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Collision-induced radiative quenching and other disintegration modes of the 2s state of muonic
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The formation and various disintegration modes of 2s states for muonic hydrogen and deuterium atoms at
kinetic energies both above and below the 2s-2p threshold are studied. The cross sections of the collision-induced
radiative quenching, elastic scattering, and Coulomb deexcitation of (μ− p)2s and (μ−d )2s atoms in collisions
with ordinary hydrogen and deuterium atoms at collision energies below the 2s-2p threshold are calculated in
the framework of the close-coupling approach. The basis set includes all open and closed channels corresponding
to exotic-atom states with principal quantum number n from 1 up to 30. Results of these numerical quantum-
mechanical calculations of cross sections are used as input data for detailed cascade calculations. The kinetics of
atomic cascade for μ− p and μ−d atoms is studied in the wide range of the relative target densities, ϕ = 10−8 − 1
applying the improved version of the cascade model. It is shown that the collision-induced radiative quenching
gives a significant contribution to the total disintegration of the 2s state of muonic atoms at energies below the
2s-2p threshold. The initial population of the 2s state for both muonic hydrogen and deuterium atoms, absolute
intensities, and probabilities of the different disintegration modes as well as their lifetimes are calculated for the
fractions with kinetic energies above and below the 2s-2p threshold. The obtained results are compared with the
known experimental data.
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I. INTRODUCTION

The negatively charged muons stopped in H2 or D2 gaseous
target form μ− p or μ−d atoms in highly excited states [1].
The formation of muonic atoms of hydrogen isotopes is fol-
lowed by a number of the subsequent radiative and collisional
processes. In the process of deexcitation, an μ− p or μ−d
atom passes through many intermediate states until it reaches
the ground state or weak decay of the muon occurs (μ− →
e− + ν̄e + ν mu) in the excited state of the atom. During this
deexcitation cascade, a fraction of μ− p or μ−d atoms reaches
the 2s state. The number of atoms reached 2s state is de-
termined by several factors: the initial (n, l, E ) distributions
(e.g., see Refs. [2,3]), the competition of collisional processes
and radiative transitions during the deexcitation cascade, as
well as the target temperature and density.

Muonic hydrogen and muonic deuterium atoms are of
special interest among exotic atoms due to their simplest
structure and possibility to investigate a number of problems
both the exotic atom physics and the bound-state QED. The
2s state plays a particular role in these atoms due to (2s-2p)
Lamb shift, EL = 202.0 meV, and has no analog in hadronic
atoms. A high-energy component of (μp)1s with kinetic en-
ergy ∼0.9 keV was discovered [4,5] from the analysis of the
time-of-flight spectra (at low gas pressures pH2 = 16 and 64
hPa) and attributed to nonradiative quenching of the 2s state
due to the formation of the muonic molecule in a resonant
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(μp)2s + H2 collision and subsequent Coulomb deexcitation
of the (ppμ)+ complex (see Ref. [6] and references therein).
Theoretical estimation of the quenching rate in the framework
of this model gives ∼5 × 1010 s−1 at liquid-hydrogen density
(LHD = 4.25 × 1022 atoms/cm3) that is about an order of
magnitude smaller than the value 4.4+2.1

−1.8 × 1011s−1 extracted
from experiments [5]. In our paper [2] the observed collisional
quenching and high-energy (μp)1s component was explained
by the direct Coulomb deexcitation (CD) process,

(μ− p)2s + H → (μ− p)1s(0.9keV) + H. (1)

The problem of the (μ− p)2s collisional quenching in the
hydrogen target has been studied previously both experi-
mentally [4,7–11] and theoretically [2,12–16]. Experimental
investigations with muonic hydrogen and deuterium atoms
at Paul Scherrer Institute [5,17–19] performed at a low gas
pressure have revived interest in the subject of the formation
and disintegration modes of (μ− p)2s and (μ−d )2s atoms at
kinetic energies both above and below the 2s-2p threshold.
The theoretical description of the collisional processes and
kinetics of the atomic cascade was improved significantly in
our works (e.g., see Refs. [2,3,20–24] and Refs. therein).

In the collision of muonic hydrogen or deuterium atoms in
the 2s state with the target atom or molecule, a strong coupling
between this state and the unstable with respect to the radiative
2p → 1s transition 2p state leads to the collision-induced
radiative quenching of the 2s state at kinetic energies below
the 2s-2p threshold. The consequences of this mechanism can
be observed in both the absolute x-ray yield of the Kα line
and the lifetime of the muonic hydrogen and deuterium atoms
in the 2s state. According to our knowledge, the process of
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the collision-induced radiative quenching of the (μp)2s state
has been treated in the framework of the semiclassical ap-
proaches [13,15] and was never taken into account in cascade
calculations, since the delayed Kα x rays induced during the
collisions have not been experimentally observed [9].

In this paper, we investigate the further history of (μ− p)
and (μ−d ) atoms formed in the 2s state with kinetic ener-
gies both above and below the 2s-2p threshold. Their fate is
determined by the interplay of a few processes: the elastic
2s-2s scattering, the 2s → 2p Stark transition followed by
the fast radiative 2p → 1s deexcitation, the collision-induced
radiative quenching, the Coulomb deexcitation 2s → 1s, and
μ decay.

