
PHYSICAL REVIEW A 105, 043115 (2022)

Wavelength dependence of photoelectron momentum distributions
in a spatially inhomogeneous field
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The effect of the spatial inhomogeneity on the photoelectron momentum distributions (PMDs) is recently
identified [Chen et al., Phys. Rev. A 104, 043107 (2021)]. As an important parameter of the laser field, the
wavelength cannot be ignored. We theoretically investigate the wavelength dependence of the PMDs in a spatially
inhomogeneous field. The results show that the PMDs gradually move to the negative direction with the increase
of the laser wavelength compared with the case of the spatially homogeneous field. However, a critical value of
the wavelength appears, where the PMDs are just separated. Then, the PMDs can be clearly separated into two
regions and the rescattering energy of the electron is tremendously enhanced. We illustrate that the holographic
interference structure can be isolated in the relative high-energy region and the holographic interference structure
for the shorter wavelength is more obvious. A prominent high-energy peak appears in the critical wavelength and
the high-energy peak is sensitive to the initial transverse momentum of the rescattering electrons after tunneling.
Moreover, we also demonstrate that the critical wavelength will change with the inhomogeneity parameters.
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I. INTRODUCTION

Strong-field atomic ionization is one of the most important
processes in ultrafast physics, which triggers many interest-
ing nonlinear phenomena, such as above-threshold ionization
(ATI) [1–5], high-order harmonic generation (HHG) [6–9],
and nonsequential double ionization [10–13]. These processes
can be interpreted by the three-step model [14], i.e., ioniza-
tion, acceleration in the strong laser field, and return to the
parent nucleus. According to the quantum orbit theory [15],
the ionized electron wave packets (EWPs) have many differ-
ent propagation paths. They can directly reach the detector
(known as direct electron) or return to the parent ion for
rescattering (known as rescattering electron) depending on the
tunneling ionization time.

The EWPs ionized from different ionization time with the
same final momentum will interfere with each other. There are
various interesting interference structures in the photoelectron
momentum distributions (PMDs) [16]. The ATI rings [17], the
temporal double-slit interference [18], and the photoelectron
holography [19] have been theoretically and experimentally
demonstrated. The photoelectron holography is considered
an ideal method to probe ultrafast atomic and molecular dy-
namics in a strong laser field due to recording time-resolved
information about both the electron and the ion. Thus, the sep-
aration of photoelectron holography from other interference
structures has become a hot topic in recent years [20,21].

The field enhancement in the vicinity of metallic nanos-
tructures has attracted much attention both experimentally
[22] and theoretically [23]. The enhanced field is not spatially
homogeneous, and is called the spatially inhomogeneous
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field. Compared with the spatially homogeneous field, the
spatially inhomogeneous field shows a strong spatial gradient,
thus the ionized electrons can obtain higher energy [24], the
cutoff of the HHG can be extended [23,25,26], and the ultra-
short isolated attosecond pulse can be generated [27,28]. In
addition, the spatially inhomogeneous field also plays an im-
portant role in the ATI process. The trajectory of the electron
and the energy spectra can be precisely modulated [29,30].

In the past few decades, the HHG and ATI in the in-
homogeneous field are investigated. However, there are few
investigations on the PMDs [31]. Recently, the PMDs for
a hydrogen atom ionized in the inhomogeneous field was
demonstrated using the time-dependent Schrödinger equa-
tion (TDSE) and the classical trajectory model. It is found
that the rescattering energy of the electron is greatly enhanced
and the electronic wave packet is separated in momentum
space [32]. As an important parameter, the laser wavelength
has been widely studied in the homogeneous field and in
the inhomogeneous field [33–37]. The distinctive wavelength-
dependent features of the PMDs may provide a way to design
high-energy nanometer-sized ultrafast electron sources. Thus,
it is necessary to explore the wavelength dependence of the
PMDs in the inhomogeneous field.

