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Topological graph states and quantum error-correction codes
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Deciding if a given family of quantum states is topologically ordered is an important but nontrivial problem
in condensed matter physics and quantum information theory. We derive necessary and sufficient conditions for
a family of graph states to be in TQO-1, which is a class of quantum error-correction code states whose code
distance scales macroscopically with the number of physical qubits. Using these criteria, we consider a number
of specific graph families, including the star and complete graphs, and the line graphs of complete and completely
bipartite graphs, and discuss which are topologically ordered and how to construct the codewords. The formalism
is then employed to construct several codes with macroscopic distance, including a three-dimensional topological
code generated by local stabilizers that also has a macroscopic number of encoded logical qubits. The results
indicate that graph states provide a fruitful approach to the construction and characterization of topological

stabilizer quantum error-correction codes.
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I. INTRODUCTION

Topologically ordered states have been the focus of much
research activity because of their novel features and prop-
erties in condensed matter physics [1-3] and their potential
use in fault-tolerant quantum information processing [4—8].
The characterization and detection of topological order is a
nontrivial task, in general, because of intrinsically long-range
entanglement and the difficulty of distinguishing different
topological phases using only local operators [9]. Approaches
to the characterization of topological order include entan-
glement entropy [10,11], quantum Fisher information [12],
quantum circuit complexity for state generation [9], and ir-
reducible multiple-party correlation [13,14], among others.
These suffer from a number of problems. For example,
the determination of topological entanglement entropy relies
heavily on the smoothness of the boundary; otherwise, subtle
correction terms may be needed [15,16]. State generation
complexity also does not provide sufficient information about
the topological order; topologically ordered states cannot be
prepared reversibly in constant depth [17], and there also
exist states that cannot be generated in constant depth but are
nevertheless not topologically ordered, such as GHZ states
and cube states [18].

There is an important bilateral relationship between quan-
tum error correction codes (QECCs) [19] and topological
order. An [n, k, d] QECC, where n is the number of qubits,
k is the number of logical (encoded) qubits, and d is the code
distance, is defined as a subspace of dimension 251 <k<n)
in Hilbert space .°" that is able to correct arbitrary in-
dependent errors that occur on t = |(d — 1)/2] qubits. On
the one hand, QECCs can be constructed from topologically
ordered states, such as the toric code [4], color code [20],
and surface code [21]. On the other hand, the formulation
of QECCs can itself provide a natural characterization of
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topologically ordered states: QECC states with macroscopic
distance [22], i.e., where the code distance d scales as d ~ n¢
where 0 < ¢ < 1. The quantum states in the macroscopic-
distance QECCs are called TQO-1 states.

Graph theory has been used extensively to construct
QECCs [23-29], providing a rich toolkit for the exploration of
topological codes based on graph states. Furthermore, restric-
tions on the geometrical locality of stabilizer generators or the
dimension of physical qubits pose fundamental limits on the
performance of stabilizer QECCs [30]; as there are no such
restrictions on the graphs associated with stabilizer codes, one
can potentially circumvent these limits and construct better
low-density parity check (LDPC) codes [31,32]. In recent
work [17], the toric code stabilizer states were mapped to
graph states using local Clifford (LC) operations [33], giving
a specific graph configuration corresponding to topologically
ordered states and opening a window into the construction of
topological codes. The graph associated with the toric code
was found to be composed of only two simple graphs (star
and half graphs). This naturally leads to the possibility that
particular graphs are most conducive to the construction of
topological QECCs, and for the characterization of topolog-
ical order. In this paper, we show how to decide if a given
family of graphs corresponds to TQO-1 states.

In addition to providing a characterization of topological
order, our graph-theoretical framework can be used to con-
struct QECCs with macroscopic distance and macroscopic
scaling in the number of encoded qubits. This behavior is
expected to be important for fault-tolerant logical operations
on practical quantum devices and might also shed light on
quantum complexity. For example, the existence of good
quantum LDPC codes, where both d and k scale linearly with
n and the weight of the stabilizer generators is constant, is
related to important quantum complexity problems [34-36],
so the exploration of topological codes might shed light on
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this open quantum complexity problem. Most generally, the
construction of unique topological codes provides insights
about the nature of the special order underpinning topological
states.

In this paper, we derive necessary and sufficient conditions
for graph states to be topologically ordered, under the defini-
tion of TQO-1. To illustrate the use of this condition, we first
discuss several families of graph states that are not in TQO-1:
graphs with constant vertex degree, and the star and complete
graphs whose maximum vertex degree grows with the number
of vertices. We then show that, in contrast, the family of graph
states corresponding to multiple copies of the star graph is
in TQO-1, as are the graphs associated with the toric code
(hitherto referred to as the toric graph), and the line graphs of
the complete graph and the complete bipartite graph; the last
three all correspond to [[n, 1, «/n]] QECCs. By embedding a
classical LDPC code into the multistar graph state, we can
also obtain a [[ckd, k, d]] QECC where ¢ is an independent
constant. These families of states all share a common feature,
which is necessary (but not sufficient) for the graphs to be in
TQO-1: the maximum vertex degree must scale macroscopi-
cally. Using these insights, we construct a topological QECC
based on a generalization of the toric graph. This QECC
corresponds to qubits located on the vertices of a three-torus,
stabilized by six-local Pauli operators, and corresponds to a
[[n, n'/3, n'/3]] QECC. The distance and the number of logical
qubits of our constructed code is similar to some of the known
3D topological codes [37-39].

This paper is organized as follows. The background in-
formation is reviewed in Sec. II. The criteria for a family of
graph states to be in TQO-1 are derived in Sec. III. In Sec. IV,
several families of graph states are discussed that both do and
do not satisfy the criteria for TQO-1. For these graph states
that are in TQO-1, QECCs with macroscopic distance are
also constructed from the graph states. Section V provides an
example of a topological QECC derived from an extension of
the toric graph, with qubits on the vertices of a three-torus.
The results are discussed in Sec. VI. Some technical details
are included in the Appendices.

II. BACKGROUND

In this section, the background formalism to the main
results is provided. Key definitions and concepts include the
TQO-1 class, QECCs, graph theory, and graph states. Some
of the definitions are rephrased so they can be repurposed for
this paper.

A. TQO-1 class and QECC condition

This subsection provides a review of the class of quantum
states called TQO-1 [22]. This class is defined using QECC
and captures some of the main features of topological order.
As TQO-1 is described using QECC, the QECCs are also
discussed.

State |x) is the computational basis state labeled by x €
{0, 1}" in the n-qubit Hilbert space #,®". A quantum state is
understood to mean a trace-class positive-definite operator on
Hilbert space, and a pure state is any idempotent operator in
this class. Each pure state is identified with a specific vector
in the Hilbert space. We define P.(C) := P, . P2 (C), the

direct sum of all complex projective spaces of dimension
that is a power of 2; here, Ny C N is a subset of integers
containing countably infinite elements.
Definition 1 (quantum-state oracle). A quantum-state or-
acle
20]
QSTATE : Ny —» P.(C) :n+— ¢, := : (D)

azrt,l

maps a non-negative integer to a vector in a complex projec-
tive space.

Definition 2 (family of quantum states). Given QSTATE, a
family of quantum states for this oracle is S:=

{1¥n) € HZ" }yen,» where
> ). 2)

) =
xe{0,1}"

Whenever the term “a family of quantum states” is used
in this paper, a QSTATE oracle and N; are implied and
are often not stated explicitly. For N € N, (Py(C))®* :=
@iE[N](PN((C))‘X’" is the direct of sum of i-fold (i € [N] :=

{1,...,N}) N-dimensional complex projective spaces, and
(P.(C))®* := P, (P (C))=*.
Definition 3. A quantum-code oracle maps two non-

negative integers n and k to 2% independent vectors in the
complex projective space Py (C):

QCODE : N x N — (P,(C))®*
k) e (WO, @), 3)

Definition 4 (family of subspaces). Given a QCODE oracle
and function k£ : N — N, a family of subspaces is

o= G = o [ [50) . ) g @

where (" is one of the vectors in the range of QCODE(n, k)
and [yV) € S42"(0 < i < 28 — 1) is constructed according
to Eq. (2).

Definition 5 (family of QECCs). Given a family of sub-
spaces C={ %, }yen, and d : N — N, if every €, € C is
also a QECC of distance d,,, then C is a family of [[n, k, d]]
QECCs.

In this paper, whenever the family of subspaces and/or
codes term is employed, functions k and d are implied yet not
always stated explicitly. A family of [[n, k, d]] QECCs has
macroscopic distance if d € sublin(n) := Up.<1 O (n°).

Definition 6 (class TQO-1). TQO-1 is the set of families of
quantum states such that for every family S = { |[¥,) },eN, €
TQO-1, there exists a family of macroscopic-distance QECCs
C = { G, }nen,, satisfying |y,) € 6,Vn € N;.

To evaluate the distance of a QECC, we restate the QECCs
from Refs. [40,41]. Let D((%ﬂf”) denote the set of density
matrices on n qubits.

