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Zeeman effect in strong-field ionization
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The magnetic effect on the bound state induced by the laser pulse is investigated in strong-field ionization.
We find that the interaction of magnetic field of the laser pulse with atoms causes a time-dependent energy
shift of the bound state, and the energy shift depends on the magnetic quantum numbers of the electrons, which
is the so-called Zeeman effect. This time-dependent energy shift adds an extra phase to the tunneling electron
wave packets. By solving the three-dimensional time-dependent Schrodinger equation, we demonstrate that this
extra phase results in a shift of the interference structure originating from the interference of short and long
trajectories of the backward-rescattering photoelectrons. The shift of the interference structure is also confirmed
by simulations with the three-step model beyond the dipole approximation.

DOLI: 10.1103/PhysRevA.105.043112

I. INTRODUCTION

With the development of laser technology, the amplitudes
of the electric fields are on the order of the atomic binding
field. Meanwhile, the magnetic components of the pulsed
lasers are much stronger than the highest continuous field
magnet in the world. For instance, the amplitude of the mag-
netic field is around 100 tesla for a laser pulse with the
intensity of 10'* W/cm?. However, in strong-field ioniza-
tion, the effects of the magnetic fields of the laser pulses
are rarely observed. This is because the ratio of the ampli-
tudes for electric field and magnetic field equals the speed
of light ¢, and thus the photoelectrons dynamics are mainly
determined by the electric field. While in the high-intensity
long-wavelength limit [1,2], the effects of the magnetic fields
are non-negligible.

Specifically, the effect of the magnetic field shows up as an
asymmetric photoelectron momentum distribution (PEMD)
along the laser propagation direction (y axis in our work). The
asymmetric PEMD results in a nonzero expectation value of
py- In the high-intensity long-wavelength limit, this expecta-
tion value (p,) can be formulated as (p,) = ({Ex) +1,/3)/c.
Here, (Ex) and I, are the average energies of the photoelec-
trons and binding energy of the initial state, respectively.
The first term (E}) /c results from the classical Lorentz force
induced by the magnetic field acting on a free electron [3-5],
and the additional term /,,/3c originates from the action of the
magnetic field on the electron during the tunneling ionization
[6-10]. This effect has been demonstrated in experiments
[11], nondipole time-dependent Schrodinger equation (TDSE)
simulations [12], and nondipole strong-field approximation
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(SFA) calculations [13,14]. When the rescattering electrons
contribute to the PEMDs, the manifestation of the asymmetric
PEMD is quite different. The magnetic field alters the rescat-
tering process, leading to a backward-shifted narrow cusp
in the PEMD along the laser propagation direction [15-21].
Additionally, the momentum transfer (p,) from photon to
the electrons strongly depends on the details of the scatter-
ing process. It is approximately given by (p,) ~ (Ey) /c for
the photoelectrons with energies lower than 2U,, [11,21-23].
Here, U, = F§ /4w? is the ponderomotive potential of the
laser field with electric field amplitude Fy and frequency w.
While for the electrons with energies beyond 2U,, the photon
momentum transfer (p,) remains constant as a function of
(Ey) for He atom [23] and shows a V-shape structure for Xe
atom [24].

As discussed above, previous works mainly focused on the
magnetic effect on the ionized electron wave packets (EWPs),
and this effect shows up in the laser propagation direction.
However, it is still an open question of how the magnetic field
affects the bound states and whether this effect is observable.
One of the well-known magnetic effect on the bound states in
the atoms is Zeeman effect [25], which has been deeply in-
vestigated in the static magnetic field. While for the magnetic
field of the laser pulse, it oscillates with frequency of the laser
pulse, and then the energy shift for the bound state induced by
this magnetic field is time dependent. In the multicycle laser
pulse, this time-dependent energy shift is smoothed out by the
time averaging. Therefore, the Zeeman effect induced by the
laser pulse can only be revealed by the subcycle electronic
dynamics and it has not been observed up to now. Recent
theoretical work has predicted that the Zeeman effect induced
by the laser pulse can be observed in the Lyman-« transition in
a hydrogen-like atom in a pulsed laser with the intensity up to
10%° W/cm? [26]. In strong-field ionization, the interference
of the ionized EWPs encodes the information of the subcycle
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electronic dynamics, and thus the interference structures pro-
vide possible tools to reveal the Zeeman effect induced by the
laser pulse with relatively lower intensity.

