PHYSICAL REVIEW A 105, 052418 (2022)

Topological quantum interference in a pumped Su-Schrieffer-Heeger lattice

Zeng-Zhao Li®, Juan Atalaya, and K. Birgitta Whaley
Department of Chemistry, University of California, Berkeley, California 94720, USA;
Berkeley Center for Quantum Information and Computation, Berkeley, California 94720, USA;
and Center for Quantum Coherent Science, University of California, Berkeley, California 94720, USA

® (Received 2 September 2021; revised 10 March 2022; accepted 20 April 2022; published 12 May 2022)

Topological quantum interference emerges from the interplay between quantum mechanics and topology. We
present evidence for two types of such interference phenomenon that can result from the quantum dynamics of
initial topological states. We realize both types of topological quantum interference in a pumped non-Hermitian
Su-Schrieffer-Heeger lattice that can be implemented by creation and coherent control of excitonic states of
trapped neutral atoms. On quenching the system from the topological to the gapless phases and then back again,
we find that interference patterns develop in the gapless phase and also after switching back to the topological
phase. These patterns occur both as many-excitation interferences generated in the presence of pumping the
atoms at the end sites, and as one- and two-excitation interferences seen in the absence of pumping when starting
with edge excitations. Investigation of the excitation dynamics shows that these interference patterns originate
from the topological nature of the initial states and are very different from quantum interferences originating from
nontopological states of the lattice. Our results also reveal that unlike well-known situations where topological
states are protected against local perturbations, in the non-Hermitian SSH systems resulting from driving the
excited-state populations, a local dissipation at each lattice site can suppress both the topological interference

and the total population of the lattice.
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I. INTRODUCTION

Quantum interference is a foundational concept of
quantum mechanics and has given rise to a wide range of
applications in quantum science and technology [1,2,2-9]. In
particular, quantum interference between photons is of im-
portance for quantum communication [10,11], for quantum
key distribution [12], and for a range of quantum informa-
tion processing tasks, including quantum computation [13]
and the engineering of high-dimensional states for linear
optical quantum computing [14-16]. A recent experiment
[17] has demonstrated quantum interference between topo-
logical states of light in a photonic circuit described by the
off-diagonal Harper model [18-20]. In that work, the inter-
ference was generated by adiabatically varying the lattice
coupling strength to bring topological boundary modes into
spatial proximity. Here we show that it is possible to generate
quantum interference of topological states in nonequilibrium
physical systems under nonadiabatic conditions by making
use of quantum quenches. Using this approach we address
the general question of how and when topological quantum
interferences can emerge from a nontrivial interplay between
topology and quantum dynamics of driven systems and exam-
ine its robustness against non-Hermitian character introduced
by dissipative loss. Using quantum quenches we can inves-
tigate interferences in both topological and nontopological
phases, as well as analyze the role of different initial states in
a topological phase. In particular, given that in a topological
phase there are both edge and bulk states, under a quan-
tum quench there are several possible routes to topological
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quantum interference. One is that initial edge states in a
topological phase are quenched into a nontopological phase
generating unconventional quantum interference. Another
is that unconventional quantum interferences develop on
quenching into the topological phase. In this work we in-
vestigate the potential for excitonic systems to display such
topological quantum interference and show that both of these
routes to topological quantum interference are found under
quantum quench dynamics.

A simple one-dimensional system that demonstrates topo-
logical properties is the Su-Schrieffer-Heeger (SSH) model
[21]. Originally proposed to explain solitonic properties of
polyacetylene [22], this model has insulating states in the bulk
but conducting edge states at the surfaces. It has therefore
been widely used in recent years as a model for topological in-
sulators [23]. Recent studies include experimental realizations
in waveguide photonics [24-26] and trapped atom systems
[27,28]. Theoretical generalizations to models with nearest-
neighbor interactions [29,30], to a non-Hermitian SSH model
[24,31], and to interacting SSH chains for a Haldane phase
[32] have also been investigated. SSH systems have also
been studied in out-of-equilibrium situations, e.g., topological
properties and phase transitions of a Floquet-engineered SSH
model [27,33-35], Floquet-engineered topological supercon-
ductivity in a Kitaev chain [36,37], and real-space effects
of a quantum quench [38]. Recently, it has been shown that
pumping one end of a polaritonic SSH lattice gives rise to
features of a topological phase that are dramatically distinct
from those in either the trivial or gapless phases [39,40].
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In this work, we propose a realization of topological
quantum interference in a pumped SSH lattice. It has recently
been shown that by tuning the phase difference of the laser
fields generating the lattice potential, an optical lattice con-
taining trapped particles can be prepared in a topologically
nontrivial phase, while by further applying a pumping field to
the atoms at the ends of the lattice, excitations of topological
edge states can then be generated [39]. Such excitations can
be generated from diverse physical systems, such as light-
engineered polaritons in semiconductor microcavities [39,41],
or trapped neutral atoms [28]. We shall focus for concreteness
here on the latter example of local (Frenkel) excitations of
trapped neutral atoms.

In Sec. II we develop protocols that coherently control
both the individual atom excitations and the lattice trapping
potential to generate topological quantum interferences. Our
protocol is based on a sudden switching (“quantum quench-
ing”) of the system from the topological phase into either
the gapless or the trivial nontopological phases, evolving in
this phase for some time, and then switching back. The first
switch transforms initially localized edge state excitations of
the topological phase into delocalized states responsible for
the subsequent interferences, which show distinctive behav-
ior in each of the gapless and trivial nontopological phases.
When the system is simultaneously being resonantly driven
on the atomic transitions, the excitations increase with time,
producing a many-excitation interference pattern. However,
when switching back to the topological phase, the localized
states reappear at the ends of the lattice.

In Sec. III we present numerical results demonstrating
how this switching protocol generates the basic features of
topological interference patterns. We find that when starting
from initially localized end states, the prequench state in the
topological phase is not an exact superposition of the two
topological edge states and also possesses small components
from bulk states, giving nonzero amplitude on the bulk sites.
This topological superposition state evolves under the topo-
logical phase Hamiltonian until the first switch, which is less
noticeable in the pumped case than in the nonpumped case
since the pumping fields need time to build up the edge-site
occupations while the initial occupation in the case of no
pump is ready to decrease into the bulk. After the first switch
into the gapless phase, we find that the delocalization of
edge excitations in the topological phase provides the main
contribution to the interference in the gapless phase. When
switching back to the topological phase, in addition to re-
populating the topological edge states with higher values of
occupation number on account of the applied pumping fields,
we observe a second interference pattern that is distinct from
that seen in the gapless phase.

To distinguish topological interference patterns from non-
topological patterns, we compare the quantum interference
excitation patterns with the excitation patterns obtained for
evolution in the topological nontrivial and gapless phases un-
der pumping but in the absence of any lattice potential phase
switching. In the topological regime excitations are always
localized at the edges and cannot interfere with each other,
but in the gapless regime interferences can develop under
pumping due to the formation of delocalized states. Here
under pumping of both end sites we find interference patterns

that reveal an interplay between the patterns determined by
pumping the even and odd sublattices separately. We also
consider the switching protocol under a single pumping field,
which shows the expected interference pattern derived from
pumping a single sublattice.

In Sec. IV we explore the time evolution of the lattice
excitation with the pumping fields switched off and following
instead two initial excitations, one at the either end of the
lattice, while in Sec. V we investigate the time evolution
of the entire lattice population and investigate the effect of
local dissipation at individual lattice sites. Here, contrasting
with the known robustness of topological states against local
perturbations in a nondriven situation, we find that both the
total population of excitations in the topological phase and the
observed topological quantum interference can be suppressed
by the presence of local dissipation at each lattice site.

This analysis of quantum interference in a driven quantum
system possessing topological states under quantum quench
scheme reveals remarkable features distinct from those in
purely topological, gapless or trivial nontopological phases.
Findings such as the delocalization of exponentially localized
topological edge states into the bulk responsible for the ob-
served unexpected interference after implementing a quantum
quench, can enhance our understanding of emergent phenom-
ena resulting from a nontrivial interplay among topology,
non-Hermitian character, and quantum quenches in nonequi-
librium systems. This work explores alternative applications
of topology in the dynamics of interference-based quantum
technology and devices.

II. SUDDEN SWITCHING OF A PUMPED
NON-HERMITIAN SU-SCHRIEFFER-HEEGER LATTICE

A. Model for pumped non-Hermitian Su-Schrieffer-Heeger
lattice

The pumped non-Hermitian SSH lattice that we study here
is schematically shown in Fig. 1(a). In the absence of pumping
fields, the finite non-Hermitian SSH system is similar to the
original SSH model [22], extended here to include an onsite
energy ¢, representing, for example, specific site energy levels
in a trapped neutral atom implementation or a cavity energy
in photonic implementations [42] and a local dissipation term
characterized by y that accounts for decay of excitations at
each lattice site. For trapped neutral atoms this could represent
spontaneous emission, or vibrational dissipation for atoms
trapped in an excited state of the lattice potential.

