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In this paper, we theoretically study the Faraday (FR) rotation effect excited by a transverse-magnetic (TM)-
polarized wave passing through a bulk Weyl semimetal (WSM). Results show that the FR angle maintains a large
value (∼ –21◦) with high transmission (|tpp| ∼ 87%), which is caused by the close transmission coefficient of
|tps| |tps| and |tpp|. What is more important, the FR angle can be further enhanced at the epsilon-near-zero (ENZ)
frequency, where a maximum FR rotation angle (absolute value) of 45° has been obtained due to the sharp
decreases of |tpp|. Remarkably, the ENZ frequency of the WSM can be regulated by varying the Fermi energy
and tilt degree, resulting in the tunable and enhanced FR angle at the different ENZ frequencies. Particularly, it
is demonstrated that the incident angle should be declined with the increase of WSM thickness for enhancing the
FR angle at the ENZ frequency. We also examine the effect of Weyl node separation on the FR angle. Our studies
provide a simple and effective method to enhance and control the FR effect with a WSM or other topological
semimetals.
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I. INTRODUCTION

Magneto-optical (MO) phenomena, such as Faraday (FR)
and Kerr rotations, can be excited when light interacts with
magnetic materials, and exhibit practical application prospects
in optical communication systems [1]. FR rotation acts as
one of the well-known MO effects, in which the polariza-
tion of light denotes gyration when the light passes through
the magnetic material under applied magnetic field [2]. The
FR effect plays a key role in several devices, such as op-
tical switches [3], isolators [4], and sensors [5]. However,
the footprint of such devices cannot be promptly decreased
to the scale adapted to the current optical components and
integrated optical circuitry because of the weak features of
the FR effect in the optical domain. Therefore, it plays a key
role in enhancing the FR effect for satisfying the needs of
practical application. Recently, various methods have been
proposed to enlarge the FR angle, such as enhanced optical
fields [6–10], electromagnetically induced transparency [11],
etc. Nevertheless, to the best of our knowledge, such methods
usually require a high applied magnetic field, which may
restrict its practical application.

A Weyl semimetal (WSM), as a spectacular topological
quantum state with nonmass Weyl fermions as quasiparticles,
appears only when the symmetry of time inversion or spatial
inversion is broken [12–14]. Similar to the famous semimetal
graphene, WSM exhibits a Dirac-like linear dispersion, and
thus is known as “three-dimensional graphene.” Thanks to its
Dirac-like linear dispersion, WSM denotes many prominent
optical characteristics, such as unique optical nonlinearity
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[15,16], and adjustable terahertz plasmon resonance [17]. Dif-
ferently, compared with the two-dimensional Hamiltonian of
graphene, WSM reveals the three-dimensional Hamiltonian,
which brings many peculiar physical properties, such as chi-
ral anomalies [18], unconventional quantum Hall effect [19],
etc. Notably, the Weyl nodes in a WSM serve as a source
or sink of the Berry curvature, acting as a magnetic field
in the momentum space [20–23], resulting in the optical re-
sponses in WSMs needing to be characterized by means of the
modified Maxwell’s equations, called axion electrodynamics
[24,25]. Simultaneously, the off-diagonal components of the
permittivity tensor exist due to the equivalent magnetic field
in momentum space, resulting in the Faraday and Kerr effects
[26,27]. Recently, a variety of optical effects based on WSM
have been widely studied, such as the tunable Goos-Hänchen
shift [28], giant Kerr effect [29], anomalous Hall effects
[30–33], etc. Previously, it was also reported that the FR angle
is proportional to the separation between Weyl nodes for thin
WSM films [27]. Notably, the thickness of the film can be
reduced to maintain a large FR angle by appropriately increas-
ing Weyl node separation. Meanwhile, high transmission can
be obtained by reducing the thickness of the film. Therefore,
the possible enhancement of the FR effect with high transmis-
sion in Weyl based systems without applied magnetic field
exhibits important research value.