Theorem 1. (QECC [40,41]) Suppose € C J652" is a
QECC, P is the projector into € from Jé@‘, £ D(j‘é@’”) —
D(%”f”) is a quantum channel with Kraus operators {E;};¢[27].
A necessary and sufficient condition for the existence of an
error-correction operation R correcting £ on % is that

PE/E;P = a;;P (5)

for some Hermitian matrix « € C%'*%",
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A simplified QECC derived from the Theorem 1 is used
later in this paper. The Pauli group on n qubits is P, :=
{(£i,£1} x {1, X,Y,Z}®", where X,Y,Z are 1-qubit Pauli
operators. The weight of a Pauli operator wt(O) corresponds
to the number of qubits acted on by O nontrivially. Then P}, :=
{O € P,|w(0) < t} contains every operator in the Pauli group
whose weight is no greater than ¢.

Corollary 1. Given d < n € N and two states |¢), |Y) €
62", then spanc{|¢), |¥)} € 552" isa[[n, 1, d]] QECC iff

(@101¢) = (V[OlY) , (6)

(@l0lyr) =0 (7)

hold YO € P4~

Proof. A quantum error code of distance d can correct any
errors on less than or equal to t = d%l qubits. Thus, to prove
C is a distance-d code is equivalent to proving that P! is a
set of correctable errors on C = spanc{|y1), [¥2)}, as any
Hermitian operator on ¢ qubits can be decomposed into the
sum of operators in P..

For any E;, E; € P, one has E|E; € P, so

n>

P = [yn) (¥l + [¥2) (o] ®)
and
PEJEP = Y1) (Y1 (Y1 |E] Eilyn)
+ [W2) (Yo (Vo | E Eilr2)
+ W) (Yol (V| EEilya)
+ [W2) (V1| (Vo E Eilyn). ©)
Thus, PE|E;P = o;;P is equivalent to
(IIESEilyn) =WlE[Eilyn) = o, (10)
(V1| EEi|yr) =0. (11)

The requirement that ¢ is a Hermitian matrix

ofy = (WIEEIY) = (WIEEjlyn) = e (12)

is also satisfied.

B. Graph theory

Graph theory has been used extensively to construct
QECCs [23-27], providing a rich toolkit for the exploration of
topological codes based on graph states. A graph G = (V, E)
is composed of a set of vertices V and a set of edges E, in
which an edge e = (v;, v;) corresponds to a pair of vertices. In
this paper, we only consider undirected graphs, where (v;, v;)
and (vj, v;) define the same edge. The graph G can be repre-
sented by its adjacency matrix A € Z‘zv‘x‘vl such that

A,j=1 < (Ui,Uj)GE. (13)

One can obtain a subgraph of G by deleting an edge e,
which is denoted by G\e, or deleting a vertex v and every edge
incident to this vertex, which is denoted by G — v. In this pa-
per, only subgraphs obtained by edge deletion are considered.
The degree of a vertex deg(v) is the number of edges which

are incident to v. The handshaking lemma states that for every
graph, the number of vertices with odd degree is even [42].

In this paper, we consider a small number of special graphs.
The complete graph, denoted by K,,, has every pair of vertices
connected by an edge, so there are n(n — 1)/2 edges. The
graph G is bipartite if its vertices can be partitioned into two
complementary subsets X LI Y =V, such that there is no edge
in G connecting two vertices in X or two vertices in Y. The
graph G is a complete bipartite graph if all vertices in X are
connected to all vertices in Y; this is usually denoted as K, ,,
when |X| = n and |Y| = m. The line graph of G, denoted by
L(G) = (V', E'), is constructed as follows. Every edge in E is
mapped to a vertex in V', and two vertices v] and v}, in V' are
connected iff their corresponding edges e; and e; in E share a
common vertex. The line graph of the complete graph L(K,,)
is therefore an m(m — 1)/2-vertex graph, and the line graph
of the complete bipartite graph L(K;,_,) has m? vertices.

A path in a graph G is sequence of distinct edges
{E\,...,E; ...}, in which every edge E; (except for the first
one) starts with the vertex that edge E;_; ends with. A cycle is
a path where the last edge ends at the vertex that the first edge
started with. An Eulerian cycle in a finite graph is the cycle
that visits each edge exactly once. Based on Euler’s theorem,
a connected graph has an Eulerian cycle iff every vertex has
even degree [42].

As bitstrings are extensively employed in this paper, it
behooves us to define some basic notation related to bit-
string operations. For two bitstrings k,1 € {0,1}", (k+1) €
{0, 1}" is the bitwise exclusive or (XOR); (kv1) € {0, 1}"
is the bitwise OR; and k -1 = Zie[n] k;-1; mod2e{0,1}
is the inner product between two bitstrings. Given matrix A €
75" and bitstring k € {0, 1}", (A-k) € {0, 1}" is the bit-
string mapped from k by A such that (A - k); = Zje[n] Aijk;
mod 2. A set of bitstrings B = {k',...,k™} C Z4 is inde-
pendent if for every subset B; C B the following holds:

> k#0" (14)

keB;

The ith basis bitstring is denoted by b, (i € [n]) € {0, 1}",
ie. bi]- =1iff j =i

For a graph G = (V, E), £(G) denotes the set of all subsets
of E. It is easy to see for arbitrary two subsets E, E; C E,
E\AE, is also a subset of E, where A is the set symmetric
difference. As a result, (£(G), A) spans a vector space of
dimension |E| over Z,. Alternatively, one can assign a 0 or
1 to each edge and obtain a bitstring k € {0, 1 }/€!, the set of
which also spans a vector space. There is therefore a bijective
mapping between the bitstring and edge subsets:

ke{0,1})fl o Ex:={ecE |k, =1} (15)

The symmetric difference and bitwise XOR are mapped to
one another, and the vector space (£(G), A) is isomorphic to
ZP, ).

Let Gx = (Vk, Ex) denote the subgraph of G com-
prised of edges corresponding to the nonzero entries in k.
Then, two bitstrings k’ and k/ are orthogonal, k' - k/ =0,
iff the subgraph Gy and Gy; share an even number of
edges. Consider, for example, the complete graph K; with
edge set {ey, ez, e3, e4, €5, €5}. Bitstrings k! = 111100 and

042418-3



LIAO, SANDERS, AND FEDER

PHYSICAL REVIEW A 105, 042418 (2022)

kZ = 100110 correspond to the edge subsets {ef, e, e3, e4}
and {e}, e4, es}, respectively. The bitstring k* = k! + k? =
011010 corresponds to edge subset {e,, e3, es}, which equals
{e1, ea, e3, eq}A{eyq, e4, e5}. Gy and Gy have two common
edges and k! - k> =141 mod 2 =0; Gy and Gy share
only one edge and k? - k3 = 1.

C. Graph states and graph basis states

Operators in the Pauli group P, without the prefactor
{£i, 1} can be written as

0=x"2"=Rx* R 7. (16)

i€[n] JEln]

where k,1€ {0,1}" and X} :Z]Q =1. The set S:={S e
Pl SIyr) = |¥)} is said to stabilize the state [y) € 42" [43].
The set of states simultaneously stabilized by m independent
operators {Si,...,S,} from P, then yields a state subspace
Vs C jf;‘@” of dimension 2"~™. A stabilized subspace Vs that
corresponds to a [[n, n — m, d]] QECC is denoted a [[n, n —
m, d]] stabilizer QECC. When m = n, the subspace contains
only one state called the stabilizer state, and the n independent
operators are the generators of S.

Graph states are special stabilizer states where the stabi-
lizer generators are related to simple graphs [44]. Given a
graph G = (V, E), where |V| = n, the corresponding graph
state is

G):= [ cza, pE®"0" e 5>, (17)
(i,j))EE

in which i, j € [n] labels vertices (qubits) in graph G and
CZ(i, j) is the controlled-Z gate. The stabilizer generators for
state (17) are

{Sitietn = {Xi I1 zj}. (18)

(i,j)eE
For a given graph state |G), the set
{Ih)g := ®ZMG) = Z"|G);h € {0, 1}"} (19)

is an orthogonal basis in %ﬂz@”, where state |h)g is called a
graph basis state [45]. Evidently, the graph state |G) is [0")¢.
The subscript G is used in the graph basis state notation in
order to prevent any confusion with the computational basis.

III. TOPOLOGICAL GRAPH STATE

This section presents necessary and sufficient conditions
for a family of graph states to be in TQO-1 and begins with
a definition and notation. A family of graph states is a family
of states with the restriction that all states are graph states.
Given a family of graph states S = {|G,) € jff”}neN‘, is Sin
the TQO-1 class, defined using a macroscopic-distance QECC
containing at least two quantum states? This question can be
answered by investigating if there exists another family of
states { [¥4) }uen, such that {%), = spanc{|G,), [¥n}) bren, is
a family of QECCs with macroscopic distance.

It is convenient and insightful to start with a special case:
Given n,d € N satisfying d < n, and a graph state |G) €
62", decide the existence of a state [y) € 74" such that

spanc{|G), [¥)} is a [[n, 1,d]] QECC. In principle, every
state orthogonal to |G) could be a potential candidate |ir)
to make a d-distance QECC. To simplify the analysis, one
can restrict to the case where the QECC spanc{|G), |[¥)} is a
stabilizer QECC. This restriction leads to the following result,
the proof for which is given in Appendix A.

