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It is well known that the topological entanglement entropy (Sip) of a topologically ordered ground state
in two spatial dimensions can be captured efficiently by measuring the tripartite quantum information (/°) of
a specific annular arrangement of three subsystems. However, the nature of the general N-partite information
(IV) and correlation of a topologically ordered ground state remains unknown. In this work, we study such I
measure and its nontrivial dependence on the arrangement of N subsystems. For the collection of subsystems
(CSS) forming a closed annular structure, the I¥ measure (N > 3) is a topological invariant equal to the product
of Sipo and the Euler characteristic of the CSS embedded on a planar manifold, [N = X Siopo- Importantly,
we establish that IV is robust against several deformations of the annular CSS, such as the addition of holes
within individual subsystems and handles between nearest-neighbor subsystems. While the addition of a handle
between further neighbor subsystems causes IV to vanish, the multipartite information measures of the two
smaller annular CSS emergent from this deformation again yield the same topological invariant. For a general
CSS with multiple holes (n, > 1), we find that the sum of the distinct, multipartite information measured on
the annular CSS around those holes is given by the product of S, x and ny, ZZ’:_ZI |I,]Z?“' | = 1, X Siopo- This
constrains the concomitant measurement of several multipartite information on any complicated CSS. The Nth
order irreducible correlations for an annular CSS of N subsystems is also found to be bounded from above by
[IV], which shows the presence of correlations among subsystems arranged in the form of closed loops of all
sizes. Thus, our results offer important insight into the nature of the many-particle entanglement and correlations

within a topologically ordered state of matter.

DOI: 10.1103/PhysRevA.105.052428

I. INTRODUCTION

Topologically ordered [1] phases are characterized by non-
local ordering of matter, and cannot be described by the
Ginzburg-Landau-Wilson paradigm of symmetry broken or-
ders [2]. These phases show exotic phenomena such as a
nontrivial ground-state degeneracy observed on a multiply
connected spatial manifold [3-9] and fractional statistics of
excitations [10-15]. Due to their added topological protection,
understanding these phases can lead to novel applications
including fault-tolerant quantum computing [16,17]. The
ground states of several topologically ordered phases have
been shown to possess signatures of string-net condensation
with long-range entanglement [18-23]. This refers to the fact
that the application of any finite number of local unitary
operations on such ground states cannot convert them into
direct product form [24-26]. Several investigations on the
nature of quantum entanglement of various topological phases
have been conducted [15,27-31]. Specifically, the study of the
von Neumann entanglement entropy of a singly connected
subregion partitioned from a topologically ordered ground
state reveals the existence of a geometry-independent term
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that depends on the degeneracy of the ground-state manifold.
This term is universal in the sense that it is a topological
invariant, and is referred to as the topological entanglement
entropy (TEE) [32-36]. Analysis of the entanglement spec-
trum of these states has revealed nontrivial degeneracy, a gap
that vanishes at topological phase transitions and the existence
of gapless edge states [37-46].

We now discuss the TEE in further detail. It was shown
in Refs. [32-34] that the entanglement entropy (S4) for a
subsystem A obtained from a real-space bipartitioning of a
state with nontrivial topological order in two spatial dimen-
sions follows the area law [47] with a correction term (y,),
Sa =oals — ya + - --. The terms represented by the ellipsis
vanish for large subsystem size. Further, it is known that the
term y4 is universal: in the simplest setting, it depends on
a topological quantum number of the ground-state manifold
called the quantum dimension (D), and the topology of the
subsystem (i.e., the number of disjoint boundary components
of the subsystem A). The quantum dimension governs the rate
of growth of the topologically protected ground-state Hilbert
space on manifolds with a nontrivial genus. As an example,
for the case of the topologically ordered Abelian fractional
quantum Hall fluids, the quantum dimension D = /|detK],
where K is the K matrix describing the topological Chern-
Simons quantum field theory for these phases. The quantity
|detK| is a count of the number of degenerate ground states
on a torus.
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In general, the von Neumann entanglement measure cap-
tures both local as well as nonlocal correlations. Thus, it
was shown in Refs. [33,34] that in order to find a purely
topological piece of the entanglement entropy, one has to
properly choose an arrangement of the subsystems under
consideration as well as the corresponding entanglement
measure. Specifically, Refs. [33,34] showed that the tripar-
tite information, I3(A, B, C) = Sa 4+ Sg + Sc — (Sap + Spc +
Sca) + Sapc is proportional to the TEE (Siopo = log, D) for a
very specific annular arrangement of three subsystems A, B,
and C: (A, B, C) = —2Sopo. Importantly, the 3(A, B, C) for
this particular collection of subsystems (CSS) is defined such
that all geometry- (or boundary length-)dependent terms ex-
actly cancel one another. It has also been shown in Ref. [32]
that the entanglement entropy of a singly connected subsys-
tem A is given by S(A) = (na — C4)log, D, where ng and Cy
are the number of links on the perimeter and the number of
disjoint boundary components, respectively, of subsystem A.
Recent investigations [48—50] also conclude that the tripar-
tite information measure employed in Refs. [33,34] provide
evidence for the presence of nonlocal correlations in topolog-
ically ordered ground states in the form of an entanglement
Hamiltonian that has tripartite irreducible correlations.

However, certain key questions remain unanswered. First,
what is the precise dependence of the tripartite informa-
tion measurement protocol proposed in Refs. [33,34] on the
topology of the collection of subsystems (CSS)? How ro-
bust are such measurements against deformations of the CSS
topology? Further, given that a topologically ordered system
possesses truly long-ranged entanglement [24-26], can the
multipartite quantum information be generalized beyond the
choice of three subsystems so as to capture unambiguously
the TEE? If this can be achieved, what insight does it offer
on the nature of multipartite correlations encoded within a
topologically ordered state? Answering these questions is the
main goal of our work. We summarize our main results below,
as well as present a plan of the work.

A. Summary of main results

In Sec. II, we define a multipartite information mea-
sure (I&N}) for a CSS defined by {Ay} (with N number of

subsystems in it). I&N} is a generalization of the tripartite
information used to compute the TEE in Refs. [33,34], and
we show that I&N} is independent of CSS geometry. We then

show in Sec. III that I&N} is a topological invariant, depending
only on the ground-state quantum dimension and the Euler
characteristic (x) of the CSS embedded on the underlying
planar spatial manifold. Note that x is also the classical Euler
characteristic of the underlying compactified planar manifold
RZ, Specifically, in Sec. IIT A, we show that for an annular
arrangement of N > 3 subsystems, V| = X Stopo [Eq. (8)]. In
the remainder of Sec. III, we test the robustness of this result
against various kinds of deformations of the annular CSS.
For instance, in Sec. III C, we show that neither the addition
of self-loops and holes within subsystems, nor the addi-
tion of handles between neighboring subsystems (Sec. III D),
changes the result |IV| = X Stopo- Further, in Sec. IIIE, we
show that while adding handles between subsystems that
are not neighbors causes IV to vanish, the multipartite in-

formation of several smaller annular CSS becomes nonzero.
These results are summarized pictorially in Fig. 3. Thus, these
results establish that the nontrivial topology of an annular
CSS is essential for a multipartite information to capture the
TEE. Further, it appears very generally possible to identify
an annular CSS configuration that is appropriate for such a
measurement.