Epsilon-near-zero (ENZ) materials, on the other hand,
as a novel class of materials, exhibiting zero or near-zero
permittivity at one or multiple wavelengths, have aroused
widespread concern in photonics [34–36]. ENZ materials dis-
play many extraordinary optical properties, including field
enhancement [37], strong coupling phenomena [38], large
nonlinear responses [39,40], etc. Notably, the ENZ response
has been found in WSMs and was used to realize tunable
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perfect absorption [41]. Therefore, WSMs with ENZ response
provide what we believe is a different research platform to
study the FR effect without applied magnetic field.

In this paper, we theoretically study the FR effect excited
by the transverse-magnetic (TM)-polarized wave passing
through a bulk WSM with thickness of 200 nm. A 4×4
magneto-optical matrix (MOM) is set up to obtain the cal-
culation of the FR angle by using Maxwell’s equations and
boundary conditions. Results show that the FR angle main-
tains a large value (∼ –21◦) with high transmission (|tpp| ∼
87%), and can be further enhanced. Analyses indicate that
the large FR angle is caused by the situation where the cross
transmission coefficient |tps| is close to the transmission coef-
ficient |tpp|. The further enhanced FR angle with its absolute
value of 45° is induced by the situation that at ENZ frequency,
the transmission coefficient |tpp| decreases sharply, resulting
in the existence of the condition that the associated ellipticity
is equal to 1. Remarkably, the ENZ frequency of the WSM
can be regulated by varying the Fermi energy and tilt degree,
resulting in the tunable enhanced FR effect at different ENZ
frequencies. Additionally, it is demonstrated that at ENZ fre-
quency, the incident angle should be reduced with the increase
of thickness of the WSM to enhance the FR angle. Finally,
we find that the enhancement of the FR angle rises with the
increase of the Weyl node separation of the WSM when the
frequency is far from the ENZ frequency. We firmly believe
our study may find practical applications in magneto-optical
devices.

II. THEORETICAL MODEL AND METHOD

Firstly, a permittivity tensor is introduced to recognize the
optical properties of bulk WSM. Because the mode dispersion
diagram of WSM exhibits dependence on the temperature,
impurities, and disorder, the temperature is considered as
zero, and the effects of impurities and disorder are ignored
for clarity. Generally, by breaking time-reversal symmetry,
a system composed of two Weyl cones emerges, known as
the WSM. Through stacking the topological insulator and
ferromagnet blocks into multiple thin films, the WSM appears
[12]. Around the two Weyl nodes, the low energy physics is
denoted by the Weyl Hamiltonian [12,41,42], a 2×2 matrix,
marked as “s = ±,”

Hs( �p) = νF [βs(pz − sQ) + s�σ ( �p − sQ�ez )], (1)

where νF exhibits the Fermi velocity, �σ displays the Pauli
matrix, and �ez is the unit vector along the z direction. The
separation between two Weyl points along the z direction in
momentum space is shown by 2|Q|, and the sign of Q depends
on the sign of the magnetization, which is treated as positive
in this paper [41]. The parameters β± denote the tilt of the
Weyl cones that dominates the change between the type-I
and type-II phases. For a type-I WSM, the parameters β±
satisfy |β±| < 1, while the parameters β± satisfy |β±| > 1 for
the type-II WSM. For centrosymmetric materials with broken
time-reversal symmetry, the condition β = β+ = −β− is met,
in which the value of β is considered as positive. Eventually,
a dielectric constant model can be introduced to describe the
optical properties of WSM, and the corresponding expression
is detailed in Appendix A.

FIG. 1. Schematic exhibiting the FR angle excited by the
TM-polarized wave passing through bulk WSM. (a) shows the TM-
polarized wave passing through bulk WSM which is exposed in air,
and the FR angle occurs. (b) exhibits a pair of tilted Weyl cones with
opposite chirality in type-I WSM with a tilt degree β < 1, in which
Q represents the Weyl node separation.

In order to study the FR rotation effect of light passing
through the WSM, we theoretically design a simple structure,
as shown in Fig. 1(a). A bulk WSM with thickness of d is
exposed to air. Our structure is divided into three regions,
air 0, WSM 1, and air 2. Considering a TM-polarized wave
illuminating the bulk WSM with incident angle θ from air 0,
transmission occurs at the contact surface of bulk WSM 1 and
air 2, resulting in the existence of the FR effect. Figure 1(b)
denotes the type-I (β < 1) WSMs, in which Q indicates the
Weyl node separation along the z axis.