Lemma 1. Given n € N and two orthogonal quantum
states |G), |[{) € %”f’”, in which |G) is a graph state, the
subspace spanc{|G), [¥)} € %’5@‘ is a stabilized subspace iff
|1) is a graph basis state |h)g for some h € {0, 1}".

It therefore suffices to analyze the case where |¢) is a
graph basis state |h)g. Given |G) and |h)g, the next task
is to determine if span{|G), |h)g} is a [[n, 1,d]] QECC,
which can be accomplished using Corollary 1. Alternatively,
one must determine if conditions (G|O|G) = (h|Olh); and
(G|Olh); = 0 are satisfied for all O € 7),‘11_1. As any operator
in the Pauli group P, can be expressed as O = X¥Z!, the
condition O = X*Z! € P4=1 in Corollary 1 is equivalent to

(k1) € B! := {(my, my) € {0, 1}" x {0, 1}"|
wt(m; Vmy) < d — 1}, (20)

in which wt is the Hamming weight.

Lemma 2. Given d,n € N satisfying d < n, the graph
state |G) € 742", and h € {0, 1}"\{0"}, spanc{|G), |h)¢} is
an [[n, 1, d]] stabilizer QECC iff

6(hIX*Z'h) = (0"X*Z"0") g, V(k, ) € B!, (21)

c(h|x*Z'0") s =0, V(k,1) € B! (22)
holds.

To proceed further, one must calculate the value of
c(h|X*Z!|g); for given h, g € {0, 1}". The following result
is proven in Appendix B.

Lemma 3. Given n-vertex graph G and h, g, k,1 € {0, 1}",
A € Z)" is the adjacency matrix of G. The value of
(X 2Zg)s is

(_ 1 )h-k+o (Ak)

S(hIX*Z|g) ;= {0 ifA-k+1=h+g

otherwise,
(23)
in which

n j—1
o(A.k) =) k; (Zk,-A,-]). (24)
j=2 i=1

With Lemma 3, one can easily verify if conditions (21) and
(22) hold. It is convenient at this stage to introduce subsets of
bitstrings which are closely related to these conditions. Given
d <n e N, an n-vertex graph G and its adjacency matrix
A € 75", four sets of length-n bitstrings can be defined as
follows:

Z(G,n,d):=[k € {0,1)"|(k,A-K) € B}, (25

ZH(G,n,d) =k € {0, 1} |k-1= 0Vl € Z(G, n,d)},

(26)

W(G,n,d) = {k € {0, 1}"|
k=A-m+1mDeB "}, 27)
C(G,n,d):=Z+(G,n,d)\W(G,n,d). (28)
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When focusing on specific graphs, G and n are implicitly
known, so the notation is sometimes simplified as Z(d) =
Z(G, n, d) (likewise for the other three sets) when it does not
cause any confusion. With these definitions, the QECC for
spanc{|G), |h)s} can be expressed compactly as follows.

Lemma 4. Given d,n € N satisfying d < n, the graph
state |G) € 742", and h € {0, 1}"\{0"}, spanc{|G), |h)} is
a[[n, 1,d]] QECCiff h € C(G, n, d).

Proof. Tt suffices to prove that Eqgs. (21) and (22) are
equivalent to h € C(G, n, d). Consider Eq. (21). If A -k #1,
then (h|X*Z'lh); = (0"|X*Z!'0"); = 0; if A-k =1, then
¢(hI X% Z'h); = (=1 and (0"|X*Z'10"); = 0. Therefore,
Eq. (21) isequivalenttoh -k =0 when A -k =1and (k,1) €
B4=1, which can be compactly described as h € Z4(G, n, d).

For Eq. (22), one has (h|X*¥Z!0"); = 0iff A -k +1# h,
so Eq. (22) is equivalent to h # A - k +1V(k,1) € B! ie.,
h ¢ W(G, n,d). As both Egs. (21) and (22) need to be satis-
fied,h € Z*(G,n,d)andh ¢ W(G,n,d),i.e.h € C(G,n,d).

From the proof of Lemma 4, the meaning of the subsets
defined above are Z+(G, n, d), representing the graph basis
states that satisfy the first constraints of the QECC condition;
the complementary set of W(G, n, d) represents the graph
basis states that satisfy the second constraint of the QECC
condition; and C(G, n, d) represents the graph basis state such
that the spanned subspace with the graph state is a [[n, 1, d]]
QECC. With Lemma 4 in hand, it is now possible to provide a
necessary and sufficient condition for the existence of another
state |v) such that span{|G), |[¥)} is a [[n, 1, d]] stabilizer
QECC.

Lemma 5. Givend, n € N satisfying d < n and the graph
state |G) € %‘X’”, |G)isina/[[n, 1, d]] stabilizer QECC iff the
membership class C(G, n,d) # 0.

Proof. 1If C(G, n, d) is nonempty, assume 4 is one of the
bitstrings in it. Based on Lemma 4, spanc{|G), |h)s} is a
[[n, 1, d]] stabilizer QECC, so |G) is in a [[n, 1, d]] stabi-
lizer QECC. Or, if |G) is in a [[n, 1, d]] stabilizer QECC,
which is assumed to be spanc{|G), |¥)} for some n-qubit state
|) € %", then Lemma 1 ensures that |y) is a graph basis
state |h);. From Lemma 4, one obtains h € C(G, n, d), and
therefore C(G, n, d) # 0.

The necessary and sufficient condition stated in Lemma 5
is restricted to the case where span{|G), |)} is a stabilizer
QECC, but the definition of TQO-1 states doesn’t require this
condition. An immediate question is if the nonemptiness of
C(G, n,d) is still necessary if the restriction to a stabilizer
QECC is lifted. It turns out that the answer is yes:

Lemma 6. Given d,n € N satisfying d < n and graph
state |G) € %”2@’, |G) is in a [[n, 1, d]] QECC iff the mem-
bership class C(G, n, d) # (.

A rigorous proof is provided in Appendix C.

It is useful at this stage to point out that for a
given n-vertex graph G, there is a maximum distance
d™ for all QECCs containing the graph state |G). Start
with the observation that Z(G,n,d) € Z(G,n,d + 1) and
W(G,n,d) CW(G,n,d+ 1);as aresult, Z-(G,n,d + 1) C
ZY(G,n,d) and C(G,n,d +1) C C(G,n,d). Next, note
that k € Z(G,n,n+ 1) for every k € {0, 1}". As a result,
ZY(G,n,n+1)=0Pand sois C(G,n,n+ 1). If d = 1, then
the only bitstring in Z(G, n, 1) and W(G, n, 1) is k = 0", so
C(G,n, 1) ={0,1}"\{0"}. One therefore has the following

sequence:
W=C(G,n,n+1)CC(G,n,n)CCG,nn—1)C---
CC(G,n,2)CC(G,n,1)={0,1}"\{0}. (29)

In other words, as d increases from 1 ton + 1, set C(G, n, d)

reduces from set {0, 1}"\ {0} to an empty set. There exists a
critical value d™** € [n] where set C(G, n, d) transitions from
a non-empty set to an empty set.

Definition 7 (d™*). Given a n-vertex graph G, d™ is the
integer such that C(G, n, d™™) # ¢ and C(G, n, d™ + 1) =
@.

The reason this value is named d™* is that it is the largest
distance of all QECCs containing state |G), i.e.,

d™ = max{d(€)]|G) € ). (30)

This fact can be inferred from Lemma 6: there is no
QECC having distance d™* + 1 that contains state |G)
because C(G,n,d™ 4+ 1) =; and there indeed exists a
QECC having distance d™** that contains state |G) because
C(G,n,d™) # (J. An useful observation from Eq. (29) is
that if C(G, n,d) = @ for some d, then d™* < d; similarly,
if C(G, n,d) # @ for some d, then d™* > d. In practice, one
can increase the value of d in unit increments and test the
membership of C(G, n, d) until C(G, n,d™™ + 1) = (. How
to determine d™** algorithmically and some bounds of d™*
based on the graph property are discussed in Sec. IV.

From Lemma 6 and the definition of TQO-1, it is now
possible to give a necessary and sufficient condition for a
family of graph states to be in TQO-1:

Theorem 2. A family of graph states S = {|G,) €
<%”2®”},,ENJ is in TQO-1 iff d™** € sublin(n).

Proof. If d™* € sublin(n) such that C(G,,n,d"™) #
@, assume h e C(G,,n,d"™). From Lemma 5, C, =
spanc{IG,), [h)g} is a [[n, 1, d™]] QECC, s0 {G, }en, is
a family of QECCs with macroscopic distance and contains
{1G,) }. Therefore, { |G,) } is in TQO-1.

On the other hand, if { |G,) } is in TQO-1, then by defi-
nition there exists d € sublin(n) and a family of QECCs {%,}
such that every %, has distance d,, and contains the graph state
|G,). From Lemma 6, C(Gy, n, d,) # { for every n € N;. One
thus obtains d** > d,. From the definition of d™**, d™* e
sublin(n).