In Sec. IV, we demonstrate the constraint that governs
various multipartite information measurements that can be
made in a CSS with n;, number of holes (and where a given
multipartite information is computed around one of the holes).
For instance, we find that the sum of the two multipartite
information of a CSS with n; = 2, where each is computed
individually around one the two holes, adds up to a constant,
which depends on the product of Sipo, 7, and x (the Euler
characteristic of the CSS embedded on the underlying planar
manifold). We have generalized the constraint to the case of a
CSS with nj, € Z number of holes [Eq. (25)]. Unlike the study
of Ref. [35], the holes of the CSS in our case are contractible,
i.e., they do not, for instance, wrap around the neck of a torus.

Finally, in Section V, we study the irreducible correlation
content [51-54] encoded within the multipartite information
measure of an annular CSS of N subsystems. For a N-partite
state, the k-party irreducible correlation measures that part
of the total not arising from any order of correlations less
than k. We obtain a generalization of the three-subsystem
strong subadditivity relation to the case of N subsystems of
a topologically ordered state within an annular configuration
[Eq. (34)]. Using this inequality, we show that the N-party
irreducible correlation is bounded from above by Siqp, for an
annular CSS of N subsystems [Eq. (36)]. This generalizes
the previous result for the three-party irreducible correlation
[48,49]. These results demonstrate the presence of N-party
correlations among the subsystems of an annular CSS, and
confirms the existence of closed annular structures of all sizes
within a topologically ordered ground state. We conclude with
a discussion of our results in Sec. VI. Detailed derivations of
several key results are presented in the Appendixes.

II. MULTTPARTITE INFORMATION: DEFINITION

Topologically ordered systems contain nonlocal entangle-
ment and correlations. Thus, identifying nonlocal operators
and measures of entanglement is important in their classifi-
cation. Importantly, in the case of zero correlation length, the
entanglement entropy (Si) of a region R of a topologically
ordered ground state depends on the number of disconnected
components (j) of the boundaries [32] (0R) of R and the
quantum dimension (D) of the Hilbert space [33]

i di di
Sgp =—jlog,D—n) —log, (—) )
& D D

and where 7 is the number of states lying on dR, and dj, is the
quantum dimension of a particle with charge k [33,34]. The
quantum dimension D is a property of the complete system,
and does not depend on the choice of the subsystems. This
formula is valid for the cases where the hole of the subsystem
‘R is contractible, i.e., it does not, for instance, wrap around
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FIG. 1. (a) CSS with N members placed in an annular struc-

ture ({AI(\‘,’)} = {Ay, ..., Ax}), and where each individual subsystem
is simply connected. (b) An open CSS ({A"?}) formed out of N
number of simply connected subsystems, such that their union does
not form a closed annular structure. (c) CSS ({.A"9}) composed of
N subsystems, where N — 1 form a closed CSS ({A}{,’il}) and the
last is an isolated island Ay. (d) CSS ({A99}) formed from N + 1
subsystems created by joining the (appendage) subsystem Ay_; with
the closed annular CSS {A{ ).

the neck of a torus. We will discuss the importance of a
vanishing correlation length shortly.

Further, Refs. [33,34] showed that a purely topological
part of entanglement entropy [dubbed as topological entan-
glement entropy (TEE)] can be detected by measuring the
tripartite information /73 for a particular annular arrangement
of three subsystems: I3(A,B,C) =S4+ Sg+ Sc — (Sas +
Sgc + Sca) + Sapc = —2Si0po, Where Siopo = log, D. Using
the above formula Eq. (1), one can easily verify an essential
feature of I°: it is defined so as to be independent of the
geometry of the arrangement of subsystems; instead, it de-
pends only on the quantum dimension (D) of the topologically
ordered system. We will now extend this result to show that an
appropriately defined N-partite information measure can cap-
ture the same topological entanglement entropy (TEE) by a
careful arrangement of N subsystems. Further, we confine our
interest to the case of two-spatial dimensional topologically
ordered systems in this work.

We first clarify some important mathematical notations
and conventions. Our goal is to define the N-partite infor-
mation I{Z:'AN} for a collection of subsystems (CSS, with N
subsystems) with a unique arrangement specified by { Ay} =
{A1, Ay, ..., Ay}. Some examples of CSS considered by us
are given in Fig. 1, with individual subsystems labeled by
Ay, Ay, ..., Ay. If there is no overlap between two subsystems
A; and A}, then their intersection vanishes: A; NA; = ). We
define the power set of the CSS {Ay} as P({Ay}), and the
collection of all subsets of P({Ay}) with m subsystems in it
as B, ({An}) = {0 | Q € P({An}), |Q] = m}. We also define
the union and intersection of all the subsystems present in Q as
Vu(Q) = UAEQA and V(Q) = ﬂAEQA, respectively. Finally,
the von Neumann entanglement entropy of the subsystem A
(with length L) for a topologically ordered ground state is
given by S4 = L4 — ya, and y,4 represents the topological
terms in Sy.

Then, the N-partite information is defined as

N
I,y = [Z(—l)m_l > SVu(Q):| = Svan- (@)
m=1

0eB,({A})
In this work, we will focus on the cases where there
are no overlaps among the N subsystems within the CSS,
Va({An}) = 9. In this way, we exclude any nontrivial con-

tributions to the TEE arising from such an overlap in all CSS
that we study: yy, (4,) = 0. Further, we also assume that there
is no overlap among m number of subsystems in the CSS for
N > m > 2. Thus, for an example of m =3, A, NA; NA; =
@, Vi # j # k. One can easily check that for N = 3, Eq. (2)
then becomes the tripartite information I° given above for an
annular structure of a CSS of three subsystems (i.e., with a
hole in the center) [33,34].

We will now demonstrate that the multipartite information
measure /, 11/4»1 is chosen such that all geometric content within
it vanish identically. For this, we first define the geometric area
of a subsystem A as R(A). Then, the geometry dependence
(Rayy) of I{AJ’L‘N} is computed as follows:

N

> RIVUQ)I

QeBy({A))

R{AN} — (_1)m—l
1

m=

N N-—1
- Z Z(—l)’”" (m B 1) x R(A;)
N N
= |:ZR(A,-):| x [Z(—l)’”“(z: i)} =0. 3

m=1

Thus, we find that I{NAN] is indeed independent of the ge-
ometry of its constituents, 1.e., the last term in Eq. (1) (related
to the number of the states n in the subsystem perimeter)
cancel one other within the measure IV [Eq. (2)]. Thus, for
topologically ordered systems, the multipartite information
measure IV will depend only on log, D, and with a prefactor
that depends on the choice of subsystems

1Y, = —Ciy,, log, D, 4)
N
Clayy = 20" > Twon ()
m=1 0B, ({A)

where 73 is the number of disconnected/disjoint boundaries
of the subsystem B or the number of disconnected compo-
nents of B (the boundary of B). In showing the geometry
independence of the multipartite information measure, we
have assumed that the subsystem size is bigger than the
correlation length. In this limit, all local (length-dependent)
contributions in the N-partite information measure cancel out
such that only a purely topological piece remains. This is oth-
erwise not the case. The extreme case is the zero correlation
length limit, where a subsystem is connected to its nearest
neighbors through common boundaries.