The Hamiltonian describing this static system is

N
Hssu = Ji(|LA)(L, Bl + |1, B)(L A])
I=1
N

+ Y LB+ 1Al + |1 + 1,A)(. B))
=1

N
+ (e —iy) Y _(LALAI+ 1B BD, (1)
=1

where N is the number of unit cells, each consisting of A
and B sites, represented by gray and black dots respectively
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FIG. 1. (a) Schematic diagram of the SSH lattice with pumping
fields applied at both end sites. (b) Energy spectrum plotted as a
function of the parameter o specifying the relative phase of the
three laser fields generating the lattice potential. Vertical green, blue,
and cyan lines denote the topologically trivial (¢ = 0.257), gap-
less (¢ = 0.57), and topological (¢ = 0.757) phases, respectively.
(c) Effective intra- and intercell hopping amplitudes J; and J, as
a function of «. The other parameter values for evaluating energy
spectrum of Hssy in Eq. (1) and hopping amplitude in Eq. (2) are
e=1,y =0,N =20,V, =0.125, and u/k* = 0.25.

in Fig. 1(a). As noted above, the parameters ¢ and y rep-
resent the on-site energy and dissipation, respectively. The
coefficients J; and J, are intra- and intercell hopping ampli-
tudes, represented by blue and red bonds, respectively. For
J1 > Jp, the N unit cells are only weakly coupled to each
other and excitations are almost localized in individual unit
cells. This corresponds to the trivial nontopological phase
which is characterized by a finite gap. For J; < J,, the unit
cells are effectively reorganized, with J; and J, now becoming
the inter- and intracell hopping amplitudes, respectively. The
last site at each end of the lattice is then an edge site in an
incomplete unit cell. This is the topological phase in which
there exist two degenerate energy states localized on these
edge sites that can be entangled across the chain. These edge
states are energetically located within a band gap separating
delocalized states. The topological phase is thus characterized
by the presence of the localized edge states within a finite band
gap. We shall also explicitly distinguish the unique gapless
phase, which for the infinite system is located at the special
point J; = J,, and where the gap is equal to zero but there
are no localized edge states. In both the trivial nontopological
phase and the gapless phase, the eigenstates are all typical
Bloch states, in which an intra-unit-cell Bloch function con-
sisting of symmetric or antisymmetric superposition of the
two site localized states is modulated by a plane wave of fixed
k. The additional localized edge states that are formed only in
the topological phase consist of Bell state pairs formed by the
two edge states on opposite ends of the lattice and vanishing
amplitude in the interior (see Appendix B).

The topological phase transition from the trivial phase to
the topological phase can be induced by tuning the hopping
amplitudes, either going continuously through the gapless
phase or by a discontinuous sudden change or “quench” of
these, as discussed in detail below. We focus here on the con-
sequences of the transition for a pumped non-Hermitian SSH
lattice. In particular, we investigate the effects of nonequi-
librium driving of the system from the ground state in the
topological phase, corresponding to the half filled SSH chain
of 2N sites with N electrons populating N — 1 bulk dimeric
states in the interior of the chain and one electron in one of the
two entangled edge states. The nonequilibrium driving will be
achieved by pumping one or both of the two edge sites.

To realize Hssy in a trapped neutral atom system, we
take advantage of the possibility to control the hopping am-
plitudes J; and J, in such systems [27]. Considering an
optical potential Vor(x, ) = Vo{3 + 4 cos(2kx) cos[a(T)] +
2 cos(4kx)} generated by three laser fields with amplitudes
proportional to e/®*+®) ¢~k and ¢3%* respectively, and ap-
plying the harmonic approximation around the local minima
of VoL (x, T), the hopping amplitudes can be expressed as (see
Appendix A) [39]

w 2 1
Ji=—e (A=), 2
5¢ ( : 2) (2
where
8Vok?
w:\/ 0" (4 —cos?a), 3)
m
]V, 1/4
Aj(a) = arccos cose oKt 4 —cos’a)| )
2 k2
Ax(a) = Ay(r — ), &)

with w and p being the vibrational frequency and reduced
oscillator mass, respectively.

The relative phase « of the laser field components is then
used to tune the properties of the lattice as in Ref. [27].
We consider 2N = 40 sites as an example, employing open
boundary conditions. The hopping amplitudes and the energy
band structure are shown as a function of the relative phase
« in Figs. 1(c) and 1(b), respectively. Figure 1(c) shows that,
in the regime 0 < o < 0.57, J; is larger than J,. Figure 1(b)
shows that this regime is characterized by an energy gap with
no localized states in the gap, indicating the topologically
trivial quantum phase. The gap decreases as « approaches
7 /2. At this point the hopping amplitudes are equal, J; = Ja,
and in the finite system shown in Fig. 1(a) the energy gap
is almost zero. In the limit of an infinite chain the gap is
identically zero and the system is strictly gapless. On further
increase of «, i.e., o > 0.57, the hopping amplitudes are
reversed in order, i.e., now J; < J,. Figure 1(b) shows that
two degenerate energy states now appear in the gap (with
finite energy because of the nonzero value of the onsite energy
& = 1 in this example.) These correspond to edge states that
are decoupled from the rest of the lattice. The system is now
in the topologically nontrivial phase. Thus Fig. 1(b) and 1(c)
shows that the SSH lattice can be tuned between topologically
trivial and nontrivial phases by changing the relative phase o
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FIG. 2. (a) Disconnected entanglement entropy S” as a function
of «, for the ground state of the SSH model at half filling on a chain
of 2N = 40 sites. SP is evaluated by dividing the 2N sites evenly
into four nonoverlapping segments A, B, D, and C, each having
N/2 sites, then evaluating S® = Syp + Spc — Sapc — S, where S; =
—Tr;p; log(p;) is the von Neumann bipartite entanglement entropy
(with base e of the logarithm). The panels on the right show the
distribution of the amplitudes of the highest filled eigenstates over
all sites for (b) @« = 0.4m, (c) « = 0.57, and (d) = 0.5227. All
parameters are the same here as in Fig. 1.

of the lasers whose interaction with the neutral atoms defines
the optical lattice [27].

To characterize the finite-size analog of the bulk topo-
logical phase transition we employ here the disconnected
entanglement entropy S? introduced in Refs. [43,44] (see
Appendix C). SP is defined in terms of both connected and
disconnected entanglement entropies of different segments of
the system in order to cancel out all area and volume law
contributions to the bipartite entanglement entropy. It is thus
sensitive only to the nonlocal topological entanglement stored
within the ground-state manifold and acts as an effective order
parameter. In this figure and in the rest of this paper we index
the lattice sites by n = 1 — 2N.

Figure 2(a) shows the « dependence of SP. For the finite
SSH chain in the topological phase, with both periodic and
open boundary conditions at large chain length, S” is equal to
2log?2 as a result of the entanglement of the localized edge
states across the full extent of the chain. With open boundary
conditions, S? is equal to zero only in the trivial gapped
phase, with a smooth transition between the two phases that
becomes increasingly abrupt as the chain size increases [44].
Evaluating S? using the free fermion techniques of Ref. [45]
as outlined in Ref. [44], yields the behavior in Fig. 2(a) for our
chain with 2N = 40 sites. This shows a clear separation of the
two phases, with the onset of a sharp rise starting just before

the bulk critical point at « = 7 /2. For this particular finite-
size chain we see that S?/log2 = 1 ata =~ 0.5227r. However,
inspection of the wave functions for the values « = 7 /2 and
o = 0.5227 (right panels in Fig. 2) show that the highest
filled state is approximately uniformly delocalized over the
full chain for ¢ = /2 while it starts to develop maximal
amplitudes at the edges already for « = 0.5227. We therefore
take the point @« = 7 /2 as representative of the gapless phase
in this finite-sized system and interpret the shift of the S” = 1
location to & = 0.5227 as a finite-size effect.

We consider here the effects of coherently pumping one or
both of the edge sites of the ground state of the SSH system in
the topological phase, i.e., for « > 0.57. We employ a semi-
classical treatment [46], applying site-specific laser driving
terms Fye~!(@m’=¢0) and Fge"@m!—tm) at the first and last
sites of the lattice, respectively, as illustrated schematically in
Fig. 1. The terms Fyg), wpa(p), and ¢oa(p) denote respectively
the amplitude, frequency, and relative phase of the pumping
field at the first (last) site. The dynamics of the pumped SSH
lattice can then be described by the following equation (see
Methods for detailed analysis):

ix = Hssux + f, (6)

where x represents the amplitude vector of the lattice exci-
tations and f the pumping field. The excitation amplitude
vector x is given by x = (A, By, ..., Ay, By)", with A; and
B; denoting the time-dependent amplitudes of the states |/, A)
and |I, B), respectively, [see Eq. (1)]. For pumping at the
two ends of the lattice, the pumping amplitude vector f
is given by f = (Fye!@n=2nD) 0, ... 0, Fge'Ys=m) Spe.
cialization to a single pumping field at the first or last site
corresponds to taking Fp = 0 or F4 = 0, respectively. This
could be realized, e.g., by placing the optical lattice inside a
microcavity [39,41,46].