The paper is organized as follows. Section II presents the
results of calculations of the cross sections for elastic 2s-2s
scattering, 2s-2p Stark transitions, collision-induced radiation
quenching, and 2s-1s Coulomb deexcitation for muonic hy-
drogen and deuterium atoms performed in the framework of
the close-coupling approach. Results of cascade calculations
are presented in Sec. III. Initial populations and kinetic energy
distributions of (μ− p)2s and (μ−d )2s atoms are presented in
Sec. III A. Collisional rates for (μ− p)2s and (μ−d )2s atoms
and intensities of the different modes of their disintegration
are given in Secs. III B and III C, correspondingly. The
contributions of different processes, forming the absolute x-
ray yield of Kα line are discussed in Sec. III D. Calculated
probabilities of different disintegration modes and a lifetime
of (μ− p)2s and (μ−d )2s atoms with energies both above and
below the 2s-2p threshold are presented in Sec. III E. The
results are summarized in Sec. IV.

Atomic units are used throughout unless otherwise stated.

II. CROSS SECTIONS OF COLLISIONAL PROCESSES
FOR MUONIC HYDROGEN AND DEUTERIUM ATOMS

In our paper [3], the cross sections of all processes at
collisions of the excited μ− p and μ−d atoms with hydro-
gen isotope atoms in the ground state have been presented.
In these calculations, performed in the framework of the
close-coupling approach, the radiative widths or instability
of the excited states of muonic atoms and the possibility of
the collision-induced radiative transitions were not taken into
account. This approximation is completely justified for all
excited nl states except the 2p state. Indeed, the radiative
widths of highly excited states are very small and the rates
of the collision-induced radiative transitions are negligible
compared to the rate of the direct radiative dipole transitions
nl → n′l ± 1.

The situation is quite different in the case of the 2s
state. At collision energies below the 2s-2p threshold, the
Stark transition 2s → 2p is energetically forbidden and the
collision-induced radiative quenching

(μ−a)2s + A → (μ−a)1s + A + γ (1.9 keV) (2)

(a = p or a = d , and A = H, D) may prove to be an important
mechanism of the disintegration of the 2s state. Therefore, in
this paper devoted to the fate of the 2s state in muonic hy-
drogen and deuterium atoms, the cross sections of the elastic

scattering

(μ−a)2s + A → (μ−a)2s + A (3)

and Coulomb deexcitation (CD)

(μ−a)2s + A → (μ−a)1s(0.9 keV) + A(1.0 keV) (4)

in (μ− p)2s + H and (μ−d )2s + D collisions calculated ear-
lier [2,3] at energies below the 2s-2p threshold were
recalculated taking into account the radiation width or the
instability of the 2p state.

Calculations were performed in the framework of the
closed-coupling approach by using the propagation matrix
method described in detail in our paper [2]. The main ad-
vantage of this method is that it allows us to describe both
open and closed unstable-state channels as well as to avoid nu-
merical errors caused by the exponentially increasing linearly
independent solutions of the system of the close-coupling
equations. This method has been developed and applied ear-
lier by the authors, in particular, for the description of the
collision-induced absorption or annihilation in the case of
hadronic atoms [20,24].

The present calculations were performed with the extended
basis set including all states of the muonic hydrogen (deu-
terium) atom with the principal quantum number values from
n = 1 up to nmax = 30. The value �2p = 80 μeV of the radia-
tive width of the 2p state was used for both muonic hydrogen
and muonic deuterium atoms. All other states were considered
as stable ones. In the case of the 2s state at kinetic energies
below the 2s-2p threshold, the S matrix in the subspace of
the open channels is not unitary due to the instability of the
2p state. The unitary defect allows us to determine the cross
section of the collision-induced radiative transition from the
2s state as follows:

σ ind
2s = π

k2

∑
J,n′=1,2

(2J + 1)
(
δ2,n′ − |SJ

2s→n′s|2
)
. (5)

Here, k2 = 2MrEcm, Ecm is the relative motion energy in the
entrance channel, and Mr is the reduced mass of the scattering
problem.

Cross sections for (μ− p)2s + H collisions calculated with
�2p = 80 μeV and �2p = 0 are shown in Fig. 1. As can be
seen from Fig. 1, the cross sections of the elastic scattering and
CD practically do not change when the radiative width �2p

of the 2p state is taken into account except for the resonance
region. This means that the width can be considered as a small
perturbation, and the cross section of the collision-induced
process is proportional to the width. The dependence of the
cross section of the collision-induced process on the value
� has been studied in detail in our paper [24]. At the same
time, in the resonance region, the cross sections of the elastic
scattering and the CD are strongly suppressed (by several
times in comparison with results presented in Ref. [2]) due
to the process (2) of the collision-induced radiative quench-
ing. In the resonance region, the cross section of the process
(2) even exceeds the cross section of the elastic scatter-
ing. The comparison of the collision-induced radiative cross
sections calculated in the present fully quantum-mechanical
approach with the cross sections calculated in Ref. [15] within
a simple model of the potential scattering with the complex
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FIG. 1. The energy dependence of cross sections for (μ− p)2s +
H collisions: elastic scattering 2s-2s, Coulomb deexcitation 2s →
1s, collision-induced radiative quenching, and Stark 2s → 2p
transition. Cross sections of the elastic scattering and Coulomb de-
excitation calculated with �2p = 0 [2] are shown by dashed lines for
comparison.

potential is shown in Fig. 2. Here the cross section of the
collision-induced radiative quenching calculated with the sim-
plest basis set in which only wave functions of the 1s, 2s, and
2p states of the muonic atom were included is also presented.
In the paper [15], the Born-Oppenheimer approximation was
applied using the four-term basis set with the lowest 1s and
2s orbitals in variational calculations. In such approximation,
the scattering problem is reduced to a simple model of the
potential scattering with the complex potential.