Indeed, we will see in the following section that the quan-
tity C&N} quantifies the nontrivial topology of the CSS. We
demonstrate both trivial as well as nontrivial choices for the
topology of a CSS, and describe the transformations that leave
I fXN invariant. This will generalize the results of Refs. [33,34]
on how to detect the TEE of a CSS of N subsystems via
a N-partite information measure, and offer insights into the
nature of the many-particle entanglement encoded in such
systems.
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III. MULTIPARTITE INFORMATION: COMPUTATION

We confine ourselves to the study of CSS {Ay} that are
placed on a two-dimensional (2D) planar manifold. Thus,
the individual subsystems are two dimensional, and their
boundaries are one-dimensional curves. As mentioned earlier,
we also assume that there exist no overlaps among different
subsystems other than nearest neighbors. Starting with the
simplest case of an annulus, we now compute the IV for sev-
eral different arrangements of the CSS in order to understand
the role played by subsystem topology.

A. Simple annular closed and open structures
We first study the s1m lest CSS shown in the Fig. 1(a),
where the subsystems {.A = {A,A,, ..., Ay} are arranged
in an annulus. Each subsystem A; € {.A,(\?)} has a single dis-
connected boundary, J4, = 1. One can also easily see that for
such a CSS, Vm({Ag\?)}) = (. Then, the quantity

Cllyen, Z( DA
ry =

m Y. T (6)
0eB,((Av)

where 'V represents the total number of disconnected
boundaries coming from all possible choices of m sub-
systems (out of a total N subsystems). One of our main
results involves computing the count I'N. As shown in Ap-

pendix A, for an annular arrangement of subsystems {A;{,’)},

[N (=1t ZQGBW({A}?)D Jv,o] = 0. Thus, we obtain

Clyoy = (DTN = (DY Toa, =2 x D" (7)
as the number of disconnected boundaries of the entire CSS
as a whole (i.e., | J;A; in the CSS {A,(f;)}) is given by '} =
Ju.a; = 2 [see Fig. 1(a)]. We have also shown in Appendix B
that the prefactor 2 corresponds to the Euler characteristics
x of the CSS embedded on the underlying planar manifold.
Thus, the N-partite information simplifies to

IA([,) = —C&(;)}logzD = (—1)N210g2 D,

(=" X Stopos 8)

Thus, we see that for a simple annular arrangement of subsys-
tems, the amplitude of the N-partite information has the same
value IV (A9) | = 2log, D for all N. For the case of N = 3, this

reduces to the well-known result for the tripartite information
[33,34]. Our generalization highlights a property likely special
to a topologically ordered system: any N-partite information
(N > 3)is able to capture the TEE of Sigpo.

On the other hand, if the structure of the CSS is open [see
Fig. 1(b)], the N-partite entanglement measure will vanish
even for a topologically ordered ground state: IV Ay = = 0. This

is shown in Appendix A 1. Again, this shows the crucial role
of the subsystem topology of the CSS in capturing Siopo-

B. Isolated subsystems and appendages

We now turn our attention to the case of a CSS comprised
of a disjoint union of an annular arrangement of N — 1 sub-
systems and an isolated subsystem labeled by N as shown
in the Fig. 1(c). We use Eq. (5) to calculate CY where

Ty agwy) = 0- Recall that

A(lb)

N
Clum = 2D >0 Fuor O

m=1 0eB, (A"

As the CSS {A{"} is a disjoint union of two smaller CSS,
{A(lb)} = {A(lb)‘N} U {Ay}. Thus, upon expansion of Eq. (9),

we can rewrite CY gy 3
N-1
N N—1
C{A(lm =C (AU + Tay — Z TayUA;
i=1
N—1
-1
+ Z Tayuan;- + (=D Ty uau. uay
i<j=1
N—1 N—1
= CA(lh)} (Ax CA(lb) (An) + jANTN—l
=0, (10

where Ty_; = Y ' (=1)" (V7') = 0. The detailed deriva-
tion of the relation Eq. (10) is shown in the Appendix C.
Thus, one can see that for a CSS of N subsystems that can
be decomposed into disjoint substructures, a vanishing global
connectivity measure CV gives rise to a vanishing N-partite
entanglement measure /.

We have also considered a CSS of N number of subsys-
tems in which an appendage has been added to the simple
annular structure [see Fig. 1(d)]. As shown in Appendix D,
the multipartite information vanishes for this CSS as well:
I 12'4“,1) = 0. In this way, we have found that the closed annular

nature of the CSS is essential for a nontrivial value of IV. We
will now analyze deformations of the CSS that keep the result
I{’f“} = (—1)"x log, D invariant.

C. Individual subsystem boundary with multiple
disconnected components

We are interested in those cases of CSS with N subsystems
where individual subsystems have either holes and/or self-
handles [as shown in Fig. 2(a)]. Unlike the simple annular case
shown in Fig. 1(a), the number of disconnected boundaries of
an individual subsystem can in such cases be an integer value
higher than 1. We represent such CSS by {Aﬁa) )

We now calculate the quantity CV (A0 as a deviation from

C{ A due to the increase in the number of disconnected

boundaries of the individual subsystems. Note that here,
Ja; = 1+ i, where u; is the change in the number of dis-
connected boundaries with respect to simple annular case
[see Fig. 1(a) and the discussion in Sec. III A]. Thus, we
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FIG. 2. (a) CSS {A,(f”)} represents the case where individual
subsystems have holes or multiple self handles, but there is no
intersubsystem handles. (b) CSS representing the case where there
are handles among nearest-neighbor subsystems, but no connection
among further-neighbor subsystems. (¢) CSS with a connection be-
tween two subsystems (4,, and A,) that lie beyond nearest neighbor
n—m>1).

obtain

Clag, Z( D"ty Jwer

0B, ((AT")

Clon +Z( y"tey,

N —
e ¥ Yw=(,

0B, ({A")) AicQ

) X -

Al A}

One can easily simplify this result using the relation

al N-—1
Z(—l)m—1<m_ 1) =0, (1)
m=1

thereby leading to C =CV Then, using Eq. (8), we

A(Zul A(a)

again obtain
Iy = 1g) = (=1 X Siopo. (12)

Thus, we find that the addition of self-handles and holes in the
individual subsystems does not affect our earlier result for the
N-partite information measure /"V. This confirms the robust-
ness of our multipartite information measure in topologically
ordered phases against such a deformation.

D. Adding nearest-neighbor handles

As shown in Fig. 2(b), we now deform the simple annular
structure [Fig. 1(a)] by adding any number of intersubsystem
handles between nearest-neighbor subsystems. The deformed
CSS is denoted by {A(Zh)}

In order to compute the N-partite information IV
first calculate CV

(A" Recall that Jy,ua

ple annular case. Due to addition of extra v; number of handles
between the nearest-neighbor subsystems A; and A;timodn,
we have increased the number of disconnected boundary to

A(”))}

i+lmodN = 1 for the sim-

t7AiUAi+1modN = 1 4 v;. Thus,

N N
Cw =Cly, +Z=:(—1>m-1 gv(z :;)
Claoy +Zu,2( n" ‘( ;)

m=2

=cV 13)

_A(a)

Thus the N-partite information measure is also invariant under
this deformation

Iemy = Iqey, = (=" XSiopo- (14)