In this paper, we theoretically investigate the wavelength
dependence of the photoelectron momentum distribution of
hydrogen atoms in a few-cycle inhomogeneous field. Based
on the improved semiclassical two-step (ISCTS) model, we
find that the PMDs can be separated into two regions when
the wavelength reaches a certain value in the inhomogeneous
field, which is called the critical wavelength. We can ob-
serve that the rescattering energy of the electron is much
higher in the spatially inhomogeneous field than that in the
spatially homogeneous field. When the wavelength is longer
than the critical wavelength, the increase of the rescattering
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energy is significant. Based on the electron orbits analysis,
we demonstrate that the high-energy region mainly originates
from the short orbit of the rescattering electrons. We also
demonstrate that the holographic interference structure can
be isolated in the inhomogeneous field. And the holographic
interference structure of the shorter wavelength is more ob-
vious than that of the longer wavelength. Our results may
provide a reference for further analytical research of the holo-
graphic interference in a few-cycle inhomogeneous field. In
addition, a prominent high-energy peak appears in the critical
wavelength and the high-energy peak is sensitive to the ini-
tial transverse momentum of the rescattering electrons after
tunneling. Moreover, we demonstrate that the critical wave-
length is gradually decreased as the inhomogeneity parameter
increases. Throughout the paper, we demonstrate that not only
the intensity of the inhomogeneous field will affect the PMDs,
but also the effect of wavelength cannot be ignored.

II. THEORETICAL MODEL AND
COMPUTATIONAL METHODS

In this section, we briefly introduce the quantum trajec-
tory Monte Carlo (QTMC) method [38] and the semiclassical
two-step (SCTS) model [39], which are the semiclassical
methods. For the spatial inhomogeneity field, the nondipole
effect should be considered [40]. In this paper, the spatial
gradient of the spatially inhomogeneous field we used is small
and the photon energy E � 1 keV. Thus the dipole approx-
imation can still be justified [40]. The free electron will be
affected by the electric field and magnetic field [41]. The
equation of motion for the free electron is �F = q �E + q�v × �B,
where q �E is the electric field force and q�v × �B is the magnetic
field force (i.e., Lorentz force). Because the intensity of the
magnetic field is many orders of magnitude lower than that of
the electric field, we also neglect the magnetic field of the laser
field. Thus we ignore the nondipole effect and the magnetic
field of the laser field.

The first step of the QTMC is the tunneling ionization in
a quasistatic laser field. After tunneling, the electron motion
in the Coulomb and laser fields is described by the Newton
equation

�̈r(t ) = −�r(t )

r3(t )
− �E (�r, t ), (1)

where r is the distance between the ionized electron and the
nucleus and �E (�r, t ) is the external spatially inhomogeneous
field. It is worth noting that there are different forms of the
inhomogeneous field [25,27,32] due to the different shapes of
the metallic nanostructures. In this paper, we select a widely
used laser field that decays exponentially in the vicinity of a
nanotip. It is approximated as linearly decreasing,

�E (�r, t ) = (1 + 2εx)E0 f (t ) sin(ωt )x̂

= (1 + 2εx)E (t )x̂, (2)

where x̂ is the direction of laser polarization, E0 denotes the
field amplitude, f (t ) = sin2( πt

nT ) is the envelope pulse with
the parameter n = 4, T = 2π

ω
is the optical cycle, and ω is the

laser frequency. Compared with the homogeneous field, ε is
a unique parameter of the inhomogeneous field. It represents

the degree of the spatial inhomogeneity and 2ε = 1/lF , where
lF is the decay length. Here the inhomogeneity parameter ε is
chosen to be 0.003.