In our designed structure, for a pair of nodes separated
along the z direction in the bulk Brillouin zone (BZ), the
x-y plane has no Fermi arc states. The incident light illu-
minates the surface of bulk WSM (x-y plane), there is no
surface conductivity at the z = 0 and d boundary since the
projection of the vector is zero in this case; thus the tangential
electric and magnetic fields stay continuous at the z = 0 and
z = d surface [27,43,44]. Therefore, the Fermi arc does not
affect the transmission coefficient significantly. Due to the
polarization separation of electromagnetic waves in the WSM
[26,27], the traditional transfer matrix method is unsuitable
for solving the transmission coefficients, and we introduce a
4×4 MOM to solve the problem. The solution procedure of
the 4×4 magneto-optical matrix is detailed in Appendix B.

Ultimately, for a TM-polarized wave passing though the
bulk WSM, the FR effect exists, and the relevant FR angle θF

can be written as [45–47]

tan (2θF ) = 2Re(χF )

1 − |χF |2 , (2)

where the associated ellipticity χF = −tps/tpp.

III. DISCUSSIONS AND RESULTS

The feasibility of varying the Fermi energy serves as one
of the salient characteristics of the WSM. Changing the Fermi
energy about the charge neutrality point through doping, al-
tering the temperature, or modifying the lattice constant of
the material through pressure variations is successful [48–50].
To study the effect of Fermi energy on the ENZ response, we
plot the real part of εzz as a function of frequency at different
Fermi energies, as shown in Fig. 2(a). The relevant parameters
are selected as Q = 1nm−1 and β = 0.8. It is found that there
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FIG. 2. The tunable ENZ response by varying the Fermi energy
and tilt degree. (a) indicates the real part of εzz as a function of
frequency at different Fermi energies. (b) exhibits the real part of
εzz as a function of frequency at different tilt degrees.

always exist the ENZ response at different Fermi energies
0.3νF |Q|, 0.35νF |Q|, 0.4νF |Q|, and 0.45νF |Q|. With the in-
crease of Fermi energy, the relative ENZ frequency increases.
Specifically, the ENZ effect appears at 38.2 THz for Fermi en-
ergy of 0.3νF |Q|, at 45.2 THz for Fermi energy of 0.35νF |Q|,
at 52.3 THz for Fermi energy of 0.4νF |Q|, and at 59.5 THz
for Fermi energy of 0.45νF |Q|. Additionally, the tilt degree
is another unique and extremely important parameter for de-
termining the optical properties of the WSM. It is also known
from the expression of εzz that the real part of εzz is directly af-
fected by the tilt degree. Figure 2(b) exhibits the real part of εzz

as a function of frequency at different tilt degrees. The relevant
parameters are selected as Q = 1nm−1 and μ = 0.35νF |Q|. It
is seen that the ENZ response always exists at different tilt
degrees 0.4°, 0.5°, 0.8°, and 0.9°. As the tilt degree increases
from 0.4° to 0.9°, the relative ENZ frequency rises from 35.95
to 52.28 THz. Therefore, the regulations of the ENZ response
can be realized by simplify varying the Fermi energy and tilt
degree, resulting in the feasible tunability of the FR effect.

Based on the calculated expression of the FR angle, it is
obvious that it reaches its maximum absolute value of 45°
when the value of |χF | is equal to 1. Unfortunately, for general
magnetic materials, the FR angle is usually small and can
be expressed as θF ≈ Re(χF ) for |χF | � 1. To demonstrate
the possibility of enhancement of the FR effect, Fig. 3(a)
exhibits the FR angle as a function of frequency. The incident
angle is optimized to 20°, and the thickness of the WSM is
set as 200 nm. It is shown that the FR angle maintains a
large value (∼ –21◦) when the frequency is far away from
the ENZ frequency. Spectacularly, while the FR angle exhibits
a large value, the transmission coefficient |tpp| also remains
high (∼87%), which denotes a significant difference from the
general FR effect enhancement and is very useful in practical
magneto-optical devices. Notably, when the frequency is near