Figure 2 shows that the cross section of the collision-
induced radiative quenching calculated in Ref. [15] is too
small even in comparison with our close-coupling result ob-
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FIG. 2. Cross sections of the collision-induced radiative quench-
ing for (μ− p)2s + H collisions vs the laboratory kinetic energy below
the 2s-2p threshold: the solid line and dashed-dotted line are the
results of the present calculations with the basis sets nmax = 30 and
nmax = 2, respectively, and the dashed line is obtained from Fig. 4 of
Ref. [15].
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FIG. 3. The same as in Fig. 1 for (μ−d )2s + D collisions. Cross
sections of the elastic scattering and Coulomb deexcitation calcu-
lated with �2p = 0 from Ref. [3] are shown by dashed lines.

tained with the minimal basis set in which only the 1s, 2s,
and 2p muonic-atom wave functions were taken into account.
Besides, the cross section of collision quenching calculated
in Ref. [13] is somewhat less in comparison with the re-
sult of Ref. [15]. Therefore, the adiabatic description and
correspondingly the Born-Oppenheimer approximation is not
justified for the realistic treatment of the collision-induced
radiative quenching of the 2s state in (μ− p)2s + H collisions
at kinetic energies below the 2s-2p threshold.

Figure 3 shows the energy dependence of the cross sec-
tions for (μ−d )2s + D collisions. We see that the subthreshold
resonance, which is well pronounced in the case of (μ− p)2s +
H collisions, disappears due to an increase in the masses of the
colliding particles. Therefore, taking into account the 2p-state
width does not at all affect the elastic scattering and CD cross
sections at all energies below the 2s-2p threshold. It should be
noted that the presence or absence of resonance in the cross
sections of collisional processes at energies below 0.01 eV
does not affect the processes of destruction of the 2s state of
the muonic atom at a target temperature T = 300 K.

III. RESULTS OF CASCADE CALCULATIONS

The cascade calculations for muonic hydrogen and muonic
deuterium atoms were performed in the framework of the
improved version of the cascade model developed in our re-
cent papers [2,3]. In particular, the probability densities of
n and l initial (at the instant of the exotic atom formation)
distributions as well as of the initial kinetic energy distribution
(see Eqs. (22)–(24) in Ref. [3]) were used in the present cas-
cade calculations. Besides, the exact kinematic of the binary
collision taking into account the target motion was applied
in the present cascade calculations (for detail see Ref. [3]).
Finally, the present cascade model includes new results given
in Sec. II for cross sections of the elastic scattering, collision-
induced radiative quenching, and the CD for (μ− p)2s and
(μ−d )2s at kinetic energies below the 2s-2p threshold.

To obtain good statistics, the fate of the 108 muonic atoms
has been analyzed in the present cascade calculations for
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FIG. 4. The total arrival population εtot
2s of μ− p (solid line) and

μ−d (dashed line) atoms vs the density of the target calculated at a
target temperature T = 300 K. The experimental data for are from
Ref. [9].

each value of the target density in the relative density range,
covering nine orders of magnitude ϕ = 10−9 − 1, where ϕ

is the target density in units of the liquid hydrogen density,
NLHD = 4.25 × 1022 atoms/cm3.

The various characteristics of muonic hydrogen and deu-
terium atoms in the 2s state were calculated: the arrival
population and kinetic energy distribution, the intensities and
probabilities of the different disintegration modes, and life-
times. Some of present results are compared with the available
experimental data [4,5,9,19].

A. Initial population and kinetic energy distribution of (μ− p)2s

and (μ−d )2s

We define the total initial or arrival population of the 2s
state, εtot

2s , as the probability that the formed muonic hydrogen
or deuterium atom will reach this state during the deexcitation
cascade regardless of whether its kinetic energy is above or
below of the 2s-2p threshold. The density dependence of the
total arrival population for (μ− p)2s and (μ−d )2s atoms calcu-
lated using the present version of the atomic cascade is shown
in Fig. 4. Calculations were performed at relative hydrogen
density ϕ = (10−9 − 1) and at target temperature T = 300 K.

The total arrival populations for the (μ− p)2s and (μ−d )2s

have similar dependences on the target density. They are about
2% in the density range ϕ = (10−9–10−7) and grow up to
88% and 57% at a liquid hydrogen density for μ− p and
μ−d atoms, respectively. In the case of muonic hydrogen the
density dependence of the εtot

2s has been explained in detail
in the paper [2]. The same explanation is also valid for the
muonic deuterium.

At densities below 10−7, the role of collisional processes
in the deexcitation cascade is extremely weak and the arrival
population of the 2s state is mainly determined by (n, l ) dis-
tributions at the instant of the exotic atom formation and the
rates of radiative transitions from the higher n p states (n � 3).
So, in this density range, the arrival population εtot

2s is equal to
about 2% and is very weakly dependent on the density for
both muonic hydrogen and muonic deuterium atoms.

In the density range ϕ = 10−7–2.5 × 10−4, the arrival pop-
ulation εtot

2s increases from about 2% up to 6.77% and 6.34%
for μ− p and μ−d atoms, respectively. In this density range,
the total population of the 2s state grows due to an increase of
the intensity of all collisional processes, which in turn lead to
a larger population of np states (n � 5) and accordingly to an
increase of the intensity of the radiative np → 2s transitions.