Let us now generalize Lemma 4 to a [[n,k,d]]
QECC, where k > 1, i.e., the QECC encodes more than
a single logical qubit. Suppose that the subspace % =
spanc{|¥), ..., |¥x)} is spanned by 2% orthogonal states.
Assume that |v) is a graph state and % is a stabilizer QECC.
Following the same reasoning behind Lemma 1, one obtains
that every |v;) is a graph basis state |hi)g, so that € =
spanc{/h")c. ..., |h¥)s}, where h' = 0. Using the same ar-
gument in the proof of Corollary 1, € is a [[n, k, d]] QECC
iff the conditions

o(W|OIN) g = (b |OIW), G

c(M'[O); =0 (32)

hold for every O € P¢~! and every 1 < i # j < 2*. Based on
the proof of Lemma 4, the first condition is equivalent to h’ €
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ZY(G,n,d) forevery i, j € [2¥] and the second condition is
equivalent to h' +h/ ¢ W (G, n, d) for every pair i # j.

Corollary 2. Given d,n e N satisfying d < n, the
graph state |G) € s45%", and 2F—1 (different bit-
strings  h' € {0,1}"\{0"} (2 <i<2F), the subspace
span(c{|h1)G, e |h2k)G}, where h! =07, is a [[n, k,d]]
QECC iff

h € ZX(G, n, d)Vi € [21], (33)
h +h/ ¢ W(G,n,d)V1 <i#j<2k. (34)

If spanc{/h')c, ..., |h%)s} is a [[n, k, d]] QECC, then
hi € C(G, n, d) for every i > 2. However, given a nonempty
set C(G, n, d) for a given graph G, one cannot claim that the
subspace

spanc{|G), h')g, h%)g, - -}, 35)

where h' € C(G, n,d), is a QECC with distance d; it is
possible that hi +h/ € W(G, n, d) which would violate the
second QECC condition, Eq. (34). To construct a [[n, k, d]]
QECC with k£ > 1, one needs to carefully choose a subset of
C(G, n, d) to ensure that both conditions, Eqgs. (33) and (34)
are simultaneously satisfied. One approach is to make use of
a coding clique [29].

For an arbitrary given graph and a set of bitstrings { h' }, it
may not be straightforward to verify the conditions in Corol-
lary 2. But by making use of the special structure of the given
graph, it is often possible to obtain some useful results, as
discussed in detail in the next section.

IV. EXAMPLES

In this section, we consider various examples of graph-
state families. Using the conditions derived in the last section,
particularly Theorem 2, we show which families are in TQO-
1 and which are not, leading to both topologically trivial
and nontrivial states, respectively. Examples of topologically
trivial graph states include regular lattices in arbitrary dimen-
sions, as well as the star and complete graphs (which are
equivalent to one another); graph states in TQO-1 include the
state associated with the toric code graph, the line graph of
the complete graph, the line graph of the complete bipartite
graph, and a generalized toric graph. These particular graphs
are given as examples because their connectivity is simply
described for arbitrary sizes, and they provide contrasting
cases for the existence of a graph family to exhibit topological
order.

Before considering specific examples, it is important to
mention that one does not need to know the exact value of
d™* to decide whether a given family of graph states is in
TQO-1 or is topologically trivial, despite the statement in The-
orem 2. For example, if one can prove that C(G, n, d) = ¢ for
some d € O(1), then immediately one also knows that d™* €
O(1) because d™* < d; thus, the corresponding family of
graph states is not in TQO-1. In contrast, if C(G, n, d) # @ for
some d € sublin(n), then d™** € sublin(n) because d™* > d;
thus, the corresponding family of graph states is in TQO-1.

If it is not possible to infer the value of 4™ directly
from the graph properties, then one can nevertheless use the

€) (b)

FIG. 1. Examples of graphs that are not in TQO-1: (a) 2D regular
lattice and (b) six-vertex star graph.

bisection method to identify d™** by brute force. First set
d = |n/2] and decide if C(G, n, d) = ¥ by enumerating and
checking every possible bitstring (note that this task scales ex-
ponentially in n). If C(G, n, |n/2]) = @, then d™™ < |n/2];
whereas if C(G, n, |n/2]) # @, then d™* > |n/2]. Repeating
the procedure about log(n) times, one obtains the value of
dmax‘

In practice, knowing specific details about the graph
can significantly streamline the process of determining if
C(G, n,d) = @. The calculation of the set Z+(G, n, d) does
not require knowledge of all the bitstrings in Z(G, n, d).
Rather, a maximum independent subset of Z(G, n, d) is suf-
ficient to calculate Z+(G, n, d): every bitstring in Z(G, n, d)
are written as a linear combination of bitstrings from such
a subset. For example, a maximum independent subset of
{0", Kk, 1, k + 1} is {k, 1}. In fact, it may be sufficient to identify
a sufficiently large independent subset of Z(G, n, d) rather
than a maximum one. If Z; C Z(G, n, d) is an independent
subset, then Z+(G, n,d) C ZSJ-; if ZSL\W(G, n,d) ={, then
C(G, n, d) is also empty. This technique will be used often in
the analyses of various graphs.

A. Topologically trivial graph states
1. Graphs with constant degree

In this section, we show that all states represented by
constant-degree graphs are not in TQO-1; rather, d™** is upper
bounded by the graph degree A(G). Notice that, for every
basis bitstring b':

wt(A - b’ vV b)) = AG) + 1. (36)

Then b’ € Z(G, n, A(G) + 2) for every basis bitstring, where
d = A(G) + 2. Evidently, the b’ span all possible bitstrings,
s0 ZH(A(G) + 2) = {0"} and likewise C(A(G) +2) =@, so
d™ < A(G) + 1. This upper bound given by the graph de-
gree is almost tight as there exist graph states such that ™ =
A(G) (see Sec. IV B 1). If a family of states is represented by
graphs with constant degree, then d™* € O(1) and it is not in
TQO-1.

For example, consider the D-dimensional square lattice of
linear size L, which has LP vertices, as shown in Fig. 1(a). The
associated cluster states have symmetry-protected topological
order [46] but they are not in TQO-1. The vertex degree
is A(G) = 2D regardless of the size of the lattice, and the
maximum code distance is at most 2D + 1, which is a constant
for fixed dimension even if L increases.
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From the above discussion, a necessary condition for a
family of graph states to be in TQO-1 is that the graph degree
has to be macroscopic: A(G) € sublin(n). This requirement
is not sufficient, however, because there are families of
macroscopic-degree graphs that are not in TQO-1. Examples
include the star graph and complete graph discussed in the
next two sections.

2. Star graph

Consider next the star graph on n vertices K| ,,_1, as shown
in Fig. 1(b), which defines GHZ states on n qubits. The ad-
jacency matrix, where the first vertex is chosen to have high
degree, is

o 1 1 ---1
1 0 0 ---0

A =1|. . . AL 37)
1 0 0 ---0

When i>1, wt[(A},— bl) \/bl] =n and Wt[(A|,—; -
b’) v b] =2. The second of these yields {b’(i > 1)} C
Z(Ggar, 1, 3) and

Z(Kyp-1,m,3)" € {b'(i > D} ={0",b'}.

However, the bitstrings {0",b'} € W(Ggqr, n,3) because
their Hamming weights are smaller than 3. Thus,
C(Kyp-1,n,3)=0 and d™* < 3, and the family of star
graph states is therefore not in TQO-1.

3. Complete graph

Consider next the complete graph on n vertices, K,,, which
is LC equivalent to the star graph [33]. An example is
shown in Fig. 5(a). The adjacency matrix is Ax =J — 1,
where J is the matrix of all ones. In this case, wt[(Ag - b’) v
b’] = nVi, which would imply that d =n+ 1, an impos-
sibility. Next consider weight-two bitstrings, corresponding
to the n — 1 independent pairings of the basis states, ¢/ =
b’ + bit!,i < n. Then wt(Ag - ¢) = w[(Ax - ¢) v ¢i] = 2,50
{¢',...,¢" Y € Z(K,, n,3). Only the all-zero and all-one
bitstrings are orthogonal to ¢/ (i < n), so

Zr (K, n,3) C{c!, ... " = {00, 1),

But as was the case for star graphs, both 0" and 1" are
also in W(K,,, n, 3) because 1" = Ag - b’ + b’ Vi. One there-
fore again obtains C(K,,, n, 3) = ZY (K, n, I\W (K, 1, 3) =
@, and d™™ < 3 for the family of complete graph states. The
results for the star and complete graphs are consistent with the
fact that the GHZ state is not topologically ordered.

B. Topologically nontrivial graph states and codes

In this section, we present some topologically nontriv-
ial graph states and construct their associated QECCs with
macroscopic distance. By embedding a classical LDPC code
into the multistar graph state, we obtain an [[n, k, d]] QECC
where n = O(kd). Two [[n, 1, ©(/n)]] QECCs are based
on the line graphs of the complete and completely bipartite
graphs, corresponding to the triangular and rook’s graph, re-
spectively.

VAVANVAW/AN

FIG. 2. Multiple copies of the star graph.

Despite the macroscopic distance of the QECCs presented
here, it might be considered an abuse of notation to refer to
them as topological codes. They do not necessarily all have lo-
cal stabilizer generators and it is not clear if the degeneracy of
the code subspace has a topological origin like is the case for
the 2D toric code and color code. Nevertheless, the construc-
tions presented below are all rather simple while possessing a
code distance that scales sublinearly in the number of physical
qubits. Thus, we hope that these examples might be helpful in
understanding how to construct general topological states and
QECC:s.