In a two-dimensional Px × Py plane, we put the electrons
into a bin if their asymptotic momenta are very close. The
probability of each bin can be expressed as

|A|2bin =
∣∣∣∣∣
∑

j

√
W (t0,v0,⊥) exp(−i�)

∣∣∣∣∣
2

, (3)

where j denotes the jth ionized electron trajectory
and W (t0,v0,⊥) denotes the Ammosov-Delone-Krainov rate
[42,43],

W (t0, v0,⊥) ∼ exp

[
− 2k3

3E (t0)

]
exp

[
−kv2

0,⊥
E (t0)

]
, (4)

where t0 denotes the ionization time, v0,⊥ denotes initial trans-
verse velocity, and k = √

2Ip .
In the QTMC model, the trajectory phase in the homoge-

neous field for each electron is

� =
∫ ∞

t0

[
v(t )2

2
− Z

r(t )
+ Ip

]
dt, (5)

where v(t ) is the ionized electron velocity, Z is the ion charge,
and Ip is the ionization potential.

For the trajectory phase for each electron, Shvetsov-
Shilovski et al. came up with a SCTS model. We can find the
specific description of the SCTS model in Ref. [39]; the phase
in the homogeneous field can be modified as

� = −�v0 · �r0(t0) + Ipt0

−
∫ ∞

t0

{
�
�p (t ) · �r(t ) + H[�r(t ), �p(t )]}dt

= −�v0 · �r0(t0) + Ipt0 −
∫ ∞

t0

[
v(t )2

2
− 2Z

r(t )

]
dt, (6)

where
�
p (t ) is expressed in terms of the negative gradient

of the total potential containing the electric field and the
Coulomb potential, H[�r(t ), �p(t )] is the Hamiltonian function,

H[�r(t ), �p(t )] = p2(t )

2
+ Vlaser(�r, t ) + V (�r), (7)

where V (�r) is the atomic potential, and Vlaser(�r, t ) = �E (t ) ·
�r(t ) represents the potential of the laser-atom interaction in

the homogeneous field. It is worth noting that
�
p (t ) and the

potential of the laser-atom interaction will change in the inho-
mogeneous field of linear approximation [32]

Vlaser(�r, t ) =
∫ �r

0
d�r · �E (�r, t )

= E (t )x(1 + εx). (8)

The Hamiltonian function can be improved as

H[�r(t ), �p(t )] = p2(t )

2
+ E (t )x(1 + εx) + V (�r). (9)

To avoid the unphysical effect, we take the same approxima-
tion as in Ref. [32], so that the laser field is zero in the region
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FIG. 1. (a) Temporal shape of the laser field. (b) Three-
dimensional coupling field of the homogeneous laser field (ε = 0)
in time and space. (c) Three-dimensional coupling field of the inho-
mogeneous laser field (ε = 0.003) in time and space.

of x < −1/2ε. Finally, the phase in the inhomogeneous field
can be improved as

� = −�v0 · �r0(t0) + Ipt0 −
∫ ∞

t0

[
p(t )2

2
− 2Z

r(t )
− εx2E (t )

]
dt,

(10)

where r =
√

x2 + y2. We call it ISCTS. We use the phase of
Eq. (10) to investigate the ionization progress in the inhomo-
geneous field and we use atomic units throughout this paper.

III. RESULTS AND DISCUSSIONS

Figure 1(a) shows the temporal shape of the laser field.
For a few-cycle laser pulse, there is an optical period that
plays a significant role in the PMDs, which is indicated as the
different ionized time windows W1–W4. We define windows
W1+W2 as the first half cycle and the windows W3+W4
as the second half cycle. Figures 1(b) and 1(c) show the
three-dimensional coupling field of the homogeneous laser
field (ε = 0) and the inhomogeneous laser field (ε = 0.003) in
time and space, respectively. We can see that the field strength
is a constant in space in the homogeneous laser field (ε = 0)
as shown in Fig. 1(b). However, the field strength is amplified
from the beginning to the end of the simulation box in the
inhomogeneous laser field (ε = 0.003) as shown in Fig. 1(c).
Due to the enhanced field, the PMDs will be modulated. Next,
we will illustrate the wavelength dependence of the PMDs in
this enhanced field.