This explanation is in accordance with the density depen-
dence of the relative x-ray yields, Yi = I (Ki/I (Ktot ), for Ki

lines (i = α, β, γ , etc.) (see also Figs. 17 and 18 in Ref. [3])
and a strong correlation between the relative yields of Ki lines
and the total population εtot

2s . At densities below 2.5 × 10−4,
the calculated arrival population εtot

2s is in perfect agreement
with the estimation based on formula (see Eq. (21) in Ref. [2])

εrad
2s = 0.134(1 − Yα ) + 0.01Y>β. (6)

At these densities, the calculated values of εtot
2s are in very

good agreement with the experimental data obtained from the
measured relative x-ray yields [9] at H2 gas pressures between
0.25 and 150 Torr (T = 300 K) that corresponds to the range
of the relative densities from 3.8 × 10−7 up to 2.3 × 10−4.

At densities above 2.5 × 10−4, the populations εtot
2s and

εrad
2s have quite different dependencies on the density. The

population εrad
2s reaches its maximum value 7.7% and 7.5%

at ϕ = 2 × 10−3 and then rapidly decreases to about 2.4% and
1.2% at ϕ = 1, respectively for μ− p and μ−d atoms. Contrary
to this, the arrival population εtot

2s in the density range ϕ =
2 × 10−3 − 1 rapidly grows from 10.4% (for μ− p) and 8.6%
(for μ−d) up to 88% and 57% at a liquid hydrogen density
for μ− p and μ−d atoms, respectively. It is important to note,
that these values of the total arrival population significantly
exceed the statistical weight of the 2s state (25%) especially
in the case of the muonic hydrogen.

In the density range 10−4 � ϕ � 3 × 10−3, Stark transi-
tions increase the population of np states (3 � n � 5) from
which the radiative np → 2s transitions populate the 2s state.
This explanation is supported by the density dependence of
the absolute x-ray yields of the Kβ, Kγ and Kδ lines (see
Fig. 15 in Ref. [3]).

At a density above ≈3 × 10−3, the CD 5 → 4, 4 → 3,
and 3 → 2 together with Auger and radiative transitions re-
sult in very fast increasing of the population εtot

2s . Besides,
at the density ϕ � 10−2 the rate of the Stark 2p → 2s tran-
sition is comparable with the rate of the radiative transition
2p → 1s and becomes even about two orders of the magni-
tude more at a liquid hydrogen density (ϕ = 1). Therefore, at
the density above 10−2 the initial population of the 2s state
is mainly formed by the Auger transition 3p → 2s, the CD
3l → 2s (l = 0, 1, 2), and the always open Stark 2p → 2s
transition.

The kinetic energy of the muonic atom changes during the
atomic cascade as a result of the complex interplay of various
cascade processes preceding its arrival in the 2s state. In
cascade calculations, the kinetic energy distribution of exotic
atoms at the time of their transition to the 2s state is described
by the probability density, ω2s(E ; ϕ, T ), which is determined
by the preceding cascade processes as well as by the target
density and temperature.
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FIG. 5. Kinetic energy distributions of muonic hydrogen (solid
lines) and deuterium (dashed lines) atoms on arrival in the 2s state
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T = 300 K for three values of the relative target density: 7 × 10−7,
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distribution of muonic atoms at the instant of their formation [see
Eq. (8)].

In Fig. 5 we present the distribution function of the proba-
bility,

W2s(E ; ϕ, T ) =
∫ E

0
ω2s(E

′; ϕ, T )dE ′, (7)

which determines the probability that the muonic atom has
kinetic energy in the laboratory frame less than E at the instant
of the 2s state formation. Further, this probability will be
called the kinetic energy distribution of muonic hydrogen or
muonic deuterium atoms on arrival in the 2s state. Calcula-
tions were performed at a room target temperature T = 300 K
for three values of the relative target density: ϕ = 7 × 10−7,
7 × 10−5, and 10−2. The dotted line in the figure shows the
kinetic energy distribution of muonic atoms at the instant of
their formation, given by the formula

Win(E ) = 1 − κ exp(−E/E1) − (1 − κ) exp(−E/E2), (8)

where parameters κ = 0.805, E1 = 0.469 eV, and E2 =
4.822 eV were determined in Ref. [2] from the fit of exper-
imental data [4] at the density corresponding to the target
pressure pH2 = 0.0625 hPa and temperature T = 300 K.

As it is seen from Fig. 5, the kinetic energy distributions of
the 2s state for both muonic hydrogen and deuterium atoms
are practically indistinguishable at the density ϕ = 7 × 10−7

and have a small differences from the initial energy distribu-
tion given by Eq. (8). At very low target densities ϕ � 10−6

the deexcitation cascade is practically purely radiative and
the initial kinetic energy distributions of muonic atoms at the
instant of their formation are conserved up to the end of the
cascade. In this density range the kinetic energy distributions
of both muonic hydrogen and deuterium atoms in the 2s state
show a very small acceleration due to the Coulomb deexcita-
tion of highly excited states.

At densities ϕ � 10−6, the effect of the CD in the highly
excited states (preceding the population of the 2s state)

TABLE I. The density dependence of arrival populations εa
2s and

εb
2s (per formed muonic atom) of (μ− p)2s and (μ−d )2s fractions

above and below of the 2s-2p threshold, respectively.