E. Addition of further-neighbor handles

Having analyzed deformations of the CSS that leave the
multipartite information IV invariant, we now turn to a de-
formation that trivializes it. For this, we add a single handle
between two subsystems A,, and A, with at least one subsys-
tem lying in between them [such that A,, and A, are not nearest
neighbors, see Fig. 2(c)]. We choose the subsystem label such
that n < m < N, where (m —n) > 1. It is easily seen that
upon adding such a handle, we create two closed loops C; and
C, formed out of p and g number of subsystems, respectively,
wherep=(m—n+1)andg =N —m+n+ 1)withg > p
and p 4+ g — 2 = N. Thus, we can now create simple annular
CSS [of the kind seen in Fig. 1(a)] from the closed loops C;
and C,, and denoted by {.A”} and {.A7}, respectively. We now
compute

Z T |, (15)
0eB, ((AV))

A(Zn) Z( )m : /~'Lm+

where the modification terms 1, (apparent upon the introduc-
tion of the handle) are given by

N -2
j—2

N — -2
um—2< p) ( ) Vp<m<yq,
j—p j—2
N — N — N -2
um_z( p)+2<_ ‘1)—(. )
Jj—p Jj—q Jj—2
Yg<m<N. (16)

Thus, we obtain CA‘Z“)} = Cl\it‘” + Z]mvﬂ(—l)’"’l,um. Fur-

ther simplification gives

cy 20, =cV

u1=0,uN=+l,um=—< > vV2<m<p,

oy +2(=DY

=2(=D" T 2(-=1)V = 0. A7)

Additionally, in Appendix E, we also show that the vanish-
ing of CV (A0 in this case arises from the fact that C¥

(A§

A(2a)} -
(=DM (x — 2), where x = 2 is the Euler characteristic of the
CSS with N subsystems embedded on the planar manifold.
In turn, the vanishing CV of leads to the vanishing of the
N-partite information for the entire CSS
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a )
CSS
{An}
N
Ttany
I =0
m {An}
I{A 3 m#p,q
0
m< N IfAcl}#O
I?'ACQ} ?é 0

FIG. 3. Summary of various results for the N-partite information
IV corresponding to different CSS topologies placed on a planar
manifold presented in Sec. III. Please refer to the text for details.

Instead, the p-partite and g-partite information for the CSS
{AP} and { A7} (i.e., the two smaller loops C; and C,) are found
to be nonzero as long as p, g > 3:

Iy = (—1)xlog, D, Iy, = (—=1)xlog, D.  (19)

Finally, we summarize the results of this section in Fig. 3.
The simple annular CSS [Fig. 3(a)] with N number of sub-
systems possesses a nonzero multipartite information IV,
dependent on the Euler characteristic (x) of the CSS embed-
ded on the underlying manifold and the quantum dimension
of the ground-state manifold (D). Deformations of this simple
annular structure that involve the addition of intrasubsystem
handles or holes [Fig. 3(b)] and the addition of nearest-
neighbor handles [Fig. 3(c)] leave the multipartite information
measure IV invariant. On the other hand, the addition of the
further-neighbor handles [Fig. 3(d)] trivializes the IV mea-
sure. However, the addition of the further-neighbor handles
creates two closed loops C; and C; [Figs. 3(e) and 3(f)] with
a lesser number of subsystems (p and ¢, respectively, corre-
sponding to the CSS {4,} and {.4,}). The smaller loops C; and
C, again possess a nonzero multipartite information (as long
as p, g = 3). In this way, we find that it is always possible to
identify a simple annular structure with an /" that can detect
the topological entanglement entropy.

IV. MEASUREMENT CONSTRAINTS

Having ascertained the importance of subsystem topology
in attaining a nontrivial multipartite information measure 1%,
we now turn our attention to measurements for a more general
case of a CSS that has more than one hole in it, i.e., composed
of more than one annular structure. As an example, we start
with a minimally complex CSS {Agz)} that has two holes
in it (see Fig. 4). Two closed annular structure is C; and
C, associated with the smaller CSS {Ag‘} ={A, B,C} and
{Agz} = {A, D, E}, respectively. Using Eq. (8) for the CSS
Ag‘ and Agz shown in Fig. 4, it is easily seen that

Ly, =1I4e, = (=1’xlog, D. (20)

Now, our goal is to calculate IV (A2) for the CSS {A(z)}

shown in Fig. 4. For this, we first note that the N-partite

09

FIG. 4. CSS with five subsystems ({ A(z)} ={A,B,C, D, E}) and
embedded on planar manifold. The two holes in the CSS are denoted
by C; and C,.

information for any general CSS {A}, as shown in the Eq. (2),
can be rewritten in terms of various lower-order multipartite
information measures as follows:

N-2
N u—1 IR|
Iy =) (=D >k
p=1 REBN—;L({A])
IRI=N—p

+ (=Y (ZSAi —SuAI). Q1)

The detailed derivation for Eq. (21) has been shown in Ap-
pendix F. Using Eq. (21), we obtain

5 _ 4 3
Ly = > I > Iy

{a}eBa((AD)) (b)eBs (AP}

+ > 1{2c}+(_1)N(ZSA1_SUA1>- (22)
H i

{c}eBr({AY

One can easily check that all the 7, ‘f_ terms vanish identically,
as there is no possible closed annular region in Fig. 4 with
four subsystems and where each subsystem has two unique
nearest neighbors. Some of the 1{3__} terms also vanish for

the same reason, leaving only two nonvanishing I° terms:
I{3A’B’C} # 0 # ISA,D,E}' Further, only some of the (;) number
ofl{zn} terms vanish, as C%,,Aj =0if inUAj # 1, and szx,,A, =1
otherwise. Also, from its definition, we know that 7, = 1 for
a subsystem A with one disconnected boundary. Finally, we
note that J,4, = 3, as the number of disconnected boundaries
of the entire CSS (U;A;) in the Fig. 4 is 3. Using these proper-
ties, we find
5 3 3 2 2
Loy = =asey + lane) + G +liso

2 2 2 2
+licay + Liap) + Lp.py +lipay)

+(-1° (Z Sa, — SUA,.) =0. (23)

This can be rewritten as

3
IABC +IADE]

—(—1>5[ZSA

+ 1% py + 1p.g) + iz
= —2x log, D,

:| [IzAB +IBC +[{2C,A}
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= |164,B,C}| + |154,D,E}| =2x log, D,
such that yapc + Yape = 2x 10g, D = 2% Siopo,  (24)

where y, is the topological piece in the von Neumann en-
tanglement entropy of the topologically ordered ground state,
Sa = aLy — yy for the subsystem A.

Following the calculation shown in Appendix G, we iden-
tify the factor of 2 in Eq. (24) as arising from the two holes in
the subsystem configuration. For a general configuration with
nj, number of holes, we find that the sum of the n;, multipartite
information computed around the n;, holes is related to Siopo
as

np
D 1| = xmalogy D = xmiSiopo, (25)
j=1

where u; counts the number of subsystems around the jth
hole, and y is the Euler characteristic of the CSS embedded on
the planar manifold (x = 2). It is now clear that the required
number of measurements of |I[’j"j \ is reduced by one. We
note that the constraint relation Eq. (25) is different from
the uncertainty relation proposed in Ref. [35]. As shown
there, the mutual information studied around the two noncon-
tractible loops of a torus are not known independently, and
can only be related to one another by invoking the strong
subadditivity property. On the other hand, our measures of
multipartite information measures are for CSS embedded on a
planar manifold, and as shown earlier, can be measured inde-
pendently. Nevertheless, Eq. (25) acts as a constraint between
them. We recall that a similar calculation (see Appendix E)
for the multipartite information 1{1:’4 o of the complete CSS
N

{A](\;’”)} with multiple number of holes is observed to vanish

1Y o, = (=D D(x —2)log, D = 0. (26)
(A"}
This is a manifestation of the result shown in Eq. (18).