Figure 2 shows the PMDs of the H atom for differ-
ent laser wavelengths in the spatially homogeneous field
(ε = 0) and the spatially inhomogeneous field (ε = 0.003).
The peak intensity of the laser pulse is I0 = 1×1014 W/cm2.
Figures 2(a1)–2(a6) show that the PMDs have little changes

FIG. 2. Two-dimensional photoelectron momentum distributions for different laser wavelengths (from λ = 1000 nm to λ = 1600 nm)
(a1)–(a6) in the spatially homogeneous field (ε = 0) and (b1)–(b6) in the spatially inhomogeneous field (ε = 0.003).
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with the increase of the wavelength in the spatially homo-
geneous field (ε = 0). However, Figs. 2(b1)–2(b6) show that
the PMDs have obvious changes with the increase of the
wavelength in the spatially inhomogeneous field (ε = 0.003).

Figure 2(b1) indicates that the PMDs are distributed in
the region of px ∈ [−1.6 a.u, 0.6 a.u.] for the wavelength λ =
1000 nm. It can be seen that the PMDs gradually move to
the negative direction and separate into two regions as the
wavelength increases from λ = 1000 nm to λ = 1600 nm in
the spatially inhomogeneous field. Figure 2(b6) indicates that
the PMDs can reach px = −5 a.u. for the wavelength λ =
1600 nm in the spatially inhomogeneous field, which is in
good agreement with the TDSE result [Fig. 1(c)] and the
classical model result [Fig. 1(e)] of Ref. [32]. It indicates
that the electronic wave packet can obtain high energy in the
spatially inhomogeneous field, and the longer the wavelength
is, the more energy the electronic wave packet could obtain.

Figure 2(b4) shows that the PMDs can be separated into
two regions for the wavelength λ = 1400 nm in the spatially
inhomogeneous field. The critical wavelength appears. When
the wavelength is shorter than this critical wavelength, the
PMDs are distributed in the continuous region as shown in
Figs. 2(b1)–2(b3). However, when the wavelength is longer
than this critical wavelength, the PMDs are separated into two
parts as shown in Figs. 2(b5) and 2(b6), i.e., the relative high-
energy region and the relative low-energy region can be well
separated in the longer wavelength. And these two regions
represent the electronic wave packet ionized in different half
cycles [32].

By comparing the PMDs in the spatially homogeneous
field and the spatially inhomogeneous field, we can find that
the holographic interference structure can be isolated from
various interference structures in the spatially inhomogeneous
field. The holographic structure will not be obvious at the
longer wavelength. This is because the number of direct elec-
trons increases and the number of the rescattered electrons
decreases with the increase of the wavelength, which is in
good agreement with that demonstrated in Ref. [37]. In ad-
dition, the holographic structure is mainly concentrated in the
left part (relative high-energy region) of the PMDs as shown
in Fig. 2(b1).

Figure 2(b1) shows that the PMD is uniform for the wave-
length λ = 1000 nm. With increasing the laser wavelength,
the PMDs distributed in the right part (relative low-energy
region) are stronger than that in the left part (relative high-
energy region) as shown in Figs. 2(b2) and 2(b3) and
Figs. 2(b5) and 2(b6) for the wavelengths λ = 1200 nm,
λ = 1300 nm, λ = 1500 nm, and λ = 1600 nm. [We ignore
the small differences in Fig. 2(b2).] However, for the crit-
ical wavelength λ = 1400 nm, the PMDs have the stronger
distribution in the relative high-energy region as shown in
Fig. 2(b4). In summary, these phenomena indicate that the
PMDs are very sensitive to the wavelength in the inhomoge-
neous field.