FIG. 3. The phenomenon of enhanced FR angle. (a) shows the
FR angle as a function of frequency. (b) indicates the amplitude of
|tpp| and |tps| as a function of frequency, where the Fermi energy is set
as 0.35νF |Q|, and the tilt degree is chosen as 0.8°. Other parameters
are identical to those of Fig. 2.

the ENZ frequency, the FR effect can be further enhanced,
and the FR angle obtains its maximum absolute value of 45°
at three different frequencies. For explicating the causes of
the above phenomena in detail, Fig. 3(b) shows the amplitude
of |tpp| and |tps| as a function of frequency. It is found that
when the frequency is far away from the ENZ frequency, the
amplitude of |tps| is less than but close to |tpp|, so a large
FR effect exists, which is completely different from ordinary
magnetic materials. Furthermore, due to the ENZ response of
the WSM, the amplitude of |tpp| declines sharply and reaches
its minimum value, nearly equal to 0 at ENZ frequency.
Therefore, there exists the condition that the value of |χF |
is equal to 1, resulting in the further enhancement of the FR
effect. In Fig. 3(b), the situation that the value of |χF | is equal
to 1 appears at three different frequencies, which is exactly
consistent with the result of Fig. 3(a).

Notably, based on the above discussion, the FR effect can
be further enhanced due to the ENZ response of the WSM.
Meanwhile, the ENZ frequency can be regulated by changing
the Fermi energy and tilt degree. Therefore, we can achieve
the tunable enhanced FR effect at different frequencies by
simply altering the Fermi energy and tilt degree. Figure 4
denotes the tunable enhanced FR angle at different frequen-
cies by varying the Fermi energy and tilt degree. Figure 4(a)
exhibits the FR angle as a function of frequency at different
Fermi energies. It is seen that at different Fermi energies,
the FR angle can be further enhanced at their corresponding
ENZ frequencies. However, at frequencies far away from the
ENZ frequency, the FR angle displays small differences at
different Fermi energies. This is mainly caused by the fact
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FIG. 4. The tunable enhanced FR angle by varying the Fermi
energy and tilt degree. (a) shows the FR angle as a function of
frequency at different Fermi energies. (b) exhibits the FR angle as
a function of frequency at different tilt degrees. Other parameters are
identical to those of Fig. 3.

that other dielectric constant components of the WSM also
exhibit dependence on the Fermi energy, resulting in the small
variation of transmission coefficients at different Fermi en-
ergies. Similarly, we can realize the enhancement of the FR
angle at different frequencies by changing the tilt degree, as
shown in Fig. 4(b). In other words, the tunability of the ENZ
response by changing the Fermi energy and tilt degree enables
the feasibility of the adjustable FR effect.

Notably, the transmission coefficients also display depen-
dence on the incident angle and thickness of the WSM.
Therefore, the variations of the incident angle and the thick-
ness of the WSM will lead to the change of the FR angle. To
further investigate the effect of incident angle and thickness
of the WSM on the FR angle, Figure 5 exhibits the pseu-
docolor images of FR angle as functions of incident angle

FIG. 5. Pseudocolor images of FR angle as functions of incident
angle and thickness of WSM.

FIG. 6. The FR angle as a function of frequency at different Weyl
node separations 0.4, 0.6, 0.8, and 1.0 nm–1.

and thickness of WSM. The frequency of incident light is
set at 45.2 THz, which corresponds to the ENZ frequency
at tilt degree of 0.8°. Other relevant parameters are identical
to those of Fig. 3. It is evident that the huge enhancement
of the FR angle with its absolute value of 45° only appears
in the angle range from 4° to 25°, and the FR angle stays
basically constant at other incident angles. However, the huge
enhancement of the FR angle with its absolute value of 45°
can be maintained throughout our thickness range. Obviously,
with the increase of thickness of the WSM, the incident angle
should be reduced to enable the enhancement of the FR angle.
Therefore, we should select a proper incident angle to enable
the enhancement of the FR effect.