Thus, one can see the multipartite information measure-
ments around different holes of the CSS embedded on the
planar manifold [Eq. (25)] are constrained through the inter-
play of subsystem topology (i.e., the number of holes in the
CSS, n;,) and the Euler characteristic (x) of the underlying
manifold.

V. TEE AND IRREDUCIBLE CORRELATIONS

If a N-partite state has multipartite entanglement, then
there should also exist signatures of multipartite correlations
among the subsystems. Indeed, such correlations can be of any
order within the N-partite state, ranging from two particle to
N particle. Following Refs. [48,49,51-54], we now seek the
connection between the multipartite information IV and the
irreducible correlations (defined below) for the simple annular
arrangement of the CSS [{A,(\‘,')}; see Fig. 1(a)] of a topologi-
cally ordered system. We start with a N-partite quantum state
pu.4, in the state space S(HY ), where H" is the Hilbert space
and {Af\‘,')} = {Aj, ..., Ay} is the set of the subsystems form-
ing an annular structure. The k-partite irreducible correlation
is defined for a N-partite state (k < N), and measures the cor-
relation present purely in the k-particle reduced density matrix
but not in the /—particle reduced density matrix for / < k. As

we will see below, the k-partite irreducible correlations can
be defined [51,52] by using the notion of a maximum entropy
state.

We first define the set Ry

Rk = {0 | Vak - {-’41(\?)}’ |ak| =k: Oq = pak}
() _
p{A%”} = argmax S(o), @7

(TER;(

where |ay| is the cardinality of the set a; and .#(HV) is
the state corresponding to the Hilbert space H". Thus, for
the N-partite state py,4,, the irreducible k-partite correlation
(2 < k < N)is defined as

0 pua) = S(004") = 5(00))- (28)

and the total correlation is given by %7 (pua,) =
N
Zk:z Cg(k)(puiAi )-
We now define the maximum entanglement entropy state
DA as

pa = argmax{S(c)|loc € Q4}, where
Qa={olaC A lal=|Al=1,0,=pas}.  (29)

The irreducible correlation for the N-partite system can now
be defined in terms as P4, as follows

Eic(pua;) = S(Bua) — S(pua,)- (30)

For the case of a topologically ordered ground state, and an
annular CSS of Fig. 2(a) under consideration, we can see from
relations Eq. (27) and Eq. (30) that €(o]};") = Eic(pua,)-

In order to proceed towards building a link between the
multipartite information IV and irreducible correlations Ejc,
we begin by rewriting the relation Eq. (21) for IV in terms of
the total correlation C},

> L+ 3D
ReBy_,({A))
IRI=N—p

N—2
Iy = | 2 (=D
n=1

For the simple annular CSS structure being considered,
one can easily check that only the mutual information (/%)
terms for nearest-neighbor subsystems will have nonzero val-
ues in Eq. (31). This can be argued for as follows. Of the
(g’ ) possible mutual information terms, there are many terms
I{ZAiqu} = S(pa;) + S(pa;) — S(pa,.4;)’s where A; and A; are
not nearest neighbors. For such cases of two disjoint subsys-
tems, one can write the density matrix pa, 4, = pa; ® pa;. The
mutual information corresponding to A;, A; is clearly zero, as
S(pa;.a;) = S(pa;) + S(pa,). This leaves us with N number of
nonzero mutual information terms I[%q/_’ A5 # 0 (where A; and
A are nearest neighbors). Similarly, all k-partite information
I* with 3 < k < N — 1 must vanish, as no closed loops exist
for these sets of k subsystems. Taken altogether, we obtain a
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Y
D

FIG. 5. CSS ({AgLW)}) composed of three subsystems A, B, C,
and where B is comprised of two disjoint islands [33].

simplified expression of / {IX}

N
IIY‘\} = (_1)N71 |:Z I{%AiaA[+lnlodN}j| + (_I)N%T’

N
= (=DHV! |:Z (Sa; — SauAgsyman ) T SUA,:|~ (32)

Using our earlier expression for 1{12’4} in terms of the TEE
(Siopo)s the total correlation ¢ T is given by

N N
¢T=> "¢V = [21{2

AiinJrlmch}} - XStOPO' (33)
i=2

For the case of the CSS considered in Refs. [33,34]
(see Fig 5) we can easily see that from our earlier results

that I{ Ay = —x log, D. Indeed, this result is in general

agreement with the property of strong subadditivity of von
Neumann entanglement entropy for a CSS of N = 3 subsys-
tems [48,49]: I (A S < 0. Similarly, from Eq. (32), we obtain

a generalized strong subadditivity relation for a CSS of N > 3
subsystems in a topologically ordered phase

Sua, +Z

The equality in the condition [Eq. (34)] corresponds to
the case of a topologically trivial phase (D = 1, obeying the
boundary law entanglement entropy), while the inequality
corresponds to the topologically nontrivial phases (D > 1).

Further, following a similar demonstration for a CSS of
N = 3 subsystems in Ref. [48], we obtain for a CSS of N
subsystems in a topologically ordered ground state that

— SaUAgman) = —x log; D < 0. (34)

Mz

,OUA IOAI'UA(H—l)mudN) -

i=1

Mz

IOAI'UA(H»I)mod N) - S('OAI’)]’ (35)

i=1

where we have used the fact that S(p4,) = S(pa,) for
any individual subsystem. Now, by subtracting S(py.4,)
from both sides of Eq. (35) and using Eq. (30), we

obtain

N
Eic(pua;) Z

Eic(pua) <

— S(pa)] = S(pua,),

pAiUA(x+])n10dN)

‘I{A}\‘,'”)}| = X Stopo-

Thus, we obtain that the Nth-order irreducible correlation
for the choice of subsystems ({Af\le )}) is bounded from above
by the product x Siopo

%(N)(pU,A,‘) = EIC(,OU,Ai) < |I{1>/4;\;zl))}| = X Stopo- (36)

This result is the generalization of the N = 3 case previously
obtained in Refs. [48,49] for a topologically ordered ground
state. We note that the n-party irreducible correlation €' was
observed in Ref. [48] for n > 3, where it was shown that for a
closed annular arrangement of six spins, ¢’ = 0 for n < 6.
This result can be understood partially from our analysis as
follows. As all possible sub-CSS with n < 6 number of spins
have a nonannular structure (Fig. 1), the n-partite information
measure [ = 0 forn < 6, and hence " < 0

Our results show that, for a nonzero S, the N-partite
irreducible correlation among N subsystems arranged in an
annular form has a nonzero upper bound. This suggests the
possibility of nonzero irreducible correlation among subsys-
tems in such arrangement, even though we cannot rule out
the possibility of it being zero. For the case of a nonzero ir-
reducible correlation, the entanglement Hamiltonian H o
In py,4, on region U;A; cannot be a two-local Hamiltonian
[49]. As shown in Ref. [49], a nonzero three-partite irreducible
correlation (%) measures the distance of the tripartite state
from the set of Gibbs state of all two-local Hamiltonians, and
reveals that the corresponding entanglement Hamiltonian con-
tains terms beyond two-local terms. Thus, we conclude that
the presence of nonzero multiparty irreducible correlations
suggests a similar long-ranged nature of the entanglement
Hamiltonian. Indeed, HpuA must contain N-partite interac-
tions that act on the entire region U;A; of the annular CSS.
Given that the number of subsystems N is a variable, this
suggests that the topologically ordered ground state contains
correlations of all orders among subsystems in the form of
annular closed loops [1,55]. This is likely to be particularly
relevant to the nature of the entanglement encoded in the Z,
topologically ordered string loop condensed phases of models
such as the toric code [56,57].