In this work, we investigate this time-dependent Zee-
man effect on the interference structures originating from
the interference of backward-rescattering photoelectrons with
short and long trajectories. The backward-rescattering pho-
toelectrons can reach energies up to 10U, [27,28]. These
high-energy electrons are at the heart of many well-known
phenomena in strong-field physics, such as high-order har-
monic generation [29-31] and laser-induced electron diffrac-
tion [32-35], which are both important for atomic and
molecular imaging [35-37]. Mechanistically, the backward-
rescattering photoelectrons with short and long trajectories are
ionized at different times in the same one-quarter laser cycle
[29,38]. Hence, the time-dependent energy shift induced by
the magnetic field adds different initial phases to the short and
long backward-rescattering electrons, which results in a shift
of the interference structure. By solving the three-dimensional
(3D) TDSE and simulating with the three-step model beyond
the dipole approximation, we demonstrate the shift of the
interference structures caused by the time-dependent Zeeman
effect appearing in the PEMDs.

II. THEORY AND METHODOLOGY

The dynamics of an atom interacting with the laser pulses
are governed by the TDSE, which in the velocity gauge is
given by (atomic units are used unless otherwise stated [39])

i%\l/(r, 1) = HY(r, 1), (1)

with the Hamiltonian

_[p+A@ P
- 2

H + V(r). ()

Here, A(r,t) is the vector potential of the laser pulse, and
V (r) is potential of the atom. Expanding the space-dependent
vector potential to the first order in powers of 1/c, the vector
potential takes the approximate form

A(r,t) >~ A@)+ %(é -T)F(1), 3)

where A(t) represents the homogeneous vector potential, and
F(r) = —dA(t)/dt is the corresponding electric field. é is the
unit vector along the laser propagation direction. By inserting
Eq. (3) into Eq. (2), we express the lowest-order corrected
non-dipole Hamiltonian as [40]

1 1
Hxp = Epz +A@) p+V )+ —(@ DA@) +pl - FO).
4)

Note that here the purely time-dependent quadratic %Az(t)
term has been removed by the gauge transformation

U = exp [z/ %Az(t)dr]. (5)

In our work, the laser pulse is linearly polarized along z axis
and propagates along y axis. Then Eq. (4) is written as

2
h\/_/ 1
Ho Hp

1 1 1
Hxp = =p* + V(r)+A@t)p. + —YA(F (t) + —yp.F (t).
N—— C C

Hlp

(6)
To separate the magnetic effect from the nondipole correction
Hamiltonian, we express term HY, as

il = anr o) + L0+ T 1 po) )
ND — Cy 2¢ X 2¢ YDz Py2),
Hyp Hgq

where the term yp, is replaced by yp, = %(ypz - pyz) +
1p. + py2) = ILc + (yp. + pyz). Compared with the
Hamiltonian in the length gauge [41-43], the terms Hyp
and Hgq represent the electric quadrupole (EQ) and magnetic
dipole (MD) interaction, respectively.

In the past three decades, the electric quadrupole effect
has been deeply studied in atomic photoionization [41,44—
49]. Here, we focus on the magnetic dipole effect on the
initial bound states. For the electrons that stay at the initial
bound state |nlL) (n, [, m are the principal, angular, magnetic
quantum numbers of the bound states and L represents the
direction of the angular momentum), the energy shift induced
by the magnetic field in the order of 1/c is written as

AEy(t) = (nlk|Hyip|ntk) = i - e B(1) (8)

Here, B(t) = F(t)/c is the magnetic field of the laser pulse.
Apparently, the magnetic field induces a time-dependent en-
ergy shift of the initial state, which depends on the magnetic
quantum number. This is the so-called Zeeman effect induced
by the laser pulses. For a linearly polarized monochromatic
laser pulse, B(t) = By cos(wt), the energy shifts induced by
the magnetic fields for different initial states are illustrated
in Figs. 1(a) and 1(b). It indicates that the energy shifts for
|2p* ;) and |2p}) states oscillate as the laser pulse in and out
of phase. While for |2pg) and |2pf) states, there is no energy
shift. Note that the energy shift induced by the other terms in
Eq. (7) can be neglected, because

(nl£|%yA(t)F(t)|nl£) =0 )

m

and

F(t)

(L | Hyglniky = —i > (niL|yzHy — Hoyz|nlk)y = 0, (10)

where the relations p, = —i[z, Hy] and p, = —i[y, Hy] are
used. Hy is the field-free Hamiltonian displayed in Eq. (6).

