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Evolution of extreme events in a semiconductor laser subject to chaotic optical injection

Yu Huang ,* Pei Zhou ,* Yao Zeng , Renheng Zhang, and Nianqiang Li †

School of Optoelectronic Science and Engineering and Collaborative Innovation Center of Suzhou Nano Science
and Technology, Soochow University, Suzhou 215006, China

and Key Lab of Advanced Optical Manufacturing Technologies of Jiangsu Province and Key Lab of Modern Optical Technologies
of the Education Ministry of China, Soochow University, Suzhou 215006, China

(Received 15 January 2022; revised 23 March 2022; accepted 15 April 2022; published 26 April 2022)

Extreme events (EEs) are rare and unexpected events that emerge in many natural systems and are the object
of intensive studies. Here, we experimentally investigate the evolution of deterministic optical EEs in a slave
laser (SL) subject to chaotic optical injection from a master laser (ML) with optical feedback. Although the ML
operates in the long-cavity regime, we observe occasional pulses that are high enough to be considered EEs,
and the appearance probability of EEs can be significantly enhanced in the SL for certain injection parameters
outside the injection-locking regions of the master-slave configuration. Additionally, the evolution of EEs can be
readily identified from the two-dimensional maps. The numerical results show good qualitative agreement with
the experiment. These results reveal the importance of injection parameters for the appearance of EEs in chaotic
lasers and can be easily extended to other coupled systems.
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I. INTRODUCTION

In nature, many physical systems display the behavior
of extreme events (EEs) that can significantly impact their
surroundings. A typical example of such behavior is the unex-
pected appearance of destructive oceanic rogue waves (RWs)
in a calm sea [1,2]. The intrinsic scarcity and the evident tech-
nical difficulties in the implementation of experiments have
been the major challenges to understanding the generation
of RWs. In 2007, a useful test platform was proposed that
leveraged an analogy between ocean RWs and light fields
with ultrahigh intensity but extremely low probability in the
process of supercontinuum generation in optical fibers, which
were termed optical RWs [3]. This pioneering result has
widely flourished in studies of EEs and essentially opened up
a novel field of “optical RWs physics” [4–9].

Recently, optical RWs have been investigated in determin-
istic optical systems due to their significant effects in the
real world [10–20]. For example, in the telecommunication
data field, the appearance of extreme pulses will restrict the
speed of optical communication links. On the contrary, high-
amplitude pulses that appear on demand can be used as ideal
light sources for special applications, such as imaging and
sensing. Therefore, much effort has been devoted to under-
standing the formation mechanism of EEs and, if possible,
controlling them, achieving desirable environments and sys-
tems. For example, Masoller et al. revealed the formation of
extreme pulses originated from an external crisislike process
in the continuous-wave optical injection semiconductor laser
(cw-OISL) system and demonstrated that optical RWs can
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be predicted with a long anticipation time [21,22]. Perrone
et al. predicted that the extreme pulse can be suppressed by
using direct current modulation in the same cw-OISL system
[23]. Moreover, these results have shown that noise can signif-
icantly affect the generation probability of EEs. Interestingly,
Jin et al. numerically demonstrated that the high-amplitude
extreme pulse can be motivated with more than 50% proba-
bility on demand by a step-up perturbation of the laser current
[24]. These studies of EEs are beneficial to improving the
performance of lasers for different applications. It should be
noted that EEs are found in only the slave laser (SL) in the
cw-OISL system since the master laser (ML) outputs cw light.
On the other hand, the external perturbation can drive the
ML to operate in chaotic regimes. EEs were found in a semi-
conductor laser with a short external cavity, accompanied by
deterministic intermittency [17], and a slightly long external
cavity due to low-frequency fluctuations [12], as well as in
a semiconductor laser with phase-conjugate optical feedback
[11]. The long-cavity regime means that the external-cavity
round-trip time is much longer than the laser relaxation oscil-
lation period. It is well known that the external cavity length
plays an important role in determining the route to chaos
and significantly complicates the dynamic behavior of the
laser. In the literature, in spite of the fact that the nonlinear
dynamics of semiconductor lasers with optical feedback in
the long-cavity regime and their applications have received
considerable attention [25–27], the fact that they can generate
giant pulses that are high enough to be considered as EEs
has not yet been reported systematically. In addition, it is of
interest to know whether the occurrence probability of EEs
generated by an ML can be enhanced or decreased in the SL
by tailoring chaotic optical injection.