VI. DISCUSSION

Topological entanglement entropy (denoted by Siop,) is a
property unique to a topologically ordered system, and arises
from the quantum dimension of its degenerate ground-state
manifold. In order to extract the TEE, we rely on an en-
tanglement measure (e.g., multipartite information) that does
not depend on the geometry of the subsystems employed
in the measurement. Such an entanglement measure based
on tripartite information (I*) was proposed in Refs. [33,34].
Here, we have generalixed this measure to the multipartite
information (I) for an annular arrangement of N subsystems.
This has then helped unveil the dependence of IV on the topol-
ogy of such an annular collection of the subsystems (CSS).
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Specifically, for all N > 3, we find that IV is a topological
invariant given simply by [IV| = xSpo. Where x(=2) is
the Euler characteristic of the CSS embedded on the planar
manifold.

We have also analyzed carefully the robustness of IV to
changes in the topology of the CSS from a simple annu-
lar structure: neither the inclusion of self-handles (or holes)
within individual subsystems, nor handles between nearest-
neighbor subsystems, changes our result for V. While the
inclusion of handles between subsystems beyond nearest-
neighbor causes IV to vanish, it becomes possible to identify
similar multipartite information measures for several smaller
annular CSS that again extract x Siopo. Thus, we conclude that
one can very generally construct a simple annular structure
of N > 3 subsystems, such that their /¥ can unambiguously
capture Siopo. Further, we have also shown that for any com-
plex CSS structure containing n; number of holes, the sum
of the individual multipartite information measured around
each of the holes is constrained by the product ny, x Siopo. We
note that for the case where the CSS ({AKF}) of N sub-
systems are arranged in a Kitaev-Preskill-type arrangement
[34] (i.e., a pielike form without a hole at the center), we
find the N-partite information is related to the annular ar-
rangement [Levin-Wen type, Fig. 1(a)] by a factor of 1/2,
I&KP} =1 @, /2

N {AY}

Further, we believe that our finding of an identical value
of IV for all annular structures with N > 3 indicates the
special nature of topologically ordered ground states. In or-
der to quantify this, we define a (N — 2)-component vector
comprising the various IY (N > 3) multipartite information
as follows:

& 3 4 N
Ev = N ([l |- [Hag - - [ ]), (7
where the normalisation factor N = ZNN% We pro-
p=3 Hap)

pose that £y can be used to classify various phases in terms
of their multipartite entanglement content, as well as the
phase transitions among them. For instance, we expect that
metallic phases should be represented by é'M =(0,0,...,0),
i.e., the origin of (N — 2)-dimensional multipartite informa-
tion space. On the other hand, topologically ordered phases
have been shown by us to be represented by the point £ =
(1,1,...,1). It will be interesting to see where other phases
lie within this unit hypercube.

Our investigations have also revealed that the N-party ir-
reducible correlations among the N subsystems of a annular
arrangement is bounded from above by xSipo for any N.
The independence of this result on N provides evidence of
the fact that closed looplike structures of all sizes are present
within the ground state of a topologically ordered system. We
believe that this is of relevance to understanding the patterns
of entanglement encoded within the string loop condensed
phases of topological quantum matter (see, e.g., Ref. [1] and
references therein). We have also generalized the graph theo-
retic approach developed here to display the appearance of the
Euler characteristic on manifolds with higher genus, and this
will be presented elsewhere [58].

It will also be an interesting challenge to extend these ideas
to the topologically ordered phases that have been recently

proposed by some of us in strongly correlated electronic
(e.g., Mott liquid, Cooper pair insulator [59-64]) and quantum
spin systems in frustrated lattice geometries at finite fields
[65-67].
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APPENDIX A: CASE OF CYCLE GRAPHS

We recall the definition C&N} for the CSS {Ay} where there
is no overlap among all the N subsystems

> Jwo

0B, ({An})

N
N m—1
Clay = Z(_l)
m=1
= By + DV T qann

Z Tv0)»

N-1
where, X4,} = 2:(—1)"”1
m=1 QeB,({Ax}D
where J, represents the number of disconnected boundaries
of the subsystem A. We define a graph I corresponding to a
CSS {Ay}, T' = T({An}). Each subsystem A; in the CSS is
replaced by a node (i), and each connectivity between two
subsystems A; and A; is replaced by edges between corre-
sponding two nodes i and j (e.g., Fig. 6). A graph is denoted
by I' = [V(T"), E(I')], where V is the set of vertices and E is
the set of edges. Let v = |V| and e = |E| denote the number
of vertices and edges, respectively. We will now deal with
subgraphs. In particular, recall that a subgraph I'’ with a vertex
set S is called induced if any edge in I" joining two vertices in
S is also in the subgraph. We will be typically be dealing with

0
&

FIG. 6. Figures displaying the graphs equivalent to various CSS
topologies. (a) The simple annular CSS ({A,(J’)}) with N subsystems.
(b) Graph [I" = T({A})] corresponding to the CSS ({AY}, (a),
where each subsystem A; is replaced by a node i and the wall between
two subsystems A;, A;; is replaced by an edge. I' = T({Al(\j‘)}) has a
total of N nodes, as well as N edges. (c) An open CSS ({A}Q’)}) with
N subsystems. (d) Graph [[" = T({A%’)})] corresponding to the CSS
{Af\j’)}, containing N number of nodes and N — 1 number of edges.

(d)
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nontrivial induced subgraphs, i.e., an induced subgraph where
the vertex set is neither ¥ nor V (I").

Definition 1
For a finite graph I', we define the integer

v—1
p(D) =Y (=)' Y Ho(I"),
i=1 ZF;

where .%; contains all induced subgraphs I'" of T" such that
v(I'") = i. The integer Hy(I"") is the number of connected
components of ",

We will use % (I") to denote the collection of nontrivial
induced subgraphs of I'. Calculating the number of dis-
connected boundaries of a subsystem A is equivalent of
calculating the number of connected components in the graph
corresponding to the subsystem A. To be exact the rela-
tion between the number of disconnected boundaries of the
subsystem and the number of connected components of the
corresponding graph is given as,

Z jVu(Q) ZH()(F ) Vm < N.
0eB,,({AnH Fm

(AL)

Thus we can see from the definitions above X4, =
—p({An}). Here we are interested in calculating X4, for
a CSS {Ay}.

1. €N, = 0, for an open-structured CSS {.A}})

{ A(o)

Here we are interested in calculating CV , . The graph

A(a)
corresponding to the CSS {Af\‘,’)} is T({A](\‘,’)}) = Py, i.e., a path
graph with N number of nodes.

Proposition 1. For the path graph P, on m >
the invariant p(P,,) = (—1)""L.