To demonstrate the formation of an interference pattern,
we consider the excitation intensity to be represented by the
occupation number P, on each lattice site, where Pyop =
|A;()|2[|B;(t))?] for A(B) sites, respectively. Then the total
excitation intensity or population of excitations over the whole
lattice is given by Py = Z,[|A/(t)|2 + |B;(t))*]. Resonant
pumping is achieved when the pumping frequency satisfies
wp = wps = wpp = ¢. In addition, we impose the symme-
try constraint ¢o4 = ¢op = ¢ on the phases of the pumping
fields, which enforces indistinguishability of the quantum
states (i.e., |1, A) and |2N, B)) and will enhance the appear-
ance of any quantum interference.

We note that the SSH Hamiltonian, Eq. (1) is a single-
particle Hamiltonian and is thus directly applicable to a
situation of the nonpumped system with single excitations.
When considering a pumped SSH lattice with multiple ex-
citations, the effects of interactions between excitations may
become important. Here we regard these as being included
within a mean-field analysis in which any interactions be-
tween excitations are already included in the parameters of
Eq. (1). This assumes that the particles are independent of
each other (consistent with bosonic excitations) and that the
effect of all other excitations on any given excitation is ap-
proximated by averaging over the interactions to modity, e.g.,
the on-site energy in Eq. (1).
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B. Interference of topological states induced by phase switching

It was recently shown that topological states can un-
dergo quantum interference [17]. The first experimental
demonstration of interfering topological states of light was
performed in a photonic waveguide circuit, which can be mod-
eled by the off-diagonal Harper model [18,19]. We now show
how to achieve such topological interference by quenching a
pumped SSH lattice.

Our protocol relies on sudden switching between two
phases, namely, between the topologically nontrivial and gap-
less phases, by changing the relative phase difference o« of the
laser fields that generate the lattice potential. Specifically, we
first prepare two topological edge states by tuning the SSH
lattice into the topological phase via setting « to oy = 0.757
[see Fig. 1(b)]. These edge states are confined to the edges
in the topological phase. To delocalize them, we then switch
to the gapless phase at time 7, by resetting « to g = 0.57.
With this quantum quench, i.e., a sudden change of the Hamil-
tonian to the one that hosts gapless states, one would expect
that the topological states then become mobile and interfere
with each other. Alternatively, one can also switch to the
trivial phase via setting « to o, = 0.257 to realize the delo-
calization of the topological states. We also consider this case
below.

Under this scheme, the Hamiltonian in Eq. (6) becomes
Hgsp(ae()) with

ar f0<r<y,
at)y=3ag ift, <t <1 @)
ar ift <t,

where ar = 0.757 and ag = 0.57 [see the cyan and blue
vertical lines in Fig. 1(b)]. In the calculations below we take
ta = 10T, and 1, = 30T, where T, = 27 /w,, with @, being
the frequency of the pumping fields. In the rest of this paper,
for the pumped systems all energy quantities are defined in
units of w, and time is defined in units of 7},. For the non-
pumped system, since no frequency or period of a pumping
field is relevant, we introduce instead a new variable J(= w))
as the energy unit which scales the SSH parameters ¢, J;, J; as
well as the dissipation parameter y. The time variable for the
nonpumped system is scaled in units of 25 /J. This enables
a consistent comparison of quenching protocol in Eq. (7)
to both pumped and nonpumped systems. For example, for
the nonpumped system the switching between Hamiltonians
occurs at Jt,/2w = 10 and Jt, /27w = 30.

III. MANY-EXCITATION QUANTUM INTERFERENCE
INDUCED BY PUMPING END SITES OF THE
SU-SCHRIEFFER-HEEGER CHAIN

Figure 3 shows the time-dependence of the site occupations
under the phase switching scheme described above, in the
presence of pumping either both end sites (top panels) or one
end site only (bottom panels). The generation of interference
patterns when switched into the gapless phase from the topo-
logical phase is evident for both forms of pumping.

Figure 3(a) shows the behavior under pumping at both
ends. The system is initially located in the topological phase
with et = 0.757 and remains there for ¢ < ¢, = 107,,. Here
the largest population (indicated in purple) is strongly local-

site number n

0 10 20 30 40 10 15 20 25 30
HTy tTy

FIG. 3. Time-dependent occupation number P,,, of the SSH lat-
tice during an interference inducing quantum quench protocol under
pumping at both ends (Fy = Fg = 0.01, upper panels), and under
pumping at one end only (Fy = 0.01, F3 = 0, lower panels). The
initial lattice condition at # = 0 is no excitation, i.e., A;(0) = B;(0) =
0. Topological interference is observed in panels (a) and (c) with
parameters oy = 0.757, ag = 0.57, and switching time interval
specified by ¢, = 107, t, = 307,,. Panels (b) and (d) are zoom-in
views of the patterns in the gapless phase quench period 107, <t <
30T, of panels (a) and (c), respectively. The other parameters used
are y = 0.0025, N =20, ¢ = 1, Vo = 0.125, u/k*> = 0.25, wpu =
wpp = wp =1, poa = ¢op = ¢ = 0. Unless otherwise specified, all
energy quantities are defined in units of w,,.

ized at the edges, i.e., at the first and the last sites, signifying
the successful generation of topological edge states. In the
immediate aftermath of time #, the system parameters are
suddenly switched to ag = 0.57 and one would have ex-
pected the topological edge states start to delocalize, after
which they rapidly get close enough to interfere with each
other in the bulk region of the lattice. Immediately after 7, =
307, the system is switched back to the topological phase by
setting ot = 0.757 and after this time topological states reap-
pear at ends of the lattice. These states are much more highly
excited than before. This is due to the additional excitations
that were added by the pumping fields at the two end sites
of the lattice. These excitations persist for long durations. To
more clearly reveal the interference pattern, Fig. 3(b) shows a
zoom-in view of Fig. 3(a) for the period 107, < t < 307, dur-
ing which the system is in the gapless regime. The interference
pattern is seen to be symmetric with respect to the center of
the lattice. The sharpness of the pattern decreases with time,
due to the damping effects (here with dissipation parameter
y = 0.0025) that dissipate the excitations at each site.
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FIG. 4. (a) A zoom-in view of Fig. 3(a) around the first switch at
t/T, = 10. The occupation number P, across the SSH lattice when
(b) /T, =10, (c) t/T, =10.25, (d) t/T, = 10.5, and (e) t/T, =
10.75.

Figure 3(c) shows the behavior under pumping of only the
first site. In this case a large occupation is achieved only at
the first site. The corresponding zoom-in view of the patterns
in the period 107, < t < 307, is presented in Fig. 3(d) where
the lack of symmetry with respect to the center of the lattice is
now evident. The case of pumping the last site is considered
as well in Appendix D.

An interesting feature of Fig. 3 is that although the system
is switched into the gapless phase at t =1, = 107p, the de-
localization of the edge states appears to start from the later
times, for both the single and double end pumping. This hys-
teresis, in which the postquench state lags behind the change
of the relative phase «, is more obvious in Fig. 4(a), which
provides a zoom-in view of Fig. 3(a) around the time of the
first switch. A further demonstration is seen from comparing
the lattice occupation number at e.g., t = 107, (immediately
before the quench), and t = 10.257,, 10.57),, 10.757,, (after
the quench) as shown in Figs. 4(b)—4(e), respectively. This
observation derives basically from the fact that J; /w, = 0.5 in
the gapless phase which leads to the timescale 1/J; ~ 0.3187,
for the population at the edges to delocalize into the bulk.

We also see an interference pattern after switching back
to the topological phase in Fig. 3(a). Its zoom-in view is
presented in Fig. 5, from which it is clear that this is a different
pattern than that of Fig. 3(b). As expected given that the
pumped fields are applied at the end sites, we see that the
maximum occupation is at these end sites [see Fig. 3(a)]. The
occupation probability then decreases for the sites away from
the edges and an interference pattern appears in the bulk which
is quite different from the pattern obtained after switching
from the topological to the gapless phase.

To distinguish between these interference patterns that
have their origins in topology from interferences derived from
conventional nontopological states, we now consider the topo-
logically nontrivial and the gapless phases separately and
omit phase switchings between them. Fig. 6 summarizes the
dynamical results for the topologically nontrivial phase in the
left panels and for the gapless phase in the right panels.

Ppop

r0.02

site number n

tT,

FIG. 5. A zoom-in view of the interference pattern in the topo-
logical phase quench period 307, < ¢t < 407, of Fig. 3(a). The plot
shows the occupation number Py, of the SSH lattice with quantum
quench protocol under pumping at both ends (Fp = Fg = 0.01, up-
per panels), with initial lattice condition at = 0 given by A;(0) =
B;(0) =0 (no excitation). Other parameters are the same as in
Fig. 3(a), i.e., ar = 0.757, ag = 0.57, t, = 10T, t, = 307, y =

0.0025, N =20, ¢ =1, V, =0.125, u/k* =0.25, Wpa = Wpp =
wp =1, ¢oa = dop = ¢o = 0.