1. Multiple copies of the star graph

Perhaps surprisingly, multiple copies of star graphs lead to
a different conclusion than was found for a single copy of the
star graph. Consider an n = gm-vertex graph G, composed
of ¢ disconnected components, as shown in Fig. 2, each of
which is a star graph on m vertices and g > m. The adjacency
matrix of this graph is block diagonal, Apgar = Af27 1» Where
A -1 € 27" is of same form as in Eq. (37). For this family
of graph states, d™* = m = n/q, which scales macroscopi-
cally with n.

As in the case of a single star graph, Wt(Amgar -
b') =1 and Wt[(Amgwr - b)) V b1 =2 when (imodm) # 1,
so {b’|(imodm) # 1} € Z(Gusar, 1, 3). Furthermore, {b|i
mod m # 1} is the maximum independent subset of
Z(Gmstar», 11, m) because any linear combination of these bit-
strings will have maximum weight m — 1 but each only has
the first vertex as a neighbor. For any bitstring k with a 1 at
position i mod m = 1, wt[(A - K) Vv K] > m regardless of the
bit value in other positions. Furthermore, all linear combina-
tions of b’ with (imod m) = 1 are orthogonal to bitstrings in
Z(Gmstar, 1, m):

ZH(Grustars 1, m) = spang,_{b[(imodm) = 1}). (38

For TQO-1, Z+(m)\W (m) must not be an empty set; in
the present case, we show that every bitstring in Z+(m) with
Hamming weight greater or equal to m is not in W (m).

Consider first the conditions where h=A -k +1=Db':
(A-kK);)=0 and I1 =1, and (A-k); =1 and 1, =0.
In both cases, wt(kv]l) >wt(A-k+1)=1. Next,
consider the case where A =b'+b"!  Similarly,
either (A-K),01 =0 and 1, =1, or (A-K),y =1
and L,y =0. Thus, {(A-K), L, (A-K)mir, bnyi} =
{1,0,1,0}, {1,0,0,1}, {0,1,1,0}, and {0,1,0,1}. In
the first case, (A-Kk); =(A-K)u+1 =1, so there are an
odd number of indices i € [2,m] where k; =1 and an
odd number of indices j € [m+2,2m], where k; =1;
therefore wt(k v 1) > 2. In the second case, there are
again an odd number of indices i € [2, m] where k; = 1;
together with 1,4, = 1, one again obtains wt(k V1) > 2.
Likewise for the third case. Finally, wt(k v 1) > wt(l) > 2
in the fourth case because of 1; =1,,+; = 1. Every nonzero
entry in A -k 41 either requires an entry in / or k to be
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nonzero. Generalizing the above argument to arbitrary
linear combinations of bitstrings from {bi|(imodm) = 1},
one obtains wt(k V1) > wt(h) if h e Z'. Therefore, if
the wt(h) > m then wt(k v1) > m, ie., h ¢ W(m); thus
C(Gmstar, n, m) # . ]

Increasing d tom + 1 wouldresultin b* € Z(Gpsar, 1, m +
1) when i = 1 mod m, because wt(A - b' Vb)) =m < m +
1. In that case, every basis bitstring is in Z(m+ 1) so
Zt(m+1)={0"} and C(m + 1) = @. One therefore con-
cludes that for the family of multistar graph states, d™* = m.
If ¢ = O(m), then d™* = ©(y/n) and this family of graph
states is in TQO-1. The same conclusion evidently also holds
for multiple copies of complete graphs.

In summary, for an n = gm-vertex multistar graph, com-
posed of g disconnected m-vertex star graphs (g > m):

C(Gmstar, n,m) = th € spanzz{bi|(imod m) =1}
lwt(h) > m). (39)

Combining this result with Corollary 2, one can construct a
[[gm, ®(q), m]] QECC using a classical LDPC code. Suppose
one is given a classical linear code C = [g, c1¢, ¢c2q], where
¢y and ¢, are constant and c,g > m. Each codeword in this
classical code is mapped to a logical state in a QECC in the
following way:

hecCcC{0,1}¢ — rh) = Zhib”"’“*) ef{0, 1}
i€lq]

— |r(h)g € 55" (40)

‘mstar

As the Hamming weight of every bitstring in C is no less
than c¢,q, every r(h) mapped from the classical code also has
Hamming weight no less than c;gq.

Theorem 3. Subspace spanc{|rth))g,...} is a
[[qm7 14, m]] QECC

Proof. From Corollary 2, one only need show that the
following conditions hold for all h # h’ € C:

r(h) € C(Gmgtar, 1, m), (41)

r(h) + r(h/) ¢ W(Gnstar, 1, m). (42)

Following the arguments presented in Sec. IVB 1, Eq. (41)
holds because r(h) is a linear combination of {b’|(i mod m) =
1}. In the classical LDPC code C, one has wt(h +h’) > caq
for every h, ' € C. Therefore,

wt(r(h) + r(h')) > g, Vh, W' € C, (43)
leading to Eq. (42).

2. Toric graph

The toric graph is a 2L2-vertex graph representing a graph
state, and is LC equivalent to one of the ground states in the
toric code [17]. The toric graph state is in TQO-1 because the
toric code has macroscopic distance d = L € O(/n). Never-
theless, it might be helpful to the reader to confirm this result
using the method discussed in this paper, by showing that set
C(Gioric, 2L, L) is non-empty. The qubits in the 2D toric code
are placed on the edges of a square L x L lattice. Qubits are la-
beled by (i, j,d) € [L] x [L] x {x,y}, where (i, j) are the
spatial coordinates and x and y denote the orientation of the
qubit on horizontal or vertical edges. The adjacency matrix of

FIG. 3. The toric graph, where (i, j, x/y) is the coordinate of the
qubits in the 2D toric code as in Sec. IV B 2.

the toric graph is [17]

Aijayimd, = 8dy xSy xOm,j(81.00i 01 + 8;01L—1)
+84y.y8d5.y0m.j(8i,102,1 + 81,162.)
+ 84, y8dy x (8. j + Bm—1,7)01,i-102.;
+8d, x0dy,y (O j + 8j—1m)Oir1,10i -1,  (44)

where §; ; and 6; ; are the usual Kronecker and Heaviside theta
functions, respectively:

1 i<

and 6; ; = {0 otherwise.

) =i
dij = {O otherwise “5)
While it might not be immediately apparent from the form of
the adjacency matrix, the toric graph in fact corresponds to
multiple copies of the star graph, which are then connected by
half graphs [17], as shown in Fig. 3. Appendix D shows that

L L L
C(Gtori(:v 2L2, L) — {Z bLjX’ Z bljy’ Z(bLJX + bljy)} .

j=1 i=1 i=1

(46)

These three bitstrings correspond to the three graph basis
states that are LC-equivalent to the logical states of the toric
code. Together with the toric graph state itself (the zero state
in this representation), they span a subspace that is locally
equivalent to the 2D toric code.

3. Connected multiple star graphs

Given that both multiple star graphs and the toric graph
(multiple star graphs connected via half graphs) are in TQO-
1, one might wonder if any connected graph Ggmgwr that is
formed by a regular linking of multiple star graphs is also in
TQO-1. It turns out that this is in fact the case, as is proven
here. An example G.ngr 1S depicted in Fig. 4.

As was the case for the toric graph, label the vertices
as (i, j,d) € [L] x [L] x {x, y}. There are 2L(L — 1) vertices
in the middle two layers that are labeled by [2, L] x [L] x
{y} and [L — 1] x [L] x {x}. As the corresponding vertices
have constant degree wt(A - b/¢) (which is 3 in the exam-
ple shown in Fig. 4), one obtains b"”? € Z(Gemstar» 2L%, L)
if (7, j,d) € [2,L] x [L] x {y} U[L — 1] x [L] x {x}. On the
other hand, the neighborhood of vertices (1, i, y) and (L, j, x),
i, j € [L], is composed of L — 1 vertices, and each of these
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FIG. 4. Multi-star graph connected by constant-degree sub-
graphs, where (i, j,x/y) is the coordinate of the qubits as in
Sec. IVB3.

neighborhoods is disjoint. As a result, if bitstring k has
nonzero entry at (1, i, y) or (L, j, x), then wt(k v Ak) > L and
so b'Y bl ¢ Z(Gemstar, 2L%, L) for every i, j € [L]. Thus
ZY(L) = span{b'?, ... b bll¥ ... bl*} and

L L L
Zbij, Zb‘fy, Z(b“" +bM)ECZHL). @)
j=1 i=1

i=1

These three bitstrings are not in W (L) for reasons similar to
those discussed in Sec. (IV B 1), so one obtains the result that
C(Gemtar, 2L*, L) # @ and the family of connected multistar
states is also in TQO-1.

4. Line graph of the complete graph

One of the distinguishing features of the previous two ex-
amples, multiple copies of the star graph and the toric graph,
is that the maximum vertex degree (the maximum value of
the vertex degree taken over all vertices) increases with the
total number of vertices. Evidently, the examples of a single
copy of the star and complete graph show that this condition
is not sufficient for a family of graphs to be in TQO-1. It is
nevertheless worthwhile to consider other examples of graphs
with this behavior. One candidate is the line graph of the
complete graph, L(K,,), also known as the triangular graph
T,n, considered here. An example of a complete graph and its
triangular graph are depicted in Fig. 5.

