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In recent years, the idea of reachable-set characterization based on the quantum speed limit (QSL) was
proposed by Arenz et al. [New J. Phys. 19, 103015 (2017)]; that is, the reachable set of the target unitary
gate in a closed qubit system can be characterized by considering the QSL as the necessary condition that
the control setup must satisfy in order to achieve the goal. Inspired by this idea, in this paper we charac-
terize a general Markovian open quantum system based on the QSL derived by Kobayashi and Yamamoto
[Phys. Rev. A 102, 042606 (2020)]. Note that this bound is not only explicitly computable with respect to system
parameters but also tighter than the other bounds. Some examples for demonstrating this analysis will be given.
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I. INTRODUCTION

Quantum information technologies, e.g., quantum com-
puting, communication, teleportation, and metrology, have
received a lot of attention in recent years due to their possi-
bility to outperform classical information processing. These
technologies are described by a sequence of qubits for an
information resource. Therefore, a technique of quantum con-
trol which efficiently and accurately prepares the desired
quantum states plays an important role. However, in the prac-
tical situation, there is an undesirable environment effect such
as decoherence which destroys the coherence properties of
quantum systems, resulting in the actual control performance
severely degrading. Thus, it is important to quantitatively eval-
uate and characterize a reachable set of the controlled state,
i.e., the set of all the final states reachable starting from the
initial state, from the perspective of quantum engineering. In
general, the reachable set is described as a time-dependent
function, e.g., Lie-semigroup structures [1], the C-numerical
range [2], the spectrum of the density matrix [3], and so on.
In order to study this problem, the quantum speed limit (QSL)
can be a useful tool.

The QSL is defined as a fundamental lower bound on the
evolution time of a quantum state from an initial state to a
final state. The study of the QSL started with closed systems;
Mandelstam and Tamm presented the first QSL between or-
thogonal states [4], which is bounded by the variance of the
system energy. Later, Margolus and Levitin provided another
QSL depending on the mean energy [5], and extensions to
mixed states [6], nonorthogonal states [7,8], time-dependent
driven systems [9,10], and open quantum systems [11–16]
have been investigated. The QSL gives a trade-off relation
between the control time and energy resource, and thus, it
has several applications in quantum control scenarios [17–21].
Actually, the connection between the reachable set and the
QSL has been studied in recent years. In Ref. [22] the authors
characterized the sets of all target unitary gates by considering
the QSL for the control time as the necessary condition that
control parameters, e.g., the drift and control Hamiltonians
and driving time, must satisfy to implement the target gate.

Inspired by the above facts, in this paper we extend the
work given in [22] to general Markovian open quantum sys-
tems. More precisely, we characterize the reachable set of an
open quantum system under a certain situation, e.g., initial
state, Hamiltonian, decoherence, and evolution time, using the
QSL. In order to make this analysis tractable and rigorous,
we employ the bound derived in [23] because it is not only
explicitly computable with respect to control parameters but
also tighter than the other explicit bounds. Section III provides
some examples for demonstrating this analysis with insightful
notions.

II. QUANTUM SPEED LIMIT

A. Setup and derivation

We begin with introducing the QSL presented in [23]. We
consider the Markovian master equation

dρt

dt
= −i[H, ρt ] + D[M]ρt , (1)

where H is the time-independent Hamiltonian. M is the
Lindblad operator representing the decoherence, and thus,
D[M]ρ = MρM† − M†Mρ/2 − ρM†M/2. Throughout this
paper, we assume that h̄ = 1 and the initial state is pure,
i.e., ρ0 = |ψ0〉〈ψ0|. Next, we focus on the relative purity �t

between the initial state and the final state,

�t := arccos(〈ψ0|ρt |ψ0〉), (2)

where 0 � �t � π/2. The relative purity has often been
employed to derive the QSL [12,15]. The upper bound is
achieved when ρ0 and ρt are orthogonal, and the lower one
is achieved only when ρt = ρ0. In this setting, we find that the
dynamics of �t is upper bounded as follows:

d�t

dt
� 1

sin �t
(A

√
1 − cos �t + E ), (3)

with

A =
√

2
(‖i[H, ρ0] + D†[M]ρ0‖F

)
,

E = ‖M|ψ0〉‖2 − |〈ψ0|M|ψ0〉|2,
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where ‖X‖F =
√

Tr(X †X ), ‖|ψ〉‖ = √〈ψ |ψ〉, and
D†[M]ρ = M†ρM − M†Mρ/2 − ρM†M/2. Integrating
the above inequality (3) from 0 to T , we obtain the following
lower bound [23]:

T � T∗ := 2λ

A + 2E
A2

ln

( E
E + Aλ

)
, (4)

with λ = √
1 − cos �T (0 � λ � 1). The derivation of the

above results is given in Appendix A. λ is 1 when ρt is
orthogonal to ρ0 and is zero only when ρt = ρ0. Hence, λ can
be interpreted as the radius of the ball around ρ0. The QSL T∗
gives a lower bound on the time T for the state ρt to evolve
from ρ0 to ρT (i.e., �t evolves from 0 to �T ).