In the topologically nontrivial phase, on pumping at both
ends of the lattice one observes a rapid increase of the
occupation number at each end of the lattice, as seen in
Fig. 6(a). It is obvious that under these conditions, no interfer-
ence can occur between localized states that are far away from
each other. The absence of an interference in Fig. 6(a) also
implies that the two edge states are independent of each other
and can be obtained by separately pumping either the first [see
Fig. 6(c)] or the last site [see Fig. 16(c) in Appendix D]. Thus
one cannot obtain the interference of topological states merely
by driving the system in the topological phase.

In the gapless phase, the excitations behave quite differ-
ently. Let us start from the case of a single pumping field at the
first site, n = 1, shown in Fig. 6(d). High occupations at even
multiples of sites away from the pumped site are observed.
Conversely, using instead the second pumping field at the last
site gives rise to high occupations at odd sites, i.e., the mirror
image under reflection symmetry with respect to the center of
the lattice [see Fig. 16(d) in Appendix D]. It is then evident
that the symmetric pattern seen for pumping at both ends in
Fig. 6(b) is generated by an interference of the amplitude
derived from pumping at the first site with that derived from
pumping at the last site.

To better understand the difference between the topolog-
ically induced and conventional interferences of the gapless
phase [Figs. 3(b) and 6(b), respectively], we show in Fig. 7
the site occupation probabilities on the separate sublattices A
(odd sites) and B (even sites) [Eq. (1)]. Here the Figs. 7(a)
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FIG. 6. Time-dependent occupation number P, of the SSH lat-
tice in the topological phase (et = 0.757, left panel) and in the
gapless phase (g = 0.57, right panel) under pumping at both ends
(Fa = F3 = 0.01, upper panels) and under pumping at one end only
(Fa = 0.01, Fg = 0, lower panels). No quench is applied here. The
initial condition here is no excitation at time ¢t = 0, i.e., 4;(0) =
B;(0) = 0 (same initial condition as in Fig. 3). All other parameters
are the same as in Fig. 3.

and 7(b) show the sublattice site populations for the case
of the quantum quench, and Figs. 7(c) and 7(d) show the
corresponding populations in the case of no quench.

The occupation probabilities at odd and even sites of
Fig. 3(b) under the quantum quench are represented in
Figs. 7(a) and 7(b), respectively. The odd- and even-site oc-
cupation probabilities of Fig. 6(b) for the gapless phase in
the absence of any quench are shown in Figs. 7(c) and 7(d),
respectively (see time-dependent probabilities at specific sites
in Appendix F). It is evident that Fig. 7(d) which involves only
even sites is quite similar to Fig. 6(d) where the whole lattice
is considered and only the first site is subject to pumping.
In Appendix D we show that Fig. 7(c) is also similar to the
corresponding plot with the last site pumped [see Fig. 16(d)].
These similarities do not hold for the occupation probabilities
under the quantum quench scheme, i.e., for comparison of
Fig. 3(b) with Figs. 7(a) and 7(b). In Fig. 8 we plot the two real
valued equal superpositions of the highest filled and lowest
unfilled elgenstates in the gapless phase at «g = 0.57, i.e.,
|1p(20)) and |1ﬁG ) respectively. It is clear from this that the
observed odd- or even-site occupatlons are accounted for by
the odd superposition (|1/f(20)) (21) )/«/_ 2 [Fig. 8(a)] and
by the even superposition (|1/fé20)) + |1pgl) )/\/— [Fig. 8(b)],
respectively.
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FIG. 7. Occupation number P, at (a), (c) sublattice A with
odd sites and (b), (d) sublattice B with even sites during the time
period 107,-307,,. Panels (a) and (b) correspond to Fig. 3(b) with the
quantum quench scheme starting from the topological phase, while
panels (c) and (d) correspond to Fig. 6(b) in the gapless phase without
quench.
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FIG. 8. The superposition of highest filled and lowest unfilled
eigenstates of the SSH model in the gapless phase obtained by
setting @ to ag = 0.57: () (|Y$”) — [v&V))/~/2 and (b) (v &%) +
|1//é21)))/ V2, with corresponding eigenenergy in Fig. 1(b). The pa-
rameters are the same as in Fig. 1(b).
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Calculations with the lattice maintained at the topolog-
ically trivial phase give rise to quite different interference
patterns, as shown in Appendix E. In this situation weaker
oscillating occupations are seen at bulk sites than at edge sites,
i.e., quite different behavior from not only the topological
interference patterns but also from the nonquenched patterns
seen for the nontrivial topological and gapless phases shown
in Fig. 6. We have also analyzed the alternative dynamics of
quenching from the topological to the trivial nontopological
phases by setting o to oy = 0.257 and the resulting interfer-
ence patterns (see Fig. 24 in Appendix H) look different from
patterns from the above main quench scheme considered in
this work.

In summary, we observe two types of topological quantum
interference under pumping of the end sites of the finite SSH
lattice. The first is seen in the gapless phase after quenching
from the topological phase. Here the interference starts to
develop from the large component of prequench topological
edge excitations present in time evolved state at the quench
time. The second interference pattern is seen after switching
back to the topological phase and is quite distinct in form,
as well as being accompanied by the expected high-density
of edge excitations due to the pumping at edge sites. The de-
tailed analysis of this section has shown that these interference
phenomena are quite distinct from conventional quantum in-
terference behavior seen in either the topologically nontrivial
or gapless phases, or from quenching from the topological into
the trivial phase.

IV. TWO-EXCITATION QUANTUM INTERFERENCE IN
THE ABSENCE OF PUMPING

To further elucidate the basic features of quantum interfer-
ence between topological states, we now consider the case of
two excitations initially occupying the edge sites, with both
pumping fields turned off (i.e., Fy = Fp = 0). We run the
calculations with excitations present at 1 = 0, using the same
switching protocol as above. Explicitly, we solve Eq. (6) with
Eq. (7) and initial condition A;(0) = By(0) = 1 or A1(0) = 1,
By (0) = 0 for the case of two excitations or one excitation,
respectively. Figure 9(a) shows how the two excitations evolve
on the lattice, with a zoom-in view of the interference pattern
shown in Fig. 9(b). It is evident that the interference pattern
in Fig. 9(b) is similar to that in Fig. 3(b), implying robustness
of the topological interference pattern against the number of
excitations. However, due to the effect of dissipation, this two-
excitation interference pattern becomes less visible with the
increase of time. Compared with the pumped case in Fig. 3(a),
it is evident that in Fig. 9(a) there is now a small wave packet
moving from the edge to the bulk during the initial time period
before the first quench. This is because the initial occupation
at edge sites of the finite lattice in the absence of pumping
fields can immediately begin to leak dynamically into the
bulk, while in the pumped case a finite time is required for the
pumping fields to build up sufficient occupation at the edge
sites. This can be confirmed by making a closer comparison
between Figs. 9(a) and 3(a).

The behavior of the two edge states that participate in
the interference is further revealed by considering a single
excitation initially at the first or last site. Figure 9(c) shows

site number n

0.6 25

site number n

(©)

0 10 20 30 40 10 15 20 25 30
Jti2m Jt2m

FIG. 9. Time-dependent occupation number P, in the case of
two excitations (top panels) and of one excitation (bottom panels)
inserted in the nonpumped SSH lattice at¢ = 0. (a), (b) The two exci-
tations initially occupy both ends [A;(0) = B,;(0) = 1]. (c), (d) One
excitation initially occupies the first site [A;(0) = 1, Byy(0) = 0].
Topological interference is observed in panel (a) with ar = 0.757,
oG = 0.57, and the switching time Jz,/27 = 10, Jt,/27 = 30.
Panels (b) and (d) show zoom-in views of the patterns during 10 <
Jt/2m < 30 in panels (a) and (c), respectively. Here the pumping
fields are switched off (F; = Fz = 0), y = 0.0025, and all other
parameters are the same as those in Fig. 3. All energy quantities are
defined in units of J(=w),) (e.g.,J; = J, = 0.5J at ag = 0.57) if not
otherwise specified.

the results for a single excitation initially at the first site, with
a zoom-in view shown in Fig. 9(d). In these cases we also
see that it is the delocalization of excitations from the edge to
bulk, rather than smaller amplitude of prequench bulk excita-
tions in the topological phase, that nucleate the interference
in the gapless phase after the quench. Similar behavior is
found when the single excitation is initially localized at the
last site (see Appendix D), consistent with the symmetry of
the 2N = 40 chain.

Around the first switch at t = 107p, we also observe the
phenomenon of hysteresis where the delocalization of the
edge-state population into the bulk lags behind the switch, as
demonstrated in both Fig. 10(a) [a zoom-in view of Fig. 9(a)]
and Figs. 10(b)-10(e) for the lattice occupation number at,
e.g., t =107, (immediately before the quench), and t =
10.257,, 10.5T,, 10.75T, (after the quench). After switching
back to the topological phase in Fig. 9(a), we again observe an
interference in the bulk in addition to regenerated excitations
at the edges. This is clearly revealed by the zoom-in view
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FIG. 10. (a) A zoom-in view of Fig. 9(a) around the first switch
at t/T, = 10. The occupation number Py, across the SSH lattice
when (b) Jt /27w = 10, (¢) Jt /27w = 10.25, (d) Jt /27 = 10.5, and (e)
Jt/2m = 10.75.

presented in Fig. 11 which shows similar features to that of
Fig. 5. To improve the visibility of the pattern in the bulk
sites in Fig. 11 we include here all sites from n = 2 to 39 and
change the scaling of the color bar from that of Fig. 9(a).