Proof. A path graph P, has n vertices and n — 1 edges.
As a path graph is contractible, i.e., homotopy equivalent to
any vertex, it follows that Hy(P,) = 1. Any induced subgraph
I' is a disjoint union of path graphs. Therefore, if ' =T'; U

-+ U Ty, then Hy(I") = r. We use induction to compute p(P,).
Observe that P,y is constructed from P, by adding an extra
vertex labeled n 4 1 and an edge e joining vertex n to n + 1.

Notice that the nontrivial induced subgraphs I" of P, (for
n > 2) are of three mutually exclusive and exhaustive types:

(i) n+ 1 ¢ V(I'): These are actually induced subgraphs of
P,, including P, itself.

(ii) n,n + 1 € V(I"): These graphs are obtained from non-
trivial induced subgraphs I'"' of P, by adjoining e. Thus,
Ho(T") = Ho(I"").

(iii)n+ 1 € V(I') butn ¢ V(I'): These graphs are obtained
from induced subgraphs I'" of P,_, including P,_; and @, by
adjoining the vertex n + 1. Thus, Hy(I") = Hy(I'") + 1.

The invariant for P, can be computed from the three
types of contributions as follows. Type (i) contributes p(P,),
which is the sum of three quantities:

«a: the contribution from % (P,_);

B: the contribution from .% (P,) containing vertex #;

(—1)"!: the contribution from P,_, itself;

(—1)": the contribution from P, itself.

3 vertices,

As type (ii) contributes — g, the total contribution from
types (i) and (ii) is «. Type (iii) contributes

n—1
—14 ) (=D
i=1

> (HoT)+1)

e Zi(Py-1)

=—1—Z( DY Y Ho(M)

e Zi(Pi1)

n—1
= D CWIFiP)
i=1
n—1

=1+ (-1 —a— Z(—l)’(n; 1)

i=1

n—1 ) 1
= (1) —a- Z(—l)’(” l. )
i=0

=(-1D"—oa. (A2)

Thus, p(P,+1) = (—1)", being the sum of contributions from
(i), (ii), and (iii). Thus we find p(P,) = (—1)""L. |
Using the above relation we find that for an open-structured
CSS { A%} as shown in the Figs. 6(c), 6(d) a0y = (=DN-L,

Thus
CN

_ -l
uoy = Braey T EDT Ty awy

—p(Py) + (=N

=DV + =DV =0, (A3)

Thus, it is proved that for an open-structured CSS that

the count CV o) = = 0. Therefore, the multipartite information

measure for this particular choice of CSS is given by IV
ClAf&”J log, D = 0.

A(o)}

2. % = 0 for a closed-structured CSS {A,(\‘,')}

A%
We now calculate X [A@) for the closed annular structured
N

CSS {A,(\’f)}. The corresponding graph is T({A,(\’,l)}) = Cy, i.e.,
the cycle graph with N number of vertices and nodes.

Corollary 1. For the cycle graph C,, we have p(C,) =0

Proof. Recall that the cycle graph C, is a graph on n
vertices and n edges [Fig. 6(b)], such that each vertex has
valency two. This graph is usually visualized as the boundary
of aregular n-gon. Observe that C, is obtainable from P, by at-
taching an edge e joining 1 and n. The induced subgraphs I'" of
P, (for n > 3) are of three mutually exclusive and exhaustive
types:

(i) 1,n €V (I'): Let o« be the contribution from these to-
wards p(P,);

(i1) Exactly one of 1 and n is in V(I'): let 8 be the contri-
bution from these towards p(P,);

(iii) 1,n € V(I'): Let y be the contribution from these
towards p(P,).

In particular, we have o +8+y = p(P,) = (—=1)""\.
Now note that type (i) and (ii) are induced subgraphs of C,;
the contribution of these types towards p(C,) will be « and S,
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respectively. The other induced subgraphs are modifications
of those in (iii); we have to add the edge e in order to type
(iii) subgraphs. Adding an edge decreases the number of con-
nected components by 1, whence

p=> > (1) (Ho(I") — 1)

i {T'CP,|1,neV(I),v(I")=i}

=3 > (—1)'Ho(T")
i {'CP,| 1,neV(D),v(l)=i}
2D NND DG

i {TCP,|1,neV (D), v(I)=i}
n—1
(n—2
=y — —1y
y ;( ) <,~ ~ 2)
=y + (D"
Adding o, 8, and  we obtain p(Cy) = @ + B + 7 = 0. Thus

E{A}r\z;)} = —p(Cy)=0. |

APPENDIX B: SIMPLE ANNULAR STRUCTURE
AND EULER CHARACTERISTIC

For a simple annular structure of CSS ({A](\‘,’)}) shown in
the Fig. 1(a), we can calculate the multipartite information by
using Eq. (21) as follows:

N _ =D gl
Iy = | 220N
ij23
o KGR VAR D

{Ai,A;)e{M}
+ (=" [Z S, — SUA}.

For such a simple annular structure, we obtain a vanishing
multipartite information for all CSS composed of m(< N)
number of subsystems that do not form closed loops. Thus,
N—D)—p; i _ :
Zu-j>3(_1)( ) "I, = 0, and we obtain
=

(B1)

IN

_A(a) = (_I)N[dnn — N +n,+ 1] 1Og2D

(B2)
For the simple annulus, N = d,,,, the number of edges is
e = N, the number of vertices is v = N and the number of
facesis f =n, + 1. Thisleadstox =e—v+ f=m+ 1=
2 (confirming the value of the Euler characteristic for the
planar manifold on which the annulus is embedded). Thus,
we can write the multipartite information measure for simple
annular structure as

Iy = (=1)"dy = N + ny, + 1] log, D

D= (_l)NXStopo- (B3)

= (=) log,

APPENDIX C: ISOLATED STRUCTURE

We now turn t}? the case of a CSS that does not form a
closed loop, {Az(\} N} = {A,(\}i)l’N} U {Ay}. Using Eq. (5), one
can easily see that

N—-1
N
C[A;\}b)} = C{A(lh)} + jAN Z JQNUA
i=1
N—1
+ Z Jayuaua; -+ (=D Tnvoa,u - vay -
i<j=I

(ChH

Using the fact that subsystem Ay is disjoint from the rest of
the system, we can see that Jx,uB) = Ja, + Ji)- Thus, we
can simplify the above equation as follows

ZJANUA + Z Tanua; UA,

i<j=I

+-- 4+ (_1)N71~7ANUA|U---UAN,|

N—-1 N—-1

=Ty — 2 (Tay +Ta) + Y, (Jay + Taa,)

i=1 i<j=I

+ o+ DV (Tay + Tau o)

N-1 N —
=JANZ(—1)’( ) ZJA + Z T,
i=0

i<j=1
+ o DY T ey

CNI

ZJANTN 1 {A(lh)} (Ax)’ (C2)

where Yy_; = Zf]:?)l (—1) (Nl._l) = 0. In turn, we obtain

CN] CN]

C A(lh) A(Ib) { A(lb)

A T Tay Ty-1=0.
(C3)

Hence, the multipartite information measure for this CSS is

seen to vanish: IA““} = _C?jél;,”’)} log, D = 0.

APPENDIX D: ANNULAR STRUCTURE
WITH APPENDAGE

As shown in Fig. 1(d), we consider here a CSS with N
number of subsystems and containing an appendage (the Nth
subsystem). In order to compute the multipartite information
for this CSS, IV we use Eq. (21)

1 R
Z( DI DI
ReBy_,((AF")

IRI=N—p

+ (=" (Z S, — SUA,.).