The graph K,, = (V, E) is the m-vertex complete graph
where each pair of vertices shares an edge, so the number
of edges is |E| = (;) = m(m — 1)/2. The line graph of K,,
is L(K,,) = T,, = (V’, E"); by definition, |V’'| = |E| = n; the
number of edges is |E’| = 2(m — 2). The adjacency matrices

FIG. 5. (a) The complete graph Kg; (b) the line graph of K.

of K,, and T,, are denoted A € Z7™" and A" € Z5*", respec-
tively. The main result in this section is Theorem 4, which is
proven by showing that the set C(7,,,, (’;), m/2]) is nonempty
forall2 < m e N.

Theorem 4. The family of line graph states S = { |T},) }m>2
is in TQO-1.

Proof. A full proof is given in Appendix E, but the main
ideas are sketched here. Consider a bitstring s” € {0, 1 }/£,
which only has nonzero entries at edges incident to vertex v
in graph K,,. From the construction of the line graph, the col-
umn vector of the adjacency matrix A’ - b4/ only has nonzero
entries at edges incident to either v; or v; (except for ¢;; itself),
which are formally expressed as A’ - b%/ = s¥ 4 s'/; then

A k= Ko (A bU) = Kk, (s +sY).  (48)

€ij €ij

The sum (bitwise XOR) of s” over edges are equivalently
expressed as a sum over a subset of vertices

A k= st, (49)

o
veVy

where V)0 is the subset of vertices with odd degree in sub-
graph (K, )x. Using this relation, one can obtain the Hamming
weight wt(A” - K) = h(m — ly), where I = |[V}?|. Next, one
can show that wt(A" - k) < |m/2] only if [y = 0, i.e. that all
the vertices in subgraph (K,,)x have even degree. As a result,
every bitstring K in Z(T,,, (), Lm/2]) corresponds to a sub-
graph (K, )k that is an Eulerian cycle or sum (edge symmetric
difference) of Eulerian cycles. Because of the special structure
of the complete graph, every cycle in K,, can be decomposed
into a sum of triangles, which allows for the determination
of a maximum independent subset of Z(|m/2]) with every
member a bitstring corresponding to a triangle; furthermore,
the bitstring s* can be shown to be orthogonal to all of
these bitstrings, so s¥ € zZN(T,, (’;’), lm/2]) forevery v € V.
Finally, using standard algebraic arguments, one can prove
thats’ ¢ W(T,,, (3). lm/2]), so thats’ € C(T,,, (3), lm/2])
for every v € V. Given that C(T,,, (5), lm/2]) # ¥ and the
code distance is macroscopic, the family of line graphs of the
complete graph is in TQO-1.

Because of Lemma 4 and s"' € C(L(K,,), (';) lm/2]), the
following result holds:

Corollary 3. Subspace spanc{ |L(Ky)), |S")rLk,)} 1S a
[('5‘) 1, lm/2]] QECC.

An immediate question is: is it possible to expand this code
using Corollary 2, so that it can encode more than one logical
qubit while simultaneously keeping the same code distance
d = |m/2]. It turns out that this is not possible, unfortu-
nately. Given that C(L(K,,), (';’) m/2]) contains more than
one bitstring, one would be tempted to choose another one,
for example s™, so that

spanc { [L(K.,)), ™ )L(K,,,)’ |SU2>L(K,,,) }

is also a QECC with distance d = |m/2]|. However, from
Corollary 2, for the expanded three-dimensional subspace to
be a QECC with d = |m/2], s**> needs to be in Z+(|m/2])
while s"' + s¥ cannot be in W. The second condition does
not hold because s'' +s* is one of the column vectors
of the adjacency matrix A’. For any other bitstring h €
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FIG. 6. (a) The complete bipartite graph K¢ and (b) the line
graph of K 6.

C(L(Ky), ("21), lm/2]), similar problems will be present, so
that it is not possible to expand spanc{|L(Ky)). Is") Lk, )}
to encode more logical qubits without sacrificing the code
distance.

5. Line graph of the complete bipartite graph

The second example considered here is similar to the first
one: the graph state represented by the line graph of the bal-
anced complete bipartite graph L(K,, »,), which is also called
a rook’s graph because the edges represent all the possible
moves a rook can take in the game of chess. An example of
a complete bipartite graph and its associated rook’s graph are
depicted in Fig. 6.

The complete bipartite graph K, ,, has 2m vertices divided
into two complementary subsets of the same size V = X U
Y ={v],...,v5u{v],..., vy} Similarly, V, E, A denote
the set of vertices, the set of edges, and the adjacency matrix of
Kin.m, respectively, while V', E’, A" are used for the line graph
L(Ky.;m). In K, »,, every vertex in the set X is connected to
every vertex in the Y, but there are no edges connecting two
vertices in X or two vertices in Y ; there are therefore m? edges
in total: [E| = m? and |V'| = n = m>.

The main result of this section is Theorem 5, which is
proven by showing that C(L(K;,.,,), m>, m) # @:

Theorem 5. The family of line graph
(LK) bz is in TQO-1.

Proof. Again, only a sketch of the proof is provided here,
and the full proof is found in Appendix F. Analogously,
s’ represents the bitstring that only has nonzero entries at
edges incident to v in graph K,, ,,. The column vector A’ - b¢,
where e = (v7, v}lf), only has nonzero entries at edges incident
to either vf or v, so A"-b* =" + s/ Similarly, A’ - k =
Zvevf s’, where V;? can be partitioned into two comple-
mentary sets V}2 = X2 UY?. Using this expression, one can
calculate the Hamming weight of wt(A" - k) = (I + li:)m —
260, where [ = [X2| and [ = |Y,°|. With this in hand, one
obtains wt[(A" - k) vV k)] < m only if [ = I, = 0 by a simple
algebraic argument, i.e., all the vertices in subgraph (K, )k
have an even degree.

According to Euler’s theorem, every bitstring in
Z(L(Kn.m), n, m) corresponds to an Eulerian cycle or sum
(edge symmetric difference) of Eulerian cycles. Furthermore,
because of the special structure of K, ,,, every cycle in K, ,,
can be decomposed into the sum of four-edge cycles so a

states S =

maximum independent subset of Z(m) are chosen where
each bitstring corresponds to a four-edge cycle. Proving
that s is orthogonal to every bitstring corresponding to
four-edge cycles, one obtains the set s’ € Z+(m) for every
v € V. Finally, one can prove s’ ¢ W (m) by some algebraic
arguments, so s’ € C(m) foreveryv € V.

For the graph state represented by the line graph of the
complete bipartite graph, the following result holds from
Lemma 4 and the fact that s’ € C(L(K,, ), m*, m):

Corollary 4. The subspace

spanc{ |L(Kym)), 1S") 2k }

is a [m?, 1, m] QECC.

The line graph L(K,, ) resembles L(K,,) in this respect,
and the corresponding graph state suffers a similar expansion
problem; it is not possible to expand this code without de-
creasing the code distance.

V. 3D TORIC GRAPH CODE

In this section, we first present the structure of a gener-
alized toric graph. A family of [[n, n'/3, n'/3]] QECCs with
geometrically local stabilizers is then obtained. This is con-
sidered as a generalization of toric code, and is referred as a
3D toric graph code in this paper.

In the toric code, qubits are divided into two comple-
mentary subsets X U Y, corresponding to their placement on
horizontal and vertical edges of the two-dimensional lattice,
respectively. In the associated toric graph, the induced sub-
graphs in X and Y separately are comprised of multiple
star graphs, while the subgraph connecting X and Y are
half graphs. One can consider the toric graph to have a two-
layer structure: each layer is an L2-vertex multistar graph, and
different layers are connected by half graphs. It is natural to
extend this two-layer structure to L layers. In this way, one
obtains an L3-vertex generalized toric graph Ggoric. Vertices
are denoted by (i, j, k) € [L], where i, j, k € [L).

The adjacency matrix of the generalized toric graph Ggoric
is a straightforward generalization of Eq. (44),

Ailjlkl,izjzkz = 8j1,j28k1,k2 (8i1,192,i2 + 51'2,102,1'1)
+ 8,7, Oty ko +10i,0,02,4, + S1y 1, 4105,.,1202,0))
+8j, jp+10k ko+100,1, 02,0

+ 8, j1+18k k+10i,0,02,0, » (50)

where iy, i2, ji, j2, k1, k» € [L]. Similar to the 2L%-vertex toric
graph, the vertices in Ggoric can be partitioned into L disjoint
subsets X; U - - - U X, of the same size L?, where X; = [L] x
[L] x {i}. The induced subgraphs on X; are also composed of
multiple star graphs and X; and Xy, are connected by half
graphs, similar to X and Y in the toric graph.

Theorem 6. The family of generalized toric graph state
S = {|Ggoric) € H45" Jen is in class TQO-1.