ϕ (μ− p)2s (μ−d )2s

(LHD) εa
2s(%) εb

2s(%) εa
2s(%) εb

2s(%)

10−8 1.06 0.87 1.05 0.88
10−7 1.11 0.90 1.12 1.02
10−6 1.48 0.98 1.48 1.03
10−5 2.82 1.10 2.57 1.14
10−4 4.64 1.28 4.10 1.41
10−3 6.13 2.21 4.76 2.69
10−2 15.74 3.35 7.89 4.95
10−1 54.67 5.37 29.05 7.07
100 76.02 11.93 46.55 11.04

becomes more pronounced providing a high-energy compo-
nent in the kinetic energy distribution of the 2s state. In
particular, at a density ϕ = 7 × 10−5 (see Fig. 5), the con-
tributions of the CD 8 → 7, 7 → 6, 6 → 5, and 5 → 4 are
explicitly seen in kinetic energy distributions of both (μ− p)2s

and (μ−d )2s atoms. The observed here small differences be-
tween kinetic energy distributions of (μ− p)2s and (μ−d )2s

atoms are explained by the weak isotopic effect in cross
sections of the CD for highly excited states (for details see
Ref. [3]). With the further density increasing the role of the
CD becomes much more prominent. In particular, Fig. 5 illus-
trates the significant isotopic effect of the CD in the kinetic
energy distributions of the 2s state of muonic hydrogen and
deuterium atoms at a density ϕ = 10−2. Here the strong iso-
topic effect in the cross sections and accordingly in rates of the
CD 5 → 4, 4 → 3, and especially 3 → 2 (e.g., see Figs. 8, 9,
11, and 12 in Ref. [3]) leads to significant differences in the
kinetic energy distributions of atoms (μ− p)2s and (μ−d )2s at
the instant of their formation.

In accordance with the kinetic energy distribution of the 2s
state (see Fig. 5) the total arrival population εtot

2s can be divided
into two fractions

εtot
2s (ϕ) = εa

2s(ϕ) + εb
2s(ϕ), (9)

where εa
2s(ϕ) and εb

2s(ϕ) denote arrival populations of frac-
tions with the kinetic energy above and below the 2s-2p
threshold, respectively. Absolute values of εa

2s(ϕ) and εb
2s(ϕ)

calculated for (μ− p)2s and (μ−d )2s atoms at target densities
from ϕ = 10−8 up to 1 and a target temperature T = 300 K
are shown in Table I.

It is important to notice some peculiarities in the formation
of these fractions in muonic hydrogen and muonic deuterium
atoms. First, the arrival population εa

2s for the muonic hy-
drogen and deuterium atoms with kinetic energies above the
2s-2p threshold is larger than the arrival population εb

2s with
kinetic energies below the 2s-2p threshold at all values of the
target density. Second, the arrival population εa

2s grows with
the density much faster than the arrival population εb

2s for both
(μ− p)2s and (μ−d )2s atoms. Finally, the arrival population εb

2s
of the muonic deuterium is greater than the arrival population
of the same fraction of the muonic hydrogen at all densities
of the target except for the region very close to the liquid
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FIG. 6. Collisional rates of the elastic 2s-2s scattering, CD 2s →
1s, and collision-induced radiative quenching of the 2s state as a
function of the laboratory kinetic energy for (μ− p) (solid lines) and
(μ−d ) (dashed lines) atoms calculated at the liquid hydrogen density.

hydrogen density. On the contrary, at ϕ > 10−6, the arrival
population εa

2s for the muonic hydrogen is more (and even
significantly more at ϕ � 10−3) than the arrival population of
the same fraction in the case of the muonic deuterium.

B. Collisional rates of (μ− p)2s and (μ−d )2s atoms

After the formation of the hydrogen exotic atoms in the
2s state, their further fate is determined by the rate of
the muon decay (λμ = 4.54 × 105 s−1) and by the rates of
the collisional processes: the elastic scattering 2s-2s, the
collision-induced radiative quenching, the Stark transition
2s → 2p followed by the fast radiative transition 2p → 1s,
and the CD 2s → 1s. The rate of the collisional process in the
laboratory frame is defined as follows:

λnl→n′l ′ (Elab) = ϕNLHDσnl→n′l ′ (Elab)

√
2Elab

M
, (10)

where Elab and M are the kinetic energy in the laboratory
frame and the mass of the muonic atom, respectively.

Figure 6 shows the energy dependence of collisional rates
for the elastic scattering 2s-2s, CD 2s → 1s, and collision-
induced radiative quenching of the 2s state for muonic
hydrogen and deuterium atoms at the liquid hydrogen density
(ϕ = 1). The rate of the radiative transition λrad (2p → 1s) =
0.12 ps−1 is shown for comparison. A small difference of
about 5% between radiative rates of the 2p → 1s transition
in muonic hydrogen and deuterium due to the difference of
their reduced masses is not visible at the scale of the figure.

The isotope effect observed in cross sections for scattering
of muonic atoms in states with values of the principal quantum
number n < 8 (see Ref. [3]) is practically absent for highly
excited states with n > 8. The only source of the isotopic
effect in the kinetics of the atomic cascade for states with
n > 8 is the trivial kinematic factor

√
2Elab/M in Eq. (10).

In the case of the 2s state, the isotopic effect revealed in
cross sections (see Figs. 1 and 3) is additionally enhanced by
this factor associated with the difference of the exotic atom
velocities at the same energy in the laboratory system. It is
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FIG. 7. Intensities (per one formed μ− p atom) for all disinte-
gration modes of (μ− p)2s vs the relative target density: collision-
induced radiative quenching (solid line), Stark 2s → 2p transition
(line with open circles), Coulomb deexcitation (line with asterisks),
and μ decay (dashed and dashed-dotted lines for fractions below and
above the 2s-2p threshold, respectively).

seen in Fig. 6, that the isotopic effect in rates of all collisional
processes is very strong.

C. Intensities of the different disintegration modes of (μ− p)2s

and (μ−d )2s

The intensities of the decay modes, i.e., the number of
atoms (per one formed muonic atom) disintegrated through a
given mode were calculated within the present cascade model
for muonic hydrogen and deuterium atoms in 2s state. The
intensities of the destruction of the 2s state for (μ− p) and
(μ−d ) atoms are shown as functions of the target density in
Figs. 7 and 8, respectively, and are also presented in Tables II
and III for several density values.