Finally, the Weyl nodes in the WSM act as a source or
sink of the Berry curvature, acting as a magnetic field in the
momentum space. The amplitude of the equivalent magnetic
field can be described by the Weyl node separation. Generally,
the off-diagonal components of the permittivity tensor emerge
due to the existence of Weyl node separation, resulting in the
Faraday and Kerr effects. To examine the effect of Weyl node
separation on the FR angle, Figure 6 plots the FR angle as a
function of frequency at different Weyl node separations 0.4,
0.6, 0.8, and 1.0 nm–1, respectively. The energy cutoff, Fermi
energy, and other relevant parameters are maintained identi-
cally to those in Fig. 3. Obviously, the huge enhancement of
the FR angle with its absolute value of 45° can always be
realized at these four different Weyl node separations based on
the ENZ response. However, the FR angle displays differently
at different Weyl node separations when the frequency is far
away from the ENZ frequency. With the increase of Weyl node
separation, the FR angle behaves as a larger enhancement.
The main reason is that the cross transmission coefficient |tps|
increases with the increase of Weyl node separation, resulting
in the amplitude of |χF | rising.

IV. CONCLUSIONS

In conclusion, we theoretically study the FR effect excited
by the TM-polarized wave passing through a bulk WSM with
a thickness of 200 nm. Due to the polarization separation of
electromagnetic waves in WSM, the traditional transfer matrix
method is unsuitable for solving the transmission coefficients,
and we introduce a 4×4 MOM to solve the problem. It is
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found that the FR angle maintains a large value (∼ –21◦)
with high transmission (|tpp| ∼ 87%). Analyses indicate that
the large FR angle is caused by the condition that the cross
transmission coefficient |tps| is less than but close to the trans-
mission coefficient |tpp|. The further enhanced FR angle with
its absolute value of 45° can be obtained at the ENZ frequency.
Remarkably, the ENZ frequency of the WSM can be regulated
by simply varying the Fermi energy and tilt degree, resulting
in the tunable enhanced FR angle at different frequencies. Fi-
nally, we find that the enhancement of the FR angle rises with
the increase of the Weyl node separation of the WSM when the
frequency is far from the ENZ frequency. Our studies provide
a simple and effective method to enhance the FR effect.
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APPENDIX A: PERMITTIVITY OF TYPE-I WSMs

Generally, for a pair of nodes separated along the z direc-
tion in the bulk BZ, the permittivity tensor ε of bulk WSM can
be described as follows [41]:

ε =
⎡
⎣εxx εxy 0

εyx εyy 0
0 0 εzz

⎤
⎦, (A1)

where εxx and εyy denote the components of ε parallel to the
interfaces, and εxx = εyy = ε||. The component εzz exhibits
perpendicular to the interface. The off-diagonal components
are described as εxy = −εyx = iγ , which can bring the po-
larization rotations, resulting in the existence of Faraday and
Kerr effects [26,27]. All of the dielectric constant components
mentioned above exhibit dependence on the frequency of in-
cident light, in which the components εxx,yy can be written
analytically as [41]

εxx,yy(ω) = 1+ α

3π

[
ln

∣∣∣∣ 4�2

4μ2 − ω2

∣∣∣∣ − 4μ2

ω2
+ iπ(ω − 2μ)

]
,

(A2)

where μ serves as the Fermi energy, α = e2/(4πε0 h̄νF ) is the
fine structure constant, the Fermi velocity νF = 106 m/s, �

denotes the energy cutoff which usually depends on the tilt
parameter, and (X ) displays the usual step function. In the
later discussions, the energy cutoff is chosen as high as � =
8νF |Q| � (ω,μ), so the effect of β on � can be ignored.

It is known from Eq. (A2) that ε|| shows independence of
the tilt parameter. For the case when the Weyl cones displays
not tilted, β = 0, the diagonal components are equal, εzz = ε||.
Meanwhile, the off-diagonal component can be simplified to
ε1 = −2vF αQ(πω)−1. Additionally, the value of the imagi-
nary part of ε|| exhibits positive when the frequency of the
light wave satisfies ω > 2μ, while ε|| denotes a real number
in other cases.