It is difficult to directly observe this small energy shift of
the initial state. In strong-field ionization, this energy shift
adds an extra phase to the ionized EWPs. Therefore, this
time-dependent Zeeman effect can be revealed by the inter-
ference of the photoelectrons. The interference of two EWPs
is described by

M (p) = IMi(p) + Ma(p)* = IMi(P)* + IMa(p)I?
+ 2IM (P)|IMa(p)| cos(S2 — S1), (11)
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FIG. 1. (a) Illustration of ionization from different initial states
with various magnetic quantum numbers. From left to right, the ini-
tial states are [2p* ), [2pg), 12p5), |12p1), respectively. The blue solid
line represent the magnetic field of the laser pulse, which is polarized
and propagates along the x and y axis, respectively. The correspond-
ing electric field is polarized along z axis. (b) The time-dependent
binding energy of the initial states induced by the magnetic field.
(c) The electric field of the laser pulse used in our calculation. The
shading areas with different colors indicate the ionization time of the
tunneling EWPs contributing mostly to the PEMDs.

where M;(p) and S; are the ionization amplitudes and phase
of the EWPs, respectively. With the SFA, the phase of the
EWPs can be divided into two parts as [50]

t; ti
Si=si+ / E,(t)dt = s; — Lt + / AE,(dt  (12)
00 —— o

SP S —
! AS;
Here s; is the phase for the EWP accumulated in the laser
pulse, and #; is the ionization time of the EWP. AS; is the extra
phase added by the time-dependent energy shift. For the two
EWPs with the ionization times #! and 72, the phase difference,
which determines the interference structures, is written as

S -8 = (Sé) — 811)) + (AS; — AS))

1

=(SY—-SP)+ zicm[A(t?) — AL -e.. (13)

It implies that the time-dependent Zeeman effect will show
up in the interference structures originating from the in-
terference of the EWPs with different vector potential at
the ionization time. In a linearly polarized laser pulse, the
interference of the short and long trajectories of the backward-
rescattering photoelectrons meets this condition. Moreover,
these backward-rescattering electrons can reach energies of
up to 10U,. Hence, it is easy to separate this interference
structure from the PEMDs, which is beneficial to observe the
time-dependent Zeeman effect on the initial states.

To demonstrate our scheme, we solve the 3D TDSE with
the Hamiltonian shown in Eq. (4). In our calculation, the
wavelength and intensity of the laser pulse are 800 nm and
5 x 10'* W/cm?, respectively. The laser pulse is linearly

polarized along z axis and propagates along y axis, and
its envelope has a cos-squared shape lasting three cycles.
Figure 1(c) shows the electric field of the laser pulse. A
recent investigation concluded that the nondipole effect of
the backward-rescattering electrons sensitively depends on the
model potential of the same atom [24]. To avoid this problem,
we consider an one-electron system He™,ie, V(r) = —2/r.
We solve the 3D TDSE in the spherical coordinates and the
details of numerically solving TDSE have been shown in
our previous works [51-54]. In our simulation, the angular
momentum channels are chosen up to L < 150, [M| < 20.
The time step is fixed at At = 0.01 a.u.. The maximal box
size for the radial coordinate is chosen to be 600 a.u., and
a mask function with a radius of 500 a.u. has been applied
in each step of time propagation of the wave function. The
convergence of our calculations has been confirmed by chang-
ing these parameters. The initial wave function is prepared by
the imaginary-time propagation, which is chosen as the |2p)
state of He™ ion with the binding energy 7, = 0.5 a.u.. The
ionization amplitude is extracted by projecting the final wave
function to the scattering states of He™ ion.