In this case we also consider the dynamics in the topo-
logically nontrivial (et = 0.757) and gapless (¢g = 0.57)
phases separately, i.e., without switching, as was done
above in the case of the pumped many excitation dynamics.

PPOP

0.04

0.02

site number n

30 32 34 36 38 40

0

Jti2n

FIG. 11. A zoom-in view of the interference pattern in the topo-
logical phase quench period 30 < Jz/2w < 40 of Fig. 9(a). The plot
shows the occupation number P, in the case of two excitations
initially occupying both ends, i.e., A1(0) = By(0) = 1 att = 0, with
no pumping fields (Fy = Fp = 0). Other parameters are same as
in Fig. 9(a), i.e., oy = 0.757, ag = 0.57, Jt, /27 = 10, Jt,/27n =
30 y =0.0025, N =20,e =1,V = 0.125, and ,u/k2 =0.25.
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FIG. 12. Time-dependent occupation number Py, in the case
of two excitations (top panel) and one excitation (bottom panels)
inserted in the nonpumped SSH lattice at + = 0, for the topologi-
cally nontrivial phase (left panels, et = 0.757) and for the gapless
phase (right panels, ag = 0.57). (a), (b) The two excitations ini-
tially occupy both ends [A; (0) = B;((0) = 1]. (c), (d) One excitation
occupies the first site [A;(0) = 1, By(0) = 0]. Here the pumping
fields are switched off (Fy = Fp = 0), y = 0.0025, and all other
parameters are same as those in Fig. 9.

Figure 12(a) shows that when the dynamics are confined to the
topological phase (here ot = 0.751), the topological states
stay localized at both ends and no interference is evident.
Figure 12(c) shows the corresponding dynamics when a single
excitation is initially localized at the first site. Here while
the excitation is mainly localized at the edges, an additional
weak oscillation is observed, which is not noticeable in the
pumped many excitation case in Fig. 6(c). In the gapless
phase, Fig. 12(b), in the absence of switching we neverthe-
less find an interference between nontopological states. This
pattern is quite different from the interference patterns seen in
either the single excitation case [Fig. 12(d)] or the topological
interference case [Fig. 9(b)]. It is also quite unlike our findings
for the corresponding case of pumped many excitations in the
gapless phase in Figs. 6(b)-6(d) and 3(b), indicating a clear
dependence of the interference pattern of the nonquenched
gapless phase on the number of the excitations in the lattice.

V. TOTAL EXCITATION POPULATION

We now consider the total excitation population of the
entire lattice as a function of the dissipation parameter y.
We employ here the non-Hermitian Hamiltonian formulation
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FIG. 13. Evolution of the total number P, of excitations for
the pumped many-excitation case [panels (a)—(c)] and nonpumped
two-excitation case [panel (d)] for various values of dissipation pa-
rameter y. (a) Interference scheme, (b) topological nontrivial phase
(¢ = 0.75m), and (c) gapless phase («¢ = 0.57) corresponding to
Figs. 3(a), 6(a), and 6(b), respectively. In panel (d), the dotted, dash-
dotted, thin-dashed, thick-dashed, and solid curves correspond to
y =0, 0.0005, 0.0025, 0.005, 0.0075, respectively, while the circle,
left, and right triangles are for @ = 0.257, 0.5z, 0.757, respectively.
Other parameters for panel (a), panels (b) and (c), and panel (d) are
the same as those in Figs. 3, 6, 9, respectively.

employed in Monte Carlo wave-function dynamics [47] that
describes the conditional dynamics of the density operator
within a Lindblad equation of motion, under the assumption
that no photons from spontaneous emission have been de-
tected [48].

Figure 13(a) shows the total population that corresponds to
the many-excitation interference in Fig. 3(a). For a given value
of y, it is evident that the total population first increases before
the first switch, ¢ <1, = 10T, after which it then exhibits
small fluctuations during the interference period between the
second switch, #, <t < t, = 307),. After the second switch,
i.e., t, < t, the excitation population further increases. These
behavior can be understood as follows: When the lattice is in
the topological phase with ar = 0.75m, the pumping-induced
excitations are mainly localized at the two edges of the lattice
and the total population can increase rapidly, even in the
presence of damping at the edge sites. However, on switching
to the gapless phase, the excitations spread out to the entire
lattice and damping now occurs at all sites, rather than just
at the two end sites. This can slow down or even oppose the
increase [see, e.g., the cyan (y = 0.0005) or red (y = 0.005)
curves, respectively, in Fig. 13(a)], depending on how large
the damping effect is.

The effect of varying y becomes more obvious when con-
sidering each of the three quantum phases individually, i.e.,
the topologically nontrivial phase, the gapless phase, and the
trivial phase. In the topological nontrivial phase, Fig. 13(b)
shows that the total population increases monotonically for
any value of y. In the gapless phase, Fig. 13(c) shows that
the total population first oscillates and then approaches a

steady value, while in the trivial phase it oscillates even more
rapidly (see Appendix E). Furthermore, in the gapless phase,
Fig. 13(c) shows not only the oscillation period but also
the steady-state occupation are independent of the value of
y when it is nonzero. This reflects the presence of a nonequi-
librium steady state due to a balance between pumping and
dissipation. We also see that decreasing y enhances oscilla-
tions in the gapless phase [Fig. 13(c)] (as well as in trivial
phase [Fig. 18(d)] in Appendix E) and accelerates the increase
of the total population in the topological nontrivial phase
[Fig. 13(b)]. In other words, the total population in both the
gapless and topological nontrivial phases is suppressed by
increasing the dissipation parameter, and the interference of
topological states, represented by the occupation states of
excitations on lattice sites, is correspondingly reduced. This
is confirmed by the calculations in Fig. 3 which are carried
out with different values of y. Finally, on comparing the
behavior for two pumping fields [see Figs. 13(b), 13(c), or
18(d) for the topological nontrivial, gapless, or trivial phases,
respectively] with that for a single pumping field applied at
the first or last site (additional calculations not shown here),
we see that two pumping fields double the total population
in each phase. Importantly, it is clear that this doubling be-
havior does not apply for the occupation at individual sites
due to quantum interference. This is evident from compar-
ison of Fig. 3(b) with Figs. 3(d) and 16(b) or of Fig. 9(b)
with Figs. 9(d) and 17(b).

For the case of two initial excitations without pumping, the
total population in the lattice does not change when y = 0.
This is shown in Fig. 13(d) (compare open symbols). For a
given value of the optical lattice phase tuning «, increasing
y from 0.0005 to 0.0075 as indicated by the cyan and blue
curves, respectively, accelerates the decay of the total pop-
ulation, as expected. However, for a given value of y, for
certain values of @ we can see the same decay behavior of
the total population in all three phases. This is illustrated in
Fig. 13(d) for the phase tuning parameter values o = 0.257,
0.57, 0.757 representing topological trivial, gapless, and non-
trivial phases, respectively.

This a-independence is distinct from the decay causing
suppressed interference of topological states (verified by an
extra calculation of Fig. 9 but with a different value of dissi-
pation y in Appendix G). Here the a-independence indicates
instead that the topology does not play a role, which is in
sharp contrast to what was seen for pumped many-excitation
case shown in Figs. 13(b) and 13(c). To understand this dif-
ference between the pumped many-excitation and unpumped
two-excitation situations, we note that, while the pumping
fields in Figs. 13(b) and 13(c) produced steadily increasing
excitations at the lattice edges, the dynamics for two initial
excitations presented in Fig. 13(d) always have a fixed num-
ber of excitations which then decrease universally at each
occupying sites with identical dissipation. This universal de-
crease is independent of the quantum phase of the lattice. In
Appendix G we show that for the case of two excitations,
such a topology-independence damping is also found in the
presence of phase switching (Fig. 21). This results in quite
different time dependence of total excitation population Py
from that seen in Fig. 13(a) for the case of pumped many-
particle excitations in the presence of phase switching.
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In summary, when the possibility of spontaneous emission
from the excitonic states is included, analyzing the conditional
dynamics within a Lindblad description of the interaction
of the excitonic states with a radiative bath yields a non-
Hermitian SSH system Hamiltonian with a local dissipative
term at each lattice site. The results above show that this can
suppress the total excited-state population of the lattice, unlike
well-known situations where topological states are protected
against local perturbations. In particular, for the case of two
initial excitations without pumping, we find that the decay of
the total population does not depend on whether the system is
in the topological phase or not (i.e., no dependence on the
value of «). Thus in this case the overall excitation decay
rate is independent of the quench protocol. This is in sharp
contrast to the case of the pumped non-Hermitian SSH system
where we find the total population shows sharp transitions on
switching, although there is again no protection against decay
of excitations.