The figures and tables show the intensities of the following
destruction modes:

Irqu - collision-induced radiative quenching,
IStr - Stark transition 2s → 2p followed by the fast radiative

2p → 1s transition,
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FIG. 8. The same as in Fig. 7 for (μ−d )2s + D collisions.
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TABLE II. The density dependence of intensities (per one
formed muonic atom, in percent) of the μ decay calculated for
(μ− p)2s and (μ−d )2s with kinetic energies both above and below the
2s-2p threshold (Ia

μ and Ib
μ, respectively).

ϕ (μ− p)2s (μ−d )2s

(LHD) Ia
μ Ib

μ Ia
μ Ib

μ

10−8 0.86 0.95 0.91 0.95
10−7 0.41 1.12 0.57 1.02
10−6 0.08 1.05 0.16 1.43
10−5 0.02 0.33 0.03 0.79
10−4 0.00 0.04 0.00 0.14
10−3 0.00 0.01 0.00 0.02

ICD - Coulomb deexcitation 2s → 1s,
Ia
μ - μ− decay at kinetic energies above the 2s-2p threshold,

Ib
μ - μ− decay at kinetic energies below the 2s-2p threshold.

At the lowest densities, the muon decay is the main process
resulting in the disintegration of the 2s state of both muonic
hydrogen and deuterium atoms at kinetic energies above and
below the 2s-2p threshold (see also Table II). At kinetic en-
ergy above the 2s-2p threshold, the intensity of the μ decay
decreases rather rapidly with the density increasing. On the
contrary, the intensity of μ decay at kinetic energies below the
2s-2p threshold at first even increases with increasing density
[especially in the case of (μ−d )2s] and then decreases rapidly
with further increase in density at ϕ > 10−5.

The intensities of Stark 2s → 2p transitions in muonic
hydrogen and deuterium atoms are in accordance with the
primary populations of these atoms at kinetic energies above
the 2s-2p threshold but turn out to be less than the values
of the corresponding primary populations. The intensity of
the Coulomb deexcitation for (μ− p)2s are about 1.5–2 times
higher than in the case of (μ−d )2s, while the values of the
radiation quenching intensity for these two isotopes are very
close at the target density less than 10−5 and with increasing
density targets up to 10−2 this ratio changes in favor of the
muonic deuterium atom by about 1.5 times.

The fastest collisional process, the elastic 2s-2s scattering,
leads to a deceleration of muonic atoms in the 2s state. As a
result, some part of the muonic 2s-state atoms initially formed

TABLE III. The density dependence of intensities ICD, Irqu, and
IStr(in percent) calculated for (μ− p)2s and (μ−d )2s.

ϕ (μ− p)2s (μ−d )2s

(LHD) ICD Irqu IStr ICD Irqu IStr

10−8 0.00 0.00 0.11 0.00 0.004 0.07
10−7 0.004 0.04 0.43 0.00 0.04 0.27
10−6 0.04 0.40 0.90 0.01 0.31 0.58
10−5 0.13 1.32 2.13 0.06 1.36 1.48
10−4 0.17 1.74 3.97 0.11 2.25 3.01
10−3 0.26 2.66 5.41 0.18 3.70 3.55
10−2 0.39 3.91 14.76 0.28 5.69 6.85
10−1 0.94 9.33 49.52 0.45 9.09 26.45
100 4.93 48.98 32.38 1.51 30.59 24.33

TABLE IV. The initial population εb
2s and the total number of

the disintegrated (μ− p)2s atoms with the energy below the 2s-2p
threshold Ib

2s (per one formed μp atom).

ϕ εb
2s(%) Ib

2s (%)

(LHD) Theory Theory Expt. Ref.

7.35 × 10−8 0.90 1.12 0.85+0.14
−0.14 [4]

2.94 × 10−7 0.95 1.27 0.92+0.08
−0.08 [4]

1.18 × 10−6 1.05 1.51 1.10+0.08
−0.08 [4]

4.71 × 10−6 1.13 1.72 1.25+0.98
−0.48 [5]

1.88 × 10−5 1.15 1.84 1.07+0.57
−0.30 [5]

7.53 × 10−5 1.28 1.93 1.63+1.08
−0.35 [5]

with kinetic energies above the 2s-2p threshold turns out to
be below the threshold. Thus, the population of the fraction
with kinetic energy above the 2s-2p threshold decreases, and
the population of the fraction with kinetic energy below the
2s-2p threshold increases accordingly compared to their val-
ues at the instant of formation. Thus, the total population of
the fraction with kinetic energy below the 2s-2p threshold is
always greater than its initial population εb

2s. This influence
of elastic scattering on redistribution of fractions with kinetic
energies above and below the 2s-2p threshold (in favor of
increasing the subthreshold fraction) increases with increasing
target density.

In Table IV we present the initial population εb
2s and the

total number of the disintegrated (μ− p)2s atoms with the
energy below the 2s-2p threshold Ib

2s (per one formed μ− p
atom):

Ib
2s = Ib

μ + ICD + Irqu (11)

in comparison with the values extracted from experiments
[4,5]. It should be noted that the values of Ib

2s given in the col-
umn “Expt.” are not determined directly from the experiment.
These values are essentially fitting parameters in the analysis
of the measured time-of-flight spectra of x-ray using Monte
Carlo simulation, which uses various theoretical input, includ-
ing the calculated scattering cross sections for (μp)1s + H2

scattering.
On the whole, there is a satisfactory agreement between

the theoretical results and experimental values. An excep-
tion is the experimental value obtained at a target density
of 1.88 × 10−6 [5], which is much less the corresponding
theoretical value. It should be noted that this experimental
value falls out of the general trend of population growth with
increasing target density and, moreover, there are no argu-
ments to explain it.