III. RESULTS AND DISCUSSION

Figure 2(a) shows the PEMD in the (p,, p;) plane (i.e.,
py = 0) from tunneling ionization of the |2p}) state obtained
by numerically solving the nondipole TDSE. The PEMD is
symmetric about p, = 0 and contains rich interference struc-
tures. These interference structures are deeply investigated
in past decades [55-58]. Here, we focus on the photoelec-
trons with the energies larger than 2U,, which experience
the backward rescattering with the parent ion. To reveal the
ionization times of the backward rescattering electrons with
different momenta, we adopt the three-step model to describe
the motion of the photoelectrons [27,38]. As indicated by
Fig. 1(c), there are three tunneling EWPs contributing mostly
to the PEMD. In Fig. 2(a), we display the cutoff photoelectron
momentum for these EWPs. The circles marked by I and
II represent the results for the EWP1 when the rescattering
occurs on the first and second time revisiting the parent ion,
respectively. The circle marked by III is the result for the
EWP2 rescattering with the parent ion at the first time re-
visiting. These results indicate that the photoelectrons with
the large energies mainly stem from the backward rescat-
tering of the EWPI1. In this work, we concentrate on the
ringlike structures locating p, < 0. To trace origination of
this type interference structure, we display the final energy
of the backward-rescattering electrons of the EWP1 with the
scattering angle 6, = m as functions of the ionization time
and rescattering time in Fig. 2(c). There are two ionization
times for the electrons with the same final energy in one-
quarter laser cycle, which are the so-called long and short
trajectories [29,38]. The interference of the short and long
trajectories displays the ringlike structures we focused on.
For the PEMD from ionization of the |2pj) state as shown in
Fig. 2(b), this type interference structure is also clearly visible.
Note that observation of the interference structure does not
need the few-cycle laser pulse; it can also be observed in
the multicycle laser pulse. We choose the three-cycle laser
pulses to reduce the computational cost. We mention that the
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FIG. 2. (a) PEMD in the polarization plane from ionization
of He™ ion for |2p}) state obtained by numerically solving the
nondipole TDSE. The circles marked by I and II represent the cut
off photoelectron momentum when the rescattering occurs on the
first and second time, revisiting the parent ion of the EWP1 shown
in Fig. 1(c). The circle marked by III is the momentum cutoff for
the EWP2 rescattering at the first time revisiting the parent ion.
(b) The same as (a) but for |2pf) state. (c) The final energy of the
backward-rescattering electrons with the scattering angle 6, = 7 as
functions of the ionization time (blue solid line) and rescattering time
(red solid line), which are obtained by the three-step model. The
ionization and rescattering time for the long and short trajectories
are marked by the green and pink shading area, respectively.

PEMD:s in Figs. 2(a) and 2(b) are different due to the initial
state dependent transverse photoelectron phase structures of
ionized EWPs [59].

The ringlike interference structures are analyzed in the
polar coordinates in our work, as illustrated in Figs. 2(a)
and 2(b). The cuts of the PEMDs at 0 = 2 rad are shown
in Fig. 3. Figures 3(a) and 3(b) display the cuts of PEMDs
from ionization of the |2pg) and |2p§) states, respectively,
in which the solid and dashed lines represent the results for
the dipole and nondipole TDSE calculations. Obviously, the
solid and dashed lines are identical, which indicates that the
nondipole interaction cannot affect the PEMDs in the polar-
ization (p,-p.) plane for these two states in the laser pulse
considered in our work. The reason for the same PEMDs in
dipole and nondipole TDSE calculations is straightforward.
As indicated by Eq. (8) and Fig. 1(b), the energy shifts induced
by the time-dependent Zeeman effect are zero for these two
states. Also, it has been demonstrated that the dynamics of
the ionized electrons in p,-p, plane are the same with and
without dipole approximation in the order of 1/c¢ [22,23]. It
implies that the nondipole interaction cannot affect the bound
or the continuum states with p, = 0 for these two initial

— [2p5) (D)
-=- |2p5) (ND)

PEMD (a.u.)

() (X2 )

)

2.2 2.4 2.6 2.8
pr (a.u.)

FIG. 3. [(a), (b)] Cuts of the PEMDs in the polar coordinates at
0 = 2 rad for |2pg) and |2pj) states, respectively. The solid and
dashed lines are the results for the dipole (D) and nondipole (ND)
TDSE calculations, respectively. (c) Same as (a) but for the |2pY,)
states. The gray solid (|2p})) and black dashed (|2p*,)) are the
results for the PEMD obtained by numerically solving the TDSE
with dipole approximation. The blue (|2p})) and purple (|12p* ,)) lines
are the results for the nondipole TDSE calculation.

bound states. Thus, the PEMDs are the same for the dipole
and nondipole TDSE.