The graph state |Ggoric) € ,%”Z®L3 is topologically ordered,
as stated in Theorem 6. The proof that { |Ggioric) } is in TQO-1
takes a different approach than was pursued in previous sec-
tions [i.e., via showing that d™* € sunlin(n)]. Rather, Ggoric
is a generalization of the toric graph, and recall that the toric
graph state is LC equivalent to one of the ground states in 2D
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toric code. We show that it is possible to construct a general-
ized toric code such that |Ggric) is (or is LC equivalent to) one
of the states in this code. Next, we present the construction of
an [[L?, L, L]] QECC with growing distance, a large number
of logical qubits, and local stabilizer generators, using the
generalized toric graph state.

From the adjacency matrix Eq. (50), one readily obtains
the stabilizer generators of the generalized toric graph state
| Ggtoric):

L
Sijk = Xijk Hzljk, (51)
1=2

L i
Sijk = XijuZiji (H le.k+l> (H le,k—l)
=2

I=i

L i
x (Hzl,j+l.k+l> (sz,j—l,k—l),i =2, (52)
1=i 1=2

which act on L and 2L qubits, respectively. First, transform
the nonlocal stabilizer generators of |Ggoric) to a set of local
but not all independent stabilizers. Let B = {1} x [L] x [L]
denote the subset of qubits labeled by i = 1 and Hp denote
the Hadamard gate acting on the qubits in B:

Hy= [] Hip (53)
JikelL]
Lemma 7. The state Hp|Ggoric) is stabilized by
Sin = XipXir1,jxZi jk+1Zij+1. k41
X Ziv1,jk—1Zix1,j—1,k—1 mod L (54)
forall i, j, k € [L].
Proof. Multiplying neighboring stabilizer generators, one
obtains a new set of local stabilizer generators:
() 2<i<L-—1:
S;jk = SijkSit1, jk
= XijkXir1,jkZi,j k1 Zi, jr 1 k121, jk—12Zig 1, j— 1 k—1
(55)
Q) i=1:
ik = S2kS1j k151 j+1 k41
= XojpZijiZo,j—1k-122,jk—1X1, j k1 X1, j+1.hs1,  (56)
3)i=L:
Stk = SLikS1jk—151 j-1k-1
= XpjixZ1jikZy, i1 Ze, jr1 k1 X1, ja—1 X1, j-1.0-1. - (57)

These S; ik stabilize the state |Goric) but they are not all ex-
pressed as the same combination of Pauli operators. Because
HXH = Z and HZH = X, applying the Hadamard conjuga-

tion S;’ik = HBS;ijB, one obtains

St =XiwXojnZi jxn1 2 jir k1 Zaj-1 k122, jk-1,  (58)
Stk =XjeXi w2, jk1 Ze 1 k121, k1 Z1 o k-1, - (59)
Sty =S 2 <i<L—1, (60)

(a) (b)

FIG. 7. 3D toric graph code: (a) stabilizer generator in the 3D
toric graph code and (b) Pauli X string operator S;.

which is translationally invariant, subject to the condition that
all indices of Pauli operators are evaluated modulo L.

Thus, the physical qubits can be arranged on the vertices
of a three-dimensional lattice subject to periodic boundary
conditions, i.e., a three-torus, and the stabilizer generators
are six-local. The geometry and stabilizers S;}k are shown in
Fig. 7(a).

Theorem 7. The subspace Cy C jfz@L} stabilized by {S7;; }
is an [[L3, L, L]] stabilizer QECC.

This result is rigorously proven in Appendix G. There are
some known 3D codes that share a similar scaling in the
distance and the number of logical qubits with this 3D toric
graph code. For example, the ground-state subspace of the
X-cube model [37], with qubits on the edges of an L x L x L
3D lattice, is a [[3L3, 6L — 3, Q(L)]] stabilizer QECC (this
scaling is in contrast with that of the 3D toric code [47]
which has a similar geometry but which is a [[3L3, 3, L]]
QECC); the Chamon model defined on a 2L x 2L x 2L lattice
is a [[4L3, 4L, Q(L)]] stabilizer QECC [38]; and the Checker-
board model [39] is locally equivalent to two copies of the
X-cube model. Haah’s cubic code [48] has two qubits on
each vertex and has a growing number of logical qubits and
macroscopic distance, neither of which, unfortunately, cannot
be calculated easily.

VI. CONCLUSIONS

In this paper, we derive a set of necessary and sufficient
conditions for a family of graph states to be topologically
ordered under the definition of TQO-1 in Sec. III. Using the
derived criteria, we provide various pertinent examples in
Sec. IV; we show that graphs with constant vertex degree and
the star and complete graphs are not in TQO-1 in Sec. IV A,
whereas the toric graph, multiple star graph, connected mul-
tiple star graph, the line graphs of the complete and the line
graphs of complete bipartite graphs are in TQO-1 (shown in
Sec. IV B). Lastly, by generalizing the toric graph obtained
from the 2D toric code, we developed a topological code with
qubits on the vertices of a three-torus in Sec. V, with six-local
stabilizers. The code distance and the number of logical qubits
both scale as n'/?, where n is the number of qubits.

The line graphs of the complete and the line graphs of
complete bipartite graphs are chosen because they are both
strongly regular graphs with vertex degree that grows with
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the total number of vertices and not because their connectivity
is necessarily simple to generate in practice; in fact, they are
unlikely to be related to stabilizer codes with geometrically lo-
cal operators. These families are relatively straightforward to
analyze at the cost of being somewhat artificial; whether they
are related to any known topological codes [49] is unknown.
In addition, the 3D toric graph code developed in this paper
has similar behaviors to some cubic codes, such as the X-cube
model and the Chamon model and their relation would be an
interesting avenue for future investigation.

The potential of this graph-theoretic framework has not
been fully exploited. For example, is there a signature in
the graph connectivity that could allow the construction of
improved LDPC codes, i.e., where the number of encoded
qubits and the code distance scales better than n'/3, where n is
the number of physical qubits? In the current formalism, there
is no presumption of geometric locality; on the one hand, this
allows for the consideration of a wide range of graph families
but on the other could make a physical implementation of the
code potentially daunting. Another fruitful line of inquiry is,
can the criteria for TQO-1 developed here be used to deter-
mine if a given code is self-correcting? We hope to address
these and related questions in future work.

ACKNOWLEDGMENTS

This work was supported by NSERC and the Major Inno-
vation Fund of the Government of Alberta.

APPENDIX A: STABILIZED SUBSPACE

Remark Given n € N and two orthogonal quantum states
|G), |¥) € j‘ff’", in which |G) is a graph state, the subspace
spanc{|G), |¥)} € 42" is a stabilized subspace iff [y/) is a
graph basis state |h) for some h € {0, 1}".

Proof. If spanc{|G), |)} is a stabilized subspace, one can
always choose n — 1 independent and commuting stabilizers
{S7,..., S 1}, satisfying

> Mp—1

SIG) = |G), S!|yr) = |¥)Vi € [n— 1]. (A1)

State |G) is a stabilizer state, so there exists an element S/,
independent of { S}, ...,S,_, } which commutes with every
Si(i € [n — 1]), such that S/|G) = |G). As commuting op-
erators share eigenstates and the eigenvalues of S, are %1,
either S/ |y) = |¢) or S)|v) = —|y). Because S, |¢) = |¢)
leads to [) = |G), contradicting the fact that |G) and |y) are
orthogonal, one must conclude that S/,|y) = —[v).

As the graph state |G) is also stabilized by the {S;}icpy
from Eq. (18), one can transform the stabilizer generator set
{ S Yicin) to { S; }Jie[n) using an invertible matrix R € Z5*":

Si=[]s".ieln.
j=1
where S;O = 1. With Eq. (Al) and S, |y/) = —|¢), one ob-
tains

(A2)

silv) =18 1v) = 8,5 1w)
j=1

= (=Df"|y)Vi € [n]. (A3)

The graph basis state |h)g, whereh € {0, 1}" and h; = R;, for
every i € [n], also satisfies

Sihg =X [] zZ"©2®---®2"G)
(i, J)EE

=zt ezZr e ZvX || ZI6)
(i, j)€E

= (=M h); = (=Dfn|h).

Therefore, |) and |h)s are both eigenstates of S; with eigen-
value (—1)® for every i € [n]. As only one state in %"
satisfies the above condition, |h)g = |V).

Furthermore, if |¢) = |h)s for some h € {0, 1}", one can
choose n — 1 independent bitstrings {r', ..., r"~!} such that
r'-h =0 fori e [n— 1]. Using r, one can obtain a new set
of stabilizers { S’ }

(A4)

ieln—11"
n i
si=]]s;-
j=1

Stabilizers in { S },.;,_,; are independent because of the inde-
pendence of the { ' };cj,—1). Then, both S/|G) = |G) and

(A5)

Sihy = [[572"G) = (~ 1" Z'S/1G) = h)g  (A6)
j=1

hold Vi € [n — 1] because S;Z; = —Z;S; for every j € [n]

and S;Z, = Z;S; for j # k. Thus, spanc{ |G), |h)¢ } is a sta-
bilized subspace.