As shown in Ref. [23], T∗ has the following notable fea-
tures.

(i) T∗ is applicable to a general Markovian open quantum
system driven by arbitrary time-independent H and M.

(ii) T∗ is explicitly computable once the parameters
(ρ0, H, M,�T ) are specified. As a result, it is not necessary
to calculate T∗ to solve any equations.

(iii) When M = M†, H = 0, and |ψ0〉 is an eigenstate of
M or M = 0 and [H, ρ0] = 0, we have T∗ → ∞ because
A = E = 0. In this case, the state cannot reach any ρT 	= ρ0,
resulting in λ remaining zero.

(iv) T∗ gives a tighter bound when λ is small. In Ap-
pendix B, we show the actual tightness of T∗ by comparing
T∗ with the exact evolution time T .

(v) T∗ is tighter than the other explicit bound; for the same
setup mentioned above, del Campo provided the lower bound:
T � TDC := √

2λ/A [12]. Note that T∗ � TDC holds when the
decoherence is small or the radius λ is small.

(vi) If H is time dependent, we cannot generally solve the
integral (3). In order to calculate T∗, let us write Ht = ut H ′
with the time-dependent control input ut and fixed H ′. As-
suming ut has the constraint umax := max{|ut |} and using the
triangle inequality, A is redefined as follows:

A′ =
√

2(umax‖i[H ′, ρ0]‖F + ‖D†[M]ρ0‖F). (5)

Therefore, in this case the QSL is given by (4) after replacing
A with A′.

B. Reachable-set characterization based
on the quantum speed limit

Here we explain the idea of characterization of the reach-
able set of final states based on the QSL. The parameters
determining the state evolution (ρ0, H, M, T ) and the fidelity-
based distance λ are correlated via the inequality T � T∗.
In other words, this relation can be considered a necessary
condition that (ρ0, H, M, T ) must satisfy in order to achieve
a certain value of λ. Therefore, once the system’s parameters
are specified, we can characterize the set of all λ (i.e., all final
states |ψT 〉) by examining T � T∗.

Here it should be noted that as T or λ increases, the per-
formance of T∗ becomes weak. However, when T is short or
λ is small, the idea posed above gives useful insight into the
practical reachability problem, for example, how close to a
target state the controlled state can be steered within a given
control time or how long the state can be preserved around an
ideal initial state under a given decoherence.

In what follows, some typical examples demonstrating this
idea will be given.

III. EXAMPLE

A. Qubit

The first example is a qubit system consisting of the ex-
cited state |0〉 = [1, 0]� and the ground state |1〉 = [0, 1]�.
Its initial pure state can be fully parametrized by the Bloch
representation:

|ψ0〉 = [cos θ, eiϕ sin θ ]�, (6)

where 0 � θ, ϕ � π . Also the system observables along the
i axis (i = x, y, z) are given by the Pauli matrices σx =
|0〉〈1| + |1〉〈0|, σy = −i|0〉〈1| + i|1〉〈0|, and σz = |0〉〈0| −
|1〉〈1|. Here we consider the following setup:

H = 
σz, M = √
γ σ−. (7)

H represents the rotation of the state along the z axis with
frequency 
 > 0, and M represents the energy decay |0〉 →
|1〉 with decay rate γ > 0. In this case, the lower bound is
given by (4) with

A =
√

2γ 2 cos2 2θ +
(

4
2 + γ 2

4

)
sin2 2θ,

E = γ cos4 θ.

First, we focus on the case of γ = 0, where λ has an upper
bound λ � 
| sin 2θ |T . Figure 1(a) shows the reachable set
of λ for each initial state and driving time. The colored area
shows all sets satisfying this inequality, and the white area
shows the one that does not satisfy it. We find that the three
curves are zero at θ = 0 and π/2, meaning that |0〉 and |1〉 do
not change under the rotation. This is consistent with the fact
that |0〉 and |1〉 are the steady state of the equation dρt/dt =
−i
[σz, ρt ]. Moreover, the reachable sets are maximum at
the superposition |+〉 := (|0〉 + |1〉)/

√
2. This implies that the

rate of the state change from |+〉 is biggest, and thus, |+〉 is
the most fragile state against the rotation by H .