However, for the |2p}) and |2p* ) states, as displayed in
Fig. 3(c), the results for dipole and nondipole TDSE cal-
culation are different. In the dipole TDSE calculations, as
shown by the gray solid and black dashed lines, the PEMDs
are the same for the |2pj) and |2p*,) states. It indicates
that the AC-Stark shifts induced by the laser pulse are the
same for these two states. While for the PEMDs obtained
by nondipole TDSE calculations, the interference structure
for the |2p]) state shifts left with respect to the results of
dipole TDSE, but it shifts right for the |2p* ) state. Moreover,
the shift of the interference structure decreases with p,. For
instance, the shift of peak 1 is larger than peak 2, and the
shift disappears for peak 3. The shifts of the PEMDs originate
from the Zeeman effect of the laser pulse. As suggested by
Eq. (13), the time-dependent energy shifts of the initial states
induced by the magnetic field add an extra phase difference
between the short and long photoelectron trajectories, and the
extra phase depends on the magnetic quantum number of the
initial states and the ionization time intervals of the short and
long photoelectron trajectories. The extra phase differences
are opposite for [2p7) and |2p* |) states, which is responsible
for the left shifted PEMD for |2p]) and right shift for [2p* ;)
states as displaced in Fig. 3(c). Furthermore, from analysis
of the photoelectrons dynamics by the three-step model, the
peak 3 corresponds to the cutoff momentum of the backward-
rescattering electrons, where the ionization times of the short
and long trajectories are the same as shown in Fig. 2(c). It
implies that the ionization time intervals between the short
and long trajectories decrease with p,. Hence, the shift of
the interference structure decreases with the radial momentum
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of the photoelectrons. The above qualitative analysis of the
TDSE results suggests that the time-dependent Zeeman effect
caused by the magnetic components of the laser pulses can be
revealed by the interference of the short and long photoelec-
tron trajectories in strong-field ionization.

In order to further confirm that the shift of the interference
structure originates from the Zeeman effect induced by the
laser pulse, we also calculate the interference structures by the
three-step model beyond the dipole approximation [22,23].
In this model, the potential-free acceleration of the photo-
electrons is described classically by Newton’s equation after
tunneling ionization [50,60,61]. It has been demonstrated that
the trajectories of the photoelectrons is only modified along
the propagation direction of the laser pulse by the nondipole
part of the Lorentz force in the first order of 1/c [22]. There-
fore, the return condition in the polarization direction, z(#;) =
z(t,), is the same as it in the dipole approximation, which is
written as

tr
/ [A(t) — A(t;)]dt = 0. (14)
ti
Here, #; and ¢, are the ionization and rescattering time, respec-
tively. To map the final photoelectron momentum with the
ionization time #; and rescattering time ¢,, we need the another
condition, i.e., the photoelectron energy conservation before
and after rescattering, which is given by [23]
2
P(1+) (p A+ lAz(tr))
2 c 2

= YAa) - AwP + 0(%) (15)
2 c

In this work, we focus on the PEMD in the polarization plane,
i.e., py = 0. So this condition is the same as it in the dipole
approximation. It implies that the dynamics of the electrons in
Dx-P. plane is the same with and without nondipole correction
in the order of 1/c, and thus the motions of the electrons along
py axis can be neglected. The phase for the EWP accumu-
lated in the laser pulse s; in Eq. (12) can be given by the
classical action of the electrons as s; = ffoo v2(t)/2, where
v(t) is momentum of the electron [50,60,61]. From classical
analysis of the electrons motion by Egs. (14) and (15), the
photoelectron momentum before and after the rescattering is
given by v(t <t,) =A(@)—A{;) and v(t > t,) =p + A(?),
respectively. Therefore, the phase s; for the photoelectron with
final momentum of p is written as

ty 400
si(p) = / %[A(t)—A(n)]Zdw / %[p+A(r)12dt.
t; 1
(16)

Note that we neglect the energy shifts of the continuum states
caused by the nondipole effect, due to the adding term p,/cU,
vanishing in the PEMD of the polarization plane (p, = 0)
[62—-64]. Otherwise, when we consider the difference of the
interference structures between |[2p}) and |2p* ) states, the
Stark effect can be neglected due to the same AC-Stark shifts
for these two states as discussed above.