Similarly, the dielectric constant component εzz is also a
function of frequency, but also shows dependence on the tilt
parameter. The expression of εzz displays very complex, and
the numerical simulation method should be used to obtain its
solutions. Fortunately, for type-I WSM, εzz can be approxi-
mately described as [41]

ε′
zz = 1 + αμ2

πω2

∑
s=±

1

β3
s

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

8
3βs − 4arctanhβs + ln

∣∣ 4μ2−ω2(1+βs )2

4μ2−ω2(1−βs )2

∣∣
+ ω2

12μ2

∑
t=±1

⎡
⎣t (1 + 2tβs)(1 − tβs)2 ln

∣∣ 4�2(1−tβs )2

4μ2−ω2(1−tβs )2

∣∣
− 2μ

ω

( 4μ2

ω2 + 3 − 3β2
s

)
ln

∣∣ 2μ−tω(1+tβs )
2μ+tω(1+tβs )

∣∣
⎤
⎦

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

, (A3)

ε′′
zz = α

6

∑
s=±



(
ω − 2μ

1 + |βs|
)(

1 − 1

2

{
1 + 3

2|βs|
(

2μ

ω
− 1

)[
1 − 1

3β2
s

(
2μ

ω
− 1

)2]}


(
2μ

1 − |βs| − ω

))
, (A4)

where ε′
zz and ε′′

zz denote its real and imaginary components:
εzz = ε′

zz + iε′′
zz. It is evident that the imaginary part vanishes

when ω < 2μ/(1 + |βs|), and rises with the increase of the
frequency of light when 2μ/(1 + |βs|) < ω < 2μ/(1 − |βs|).

Lastly, the expression of off-diagonal term γ also displays
complexity, but we want to obtain its analytical solution be-
cause of its important role in the excitation of the FR effect.
Notably, when the tilt parameter meets β < 1, the expression
of γ can be simply described as [41]

γ = α

πω

[
2vF Q −

∑
s=±

sμ

2βs

(
1

βs
ln

∣∣∣∣1 + βs

1 − βs

∣∣∣∣ − 2

)]
. (A5)

Obviously, γ exhibits a linear relationship with the fre-
quency f of incident light and diminishes with the increase
of frequency f for the fixed Q, μ, and β.

APPENDIX B: 4×4 MAGNETO-OPTICAL MOM

Firstly, the dispersion equation of wave vector in the WSM
is studied by using Maxwell’s equations. In regions 0, 1, and
2, the Maxwell’s equations can be written as

∇ × �Ei = iωμ0 �Hi, (B1)

∇ × �Hi = −iω �Di, (B2)
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where i = 0,1,2. Within the WSM, i = 1, by using the wave
vector �k1 to replace the spatial derivatives, Eqs. (B1) and
(B2) can be expressed as �k1× �E1 = ωμ0 �H1 and �k1× �H1 =
−ωε0ε �E1, in which ε denotes the tensor of the WSM. Si-
multaneously, we use �k1 to cross the first equation above, and
combine the second equation; thus the relationship between
�k1 and �E1 can be expressed as

�k1 × (�k1 × �E1) = −k2
0ε �E1. (B3)

By using �k1 = k1x�x + k1z�z, Eq. (B3) can be written as the
matrix expression⎛

⎜⎝
k2

0εxx − k2
1z ik2

0γ k1zk0x

ik2
0γ k2

⊥ − k2
0εxx 0

k1zk0x 0 k2
0εzz − k2

0x

⎞
⎟⎠

⎛
⎝Ex1

Ey1

Ez1

⎞
⎠ = 0,

(B4)
where k⊥ =

√
k2

1z + k2
1x, k0 = ω/c, and k0x = k0 sin θ . Be-

cause of translational invariance, the transverse component of
the wave vector is equal in each layer, k1x = k2x = k0x. Due to
the polarization separation of light propagating in the WSM,
there exist three electric field components. The condition for
the existence of a nonzero solution to the electric field in
Eq. (B4) is that the modulus of the coefficient matrix is zero,
so we can get the solution of k1z, denoted by k+ and k− as

k2
± = k2

0

2εzz

[
2εxxεzz − (εxx + εzz )sin2θ

±
√

(εzz − εxx )2sin4θ − 4εzzγ 2sin2θ + 4ε2
zzγ

2
]
.