D. Absolute x-ray yield of Kα line

The absolute x-ray yield of the Kα line is determined as
the intensity of this line per muonic atom formed. The total
intensity, IKα , of the Kα line can be represented as a sum of
three different contributions corresponding to the preceding
history of the atoms involved in its formation:

IKα = I2p→1s + IStr + Irqu. (12)
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FIG. 9. The density dependence of the different contributions to
the absolute Kα line yield calculated for muonic hydrogen at the
target temperature T = 300 K.: I2p→1s (solid line with triangles), IStr

(dashed line), Irqu (solid line with filled circles), and their sum (solid
line).

Here I2p→1s denotes the intensity of the direct 2p → 1s ra-
diative transition occurring after the transition of a muonic
atom to the 2p state from states with the principal quantum
number n � 3. Remind, that IStr and Irqu are the intensities
of the 2s → 2p Stark transition (at kinetic energies above the
2s-2p threshold) followed by the 2p → 1s radiative transition
and the collision-induced radiative quenching of the 2s state
(at kinetic energies below the 2s-2p threshold), respectively.

Figures 9 and 10 show the density dependence of the
different modes forming the total absolute yield of the Kα

line as well as their sum calculated at a target temperature
T = 300 K for μ− p and μ−d atoms, respectively. As can
be seen from Figs. 9 and 10, the contribution of the direct
radiation 2p-1s transition I2p→1s to the absolute yield of the
Kα line decreases with increasing target density ϕ > 10−6. In
the case of a muonic hydrogen atom, this decrease becomes
rather rapid at ϕ > 10−3 and the contribution reaches a value
of 0.1 at the density of liquid hydrogen. In the case of a
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FIG. 10. The same as in Fig. 9 for μ−d atom.

muonic deuterium atom, we observe a similar dependence on
the density at ϕ < 10−3, however, a further increase in the
target density does not lead to a sharp decrease of the contribu-
tion I2p→1s (at the density of liquid hydrogen, this contribution
is about 0.4). This difference in the dependence of I2p→1s

on the density in muonic hydrogen and muonic deuterium is
explained by isotope effect in the rates of collisional processes
of these atoms (see Ref. [3]) in the upper part of the cascade
of deexcitation (n � 3). In particular, this is reflected in the
primary populations of the 2s state at kinetic energies above
the 2s-2p threshold (see Table I).

E. Probabilities of different disintegration modes
and lifetime of (μ− p)2s and (μ−d )2s

The probability that the muonic atom formed in the 2s state
disintegrates due to one of decay modes, Pi(ϕ), is given by

Pi(ϕ) = 1

p0

{
1 − exp

[
−

∫ ∞

0

λi(E ; ϕ)

λtot (E ; ϕ)
Fi(E ; ϕ)dE

]}
.

(13)

Here, the λi(E ; ϕ) is the rate of the process i where in-
dex i denotes the following disintegration channels: i = μ

(μ decay), i = CD (Coulomb deexcitation 2s → 1s), i = rqu
(collision-induced radiative quenching), and i = Str (Stark
transition 2s → 2p resulting in the radiative transition 2p →
1s). λtot (E ; ϕ) is a summary rate of all processes, which lead
to the disintegration of the 2s state:

λtot (E ; ϕ) = λμ + λCD + λrqu + λStr. (14)

The factor p0 = 1 − e−1 provides the correct behavior of the
probability Pμ in the limit ϕ → 0. The kinetic energy distri-
bution Fi(E ; ϕ) is defined at the instant of the disintegration of
the 2s state through the ith decay mode and normalized by the
condition: ∫ ∞

0
Fi(E ; ϕ)dE = 1. (15)

The probability of the different disintegration modes for
(μ− p)2s and (μ−d )2s atoms as functions on target density is
shown in Figs. 11 and 12, correspondingly. As can be seen
from the figures, probabilities of μ decay have a similar den-
sity dependence for muonic hydrogen and deuterium atoms.
This is explained by the fact that the μ-decay rate does not
depend on either the energy or the target density, and the ki-
netic energy distributions of muonic hydrogen and deuterium
are very close in the density region where the probability of
muon decay is not negligible (see Fig. 5).

On the contrary, for the probabilities of the destruction of
the 2s state in collisional processes, we observe significant
differences between muonic hydrogen and deuterium in both
the values of these probabilities and their dependence on the
target density. These differences are especially pronounced in
the ratio of the probabilities of Stark transitions and collision-
induced radiation quenching. The observed differences are
explained by two factors: significant differences in the ratio
of velocities, as well as in the distributions over the kinetic
energies of muonic hydrogen and deuterium atoms.

The mean time interval between the formation of the
muonic atom in the 2s state and its decay we define as the
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FIG. 11. The density dependence of decay probabilities of
(μ− p)2s for various disintegration modes: collision-induced radiative
quenching (solid line), Stark 2s → 2p transition (line with open
circles), Coulomb de-excitation (line with asterisks), and μ decay
(dashed and dashed-dotted, and dotted lines for fractions below and
above the 2s-2p threshold and their sum, respectively).

lifetime of the 2s state. In this work, to determine the lifetime
of the 2s state, we use the μ-decay probability

Pμ(ϕ) = 1

p0
[1 − exp ( − λμτ2s(ϕ))], (16)

where a lifetime τ2s(ϕ) of the 2s state is defined by

τ2s(ϕ) =
∫ ∞

0

Fμ(E ; ϕ)

λtot (E ; ϕ)
dE (17)

From Eqs. (16) and (17) we obtain

τ2s(ϕ) = −τμ ln[1 − p0Pμ(ϕ)]. (18)

Formulas similar to Eqs. (16)–(18) allow us to define and
to calculate the lifetime τ a

2s for the fraction of atoms in the 2s
state with the kinetic energy above the 2s-2p threshold and
also the lifetime τ b

2s for the fraction of atoms in the 2s state
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FIG. 12. The same as in Fig. 11 for (μ−d )2s atom.