On the other hand, when γ = 1, the curves are maximum
at θ = 0 [Fig. 1(b)]. This is because |0〉 is largely affected by
the decoherence M, while it is unchanged against H because
|0〉 is the eigenstate of H . In particular, it is noted that the state
cannot reach its orthogonal state within T = 0.1 or 0.3, while
|ψ0〉 with θ � 0.9 may do so within T = 0.8.

Next, we consider the state preparation by unitary gates;
more specifically, under a given initial state |ψ0〉, time-
dependent Hamiltonian Ht , and driving time T , we charac-
terize an implementable unitary gate (assume M = 0).

Let the target gate be the rotation operator G(α, β, δ) =
Rz(α)Ry(β )Rz(δ), with

Rz(α) = e−i α
2 σz =

[
e−i α

2 0
0 ei α

2

]
,

Ry(β ) = e−i β

2 σy =
[

cos β

2 − sin β

2

sin β

2 cos β

2

]
,

Rz(δ) = e−i δ
2 σz =

[
e−i δ

2 0

0 ei δ
2

]
,
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FIG. 1. Reachable set of λ as a function of θ for each evolution
times T = 0.3 (dotted green line), T = 0.5 (dashed red line), and
T = 0.8 (solid blue line) when (a) γ = 0 and (b) γ = 1, in units of

 = 1. Reachable set of the target gate G(α, β ) for T = 0.3 (dotted
green line), T = 0.5 (dashed red line), and T = 0.8 (solid blue line)
when (c) θ = 0 and (d) θ = π/4, in units of 
 = umax = 1.

where 0 � α < 2π , 0 � β < π , and 0 � δ < 4π . Ry and Rz

represent the rotation around the y and z axes, respectively,
and the transformation from |ψ0〉 to |ψT 〉 is described as
|ψT 〉 = G(α, β, δ)|ψ0〉. Also we take the Hamiltonian as

Ht = 
σx + utσz. (8)

Note that the state is fully controllable; hence, every
G(α, β ) ⊂ SU(2) can be implemented by suitably choosing
ut for sufficient time [22]. In this case the lower bound is
calculated as follows:

T∗ =
√

1 − cos2 α
2 cos2 β

2 − sin2 α
2 cos2

(
2θ + β

2

)

| cos 2θ | + umax| sin 2θ | . (9)

If θ = 0, T∗ = | sin(β/2)|/
. Figure 1(c) shows the sets that
satisfy T � T∗ for T = 0.3, 0.5, and 0.8 under fixed 
 =
umax = 1. Note that when T = 0.5, this inequality is saturated
at β = π/3, where the target is given by

G(α) = 1

2

[√
3e−i α

2 −e−i α
2

ei α
2

√
3ei α

2

]
.

This G gives the final fidelity cos �T = 0.75. Then we can
steer the state only to the one with a fidelity of about 0.75 at
most in T = 0.5. Next, for the case of θ = π/4, the lower
bound is T∗ = | sin(α/2 − β/2)|/umax. Clearly, the reach-
able sets depicted in Fig. 1(d) are remarkably changed from
Fig. 1(c). The lower bound T∗(α, β ) is zero at G(0, 0) =
G(2π, 0) = I and G(π, π ) = iσx because |ψ0〉 = |+〉 is the
eigenstate of σx. This means that there is no difference be-
tween |ψ0〉 and |ψT 〉 in terms of the fidelity. On the other hand,

FIG. 2. (a) Reachable sets of λ as a function of γ at T = 0.5
when the initial state is |�+〉 (solid blue line), |�±〉 (dashed red line),
and |�−〉 (green dot at the origin). (b) Reachable set of the target gate
G(α, β ) in units of 
 = umax = 1 for T = 0.15 (dotted green line),
T = 0.30 (dashed red line), and T = 0.45 (solid blue line).

T∗(α, β ) is maximized at

G(0, π ) = G(2π, π ) = −iσy, G(π, 0) = iσz. (10)

Actually, these gates cannot be implemented even if T = 0.8.
Indeed, this result is reasonable because the target final states
generated by −iσy and iσz are given as |ψT 〉 = (|0〉 − |1〉)/

√
2

and i(|0〉 − |1〉)/
√

2, which are orthogonal to |ψ0〉. Therefore,
we can conclude that it takes longer to prepare the state that is
far from |ψ0〉. As shown above, by using T∗, we can character-
ize the set of target states or target gates under a given control
setting.