(B5)

In order to obtain the calculation of the FR angle, the rele-
vant transmission coefficients tpp and tps should be calculated
firstly, which are defined as tpp = E p

t /E p
i and tps = Es

t /E p
i ,

where E p
i denotes the amplitude of the electric field of inci-

dent light for TM-polarized wave, and E p
t and Es

t exhibit the

amplitude of the electric field of transmitted light for a TM-
and transverse-electric (TE)-polarized wave.

For a TM-polarized wave, the incident magnetic field
thus can be described as �Hi = Hy00�yei(k0xx+k0zz). By using
the Maxwell’s equation ∇× �H = −iω �D, the correspond-
ing incident electric field can be simply obtained as �Ei =
Z0(cos θ �x − sin θ�z)ei(k0xx+k0zz), in which Z0 denotes the wave
impedance in vacuum, and the amplitude of the electric field
is in units of Hy00. The incident light reflects at the contact
surface of air and bulk WSM, resulting in the magnetic field
in region 0 written in terms of incident and reflected waves,
shown as

Hx0 = r3e−ik0zzeik0xx, Hy0 = (eik0zz + r1e−ik0zz )eik0xx,

Hz0 = r2e−ik0zzeik0xx. (B6)

By using the Maxwell’s equation ∇ · �H0 = 0, we get the
relationship r3 = k0zr2/k0x. Meanwhile, by using ∇× �H =
−iω �D, the electric field in region 0 is written as

Ex0 = Z0
k0z

k0
(eik0zz − r1e−ik0zz )eik0xx, (B7)

Ey0 = Z0
k0

k0x
r2e−ik0zzeik0xx, (B8)

Ez0 = −Z0
k0x

k0
(eik0zz + r1e−ik0zz )eik0xx. (B9)

For region 1, the general solution of the electric field is
described as a linear combination of the four wave-vector
components k1z = {k+ −k+ k− −k−}:

E1y = (a1eik+z + a2e−ik+z + a3eik−z + a4e−ik−z )eik0xx, (B10)

by using Eqs. (B1) and (B2), the other components of the
electric and magnetic fields can be obtained as

E1x = i

γ k2
0

[(
k2
+ + k2

0x − ε//k2
0

)
(a1eik+z + a2e−ik+z ) + (

k2
− + k2

0x − ε//k2
0

)
(a3eik−z + a4e−ik−z )

]
eik0xx, (B11)

E1z = ik0x

γ k2
0

(
k2

0x − εzzk2
0

) [(k2
+ + k2

0x − ε//k2
0

)
k+(a1eik+z − a2e−ik+z ) + (

k2
− + k2

0x − ε//k2
0

)
k−(a3eik−z − a4e−ik−z )

]
eik0xx, (B12)

H1x = − 1

Z0k0
(k+a1eik+z − k+a2e−ik+z + k−a3eik−z − k−a4e−ik−z )eik0xx, (B13)

H1y = −iεzz

γ k0Z0
(
k2

0x − εzzk2
0

) [(k2
+ + k2

0x − ε//k2
0

)
k+(a1eik+z − a2e−ik+z ) + (

k2
− + k2

0x − ε//k2
0

)
k−(a3eik−z − a4e−ik−z )

]
eik0xx, (B14)

H1z = k0x

Z0k0
E1y, (B15)

where ε// = εxx = εyy. For region 2, the transmitted light ex-
ists, and the corresponding magnetic field can be described as

H2x = t3eik0z (z−d )eik0xx,

H2y = t1eik0z (z−d )eik0xx, H2z = t2eik0z (z−d )eik0xx. (B16)

By using the Maxwell’s equation ∇ · �H2 = 0, we get
the relationship t3 = −k0zt2/k0x. Meanwhile, by using

∇× �H = −iω �D, the components of the electric field in region
2 are written as

E2x = Z0k0z

k0
t1eik0z (z−d )eik0xx, (B17)

E2y = Z0k0

k0x
t2eik0z (z−d )eik0xx, (B18)

