet scattering and 0.01% for triplet scattering, respec-

TABLE III. Comparison of S-wave phase shifts (in radians)
among the present non-BO confined variational method (non-BO
CVM), the CVM with the fixed-nucleus approximation (FNA-
CVM), the pseudopotential (PP) method, and the PP with the van
der Waals potential (vdWP-PP).

Method k Ox
Non-BO CVM 0.04 -0.0780
0.06 -0.1113
0.08 -0.1455
0.10 -0.1821
0.12 -0.2202
0.14 -0.2581
FNA-CVM [31] 0.099 993 —0.1846
PP [21] 0.10 -0.2054
0.12 —-0.2455
0.14 -0.2862
vdWP-PP [21] 0.10 -0.0761
0.12 -0.0947
0.14 -0.1141
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TABLE IV. S-wave phase shifts (in radians) calculated using the
model potential in Eq. (10) (first entry) and in Eq. (12) (second
entry), subject to the same confining potential.

k G A 8
0.06  9.8859912 x 1077 0.0567353175 —0.111336
0.0423609406  —0.111334
0.10 22254726 x 105 0.0594193324  —0.182056
0.044 7948 222 —0.182056
0.14 47244909 x 10 0.0658170673 —0.258 055
0.050824 1267  —0.258065

tively. The larger percentage difference between the non-BO
CVM and FNA-CVM phase shifts for Ps-H, scattering may
originate from the complicated interaction caused by the nu-
clear motion. Finally, it is unexpected that the PP values are
closer to our non-BO CVM values than the vdWP-PP ones
are.

To better understand the role of the van der Waals potential,
the model potential without the van der Waals part

Vi(p) = re™ 03¢ (12)

was also tested in our calculation, and the results are shown in
Table IV. We can clearly see that V,,, and V,, result in the same
phase shifts when they are subject to the same confining en-
ergy E’ and confining potential v.,. This means that although
the vdWP correctly describes the long-range interaction be-
tween Ps and H,, the effect of the vdWP term in Eq. (10)
can almost completely be recovered by tuning A in Eq. (12).
In fact, the effect of vdWP is automatically included in the
calculation of the confined many-body bound-state problem
Eq. (4).

Replacing the potential Ae™®” in Egs. (10) and (12)
with the typical Ps-H, pseudopotential A,e~%"/p> with o, =
0.2439 [21] and solving Eq. (9), we obtain the same values of
phase shifts as those of the non-BO CVM listed in Table III.
Table V presents the CVM values of A, determined using
Eq. (9) for the cases with and without the vdWP included.
They are all smaller than the value of A, = 5.919 adopted
in the vdWP-PP and PP calculations [21]. Once again, our
calculations have shown that the CVM does not depend on the
concrete forms of model potentials, provided their short-range
potentials vanish at Ry.

B. Scattering length and cross section

The S-wave scattering length is obtained by fitting the
calculated phase shifts to the variants of well-known effective

TABLE V. CVM values of A; for case 1 with the vdWP included
and case 2 without the vdWP for different incident momenta k. In
atomic units.

0.04 0.06 0.08 0.1 0.12 0.14

Case 1
Case 2

1.5129 1.4008 13689 13895 1.4307
1.0414 09449 09213 09452 09881

1.4673
1.027 6

TABLE VI. S-wave scattering lengths obtained with the present
confined variational method (non-BO CVM), the CVM with the
fixed-nucleus approximation (FNA-CVM), the stabilization method
with the fixed-nucleus approximation (FNA-SM), the pseudopoten-
tial (PP) method, and the PP with the van der Waals potential
(vdWP-PP). In atomic units.