VI. DISCUSSION AND CONCLUSIONS

In this work we have presented a realization of topological
quantum interference in a pumped SSH lattice represented
by the excitation occupation number on each lattice site. The
lattice is assumed to be tunable, as in recent experiments with
trapped atoms.

We have investigated both pumped many-excitation and
unpumped two-excitation quantum interference induced by
either topological or nontopological states. Our results show
that similar interference patterns exist for pumped many- and
nonpumped two-excitation cases and this similarity could be
fundamentally due to the fact that both of them belong to a
single-particle interference. Topological interference patterns
are distinguishable from those of nontopological states. The
effects of dissipation on both the interference patterns and
the total excitation population of the whole lattice have been
studied. For a system initialized with two excitations at each
end of the lattice, we additionally find that the decay of the
total population does not depend on whether the system is
in topological phase or not, which is in sharp contrast to the
many-excitation case.

It is interesting to compare the current results with the
interferences observed in the recent experiment based on a
photonics realization of the off-diagonal Harper model [17].
Our work shows topological interference patterns that are
quite distinct from the interference patterns of nontopological
states. We note that the basic idea of Ref. [17], to bring two
initial edge states into the bulk and let the resulting states
interfere, has some similarity with the evolution of prequench
topological edge states into the bulk seen in the current work.
The bulk gap in both cases is either closed or reduced in order
to let the two topological states meet. However the quench
protocol employed here is very different from the adiabatic
delocalization from edges to the bulk that was employed in
Ref. [17]. Furthermore, before interference the evolution from
initial edge states to the prequench bulk states (more notice-
able in the nonpumped case) in the current study indicates the
pre-interference states are not exactly from the delocalization
of the prequench topological edge states. We expect that there
exist other possible schemes to generate topological entangle-

ment, that might be realizable in other quantum simulation
platforms.

Interestingly, our work also reveals that the total population
of the SSH lattice in the topological phase (¢« = 0.757) could
be suppressed by an increase of the dissipation (represented
by a non-Hermitian term in the Hamiltonian (1) for con-
ditional evolution with no spontaneous emission detections)
[see Fig. 13(a) or 13(b) and Fig. 13(d) for many- and two-
excitation cases, respectively]. In particular the interference
of topological states presented in Figs. 3 and 9 is correspond-
ingly reduced, in contrast to the widely known robustness of
topological states against local perturbations.

Given the recent experimental demonstrations of SSH
lattices [17,24,26-28] our proposal of topological quantum
interference based on a pumped SSH model with realistic
damping appears timely and achievable with current technol-
ogy. In the current work, to clearly demonstrate interference
features we have considered edge-site pumping. Other ap-
proaches that we expect would give similar interferences
include bulk excitation [19,20] and high-frequency modula-
tion of the SSH lattice [33,39].

It will be interesting in future work to consider what the
effect of excitonic interactions might have on the topologi-
cal quantum interferences observed in the current study. We
expect that an effective mean-field description as implicitly
assumed here for the pumped SSH lattice with multiple excita-
tions would become increasingly accurate in the limit of large
excitation numbers for finite range couplings. It would also
be expected to be increasingly accurate as the excitonic inter-
action strength decreases. Going beyond the current effective
description to consider the effects of excitonic interactions
requires analysis within the larger many-body Hilbert space.
Clearly the strength and nature of the excitonic interactions
will play a critical role in modifying the dynamics seen in this
work. Thus one might expect that the density of excitations at
each site will decrease with a repulsive excitonic interaction.
Future work could usefully explore how the interplay between
an excitonic interaction energy and the hopping amplitudes
influences the topological quantum interference.

In this work we have studied the evolution of excita-
tions both with and without continuous pumping actions.
The resulting interference patterns are similar, indicating their
existence is independent of the means of generation. How-
ever the interferences are less clearly visible in the absence
of the pumping fields, due to the unmitigated decrease of
the excitation populations due to damping in this situation.
Reservoir engineering techniques to decrease the decay rate
y may provide routes to preservation of the interference of
topological states [49—51]. In the present calculations we have
assumed identical dissipation due to e.g., spontaneous emis-
sion for each lattice site with the same onsite energy. This
assumption is reasonable when the typical scale of the relevant
coupled environmental degrees of freedom is larger than the
lattice size. It will be of interest to further investigate the
effects of decoherence, including both dephasing and dissipa-
tive terms from different environmental degrees of freedom,
to explore the extent to which the interference of topological
states survives in a lattice that is subject to dynamical disor-
der, as well as in an inhomogeneous lattice subject to static
disorder.
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Another interesting direction for further work is to use
techniques such as pump-probe spectroscopy to measure addi-
tional properties such as phase-modulated nonlinear spectra,
which may provide useful information in the case of weak
interactions [52—54]. Going beyond the resonant pumping and
semiclassical treatment in the present work, a useful addi-
tional direction for further work includes investigation of the
effects of off-resonant rather than resonant pumping fields,
as well as interaction of the SSH lattice with a quantum
environment,

Finally, we point out that the model in this work becomes
the previously studied non-Hermitian PT-symmetric SSH
model [24,31] when considering gain and loss at all sites
(parametrized by y»j_1 = —y»; = —y) instead of the situa-
tion of coherent pumping fields at end sites and identical
dissipation at all sites considered in this work. Single edge-
mode lasing has been proposed and experimentally observed
in a SSH array constructed on a hybrid silicon platform [55]
and with microring resonators [56]. While the physical real-
ization of non-Hermitian PT -symmetric model in quantum
systems is generally limited by noise introduced via incoher-
ent gain and loss processes [57], it has been shown that a
dissipation-free Hermitian quantum Hamiltonian can never-
theless produce an effective non-Hermitian SSH model [58].
The recent experimental demonstration of generation of a
non-Hermitian superconducting qubit by postselection on a
three-level transmon circuit also offers an alternative primi-
tive for construction of extended non-Hermitian Hamiltonian
systems [59].

VII. METHODS

The semiclassical dynamics of the SSH lattice with dissi-
pative decay and in the absence of pumping fields is governed
by the time-dependent Schrédinger equation,

i0,|Y (1)) = Hssu| ¥ (7)), ®)

where Hgsy is given in Eq. (1). The wave function can be
written as

A
(@) = Z@(ngD =Y AL A)+B/lLB), 9
1 !

with time-dependent amplitudes A; and B;. By inserting this
into Eq. (8) and including the pumping terms Fje'®4~®m") and
Fge!®=@m!) a5 well, we obtain the evolution equations

i,A = JiBy + LBi_1 + (& — iy)A; + 8,1 Fae @ —emD),
i9:B) = JiA; + DAr1 + (6 — iy)B + 8 yFge' P,

These equations are solved numerically, with boundary con-
ditions Ag = By = An+1 = Bn+1 = 0. For the case of many
excitations, the initial conditions are A;(0) = B;(0) = 0 with
Fy = Fz = 0.01 for two pumping fields and F, = 1, Fy =0
for a single pumping field. In the case of dynamics with no
pumping fields and initial double or single excitations, these
initial conditions become A;(0) = By(0) = 1 for double ini-
tial excitation and A;(0) = 1, By(0) = O (others are always
zeros) with Fy = Fp = 0 for single initial excitation. All cal-
culations in this work are made for resonant pumping, with
wpa = wpp = wp = &, Fy = Fg = F, and ¢oa = ¢op = Po.
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APPENDIX A: DERIVING THE HOPPING AMPLITUDES
OF EQ. (2) IN THE MAIN TEXT

The optical potential
Vor(x, T) = Vlel®kete)  gike | gidke 2
= Vo{3 4+ 4 cos(2kx) cos[a(T)] + 2 cos(dkx)},
(AD)

can be generated by three laser fields with amplitudes propor-
tional to ¢+ ¢=kx and 3% We calculate the hopping
amplitudes Aj(«), Ay(«) by first solving wave functions of
an approximate potential around the local minima of Vo (x, 7)
and using these to evaluate the relevant matrix elements.

1. Local minima

The condition for local minima of the optical potential is

aV, ,
VoLx, 1) _ (A2)
ot
For Eq. (A1), this gives
WVor(x, T) . .
= —8kVp{sin(2kx) cos[a ()] + sin(4kx)},
(A3)
and the condition for local minima reduces to
cos[a(T)]
cos(2kx) = T (A4)
This has two possible sets of specific solutions:
cos[a(T)]
& : cos(m + 2kx) = — — 2kx
= —7 + arccos [—cos[a(r)]}
2
® : cos(—m — 2kx) = %(T)] — 2kx
[cos[a(r)]i|
= —m — arccos | —— |,
2
or
Q :cos(m — 2kx) = %(T)] — 2kx
[cos[a(T)]]
= —arccos | ————— |,
- 2 -
& cos(—m + 2kx) = w — 2kx
= 7 + arccos %(T)] .
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One can choose either the set &, #® or the set OQ, <, with
the two sets related to each other via a period of 27. By
adding the period 2n7 into the specific solutions, i.e., 7 &
arccos[%(”)], we then obtain the general solution for local
minima of Eq. (A1), namely,

2kx = m + arccos [%(T)]} + 2nm, (AS)

cos[a(T)]

> i| + 2nm. (A6)

2kx, = m — arccos |:

2. Harmonic approximation

We apply a harmonic approximation to the optical potential
around each local minimum. Taylor expansion of the lattice
potential with respective to the minimum point x,, gives

WVor(x, T
Vor = Vor(x,, T) + M (x — xp)
0x x=x,,
1 9%Vor(x, T) 2
R

Using the equation for Vy  (x, T) in Eq. (A1) and x,, = xj X,
from Eqgs. (AS) and (A6), respectively, we have

VOL(xmv 7:) = VO Sin2 a, (AS)
aV )
Worle. D) _ . (A9)
ax X=
1 3%V, ’
Liow D _ ey o) (AID)
2! axz X=Xp

allowing the optical potential around a local minimum to be
approximated by

Vor(x, T) = Vo sin® a + 4k*Vy(4 — cos® o) (x — x)°.