We know that the momentum and energy of the electrons
are dependent on the initial ionization time of the electrons
[32,44]. To clarify the physical mechanism of the wavelength
dependence of the PMDs in the spatially inhomogeneous
field, we investigate the energy distribution of photoelectrons
with respect to the ionization time for different wavelengths as

FIG. 3. Energy distribution of photoelectrons with respect to the
ionization time for different wavelengths in the spatially inhomoge-
neous field (ε = 0.003). (a) λ = 1000 nm, (b) λ = 1200 nm, (c) λ =
1300 nm, (d) λ = 1400 nm, (e) λ = 1500 nm, and (f) λ = 1600 nm.

shown in Fig. 3. We focus on two yellow dotted line regions
as indicated in Fig. 3, which correspond to the first half cycle
(1.5–2.0 T, windows W1+W2) and the second half cycle
(2.0–2.5 T, windows W3+W4) of the electric field as shown
in Fig. 1(a). When the wavelength is shorter than the critical
wavelength, Figs. 3(a)–3(c) show that there is a positive slope
in the first half cycle and a negative slope in the second half
cycle for the energy distribution of photoelectrons, and the
electronic wave packets are mainly released from the time
windows W2 and W3. We can clearly observe that the energy
gradually increases in the first half cycle, i.e., the electronic
wave packet ionized at the later time can obtain more energy
in the first half cycle. Similarly, the electronic wave packet
ionized at the earlier time can obtain more energy in the
second half cycle.

Figures 3(a)–3(c) also show that the slopes and the final
energy of the electrons from the first half cycle and the sec-
ond half cycle increase with the increase of the wavelength.
However, when the wavelength is increased to the critical
wavelength (λ = 1400 nm), the slope decreases as shown in
Fig. 3(d). It is worth noting that the final energy of the
electrons still increases, the maximum energy can reach to
Energy ≈ 4.0 a.u., and the lowest energy in the first half cycle
is higher than the highest energy in the second half cycle.
As a result, the high-energy region and the low-energy region
can be well separated in this critical wavelength, which is in
agreement with that shown in Fig. 2(b4). The electronic wave
packets ionized within the first half cycle are concentrated
in the relative high-energy region and the electronic wave
packets ionized within the second half cycle are concentrated
in the relative low-energy region, which is in agreement with
that demonstrated in Ref. [32].

When the wavelength is longer than this critical wave-
length, Figs. 3(e) and 3(f) show that the final energy of the
electrons has vastly improved. Figure 3(f) shows that the
maximum energy can reach to Energy ≈ 10 a.u. for the wave-
length λ = 1600 nm, which is much higher than that shown
in Figs. 3(d) and 3(e) for the wavelengths λ = 1400nm and
λ = 1500 nm. Most important of all, the slope of the energy
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FIG. 4. Energy distribution of photoelectrons with respect to the
ionization time for different wavelengths in the spatially homoge-
neous field (ε = 0). (a) λ = 1000 nm, (b) λ = 1400 nm, and (c) λ =
1600 nm.

distribution of photoelectrons reverses, i.e., the slope of the
energy distribution of photoelectrons in the first half cycle is
negative as shown in Figs. 3(e) and 3(f). However, the slope
of the energy distribution of photoelectrons in the second half
cycle remains unchanged. This indicates that the dynamics
of the electrons are very sensitive to the wavelength in the
first half cycle and the electronic wave packet ionized at an
earlier time can obtain more energy in the first half cycle. In
addition, the time windows of ionized electronic wave packets
are extended from W2 to W1+W2 in the first half cycle,
which is in agreement with that demonstrated in Ref. [32].

In order to better understand the reason for the slope
transition, we also investigate the energy distribution of pho-
toelectrons with respect to the ionization time for three
special wavelengths, which are the critical wavelength
(λ = 1400 nm), shorter than the critical wavelength (λ =
1000 nm), and longer than the critical wavelength (λ =
1600 nm) in the homogeneous field (ε = 0) as shown in
Fig. 4.

In Fig. 4(a), we show the energy distribution of photoelec-
trons for the laser wavelength λ = 1000 nm in the spatially
homogeneous field (ε = 0). There are positive slopes before
the laser peaks and negative slopes after the laser peaks for
the first half cycle and the second half cycle, which is similar
to the result of Fig. 2(c) in Ref. [44]. In the spatially homoge-
neous field, the direct electrons released from the rising edge
of the laser field and the rescattering electrons released from
the falling edge of the laser field. In the combined Coulomb
and laser field, the energy of the direct electrons gradually de-
creases and the energy of the rescattering electrons gradually
increases. Therefore, there is a change of the positive and the
negative slopes in each half cycle.