E2z = −Z0k0x

k0
t1eik0z (z−d )eik0xx. (B19)
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Therefore, the components of the electric and magnetic
fields in regions 0, 1, and 2 are all obtained. Notably, there
exist eight parameters, a1, a2, a3, a4, r1, r2, t1, and t2, that need
to be solved. Fortunately, upon matching the tangential elec-

tric and magnetic fields at z = 0 and z = d , we can calculate
these parameters successfully. For calculating the parameters
(a1 a2 a3 a4), a 4×4 matrix is established as

⎛
⎜⎝

m11 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44

⎞
⎟⎠

⎛
⎜⎝

a1

a2

a3

a4

⎞
⎟⎠ =

⎛
⎜⎜⎝

0
−2iγ k0k0zZ0

(
k2

0x − εzzk2
0

)
0
0

⎞
⎟⎟⎠, (B20)

where the parameters are as follows:

m11 = k0z + k+, m12 = k0z − k+, m13 = k0z + k−, m14 = k0z − k−
m31 = (

k+ − k0z
)
eik+d , m32 = (−k+ − k0z

)
e−ik+d , m33 = (

k− − k0z
)
eik−d , m34 = (−k− − k0z

)
e−ik−d ,

m21 = −εzzk0zk
3
+ + (

k2
0x − εzzk

2
0

)
k2
+ − εzzk0z

(
k2

0x − ε//k2
0

)
k+ + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)
,

m22 = εzzk0zk
3
+ + (

k2
0x − εzzk

2
0

)
k2
+ + εzzk0z

(
k2

0x − ε//k2
0

)
k+ + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)
,

m23 = −εzzk0zk
3
− + (

k2
0x − εzzk

2
0

)
k2
− − εzzk0z

(
k2

0x − ε//k2
0

)
k− + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)
,

m24 = εzzk0zk
3
− + (

k2
0x − εzzk

2
0

)
k2
−+εzzk0z

(
k2

0x − ε//k2
0

)
k− + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)
,

m41 = [
εzzk0zk

3
++(

k2
0x − εzzk

2
0

)
k2
+ + εzzk0z

(
k2

0x − ε//k2
0

)
k+ + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)]
eik+d ,

m42 = [−εzzk0zk
3
++(

k2
0x − εzzk

2
0

)
k2
+ − εzzk0z

(
k2

0x − ε//k2
0

)
k+ + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)]
e−ik+d ,

m43 = [
εzzk0zk

3
−+(

k2
0x − εzzk

2
0

)
k2
− + εzzk0z

(
k2

0x − ε//k2
0

)
k− + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)]
eik−d ,

m44 = [−εzzk0zk
3
−+(

k2
0x − εzzk

2
0

)
k2
− − εzzk0z

(
k2

0x − ε//k2
0

)
k− + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)]
e−ik−d

.
After obtaining the calculation of the four parameters (a1 a2 a3 a4), the other four parameters can be obtained as

r1 = 1 − i

γ k0k0zZ0

(
k2
+ + k2

0x − ε//k2
0 k2

+ + k2
0x − ε//k2

0 k2
− + k2

0x − ε//k2
0 k2

− + k2
0x − ε//k2

0

)
⎛
⎜⎝

a1

a2

a3

a4

⎞
⎟⎠, (B21)

r2 = k0x

k0Z0
(1 1 1 1)

⎛
⎜⎝

a1

a2

a3

a4

⎞
⎟⎠, (B22)

t2 = − k0x

k0zk0Z0
(−k+eik+d k+e−ik+d −k−eik−d k−e−ik−d )

⎛
⎜⎝

a1

a2

a3

a4

⎞
⎟⎠, (B23)

t1 = −iεzz

γ k0Z0
(
k2

0x − εzzk2
0

)C

⎛
⎜⎝

a1

a2

a3

a4

⎞
⎟⎠, (B24)

C = [(
k2
+ + k2

0x − ε//k2
0

)
k+eik+d −(

k2
+ + k2

0x − ε//k2
0

)
k+e−ik+d

(
k2
− + k2

0x − ε//k2
0

)
k−eik−d −(

k2
− + k2

0x−ε//k2
0

)
k−e−ik−d

]
.

(B25)

Finally, we can get the transmission coefficients, tpp and tps, written as

tpp = E p
t

E p
i

= t1, (B26)

tps = Es
t

E p
i

= k0

k0x
t2. (B27)
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