Method Scattering length
Non-BO CVM, Egq. (13) 2.08
Non-BO CVM, Eq. (14) 1.97
FNA-CVM, Egq. (14) [31] 2.02
FNA-SM, Eq. (13) [31] 1.78
PP [21] 2.06
vdWP-PP [21] 0.64
Experiment [24] 2.1+£0.2
range theory,

t (8¢) ! +1 k + Bk? (13)

co =—— 4+ -7 ,
YT Ak 2

where Ag is the S-wave scattering length, ry is the effective
range, and B is an additional fitting parameter. Taking into
account the long-range van der Waals potential —Cg/0°, we
should use the modified effective range formula [42]

1 T }"ok 47TC6k2 16C6k3 1Il(k)
Aok 2 15A2 1540

cot (8;) = — (14)

Table VI presents a comparison of the S-wave scattering
lengths obtained with the present non-BO CVM, the FNA-
CVM [31], the stabilization method (FNA-SM) [31], the PP,
the vdWP-PP [21], and the angular correlation of annihilation
radiation (ACAR) experiment [24]. The ACAR value is esti-
mated from the average momentum-transfer cross section for
scattering energy below 0.3 eV. To extract a more accurate
scattering length, phase shifts at lower k are more suitable for
the fitting. Thus, phase shifts at k = 0.04-0.1 were used in
the present work. The non-BO CVM value determined with
Eq. (14) is 5.6% smaller than that determined with Eq. (13),
indicating that the long-range potential has a significant effect
on the scattering length. Comparing the non-BO CVM and
FNA-CVM values at the internuclear distance Ry, = 1.45ao,
we can see that the FNA effect increases the scattering length
by 2.5%. The FNA-SM value, which is extracted from the
phase shifts at k = 0-0.5 with Eq. (13), is 17% smaller than
the non-BO CVM value obtained with Eq. (13). The PP value
is closer to our value than the vdWP-PP one is, similar to the
case of phase shifts. It is noted that the scattering lengths of
the non-BO CVM, FNA-CVM, and PP methods fall into the
error bars of the experimental value.

Figure 1 shows a comparison of theoretical and exper-
imental cross sections for k < 0.2. We denote o, as the
momentum-transfer cross section and o; as the total cross
section. At low energy, o, and oy can be calculated by using
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FIG. 1. Comparison of the cross sections for k < 0.20. Theory:
non-BO CVM (black pluses); Zhang et al., FNA-CVM (red crosses)
[31]; Wilde and Fabrikant, PP (dash-dotted black line) and vdWP-PP
(dotted magenta line) [21]; Wilde and Fabrikant, FEG (dashed blue
line) and OPP-FEG (dash-double-dotted green line) [32]. Experi-
ment: Satio e al., ACAR (red triangle) [24].

the partial-wave expansion:

dr & .
Om = = Z(l + 1) sin® (6?l — 62),
=0 (15)
4 & .
oy = = Z(Zl + 1)sin’ &,
1=0

where 8! is the phase shift of the /th partial wave at mo-
mentum k. At k < 0.14, the S-wave scattering is dominant in
om and oy. For example, 6(1)_1 4 of PP (extracted directly from
Fig. 5 of Ref. [21]) is —0.00996 rad, which is much smaller
than 59 ,, and can thus be neglected. Therefore, oy, and o, of
the non-BO CVM are calculated using only the S-wave phase
shifts. We can see that the elastic-scattering cross sections of
the non-BO CVM decrease smoothly as k increases. Overall,
the cross sections obtained with non-BO CVM, FNA-CVM,
and PP calculations agree well with the ACAR experimental
value of Saito ef al. [24]. The theoretical results of vdWP-PP,
the free-electron-gas (FEG) approximation, and the FEG with
an orthogonalizing pseudopotential (OPP-FEG) [32] are much
lower than the ACAR value but are close to the experimental
value of (3.34 £0.7) x 10~ '%cm? from the Doppler broad-
ening spectroscopy (DBS) method carried out by Skalsey
et al. [26]. Similar to the Ps-He scattering [37], our Ps-H;
low-energy CVM cross sections may imply that the DBS oy,
values are questionable.

C. Distortion effects

The H, molecule and Ps will be distorted when they get
close to each other. In the previous study of Biswas and
Adhikari [29,30], three Ps pseudostates Ps(ls), Ps(2s), and
Ps(2p) were included with the internuclear distance Ry, =
1.4ay. In the calculation of Zhang et al. [31], the distortion of
Ps was well described by using the ECG basis functions with
Ry, = 1.45ay. Using the Hartree-Fock method, Wilde and

0.06

o
o
&

Probability density
o
(]

0.00

8
R (ao)

FIG. 2. Probability density distributions of the distance between
the two protons f;,, between the electron and the center of the two
protons f., and between the positron and the center of the two protons

Jer-

Fabrikant [32] calculated the charge densities, which could be
converted to exchange and correlation potentials.