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

ϕ
10

0

10
1

10
2

10
3

10
4

10
5

10
6

τ 
(p

s)

μp

FIG. 13. The density dependence of the (μ− p)2s lifetime calcu-
lated for various fractions: below the 2s-2p threshold (dashed line),
above the 2s-2p threshold (dashed-dotted line). The lifetime, τ2s, of
the 2s state independently whether the kinetic energy of muonic atom
is above or below the 2s-2p threshold is shown by the solid line. The
experimental values from Ref. [5].

with the kinetic energy below the 2s-2p threshold.

Pα
μ (ϕ) = 1

p0

[
1 − exp ( − λμτα

2s(ϕ))
]
, (19)

where

τα
2s(ϕ) =

∫ ∞

0

Fα
μ (E ; ϕ)

λα (E ; ϕ)
dE . (20)

is the lifetime of the fraction of the 2s state with the kinetic
energy above (α = a) or below (α = b) the 2s-2p threshold,
respectively. The corresponding total rates of these fractions
are given by:

λa(E ; ϕ) = λμ + λCD(E ; ϕ) + λStr (E ; ϕ) (21)

and

λb(E ; ϕ) = λμ + λCD(E ; ϕ) + λrqu(E ; ϕ). (22)

Infinite limits of integration in Eq. (20) are of a formal nature,
since the probability densities F a

μ (E ; ϕ) and F b
μ (E ; ϕ)are dif-

ferent from zero only in the intervals E � Ethr and E � Ethr,
respectively. From Eqs. (19) and (20) we obtain

τα
2s(ϕ) = −τμ ln

[
1 − p0Pα

μ (ϕ)
]
. (23)

In the present study three variants of the (μ− p)2s and
(μ−d )2s lifetime were calculated: the lifetime, τ a

2s, of the
fraction with the kinetic energy above the 2s-2p threshold, the
lifetime, τ b

2s, of the fraction with the kinetic energy below the
2s-2p threshold, and the lifetime, τ2s, of the 2s state indepen-
dently whether the kinetic energy of muonic atom is above or
below the 2s-2p threshold.

Results of calculations are presented in Figs. 13 and 14
for the (μ− p)2s and (μ−d )2s atoms, respectively. As it is seen
from the figures, the lifetime of the 2s state for both muonic
hydrogen and muonic deuterium has a similar dependence on
density for both fractions. At the lowest densities, the lifetimes
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FIG. 14. The same as in Fig. 13 for (μ−d )2s. The experimental
values from Ref. [19].

are determined by the muon decay rate. With increasing den-
sity, the role of collisional processes increases, which leads
to a decrease in the lifetime of both fractions. The lifetime for
the fraction with kinetic energy below the 2s-2p threshold, τ b

2s,
decreases much more slowly with increasing target density
than for the fraction with kinetic energy above the 2s-2p
threshold. At a densities ϕ > 10−5, the lifetime of a 2s state
behaves as ϕ−1, and the ratio τ b

2s/τ
a
2s is equal to about 15.

In the case of muonic hydrogen, the theoretical values of
the lifetime of the fractions with kinetic energy both above
and below the 2s-2p threshold are in excellent agreement with
the available experimental data. In the case of muonic deu-
terium, the agreement between the theoretical and available
at one density experimental values of the lifetimes of the 2s
state can be considered as good for τ b

2s and satisfactory for
τ a

2s.

IV. CONCLUSION

The fully quantum-mechanical study of the colli-
sional processes—elastic scattering, collision-induced ra-
diative quenching, and Coulomb deexcitation—has been
performed in the framework of the close-coupling approach
for (μ− p)2s + H and (μ−d )2s + D collisions at kinetic ener-
gies below the 2s-2p threshold. The cross sections have been
calculated with the basis set including all open and closed
channels associated with the exotic atom states with the prin-
cipal quantum number up to nmax = 30 and then have been
used as input data in the kinetics of the atomic cascade.

An important result of this work is the elucidation of
the role of the collision-induced radiative quenching in the
destruction of a muonic atom in 2s state. Our calculations
showed that this process makes a significant contribution to
the total disintegration of the 2s-state of muonic atoms at
energies below the 2s-2p threshold.

The kinetics of the atomic cascade has been investigated
for both muonic hydrogen and muonic deuterium atoms
within the updated version of the cascade model, which has a
number of essential improvements over the previous cascade
calculations. The cascade calculations have been performed
for target densities covering eight orders of magnitude from
10−8 up to 1 (in the units of the liquid hydrogen density).

As a result of ab initio cascade calculations, a number of
characteristics of the 2s state of muonic hydrogen and deu-
terium atoms were obtained: primary populations and kinetic
energy distributions, absolute values of intensities different
modes of disintegration, the probability of decay of the 2s
state through different channels and lifetimes of the 2s state at
kinetic energy both above and below the 2s-2p threshold. The
obtained theoretical results are compared with the available
experimental data. The results of the work can be used for the
planning experiments and analysis of experimental data.
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