(Al1)

Here the dependence of Vy;, on the index r via x,, implies that
all local potentials have identical form.

Using the general quadratic form of potential energy for
harmonic oscillators,

1 182V, ,
L — gy = 20t D)

) B axz (X — Xm )2’

(A12)

X=Xm

with © the mass of the oscillator, enables us to define a
vibrational frequency

\/n 32V (x, T)
w= |[——————

m 0x?

—xt
xX=x7.X,

8Vok?
= \/ 0" 4 —cosa), (A13)
"
and zero-vibration amplitude
/1
ro= .| — = [8Vok*u(4 — cos>a)] V4. (Al4)
nw

3. Wannier states

Building on the above harmonic approximation, we em-
ploy the ground-state wave function of the harmonic oscilla-

mw)

XZ .
tor, i.e., uo(x) = (x|0) = (22)!/*e~"" to construct localized
Wannier states for our SSH lattice (setting 7 = 1):

1/4 (Eq.A14)
w i 1
wom = (E2) e e, (Als)
T ro/ /4
or equivalently,
1 (e xFV2 /9,2
X;r(x—xj) = 2 " (x X,,)/Zro’ (A16)
ry
- - 1 —(x—x;)? /212
X, X —x,) = 7 1/46‘ n )l /<o, (A17)
rym

4. Hopping amplitudes

Using the Wannier states of Eq. (A15), the hopping ampli-
tude can then be calculated explicitly as
o] 2,2

U X

Ji = Ji(Ax;) = / dxxo(x + AX,')TXO(X)

—00

(A18)

Ax;)2
po? SCET AN
2 4 2

Here Ax; and Ax, are the intracell and intercell distances,
respectively, which are obtained from Egs. (A5) and (A6) as

1
Axi(a) =x —x, = ﬁ(Z arccos cosa), (A19)
1
Axy(a) = x| — x5 = —( 27 — 2arccos cosa
" 2k
= Axi (T — a). (A20)

Introducing dimensionless variables A; = % [i.e., the ratio

between the intracell (intercell) distances and the zero-
vibration amplitude] and using puwr? =1 from Eq. (A14)
allows the hopping amplitudes to be reduced to the simple

form
w _A2? 2 1
L= e M A2+ - ), A21
J 5¢ ( ,+2) (A21)
where
2k Axi(a)
Aj() = =122
)= =@
SV 1/4
= arccos <co§a)[ kg“(4—cos2a):| , (A22)
Axy(a)
A =
2(a) 3r0(@)
27 — 2kAx; () 1 AL L)
= = T — ).
2% 2 ST

This completes the derivation of the hopping amplitudes in
Eq. (2) of the main text.
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FIG. 14. Distribution of the lowest unfilled and highest filled eigenstates for various values of « for the 2N = 40 finite-size SSH lattice.

All parameters are the same as in Fig. 1 of the main text.

APPENDIX B: EIGENSTATES OF THE
SU-SCHRIEFFER-HEEGER LATTICE

Figure 1(b) of the main text shows the energy spectrum as
a function of the relative phase parameter « of the three lasers
defining the optical lattice. Here we demonstrate several ex-
amples of corresponding eigenstates of the finite SSH lattice
in trivial, gapless, and topological phase regimes in Fig. 14.
All plots here are for 2N = 40 sites.

In the trivial phase the unit cells are weakly coupled to each
other and excitations are mostly localized, leading to vanish-
ing disconnected entanglement entropy [S? = 0 as shown in
Fig. 2(a) of the main text]. Fig. 14 shows the expected dimer-
ized structure in both the lowest unfilled state and highest
filled state for « = 0, 0.257, 0.47r. The difference between
these two states at a given value of « will be either a posi-
tive [Fig. 14(al), 14(bl), or 14(c1)] or negative [Fig. 14(a2),
14(b2), or 14(c2)] superposition of the two site states in a
unit cell.

With regard to the gapless phase of the lattice, we consider
here o = 0.5 as well as several points around this on either
side, since for a finite chain this phase is not sharply defined
at a single « value. It is evident that the lowest unfilled state
at o = 0.57 [Fig. 14(d1), with S?/log2 ~ 0.177] is similar
to that of « = 0.4m, for which S” = 0 [Fig. 14(c1)]. How-
ever this state at « = 0.5z is quite different from that the
corresponding lowest unfilled state at « = 0.6, for which
SP /log 2 = 2. In contrast, the highest filled state at o = 0.5

[Fig. 14(d2)] is quite different from that at o« = 0.4, for
which SP = 0 [Fig. 14(c2)], but is very similar to that of
a = 0.5227 for which SP/log2 ~ 1 [Fig. 14(e2)], as well
to that of @ = 0.6;r for which SP /log2 = 2. In other words,
the lowest unfilled state at « = 0.5 appears to be obtainable
by smoothly increasing « from a value in the trivial phase,
while the highest filled state at « = 0.57 appears smoothly
connected to the corresponding state in the topological phase
on varying «. In particular, the similarity between Figs. 14(d2)
and 14(e2) enables the point o = 0.5 to be referred as a
gapless phase for the 2N = 40 finite lattice.

In the topological phase (SP/log2 = 2), the lowest un-
filled and highest filled states become degenerate [see
Fig. 1(b) of the main text]. At « = 0.6 or 0.75m, these
states resemble Bell states, i.e., antisymmetric [Fig. 14(f1) or
14(gl)] and symmetric [Figs. 14(f2) and 14(g2)] superposi-
tion of edge states with equal weight. When further increasing
o (e.g., t0 0.9z or 0.95m), each eigenstate approaches a single
edge-site state [see Figs. 14(h1), 14(h2) or 14(il), 14(i2)]. In
particular, Figs. 14(j1) and 14(j2) for « = 7 provide good
approximations to localized edge-site states.

APPENDIX C: DYNAMICS OF ENTANGLEMENT
ENTROPY

In the main text the time independent entanglement en-
tropy SP is employed to characterize the finite-size analog
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of the bulk topological phase transition (see Fig. 2 of the
main text). Here we extend this analysis to consider the
time-dependence of the entanglement entropy under quantum
quench.

We first give a brief introduction to the calculation in the
time-independent setting, following the procedures outlined
in Ref. [44]. The basic idea is to use a correlation matrix to
compute the reduced density matrix px of a subsystem X via
the relation of this with an entanglement Hamiltonian Hy . The
correlation matrix can be defined as

(Cx)mn(0) = Y Wi (m)Wi(n),

k<kg

(ChH

where W; are the single-particle eigenstates of the lattice
Hamiltonian with site indices m,n of the subsystem X.
Making use of the relation of Cx to the entanglement Hamil-
tonian Hy [45]:

Hy = log ! ;XCX , (C2)
we then readily obtain the reduced density matrix
o Hx
px = Trgle—Ha]’ (C3)
and hence the bipartite entanglement entropy
Sx = —Trx[px log(px)]. (C4)

Computationally, we construct Eq. (C1) and numerically di-
agonalize this to obtain the spectrum of Cx from which we
then compute SP. For the case considered in the main text,
we evaluate SP = Sup + Sgc — Supc — Sp with A, B, C, D
being four nonoverlapping segments of the SSH lattice, each
of which has N/2 sites.

To study the entanglement entropy dynamics, we consider
a similar scenario to that in Ref. [44]. Specifically, we focus
on the case of two excitations without dissipation (y = 0) or
pumping (F; = Fg = 0), ensuring conservation of the number
of particles, and further consider the quench to be imple-
mented at ¢+ = 0. After preparation in the ground state of
Hgssy(ar) with ap = 0.757 for t < 0, a quantum quench is
applied at + = 0, and the SSH lattice then evolves under the
new Hamiltonian Hssy(ag) with ag = 0.57 for t > 0. The
time-dependent correlation matrix Cy (¢) for the state p(¢) can
be written in terms of the eigenvalues Ex and eigenvectors &y
of Hssu(ag),

(CX )mn (t)

Trlp(t)c), (0)e,(0)] = Tr[p(0)e), (e ()]
Z OF (m) Dy (n)e el oErt

k,k',m',n'

X (Cx ) (0)P (n) Py (m),

(C5)

with c;(t) [cn(2)] being the Heisenberg representation of
c,Tn (¢m). Thus (Cx)mn(0) = Zk<kP Wi (m)W¥i(n), as given in
Eq. (C1), where W, are ground states of Hssy(ar). We can
then evaluate SP(¢) from the spectrum of Cx(¢). Figure 15
shows a plot of the resulting time dependence of the entan-

FIG. 15. Dynamics of disconnected entanglement entropy S”(t)
for a SSH lattice of 2N = 40 sites. The evaluation of SP(¢) is per-
formed in a similar way as in Fig. 2(a) of the main text, i.e., by using
an even partition of the 2N sites into four nonoverlapping segments.

glement entropy, S”(¢). It is evident that for a short timescale
SP remains at or close to its initial value S? = 21og?2 in the
topological phase (o« = 0.757) [44].