In Figs. 4(b) and 4(c), we show the energy distribution
of photoelectrons in the spatially homogeneous field (ε = 0)
for the laser wavelengths λ = 1400 nm and λ = 1600 nm,
respectively. We can clearly observe that the general structure
has not changed; only slight differences exist for the maxi-
mum energy. We can see that the maximum energy is from
Energy ≈ 0.6 a.u. as shown in Fig. 4(a) to Energy ≈ 1.5 a.u.
as shown in Fig. 4(c).

Compared with the case of the spatially homogeneous
field, it implies that the dynamics of the electronic wave
packets are more sensitive to the wavelength in the spatially
inhomogeneous field than to that in the spatially homoge-
neous field. The longer the wavelength, the more energy the
electronic wave packet could obtain in the spatially inhomo-

FIG. 5. Energy distribution of the direct electrons and the rescat-
tering electrons with respect to the ionization time when the laser
wavelength is shorter and longer than the critical wavelength in the
spatially inhomogeneous field (ε = 0.003). (a) and (c) The laser
wavelength (λ = 1000 nm) is shorter than the critical wavelength;
(b) and (d) the laser wavelength (λ = 1600 nm) is longer than the
critical wavelength. Upper panel: energy distributions of the di-
rect electrons; lower panel: energy distributions of the rescattering
electrons.

geneous field. In the inhomogeneous field, there is a spatial
adiabaticity parameter [36] δ = lF /lq, where lF is the decay
length and lq = eE/mω2 is the quiver amplitude. According
to this parameter, a longer wavelength means that the elec-
tronic wave packet feels a stronger field amplitude of the
spatially inhomogeneous field. Thus, for the longer wave-
length, the electronic wave packet can obtain higher energy
[37].

To obtain the dynamics of different kinds of electrons
in the inhomogeneous field (ε = 0.003), we show the en-
ergy distribution of the direct electrons and the rescattering
electrons with respect to the ionization time when the laser
wavelength is shorter and longer than the critical wavelength
in Fig. 5. The electron orbits can be classified as the di-
rect orbit and the rescattering orbit according to the effect
of the Coulomb potential on them [21,33,45]. If p⊥v⊥0 > 0
(where p⊥ is the final perpendicular momentum and v⊥0 is
the initial velocity), we believe that the Coulomb potential
is weak, where the Coulomb potential is not strong enough
to change the perpendicular direction of the electron orbit,
and this type of ionized orbit is called the direct orbit. Sim-
ilarly, if p⊥v⊥0 < 0, we believe that the Coulomb potential is
strong, and this type of ionized orbit is called the rescattering
orbit.

From Fig. 5, we can clearly observe that the direct electrons
and the rescattering electrons have the same ionization time
and the same energy growth trend when the laser wavelength
is shorter than the critical wavelength (λ = 1000 nm) and
longer than the critical wavelength (λ = 1600 nm) in the first
half cycle. However, only direct electrons can be found in the
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FIG. 6. Rescattering energies of electrons as a function of the
ionization time (blue hollow circle) and rescatteing time (red solid
triangle) for different laser wavelengths in the spatially inhomoge-
neous field (ε = 0.003).

second half cycle. We ignore the influence of the electrons
ionized during the window W4 due to the lower final energy.

We know that the holographic structure stems from the
rescattering and the direct electron wave packet ionized at the
same quarter of the laser field. Therefore, this phenomenon
strongly proves that the holographic structure is mainly con-
centrated in the relative high-energy region as shown in
Figs. 2(b1)–2(b6).