In this paper, we study the evolution of EEs in a semi-
conductor laser subject to chaotic optical injection. Here, we
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FIG. 1. Experimental setup. ML: master laser; SL: slave laser;
FC: fiber coupler; PC: polarization controller; OFM: optical-fiber
mirror; VA: variable attenuator; CIR: optical circulator; PD: photode-
tector; OSC: oscilloscope.

select an ML with optical feedback in the long-cavity regime
as the chaotic source and study the generation of EEs. In the
previous reports, the origin, predictability, and suppression of
optical EEs were discussed in cw-OISLs [21,22], whereas we
focus on the evolution of EEs in an SL under an external
force, i.e., the chaotic optical injection from the ML. Such
a system can achieve a broad and accessible chaotic regime
to investigate the evolution of EEs and provide more insights
into the control of EEs. We investigate the evolution of EEs in
the injection-parameter space and observe that the generation
probability of EEs can be significantly enhanced in selected
injection-parameter regions. In addition, we also find that the
injection-locking effect plays an important role in the evolu-
tion of EEs. Our experimental observations are also supported
by numerical investigations. Such a phenomenon is of interest
for experimental and theoretical investigations of EEs in other
natural systems in which a similar response to external forcing
can be found.

This paper is organized as follows. In Sec. II, we show our
experimental setup for observing the evolution of EEs in the
master-slave-configuration semiconductor-laser system. The
associated theoretical frameworks are described in Sec. III
to gain further insight into the experimental observations.
In Sec. IV, we carefully illustrate the experimental and the-
oretical results for the EEs. Finally, our conclusions are
summarized in Sec. V.

II. EXPERIMENT SETUP

Figure 1 displays the experimental setup of EEs in a semi-
conductor laser subject to chaotic optical injection. In this
implementation, two commercial distributed feedback (DFB)
semiconductor lasers (Wuhan 69 Inc.) are deployed. Two
lasers with a threshold current of approximately 12 mA are
driven and controlled by a current source and a thermoelectric
controller. One laser is selected as the ML with a bias current
of 25 mA and a fixed temperature of 25 °C, which leads to
a lasing wavelength of 1551.173 nm. The other laser acts
as the SL with a bias current of 18 mA, while its tempera-
ture is adjusted in real time to form the frequency detuning
� f = fML − fSL between the ML and the SL, where fML and
fSL denote the center frequencies of the free-running ML and
SL, respectively. The ML is connected to an optical feed-
back loop consisting of the fiber coupler (FC), polarization
controller (PC), variable attenuator (VA), and optical-fiber
mirror for chaos generation, where the resulting feedback
delay time is approximately 112 ns and is apparently much

larger than the laser relaxation oscillation period. Then, the
chaotic signal is injected into the SL through the same FC,
PC, and VA and optical circulator. The feedback power Pf

and injection power Pi can be separately changed by VAs.
Under the selected parameters, the SL generates the chaotic
signal, which is transmitted into a photodetector (HP 11982A,
bandwidth of 15 GHz) for photoelectric transformation. Fi-
nally, the data can be acquired from the oscilloscope (LeCroy
WaveMaster820Zi-B, sampling rate of 80 GS/s, bandwidth of
20 GHz).

III. THEORETICAL MODEL

In this work, we also simulate the theoretical model to
further understand our experimental results. Based on the
Lang-Kobayashi model, the rate equations of the ML config-
uration can be written as [28]

dEM (t )

dt
= 1 + iα

2

[
GM − 1

τp

]
EM (t )

+ k f EM (t − τ f ) exp(−i2π fMτ f ), (1)

dNM (t )

dt
= JM

q
− NM

τe
− GM (t )|EM |2 (2)

GM (t ) = g[NM (t ) − N0]

1 + ε|EM (t )|2 , (3)

and the rate equations of the SL can be written as

dES (t )

dt
= 1 + iα

2

[
GS − 1

τp

]
ES (t )

+ kinjEM (t − τc) exp [−i(2π fMτc − 2π� f t )],
(4)

dNS (t )

dt
= JS

q
− NM,S

τe
− GS (t )|ES|2 (5)

GS (t ) = g[NS (t ) − N0]