To quantitatively study the distortion effects, we define
three distortion distances Rgs, Rde , and Rgsfl_b , Where Rgs and
R}’% are measures of the distance between Ps and H, when the
distortion of Ps or H, can be ignored, respectively, and RgS_HZ
is a measure of this distance when the distortion of both Ps
and H; can be ignored. When the distance between Ps and H;
is larger than RgS_Hq, the long-range van der Waals potential
—Cs/p® is dominant. As the polarizability of Ps (o = 36a(3)) is
larger than that of H, (¢ = 5.4(18), the distortion of Ps dom-
inates over that of Hy, implying R§,_y; = max (R, Ry}) =
RS..

The probability density distribution of the electron, relative
to the center of the two nuclei, is

FiR) = / dQR (VIS — x1/2 — RIWIR,  (16)

where i = 2, 3, 4. Since the three electrons are identical, we
have fg(R) = fe3 (R) = fg‘ (R) = fe(R). Similarly, the proba-
bility density distribution of the positron is

fer(R) = /dQR<‘PI8(X5 —x1/2 = R)|V)R’. a7

Because of the electric neutrality requirement of Ps at R >
RY,, the distortion distance RS can be obtained according to

fe+(R) = 3f.(R), R >R, (18)

The probability density distributions at k = 0.1 are plotted
in Fig. 2. For f.(R), high peak exists near R = 1.0, while
the density of the scattering electron is lower for R > 8.0.
For f.+(R), there is no peak for R < 4.0 due to the repul-
sive interaction between the positron and the two protons.
Compared to f.+(R) of the Ps-H singlet scattering in our
previous work [38], fo+(R) of the Ps-H has a low peak at
k =0.1 for R < 4.0. We can see that the probability den-
sity distributions of the electron and positron become similar
when R > 6.0. In this work, Rgs is determined according to
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11— 3fe(RS)/ for (RS)| < 1%. Using this criterion, we ob-
tain R, = 7.8, 7.25, and 6.95 at k = 0.06, 0.1, and 0.14,
respectively, which indicates that Rgs decreases as k increases.
Without the fixed-nucleus approximation, we can study the
distortion of the H, molecule. The probability density distri-
bution of the distance between the two protons at k = 0.1,
which is calculated by f,(R) = deZR(\IJ|8(x1 —R)|W)R?,
is also plotted in Fig. 2. We can see that the most probable
internuclear distance is Rpy = 1.433, which is between the
values used by Biswas and Adhikari [29,30] and by Zhang
et al. [31]. Actually, Ry’ for k = 0.06 and 0.14 is also 1.433
with f,,(1.433) equal to 2.381 4 and 2.381 0, respectively. As
expected, such low-energy elastic Ps collisions barely affect
the motion of two protons in the target H,.

IV. SUMMARY

By treating the motion of nuclei and leptons on an equal
footing, together with ECG variational functions, the non-BO
CVM has been applied to calculate the S-wave phase shifts,
scattering length, and cross sections for the low-energy elastic
Ps-H, scattering. Compared with the previous FNA-CVM,
the non-BO CVM phase shift at k = 0.1 differs from the

FNA-CVM phase shift by about 1.4%. Unexpectedly, the
non-BO CVM phase shifts are closer to those calculated with
the PP method than to those calculated with the vdWP-PP
method. Overall, the non-BO CVM cross sections agree well
with the FNA-CVM and PP theoretical calculations and with
the ACAR experimental value of Saito et al. [24]. The results
from the non-BO CVM may imply that the DBS oy, cross
sections are questionable. The Ps distortion distances RS are
7.8, 7.25, and 6.95 for k = 0.06, 0.1, and 0.14, respectively,
which indicates that Rgs decreases as k increases.
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