To clarify the physical mechanism of the wavelength de-
pendence of electrons in the inhomogeneous field, we trace
the orbits of the rescattering electrons based on the three-step
model [14]. Figure 6 shows the rescattering energies of the
electrons as a function of the ionization time (blue hollow
circle) and the rescattering time (red solid triangle) for dif-
ferent laser wavelengths in the spatially inhomogeneous field
(ε = 0.003). When the laser wavelength is shorter than the
critical wavelength λ = 1400 nm, Figs. 6(a)–6(c) show that
the long orbit and the short orbit contribute to the rescattering
energies. The electrons ionized during the first half cycle
can obtain the high rescattering energies and the rescattering
energies will increase with the increase of the wavelength. We
also observe that the contribution of the long orbit will wear
off with the increase of wavelength.

Figure 6(d) shows that the main electron orbits that con-
tribute to the rescattering energies are short orbits for the
critical wavelength λ = 1400 nm. Subsequently, due to the
electron wave packet diffusion effect [46], Figs. 6(e) and 6(f)
show that there are only short orbits; the long orbits have
disappeared. For these short orbits, we can observe that the
electrons ionized at the earlier time and recombined at the
later time can obtain more energy in the inhomogeneous field,
which is in good agreement with the results of Figs. 3(e) and
3(f).

In order to better illustrate that the electron can obtain the
high energy in the first half cycle and the dramatic change of
the energy distribution in Fig. 5, we trace the classical trajec-
tories of the electron for different wavelengths λ = 1000 nm
(black solid line), λ = 1400 nm (red dotted line), and λ =

FIG. 7. (a) The evolution of the classical trajectories for different
wavelengths in the spatially inhomogeneous field (ε = 0.003). (b)–
(d) Histogram of the counts of the photoelectron as a function of
the final energy in the spatially inhomogeneous field (ε = 0.003)
for three different wavelengths λ = 1000 nm, λ = 1400 nm, and
λ = 1600 nm, respectively. (b) All electrons, (c) the direct electrons,
and (d) the rescattering electrons.

1600 nm (blue dashed line) as shown in Fig. 7(a). We can ob-
serve that the electrons ionized during 1.5–2.0 T (i.e., the first
half cycle) all move into the positive semiaxis of the x axis,
and with the increase of wavelength, the distance of electron
movement on the positive semiaxis of the x axis increases. For
the linear approximation of the spatial inhomogeneous field,
the field strength gradually increases on the positive semiaxis
of the x axis as shown in Fig. 1(c). The electron is subjected to
a stronger electric field if the distance of the electron moves
farther away [32]. This proves why the electron can obtain
the higher energy for the longer wavelength in the first half
cycle. When the lowest energy in the first half cycle is higher
than the highest energy in the second half cycle, the critical
wavelength appears.

In order to understand the physical origin of the stronger
distribution in the relative high-energy region shown in
Fig. 2(b4), we investigate the photoelectron energy spec-
trum, which is the universal method in strong-field ionization
[30,37,47]. We present the histogram of the counts of the
photoelectron as a function of the final energy for all electrons
[Fig. 7(b)], the direct electrons [Fig. 7(c)], and the rescatter-
ing electrons [Fig. 7(d)] for three different wavelengths. In
Fig. 7(b), we can find two anomalous high-energy peaks as
indicated by the arrows 1 and 2 for the critical wavelength
λ = 1400 nm. By comparing Figs. 7(c) and 7(d), we can
observe that the first higher-energy peak originates from the
direct electrons and the second higher-energy peak originates
from both the direct electrons and the rescattering electrons.
In order to better illustrate the physical origin of the second
higher-energy peak shown in Fig. 7 and the stronger distribu-
tion in the relative high-energy region shown in Fig. 2(b4), we
mainly focus on the rescattering electron in this paper.

Initial transverse momentum distribution of the electrons
plays an important role in the course of tunneling ionization
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FIG. 8. Initial transverse momentum of photoelectrons as a func-
tion of the ionization time for different laser wavelengths in the
spatially inhomogeneous field (ε = 0.003).