1 + ε|ES (t )|2 , (6)

where the subscripts M and S denote the ML and SL, respec-
tively. E(t) and N(t) are the slowly varying complex electric
field and carrier number. The parameters of the model are de-
fined as follows: G is the optical gain, g is the gain coefficient,
ε is the saturation coefficient, α is the linewidth enhancement
factor, N0 is the carrier density at transparency, τp is the photon
lifetime, τe is the carrier lifetime, and J is the bias current (Jth

is the threshold current). The feedback parameters contain the
feedback strength k f , feedback delay time τ f , and the center
frequency of the ML f M . The injection parameters include
the injection strength kinj, injection delay time τc, and the fre-
quency detuning �f, which are consistent with the definition
in the experiment. Here, we use a fourth-order Runge-Kutta
algorithm to solve Eqs. (1)–(6) with a time step of 1 ps.
The parameter values of lasers are set as g = 1.5 × 104,
α = 5, N0 = 1.5 × 108, ε = 1.5 × 10−7, τp = 2 ps, τe = 2 ns,
τc = 2 ns, k f = 16 ns−1, τ f = 3 ns, JM = 2.08Jth, JS = 1.5Jth,
Jth = 14.7 mA, and fM = 193.55 THz [28]. Moreover, the
quantity of electric charge q = 1.602 × 10−19 C. The relax-
ation oscillation frequency of the free-running laser is defined
as fRO = 1/(2π )[(J/Jth − 1)/(τNτp)(1 + gN0τp)]1/2 [29]. For
a bias current J = 2.08Jth, the ML has a relaxation oscilla-
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FIG. 2. Largest Lyapunov exponent max(λi) as a function of
feedback power Pf . Red stars are selected to calculate the occurrence
probability of EEs in Fig. 3.

tion frequency of 5.98 GHz, and the corresponding relaxation
oscillation period is 0.167 ns, which is much smaller than the
delay time and thus confirms the long-cavity operation. Our
simulations are performed with a time duration of 11 μs, but
only the time series in the last 10 μs are used to calculate
the probability of EEs. Likewise, the experimental data are
recorded for 10 μs with a sampling rate of 80 GS/s to com-
pute the results.

To confirm the EEs, we use a common criterion abnor-
mality index IA, which was widely used in previous studies
of optical RWs [30,31]. Each event En has an IA,n, which is
defined as

IA,n = H fn/H1/3.

In this expression, H f n stands for the peak height of all events
of time series, and H1/3 denotes the average value of the third
of the highest values of H f n. When IA,n � 2 the event is iden-
tified as an EE. Moreover, the probability density functions of
the peak intensity are plotted to observe the evolution of EEs
[21,32].

IV. RESULTS AND DISCUSSION

In this work, we want to reveal the effects of the injection
parameters, i.e., frequency detuning and injection strength, on
the evaluation of EEs. First of all, we experimentally inves-
tigate the occurrence of EEs in the ML in the long-cavity
regime, which is used as a chaotic injection signal source. To
confirm the dynamic state of the ML, we calculate the largest
Lyapunov exponent (LLF) [33] using the experimental data,
and the results are shown in Fig. 2. It can be seen that the LLFs
are strictly positive when the feedback power Pf is larger than
0.12 mW. This demonstrates that the ML indeed works in the
chaotic regimes for the feedback powers chosen. We further
show the representative examples of EEs generated from the
ML with three selected optical feedback powers Pf , where
Pi = 0. In Fig. 3(a1), weak feedback is applied in the ML with
Pf = 0.12 mW. From the zoom of the intensity time trace, we
see that the output of the ML presents an irregular oscillation.
The occurrence probability of EEs is counted as 0% within
the intensity time series of 10 μs. Further, the probability of
the peak intensity is plotted in Fig. 3(b1). From this plot, we
can see that the probability of events with the peak beyond
the threshold of EEs is zero. In Fig. 3(a2), Pf is enhanced to
0.52 mW, the EEs can be found in the zoom of the intensity
time trace, and the occurrence probability of EEs is increased

FIG. 3. Chaotic time series and statistical distributions of ML
with optical feedback observed in the experiment, where (a1) and
(b1) Pf = 0.12 mW, (a2) and (b2) Pf = 0.52 mW, and (a3) and (b3)
Pf = 1 mW. Red dashed lines and vertical solid lines represent an
abnormality index of 2.

to 0.170% in the window of 10 μs. The corresponding statisti-
cal distribution is asymmetric (above the IA threshold) on the
right side, as shown in Fig. 3(b2). In Fig. 3(a3), we further
improve Pf to 1 mW, and the occurrence of EEs is more
frequent. Quantitatively, the occurrence probability of EEs
is enlarged to 0.257%. Intuitively, the probability of events
with the peak beyond the threshold of EEs also increases
[see Fig. 3(b3)]. These results indicate that the occurrence
probability of EEs can be enhanced by increasing the feedback
power. A similar evolution has been found in DFB lasers with
phase-conjugate feedback and vertical-cavity surface-emitting
lasers (VCSELs) with conventional optical feedback [13,34].