APPENDIX D: TIME EVOLUTION UNDER PUMPING OF
THE LAST SITE OF THE FINITE
SU-SCHRIEFFER-HEEGER CHAIN

In the main text we have shown results for the pumping
fields applied at both end sites and also for a pumping field
applied only at the first site. For completeness, we present here
results for pumping at the last site. Figures 16 and 17 show
the time dependence of the site occupation numbers for this
pumping in the case of many and two excitations, respectively.
The figures show that there is a reflection symmetry with
respect to the lattice center between the results shown here
for pumping of the last site, and the corresponding results
pumping of the first site in Figs. 3, 6, 9, 12 of the main text.

APPENDIX E: THE TRIVIAL PHASE REGIME
WITHOUT QUENCH

To complement the analysis of topological and gapless
phase regimes without quench that were considered in the
main text in order to distinguish features of topological inter-
ference, here we add the presentation of results in the trivial
phase regime without quench. The site occupation number
patterns in this regime, shown in Figs. 18 and 19 for the case
of many excitations and the case of one or two excitations,
respectively, are quite different from both the topological
interference patterns and the individual patterns in the topo-
logical and gapless phases that were presented in the main
text. We additionally note that, as was observed for the gapless
phase in the main text, comparison between Figs. 18 and 19
shows a dependence of the site occupation number pattern in
the trivial phase on the initial number of the excitations in the
lattice.
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FIG. 16. Time-dependent occupation number P,,, for the case of many excitations with a pumping field applied at the last site (F = 0,
Fs = 0.01) of the finite SSH lattice with 2N = 40 sites. Parameters are the same as in Fig. 3 of the main text.

APPENDIX F: POPULATION EVOLUTION AT SPECIFIC
SITES IN THE GAPLESS PHASE

Figure 20 shows the time dependence of the site occupation
probability at specific sites in Fig. 6(b) of the main text. The
results show oscillatory behavior at all sites and as well as
nonzero population at both odd and even sites, which explains
the observations in Fig. 6(b) as well as Figs. 7(c) and 7(d) of
the main text and supports the discussion in the main text.

APPENDIX G: DAMPING EFFECTS

To support our prediction that the topology-independent
damping in each phase [see Fig. 13(d) in the main text] is
valid also in the case of the presence of the phase switching,
i.e., of the quantum quench we show in Fig. 21 the time
evolution of the total population of the lattice in the case of
two excitations at r = 0, under several values of the damping
rate y. It is evident that Fig. 21 shows a smooth decay as the
quench proceeds, similar to that seen in Fig. 13(d) of the main
text for calculations without phase switching, implying that
the universal topology-independent damping still holds in the
quantum quench situation

ar ag ar  p.
1.0 40

site number n

(a)

0 10 20 30 40 10 15
Jti2n

25 30

20
Jti2n

However, unlike the topology independence, i.e., o inde-
pendence, of the decay of the total population of excitations
underdamping presented above and in the main text, the in-
terference of the topological states under quenching could
be suppressed by the decay differently than the interference
patterns of unquenched states. To illustrate this, we show in
Figs. 22 and 23 calculations with no damping, i.e., y =0,
that are otherwise analogous to Figs. 9 and 12 of the main
text (y = 0.0025). The greater extent of suppression of inter-
ferences of the topological states for the y = 0.0025 case is
evident from the lower range of the color scale in Fig. 9 of the
main text, as well as in the decay of the interferences at longer
times in the upper right panel of that figure.

APPENDIX H: AN ALTERNATIVE QUANTUM QUENCH
PROTOCOL

In the main text, we have studied the quantum quench
protocol that considers a quench from the topological phase
to the gapless phase (see, e.g., Fig. 3 in main text). One could
alternatively consider quenching the SSH lattice from the
topological phase to the trivial phase, by switching the « value
to o = 0.257. The result of this alternate quench is presented

P
pop1.0 40

0 20 40 60 80 0o 20
Jti2m

60 80

40
Jti2n

FIG. 17. Time-dependent occupation number B, for the case of an excitation initially occupying the last site (A;(0) = 0, By,(0) = 1) and

no pumping. Parameters are the same as in Fig. 9 of the main text.
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FIG. 18. Time evolution of the occupation number B, for many excitations pumped from (a) both ends, (b) the first site, and (c) the last
site of the SSH lattice in the trivial phase regime with o, = 0.257. In this regime, large populations appear on the pumping sites, i.e., the 1st
and/or last sites and there is still a small number of excitations that hop between adjacent sites. Here we take y = 0.0025. (d) Time dependence
of the total number excitations P, in the case of pumping from both ends [panel (a)] in the trivial phase regime. Other parameters are same as

in Fig. 6 of the main text.

in Fig. 24, with similar graphical representation as in Fig. 3
of the main text. As expected, we observe localized edge
states in the topological phase (ar = 0.757 for t/T, < 10)
and an interference pattern when quenching into the trivial
phase after switching to o, = 0.257 atz /7, = 10. Comparing

with Fig. 3(a) of the main text, we see that under this alternate
quench protocol there is a different interference pattern in the
period 10 < ¢/T;, < 30. Furthermore, this interference pattern
also differs from the case of the trivial phase without quench
(see Fig. 18).
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FIG. 19. Time evolution of the occupation number Py, for (a) two excitations initially at both ends and one excitation initially occupying
(b) the first site and (c) the last site of the SSH lattice in the trivial phase regime with o, = 0.257. An interference pattern due to nontopological
states appears in panel (a). Here we set the damping parameter to y = 0.0025. All other parameters are the same as in Fig. 12 of the main text.
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FIG. 20. The occupation number Py, at five specific sites (a) 1,
(b) 5, (c) 10, (d) 15, and (e) 20 of Fig. 6(b) of the main text in the
gapless phase. The parameters are same as in Fig. 6(b).
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FIG. 21. Evolution of the total number P, of excitations for the
two-excitation case with various values of damping rate y under the
quench scheme of the main text that generates topological interfer-
ence in the region 10 < Jt/2w < 30. The curve with y = 0.0025
corresponds to Fig. 9(a) under the quantum quench protocol in the
main text. Other parameters are the same as Fig. 9 of the main text.
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FIG. 22. Time-dependent occupation number Py, in the case of
two excitations (top panels) and of one excitation (bottom panels)
inserted in the SSH lattice at t = 0. (a), (b) The two excitations ini-
tially occupy both ends [A; (0) = B;¢(0) = 1]. (c), (d) One excitation
initially occupies the first site [A;(0) = 1, Byy(0) = 0]. Topological
interference is observed in panel (a) with o = 0.757, o = 0.57,
and the switching time Jt,/2m = 107, Jt; /2 = 30. Panels (b) and
(d) show zoom-in views of the patterns during 10 < Jt/27w < 30 in
panels (a) and (c), respectively. Here the pumping fields are switched
off (Fy = Fp = 0). We take y = 0 and other parameters are same as
in Fig. 9 of the main text.
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FIG. 23. Time-dependent occupation number P, in the case
of two excitations (top panel) and one excitation (bottom panels)
inserted at t = 0, for the topologically nontrivial phase (left panels,
ar = 0.757) and for the gapless phase (right panels, ag = 0.57).
(a), (b) The two excitations initially occupy both ends [A;(0) =
Byy(0) = 1]. (¢), (d) One excitation occupies the first site [4,(0) = 1,
B;,(0) = 0]. Here the pumping fields are switched off (Fy = Fp =
0). We take y = 0 and all other parameters are same as in Fig. 12 of
the main text.
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FIG. 24. Time-dependent occupation number P, of the SSH
lattice during an alternative interference-inducing quantum quench
protocol into the trivial phase «y. The upper panels show results
under pumping at both ends (Fy = Fg = 0.01), and the lower panels
results under pumping at one end only (Fy = 0.01, Fg = 0). The ini-
tial lattice condition at # = 0 is no excitation, i.e., A;(0) = B;(0) = 0.
Topological interference is observed in panels (a) and (c) with ey =
0.757, oy = 0.257, and switching time interval specified by ¢, =
107, t, = 307,. Panels (b) and (d) show zoom-in views of the pattern
in the trivial phase quench period 107, < ¢ < 307}, of panels (a) and
(c), respectively. The other parameters used are y = 0.0025, N = 20,
e=1,Vy=0.125 u/k> =025, 0p =wg =1, pp = g = ¢ = 0.
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