When we insert Eq. (16) into Egs. (12) and (13), the
phase difference for the short and long trajectories is obtained,
and the interference structure cosz[(SlDng — Sshort)/2] for the

PEMD
1074

107

1020

c08%[(Siong — Sshort) /2]
0.5 1 1.5 2

(d 10
_—__—\ \
5 ——— __ I~ 5
& —_—=c- - - |5 &
< peaki peak2 TDSE peakl peak2 j
S TSM -
0
19 2 21 22 23 19 2 21 22 23
6 (rad) 0 (rad)

FIG. 4. (a) PEMD in the polar coordinates from ionization
of He™ ion for |2p}) state obtained by numerically solving the
nondipole TDSE. The solid lines represent the positions of inter-
ference maxima, and the lines with different colors correspond to
the peaks marked by the arrows in Fig. 3(a). (b) The interference
structures for the short and long backward-rescattering electron tra-
jectories calculated by the three-step model (TSM) beyond dipole
approximation. (c) The peak distance Ap, between the results for
[2p}) and |2p* ) states as a function of 6. The solid and dashed lines
are the results obtained from the TDSE calculations and three-step
model, respectively. The colors of lines correspond to the colors in
panels (a) and (b). (d) The ionization time difference At; between
the short and long electron trajectories as a function of 6 for the
interference maxima shown in panel (b).

|2p}) state is displayed in Fig. 4(b). Figure 4(a) shows the
PEMD obtained by numerically solving TDSE for compar-
ison. To qualitatively analyze the shift of the interference
structure, we extract the peak positions of the interference
structure as a function of 6 as shown by the solid lines in
Figs. 4(a) and 4(b). The lines with different colors correspond
to the peaks marked by the arrows in Fig. 3(c). Then the
peak distances Ap, between the results of [2p]) and [2p* )
states [as indicated in Fig. 3(c)] as a function of 6 are ex-
tracted, as displayed in Fig. 4(c). The solid and dashed lines
represent the results obtained from the TDSE calculations
and the three-step model, respectively. Obviously, the results
obtained from these two methods reasonably coincide with
each other, which suggests that the Zeeman effect induced
by the laser pulse is successfully revealed by the interference
of the backward-rescattering photoelectrons with short and
long trajectories. Otherwise, the peak distances of peak 1 and
peak 2 decrease with 6. To trace the origination of this trend
of Ap,, the ionization time intervals between the short and

long photoelectron trajectories Af; = £ — 11" of the peak
1

positions are displayed in Fig. 4(d). Here, ™" and 1,°* are
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the ionization times of the short and long trajectories, respec-
tively. As indicated by Eq. (13), the shift of the interference
structure sensitively depends on the ionization time interval
of the short and long trajectories, and the decreasing A¢; as a
function of 0 is responsible for the decreasing of Ap,.

IV. CONCLUSION

In conclusion, we have demonstrated that the Zeeman ef-
fect of the laser pulses can be revealed by the interference of
the short and long trajectories of the backward-rescattering
photoelectrons in strong-field ionization. The magnetic field
of the laser pulse can induce different time-dependent energy
shifts of the initial bound states, and this energy shift also
depends on the magnetic quantum numbers of the electrons.
Since the short and long trajectories are generated at the
different times in the same one-quarter laser cycle, the time-
dependent energy shifts of the initial states add different initial
phases to the short and long photoelectron trajectories, which
results in a shift of the interference structure. Our work first
reveals the magnetic effect on the bound state induced by

the laser pulses in strong-field ionization and shows that the
nondipole effect can show up in the PEMD of the polarization
plane in theory.

Note that the Zeeman effect can also be observed in other
atoms. We choose this simple atom to quantitatively illustrate
our scheme. We also mentioned that the states with various
magnetic quantum numbers can be prepared by exciting atom
with particular polarized laser pulse [65,66]. Although obser-
vation of this effect is challenging in the experiment due to
the laser focal averaging effect, it deepens our understanding
of the magnetic field role and time-resolved photoelectron
interference in strong-field ionization.
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