With the above observations, we confirm that EEs can oc-
cur in the ML with optical feedback in the long-cavity regime,
but such a phenomenon is less observed than the short-cavity
case [17]. Now, we turn to discussing the appearance of EEs in
the SL subject to chaotic optical injection. Here, we choose a
moderate value of Pf = 0.52 mW and show typical examples
of EEs for normalized injection strength γ = 0.1 (where γ is
defined as the proportional amplitude of the light injected to
the SL) and three different settings of the frequency detuning
�f. For the three detuning cases (� f = 30, 0, and −20 GHz),
the associated LLFs are calculated as 1.23, 1.65, and 2.56,
respectively. Figure 3(a1) depicts the zoom of the time series
when the frequency detuning �f is 30 GHz. By comparing
Figs. 3(a2) and 4(a1), we can see that a faster dynamic pulsa-
tion is found in the output of the SL and results in more events
over the threshold. The occurrence probability of EEs is cal-
culated to be 1.637% in the window of 10 μs. The probability
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FIG. 4. Chaotic time series and statistical distributions of SL
with chaotic optical injection observed in the experiment, where
Pf = 0.52 mW, γ = 0.1, and (a1) and (b1) �f = 30 GHz, (a2) and
(b2) �f = 0 GHz, and (a3) and (b3) � f = −20 GHz. Red dashed
lines and vertical solid lines represent an abnormality index of 2.

of events with the peak beyond the threshold of EEs increases
significantly compared with the case of the ML, as shown in
Fig. 4(b1). When the frequency detuning is reduced to �f =
0 GHz, the output intensity of the SL [see Fig. 4(a2)] shows
a similar irregular oscillation compared with Fig. 3(a2). The
occurrence probability of EEs is calculated as 0.301%, and a
small probability of events with the peak beyond the threshold
of EEs is observed in Fig. 4(b2). Compared with the case
of the ML, the number of EEs increases slightly. When the
frequency detuning is adjusted to � f = −20 GHz, the feature
of the long tail is obviously displayed in Fig. 4(b3), where the
corresponding occurrence probability of EEs is 2.987%. From
these results, we find that the variation of injection parameters
can significantly affect the generation of EEs.

Next, we want to study how the behavior of EEs evolves
for the SL when the normalized injection strength is used
as the control parameter. Consequently, we show the results
for the occurrence probability of EEs as a function of the
normalized injection strength γ for � f ∈ [−20, 30] GHz
and Pf ∈ [0.12, 1] mW in Fig. 5. From Fig. 5, several inter-
esting characters can be identified. First, for three cases of
�f, the generation probability of EEs is increased first and
then decreased with the increase of γ and finally trends to
stationary values. These stationary trends are attributed to
the fact that the injection-locking mechanism is triggered,
which is widely witnessed in the master-slave configuration
[35,36]. Moreover, we can find that the stationary value is
below the gray line under the cases of �f = 0 GHz and
� f = −20 GHz, which means that the occurrence probability

FIG. 5. The occurrence probability of EEs versus the normal-
ized injection strength γ observed in the experiment, where (a)
Pf = 0.12 mW, (b) Pf = 0.52 mW, and (c) Pf = 1 mW. Gray lines
represent the probability of EEs generated from the ML.

of EEs is decreased. Second, before the injection locking
is triggered, windows for the enhanced EEs (over the gray
line) can be observed for three cases of �f. Also, for the
selected value of γ , the generation probability of EEs in the
case of � f = −20 GHz is dramatically larger than that in
the other cases. Third, for the cases of �f = 0 and � f =
−20 GHz, the windows for the enhanced EEs are expanded as
the feedback power is improved. However, for the case of �f
= 30 GHz, the window for the enhanced EEs expands first and
then shrinks in size with the increase of the feedback power.
This phenomenon will be discussed below.