B. Two qubits

Here we study a two-qubit system driven by decoherence.
We first consider the Bell states, which are the maximally
entangled states defined as

|�±〉 = 1√
2

(|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉),

|�±〉 = 1√
2

(|1〉 ⊗ |0〉 ± |0〉 ⊗ |1〉).

The Bell states are used as a main resource for quantum infor-
mation processing such as quantum teleportation. Therefore,
it is of particular interest to compare the sets of states from
each Bell state under undesirable noises. Now we take the
collective (global) noise modeled by M = √

γ (σ− ⊗ I + I ⊗
σ−). Also for simplicity, we assume H = 0. Then, the lower
bound for each state is calculated as follows:

T∗(|�±〉) = 2λ√
5γ

− 2

5γ
ln(1 + λ),

T∗(|�+〉) = λ

2γ
− 1

4γ
ln(1 + 2λ),

and T∗(|�−〉) → ∞ because A = 0. This corresponds to the
fact that the initial state |�−〉 does not change because it is
identical to the zero eigenstate of M. Hence, as an information
resource, |�−〉 is the best initial state against M. Also, as
shown in Fig. 2(a), the set of states from |�+〉 spreads faster
than that of |�±〉 as γ increases, implying that |�±〉 can
preserve its coherence longer than |�+〉.

Next, we consider a qutrit, which is a symmetric two-qubit
system described by a three-level system consisting of the
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distinguishable states |E〉 = [1, 0, 0]�, |S〉 = [0, 1, 0]�, and
|G〉 = [0, 0, 1]�. Note that |S〉 corresponds to the entangled
state between two states. As seen in the qubit example, we
investigate a reachable set of the target 3 × 3 gate. Let us
consider a rotation operator of the three-dimensional system
G(α, β, δ) = Rz(δ)Ry(β )Rx(α), where matrix representations
of Ri (i = x, y, z) are given as

Rx(α) =
⎡
⎣cos α − sin α 0

sin α cos α 0
0 0 1

⎤
⎦,

Ry(β ) =
⎡
⎣ cos β 0 sin β

0 1 0
− sin β 0 cos β

⎤
⎦,

Rz(δ) =
⎡
⎣1 0 0

0 cos δ − sin δ

0 sin δ cos δ

⎤
⎦,

where α, β, and δ are the rotation angles about the x, y, and z
axes. We limit the initial pure state to the real vector

|ψ0〉 = [sin(θ/2) cos(ϕ/2), cos(θ/2), sin(θ/2) sin(ϕ/2)]�,

where 0 � θ , ϕ � π . Also we assign the following Hamilto-
nian:

Ht = 
Sx + ut Sz, (11)

where Sx = (|S〉〈E | + |G〉〈S|)/√2+H.c., Sy = i(|S〉〈E | +
|G〉〈S|)/√2+H.c., and Sz = |E〉〈E | − |G〉〈G| are the
spin angular momentum operators. This Hamiltonian is
a straightforward extension of expression (8). Now, for
instance, we choose δ = 0 and |ψ0〉 = (|E〉 + |G〉)/

√
2 at

(θ, ϕ) = (π, π/2). In this setting, we obtain the lower bound
as

T � T∗ =
√

1 − cos �T


 + umax
, (12)

with

cos �T = 1
4 (cos α cos β + cos α sin β + cos β − sin β )2.

(13)

From Eq. (13), T∗ is maximized when (α, β ) satisfies cos α =
(sin β − cos β )/(sin β + cos β ) [Fig. 2(b)]; here we typically
take the following target gates:

G(π, 0) =
⎡
⎣−1 0 0

0 −1 0
0 0 1

⎤
⎦, G(0, π/2) =

⎡
⎣ 0 0 1

0 1 0
−1 0 0

⎤
⎦,

G(π, π ) =
⎡
⎣1 0 0

0 −1 0
0 0 −1

⎤
⎦.

As noted in the previous section, the final states generated
by the above gates are orthogonal to |ψ0〉. Thus, it takes the
longest to implement these G. Moreover, let us particularly
consider the spin-up transformation |ψ0〉 → |E〉, which is
realized by G(0, π/4) or G(π, 3π/4). From Fig. 2(b), it is
immediately found that this transformation takes T = 0.45
at least. In this way, we can roughly estimate the time to
implement the target gate without solving any equations.