A(ld)

{A(ld)

(D)
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We can see that except for I _____ , all the terms I/, for
2 < m < N are zero. This is because they either form an open
line, or composed of isolated islands. Further, we have already
shown that the CSS of an open line structure, or one composed
of isolated islands, gives a vanishing multipartite information.
Thus, the above equation reduces to

— (_1)N71]{3A§\}41)} 4 (_I)Nfl Z IILR‘

ReBy({Ay"))
IR|=2

N
I{A;,l(”]

(D2)

+(=DY (Z S — SUA,.).

Now, we know that I3 A, =0if Ty, = Ta, = Tand Ty, =

2 Vi, j. This shows that when two subsystems are not touchlng
each other, i.e., they are disjoint, their joint density matrix
can be decomposed into a product form: ps,ua; = Pa; ® Pa;-
Using this for the case of Fig. 1(d), we obtain

Iy, = (=17 H(=1)"log, D* + (=1)*"'[-N log, D]

+(=1)Y(=Nlog, D + 2log, D)

=(—D""'[-2 =N - (=N +2)]log, D = 0.
(D3)

The above result shows that adding an appendage subsystem
to a simple annular structure trivializes the computation of
the multipartite information I, and is unable to capture the
topological entanglement entropy.

APPENDIX E: MANY HOLES IN THE CSS

We now discuss the case where the N subsystems are
arranged in such a way that the CSS has n;, number of holes,
denote as {Al(\;’h)}. An example is given in Fig. 7, where the
CSS has n;, = 5 number of holes. As before, we are interested

in calculating the multipartite information I{A,/A o, by using
N

Eq. (21). Here, we are taking the simple case where an in-
dividual subsystem has a single disconnected boundary Js, =
1,VA; € {Af\'}” )}. There are d,,, number of pairs or subsystems

N =19
dpn, =23
np=>5

(a) (b)

FIG. 7. In general, a CSS has n;, number of holes, N subsystems,
and d,, partitions. (a) An example of a CSS ({Aﬁ\f)}) with n, = 5.
(b) Graph corresponding to {Af\f) }, where each vertex represents a
subsystem and each edge represents a partition.

(Ai, Aj) where Jaua, = Ja, = Ja; = 1. Thus, we obtain

A<"h> — Z( 5 1 Z IILR\

n=1 ReBy_,({A})
IRI=N—u

+(=1Y (Z Sa, — SUA,.). (E1)

This relation shows that IV is comprised of many differ-
ent multipartite information terms that differ in the numbers
of subsystems involved. From our earlier discussions, the
only nontrivial multipartite information are those that corre-
spond to an annular CSS. Now, one can create an annular
CSS (formed out of say p; number of subsystems) around
each hole (j); we denote these CSS as {A;}. Then, I’/ Ay =

(—1)" log, D?. Similarly, the only nontrivial mutual infor-
mation are those where both subsystems are touching one
another: Ifi,A; = —log, D, Vi, j if Tyua, =T, =Ta, =1
and we represent the set of all such pairs of subsystems as
{M} (with cardinality |{M}| = d,,). Using this rule, we can
obtain the n; number of nonzero multipartite information in
the above Eq. (E1)

ww — |:Z( 1)(N - #/]M:|

+ (_1)(N71)72

Z I{%AI,A/'}

{Ai.Aj}e(M}

+ (=" [Z S, — SUA[]. (E2)

We focus on the case where J4, = 1, Vi, the topological part
of Sy, is —log, D, and the corresponding topological part of
Su.a; 18 —(ny, 4+ 1) log, D (as it has nj, + 1 number of discon-
nected boundaries). Thus, we can further simplify the above
relation as

ny

Y o, = [Z(—l)(Nl)Zlogz D:|
N .
J

+ =DV (=Dd log, D]
+ (=Y (=Nlog, D + (n, + 1)log, D)
= [(-=D)™"D2n;,log, D] + [(—1)Vd, log, D]
+(—=1)V[-Nlog, D + (n; + 1)log, D]
= (D", —du +N —1]log, D
= (D" (x = 2)log, D, (E3)
where x is the Euler characteristic of the underlying spatial
manifold. As this manifold is planar in our case, we know that
X = 2. Hence, the above equation vanishes very generally. We
can also easily verify that this relation vanishes for the specific

case shown in Fig. 7: N = 19, d,,, = 23, n,, = 5, giving N —

dnn+nh_1 =0= INA(S)

052428-12



UNVEILING TOPOLOGICAL ORDER THROUGH ... PHYSICAL REVIEW A 105, 052428 (2022)

APPENDIX F: RECURSION IN MULTIPARTITE INFORMATION
Our goal here is to prove very generally the following relation:

N-2
Ny => =1y > ¥y (—1)N<ZSA, - SUA,). (F1)
u=1 i

ReBy_,.(A)
|R|I=N—pn

This equation shows the relation of N-partite information with various lower-order multipartite information. Using the fact that
1 /{i = S4,, we can rewrite the above equation as

N—-1
{AN}—Z<—1>”' SR HEDY S0, YD Y R = (=Y s, (F2)
R€BN,M(A) [J.=O RGBN,M(.A)
IRI=N—p IRI=N—p

We now prove Eq. (F2). Using the definition of the multipartite information (2), we can write

>ooR= ) SR< _1)— 3 SR<Z:§>+-~-+(—1)'"1 3 sR<N;2),

ReB,,(A) ReB;(A) ReB,(A) ReB,,(A)
[R|=m
m
N —_
=S et Y sR< “). (F3)
m—1
n=l1 ReB,(A)

Using this equation, we obtain

N-1
Y Y R =D ‘Z( DA /4
n=0

ReBy—,(A) ReB, (A)
[RI=N—u [R|=m
- N — N — N —
S Ees{G)- () () e ()
ReB,(A) N-n TR TR
n=l1
+ (=N 'S,
= (=DV'Sua, (F4)

where we have used the identity

N—w\ ( N—-n N—pw N vl N\
[<N—u> <N—M—1>+<N—,u—2) +=D ”( 0 )}—0, VN > pu € Z.

Thus, we have proved the relation Eq. (F1), i.e., the expansion of the N-partite information in terms of various lower-order
multipartite information.

APPENDIX G: MULTIPARTITE INFORMATION CONSTRAINT
Following the discussion in Appendix E, Eq. (E2) and the fact that / j\\f,h = 0, we obtain
N

[Z(_l)(N—l)—MjI&“j}} 4 (_1)(N—l)—2 Z Ifi,Aj + (_1)N |:Z Sy, — SUA,-:| =0,
J i

{AiAj)e(M}

= Z |I{lfi,l/}| = Z Lia |+ |:ZSA,- - SUA,-:|,
J i

{Ai A e{M}
=dy,log, D+ [—-Nlog, D + (n; + 1)log, D] = [dy, — N + nj, + 1]log, D
= 271]1 10g2 D.
The above result shows the dependence of the sum ) ; |I{’i{ }| on the number of holes (n;) of the CSS. Thus, we again find
"j

evidence for the dependence of the multipartite information measure of a topologically ordered ground state on the topology of
the CSS. This can also be proved easily using Appendix B. For each closed loop, one obtains |I }| = X Siopo- Thus, the total
contribution arising from n;, number of holes is simply

1

Z }]{IX/}| = XMnStopo- (G1)

j=1
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