To gain a global view of the EEs and the effects of injection
parameters, we plot two-dimensional maps in the plane of
�f and γ with the variation of feedback power, as shown in
Fig. 6. Here, the colors correspond to the occurrence proba-
bility of EEs generated from the SL. From Fig. 6(a), where
Pf = 0.12 mW, it can be seen that two bright regions can be
found in cases of both positive and negative detuning, which
implies that the generation probability of EEs is significantly
increased. In addition, asymmetry behavior with respect to
zero detuning which originates from the nonzero linewidth

043521-4



EVOLUTION OF EXTREME EVENTS IN A … PHYSICAL REVIEW A 105, 043521 (2022)

FIG. 6. Experimentally calculated color maps for the occurrence
probability of EEs generated from the SL in the injection-parameter
space. (a) Pf = 0.12 mW, (b) Pf = 0.52 mW, and (c) Pf = 1 mW.
The right color bars represent the probability of EEs.

enhancement factor [36] is uncovered in Fig. 6(a). Compared
with the case of positive detuning, a larger number of EEs
can be easily achieved under the case of negative detuning.
Moreover, we calculate the cross-correlation coefficient [15]
between the ML and SL (not shown here). We discover that
the regions for the enhanced EEs always appear in the areas
without injection locking, where the SL dynamics can be
tailored because of the interaction between the injection light
from the ML and the field of the SL. Especially for certain
negative detuning, the laser dynamics becomes more pulsing,
showing a distinct departure from the ML output. That is,
more fast oscillations close to the mean power can be found
[e.g., see Fig. 4(a3)], which lowers the threshold of EEs, thus
increasing the number of EEs detected. When the laser enters
into the areas of injection locking, the occurrence probability
of EEs trends to a stationary value. Again, the phenomena
mentioned above are verified with the higher feedback power,
as shown in Figs. 5(b) and 5(c). In the case with larger
feedback powers, a blue region can be observed where the

FIG. 7. Numerically calculated color maps for the occurrence
probability of EEs generated from the SL in the injection-parameter
space. (a) k f = 30 ns−1, (b) k f = 40 ns−1, and (c) k f = 50 ns−1. The
right color bars represent the probability of EEs.

occurrence probability of EEs is lower than that generated
from the ML, meaning that the generation probability of EEs
decreased. Furthermore, with the increase of the feedback
power, the region for the enhanced EEs located in the negative
detuning is expanded in size; instead, the region for the en-
hanced EEs located in the positive detuning is transformed to
a larger value of frequency detuning. This is attributed to the
fact that the enhancement of the feedback power aggravates
the asymmetry behavior in the master-slave configuration.

The experimental observations can also be understood in
terms of the theoretical model given by Eqs. (1)–(6). To
account for the limited bandwidth of the acquisition in the
experiment setup, we perform a low-pass filter whose cutoff
frequency is set at 15 GHz on the intensity time series of the
laser output. Likewise, we focus on the effects of injection
parameters on the generation of EEs, and the simulation re-
sults are shown in Fig. 7. From Fig. 7, two regions of the
enhanced EEs can be found in the injection-parameter space.
Moreover, we can also see that the appearance probability
of EEs in the condition of negative detuning is much larger
than that in the condition of positive detuning [see Fig. 7(b)].
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This is mainly attributed to the enhancement of the interaction
between the field of chaotic optical injection and the field
of SL and the generation of new dynamic characteristics.
These regions were also investigated for the improvement of
chaotic complexity and bandwidth [37,38]. In addition, some
dark-blue regions located in the range of injection parame-
ters can be observed, in which the number of EEs is lower
than that in the ML. This is mainly attributed to the fact the
injection-locking mechanism is triggered with the increase
of the injection strength. Our results show that experiments
and simulations are almost perfectly consistent. Combining
experiment and numerical results, we can conclude the fol-
lowing: (i) In the selected injection-parameter regions, where
the injection-locking effect is not triggered, the occurrence
probability of EEs can obviously be improved by adjusting the
injection power and/or frequency detuning; on the contrary,
triggering the injection-locking effect may maintain or even
slightly reduce the appearance of EEs. (ii) In the regions of
negative detuning, a larger number of EEs is gained compared
with the case of positive detuning.

V. CONCLUSION

In conclusion, we have experimentally and numerically
studied the evaluation of EEs in a semiconductor laser with
chaotic optical injection, where a semiconductor laser with

optical feedback in the long-cavity regime is deployed as a
chaotic injection signal. Note that the deterministic optical
RWs are observed in such a chaotic source operating in the
long-cavity regime and such a chaotic source can easily be
replaced by using another deterministic system. We carefully
characterized the effects of injection parameters on the evolu-
tion of EEs. The results show that the appearance probability
of EEs can be significantly enhanced in the regions of se-
lected injection parameters. In contrast, we can expect that
the EEs can be maintained or even slightly decreased when
the injection-locking mechanism is triggered. Additionally,
the occurrence probability of EEs in the negative detuning
is much higher than that in the positive detuning. Our find-
ings can be extended to other systems for researching RWs,
in which a similar response to external forcing has been
discovered.
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