IV. CONCLUSION

Motivated by the work in Ref. [22], in this paper we have
characterized the reachable set of Markovian open quantum
systems under a given control setting based on the QSL. In
order to make this analysis tractable and rigorous, it is im-
portant that the QSL is explicitly computable and tighter than
other bounds; the QSL used in this paper indeed satisfies these
conditions. Thanks to these features, as shown in Sec. III, we
can clarify the set of all final states in a given control time and
roughly estimate the time the controlled state exists in a cer-
tain region from the initial state without solving any equations.
Important remaining work is to extend this approach to more
strategic control cases, e.g., the measurement-based feedback
control.
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APPENDIX A: PROOF OF QSL

We begin with taking the time derivative of �t :

d�t

dt
= −1√

1 − Tr(ρ0ρt )2
Tr

(
ρ0

dρt

dt

)

= 1

sin �t
Tr{(i[ρ0, H] − D†[M]ρ0)ρt }. (A1)

To have an upper bound of the right side of (A1), we often
use the Schwarz inequality for matrices X and Y :

|Tr(X †Y )| � ‖X‖F‖Y ‖F. (A2)

Also the following inequality is often used:

‖ρt − ρ0‖F =
√

Tr[(ρt − ρ0)2] =
√

Tr
(
ρ2

t − 2ρtρ0 + ρ2
0

)
�

√
2 − 2Tr(ρtρ0) =

√
2 − 2 cos �t ,

where Tr(ρ2
t ) � 1 and Tr(ρ2

0 ) = 1 are used. Using these
inequalities, the right side of (A1) can be upper bounded as
follows:

Tr{(i[ρ0, H] − D†[M]ρ0)ρt }
= Tr{(i[ρ0, H] − D†[M]ρ0)(ρt − ρ0)} − Tr(ρ0D†[M]ρ0)

= Tr{(i[H, ρ0] + D†[M]ρ0)(ρ0 − ρt )} + Tr(M†Mρ0)

− Tr(M†ρ0Mρ0)

� ‖i[H, ρ0] + D†[M]ρ0‖F‖ρt − ρ0‖F + ‖M|ψ0〉‖2

− |〈ψ0|M|ψ0〉|2

�
√

2‖i[H, ρ0] + D†[M]ρ0‖F

√
1 − cos �t + ‖M|ψ0〉‖2

− |〈ψ0|M|ψ0〉|2

�
√

2(‖i[H, ρ0] + D†[M]ρ0‖F)
√

1 − cos �t

+ ‖M|ψ0〉‖2 − |〈ψ0|M|ψ0〉|2

= A
√

1 − cos �t + E, (A3)
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where we have defined

A =
√

2(‖i[H, ρ0] + D†[M]ρ0‖F),

E = ‖M|ψ0〉‖2 − |〈ψ0|M|ψ0〉|2.
Combining Eqs. (A1) and (A3), we have

d�t

dt
� 1

sin �t
(A

√
1 − cos �t + E ). (A4)

By integrating (A4) from t = 0 to T , we straightforwardly end
up with the lower bound

T � T∗ := 2λ

A + 2E
A2

ln

( E
E + Aλ

)
. (A5)

APPENDIX B: COMPARISON BETWEEN THE EXACT
EVOLUTION TIME AND QSL

Here to show the actual tightness of the lower bound T∗, let
us compare T∗ with the exact evolution time T from the initial
state to the final state with simple settings.

First, we consider the case where the closed system |ψt 〉 =
[cos θt , sin θt ]� is driven only by the time-independent Hamil-
tonian H = 
σy (M = 0) from |ψ0〉 = |1〉 to |ψT 〉 = |0〉. In
this case, by solving the equation d|ψt 〉/dt = −i
σy|ψt 〉, we
have θt = 
t + π/2. Then the exact solution T is given by

T = arcsin(λ)



,

and T∗ = λ/
. Figure 3(a) shows T and T∗ with 
 = 1 as a
function of λ. We find that T∗ works as a tighter bound when
λ is small; that is, when 
T is small, the theoretical upper
bound 
T � λ is tight.

FIG. 3. Comparison of the exact evolution time T (solid red line)
and its lower bound T∗ (dotted blue line) as a function of λ for
(a) 
 = 1 and (b) γ = 1.

Next, we set H = 0 and M = √
γ σ− and choose the ini-

tial state |ψ0〉 = |0〉. In this case, the master equation dρt =
D[M]ρt yields a solution cos �T = e−γ T . As a result, we
obtain

T = − 1

γ
ln(1 − λ2), T∗ =

√
2λ

γ
− 1

γ
ln(1 +

√
2λ).

Like the result shown in Fig. 3(a), T∗ gives a tighter bound
when λ is small [Fig. 3(b)], where the range of the vertical
axis is the same as that in Fig. 3(a). However, as λ increases,
the gap between T and T∗ becomes bigger more quickly than
that in Fig. 3(a).
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