[38,44,48]. Figure 8 shows the initial transverse momentum
of photoelectrons as a function of the ionization time for
different laser wavelengths in the spatially inhomogeneous
field (ε = 0.003). From Fig. 8(a), we can see that the initial
transverse momentum distribution of each half cycle is simi-
lar. Significantly, the missing area as indicated by “A” in the
second half cycle is due to the trapping of the electrons by the
parent ions and those electronic wave packets can be stabilized
in the Rydberg states [38,44].

With the increase of the laser wavelength, the initial trans-
verse momentum in the second half cycle is stronger than
that in the first half cycle as shown in Figs. 8(a)–8(c) and
Figs. 8(e) and 8(f). This result explains why the PMD in the
low-energy region is significantly stronger than that in the
high-energy region with the increase of the laser wavelength
as shown in Figs. 2(b1)–2(b3) and Figs. 2(b5) and 2(b6). How-
ever, Fig. 8(d) shows that the initial transverse momentum
for the critical wavelength λ = 1400 nm is abnormal, which
indicates that the PMD in the first half cycle is stronger than
that in the second half cycle. From Fig. 5, we know that
the rescattering electrons originate from the first half cycle
and contribute to the relative high-energy region. In addi-
tion, from Fig. 7, we can find that the second higher-energy
peak is closely related to the rescattering electrons, and the
ionization rate of the rescattering electrons increases for the
critical wavelength λ = 1400 nm. Therefore, for the critical
wavelength λ = 1400 nm as shown in Fig. 8(d), the abnormal
phenomenon is due to the high-energy rescattering electrons.
It is proved once again that the stronger distributions in the
relative high-energy region shown in Fig. 2(b4) are controlled
by the rescattering electrons in the first half cycle and the
distributions are sensitive to the initial transverse momentum
of the rescattering electrons.

In addition, we investigate the influence of the inhomo-
geneity parameter on the wavelength dependence of PMDs
for the laser wavelength λ = 1400 nm as shown in Fig. 9. We
have chosen the different inhomogeneity parameters. We can
clearly see that the inhomogeneous character of the laser field
has a strong modification on PMDs and the critical wave-
length mentioned earlier is associated to the inhomogeneity
parameter. For the inhomogeneity parameter ε = 0.002 as
shown in Fig. 9(a), the relative high-energy region and the rel-

FIG. 9. Two-dimensional photoelectron momentum distributions
for the laser wavelength and different inhomogeneity parameters.
(a) ε = 0.002, (b) ε = 0.003, and (c) ε = 0.004.

ative low-energy region are not completely separated. For the
inhomogeneity parameter ε = 0.003 as shown in Fig. 9(b), the
relative high-energy region and the relative low-energy region
are just separated. However, for the inhomogeneity parameter
ε = 0.004 as shown in Fig. 9(c), the separation of the relative
high-energy region and the relative low-energy region is ob-
vious. It is indicated that the critical wavelength is gradually
decreased as the inhomogeneity parameter ε increases.

IV. CONCLUSIONS

In summary, we theoretically investigate the wavelength
dependence of the photoelectron momentum distribution in
the inhomogeneous field by the ISCTS model. The photo-
electron momentum distribution can be separated into two
regions when the wavelength reaches a certain value in the
inhomogeneous field, which is called the critical wavelength.
The wavelength is longer than the critical wavelength, and
the rescattering energy of the electron is greatly enhanced.
Based on the electron orbits analysis, we demonstrate that
the high-energy region mainly originates from the short orbit
of the rescattering electrons. We also demonstrate that the
holographic interference structure can be isolated in the inho-
mogeneous field. And the holographic interference structure
of the shorter wavelength is more obvious than that of the
longer wavelength. Our results may provide a reference for
further analytical research of the holographic interference of
both experiments and theories in the inhomogeneous field. In
addition, the prominent high-energy peak is sensitive to the
initial transverse momentum of the rescattering electrons after
tunneling. We also demonstrate that the critical wavelength
is gradually decreased as the inhomogeneity parameter ε in-
creases.
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