APPENDIX B: AN IDENTITY INVOLVING PAULI
OPERATORS AND GRAPH BASIS STATES

Remark Given n-vertex graph G and h, g, k,1€ {0, 1}",
Ae ZEX" is the adjacency matrix of G. The value of
c(hIX*Z'|g)g is

(_ 1 )h~k+a (AK)

c(hiX*Z'|g)c = {o ifA-k+1=h+g

otherwise.
(B1)

Proof. By the definition of graph basis state in Eq. (19),
one easily obtains

chix*Z'lg); = (GIZ"X*Z'Z#|G)

= (=" (G|x*z"E16). (B2)
Because X; CZ(i, j) = Z; CZ(i, j)X;,
X6 =x1 X [T cza, pio®
@i,))eE
= xR xR A
< [ cza. pxsi+e, (B3)
(i,))eE

where bi € {0,1}"(i € [n]) is the bitstring whose only
nonzero entry is in the ith position. Then the product A - b’ €
{0, 1}" corresponds to the ith column vector of A. The op-
erator (ZAP" )& is ZAP if k, = 1 and is identity otherwise.
When the X, gates are pushed through the series of CZ gates,
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a correction gate Z; appears on the left iff (7, n) is a edge in
graph G. The neighbors of nth vertex in graph G correspond
to the nonzero entries of the nth column vector of the adja-
cency matrix, so all the correction Z gates can be compactly
described as ZAY"

Moving (ZAY" Yk 1o the leftmost side, one obtains

XXG) = (—D) @A oxk XM G), (B4

where 0, =k, - (Z:’;l k; - A;,). Repeating the above proce-
dures for different X; yields

XKIG) = (~1)Zi= o zAP k(A )k G)
= (—1)Z=%Z%|G), (B5)

in which o; =k; - (X7 ki - A;j) and Y, 05 = o(A, K).
Therefore, the value of Eq. (B2) is

c(hx*Z'1g); = ()"  (GIx*Z"*""2|G)
— (_l)h-kJrcr(A,k) <G|ZAk+l+h+g|G> . (B6)

If Ak+14+h+4g=0" then the expectation value is
(= 1)Ktk otherwise, the result is 0.

APPENDIX C: GRAPH STATE IN A D-DISTANCE QECC

Remark Given d, n € N satisfying d < n and graph state
|G) € L%ZW, |G) is in an [[n, 1, d]] QECC iff the membership
class C(G, n,d) # 9.

Proof. Assume span{|G), |¥)} is an [[n, 1,d]] QECC,

where
)= >

he{0,1}"\{0"}

aplh)g. (ChH

|0™) ¢ is excluded from the superposition because |G) and |r)
are orthogonal. From Corollary 1, the following conditions are
satisfied:

(GIX*Z'1G) = (v |IX*Z'ly) . V. D e B!, (C2)
(GIX*Z'|y) =0, V(k, 1) € B!, (C3)
Lemma 3 ensures that the first condition satisfies
kol _ (—DAR - ifA . k=1
(GIXTZG) = {0, otherwise. (€4

If ke Z(G,n,d) and [ =A -k, then X¥ZA*¥ ¢ P4-1 and
(GIX*ZAK|G) = (=1)°™K) Consider next the expectation
value with respect to |¢/):

(WX 24" y)

= ) opaethix*z4¥g),
h,ge(0,1}"\{0"}

- Y de (D)o@l ey = ¢

h=810, otherwise.

h,ge{0,1}"\{0"}

= (=140 N (=DM (C5)

he{0,1}"\{0"}

For the condition (G|X*¥ZA¥|G) = (y|X*Z4%|y/) to hold
when k € Z(G, n, d) requires

> =DM =1 (C6)

he{0,1}"\{0"}

But the normalization condition is

Y. el =1 (C7)

he{0,1}"\{0"}

Combining these two equations, one obtains

> el =0 (C8)

he(0,1}7\{0")
hk=1

and oy, = O if there exist k € Z(G, n, d) such that h-k = 1.
Thus, if ap 5% 0 then h - k = 0 for every k € Z(G, n, d), i.e.
h e Z4(G, n,d).

Finally, consider the second condition, (G|X*Z'|y) =0
which should hold when wt(k V1) < d — 1:

GIX*Z'ly) = Y en(GIX*Z'|h)g

he{0,1}"\{0"}

- Y e (=140 ifA.k+1=h

- ho, otherwise,
he{0,1}"\{0"}

= aaxn(—1)"*9 =0, (C9)

when wt(k V1) < d — 1. In other words, «, = 0 if there exist
k,1 € {0, 1}" satisfying wt(k v1) <d — 1 and Ak +1=h;
more compactly, oy, = 0ifh € W(G, n, d).

In summary, if oy # 0 then h € Z*(G,n,d) and h ¢
W(G,n,d), i.e. h € C(G,n,d). As |{) is a quantum state
orthogonal to |G), there must be at least one oy, that is not
zero, so the set C(G, n, d) is not empty.

APPENDIX D: TORIC GRAPH

Here we show that C(Giosic, 2L2, L) is not an empty set.
Using Eq. (44), one can express the action of the adjacency
matrices on the basis vectors:

L-1 L
A-pHT =3B ALDY =) b, (D)
=1 =2
L
AU =bh 4 Nl 4 pUTY i< (D2)
I=i+1
i—1
A = 4 bl 4 BT i (D3)

I=1
These imply the following:
A. (bijx + b(i+1)jX) — pUt+Diy + b(i+1)(j71)y’

i<L—1,
A - bLDix — pLix L=y
4 pLht-Dy

A- (bijy + b(i+1)jy) — bijx + bi(j+1)x,
iel[2,L-1],
A - b2y = pliy 4 plix 4 plU+Dx
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A- (bij 4 pLU+Dx 4 bLjy) — bljy’
A- (bljy + bl(j+1)y + bl(j+])X) — bL(j+1)x.

All of the bitstrings on the left sides above are in
Z(Gioric, 1, L), assuming that L is larger than 4. Consider
the bitstrings in the first two rows, bi/* +b0*+Di¥ for i <
L —1 and b&Di* If k € Z+(L), then k/* = 0 for every j
and i < L. Analogously, orthogonality to the states b'/> +
b@+Diy i e [2, L — 1] and b*” requires k'Y = 0 for every j
and i € [2, L]. At this point, k € spang_{b"/*, b'} for all ;.
Moreover, because bX/* 4 bLUTDY 4 pLiy pliy 4 plG+hy 4
b!'U+D¥ ¢ Z(L), the only possible k € Z*(L) are Z?:] bLix,
SL b, and Y% (bY¥ 4+ b'7Y). Given that these six bit-
strings comprise a maximum independent subset of Z(L):

L

L L
ZL(L) — {ZbLj)C’ Zbljy’ Z(bLJX + blj}’) .
j=1 i=1

i=1

(D4)

The three bitstrings constituting Z*(L) are not in W (L) for
reasons similar to those discussed in Sec. (IV B 1), so they are
in C(L), and the family of toric graph states is therefore in
TQO-I.

APPENDIX E: LINE GRAPH OF THE COMPLETE GRAPH

In this section, we present a rigorous proof of Theorem 4.

Remark The family of line graph states S = { |T,,) }u>2 1S
in TQO-1.

Proof. This is proven by showing that

m
C<Tm, <2) |_m/2j> 0.

As has been the case for other examples, the determination of
this set requires the analysis of which bitstrings are in the sets
Z(|lm/2]) and W(|m/2]), both of which involve bitstrings
A’ -k fork € {0, 1}V = {0, 1}F! (recall that A’ is the adja-
cency matrix of the line graph of K,,,). For the complete graph
K, = (V, E) and bitstring k € {0, 1}/El, (K, = (Vk, Ex) is
a subgraph of K,, whose edges are labeled by the non-zero
entries in k. Denote the set of vertices in Vi with odd degree
in subgraph (K, )k as V;? and its size as i, = [V}

Lemma 8. wt(A' - K) = I(m — ).

Proof. Let e denote both an edge in K,,, and a vertex in 7,,,.
With k = ) _k.b¢, where k, is the eth bit in k, one obtains
A k=) ,Kk/ (A -b°), where A" - b€ is the eth column vector
of A’. The column vector of A’ corresponding to the edge
e;j = (v;, v;) only has nonzero entries at edges (not including
e itself) incident to v; or v;; mathematically, A" - b/ = s¥ +
s, where s’ € {0, 1}/f!(v € V) denotes the length-n bitstring
only having nonzero entries at edges incident to v in K,,,, i.e.,

s'g’”:lifv:viorv:vj,\?’eij:(v,-, vj) € E. (ED)
For example, s” only has nonzero entries at edges
{(v1, v2), (v1,v3),...,(v,v,)} and s™ only  has
nonzero entries at edges {(va, vy), (v2,v3), ..., (V2, Vy)}.
As a result, s" +s" only has nonzero entries at
{(v1,v3), ..., (V1, V), (V2,13), ..., (V2, Vy)}; likewise for
A’ -b%2, Thus, A" - b*2 = s¥! 4 §%2.

One therefore obtains

Al k=) Kk, (s" +5Y). (E2)

eij€E

If k., = 0, then e;; makes no contribution to the sum, and the
sum is only over the edges where k has nonzero entries. For a
given k € {0, 1}'Fl and Ej the subset of edges corresponding
to nonzero entries in Kk, Eq. (E2) becomes

A k= Z (s% +sY). (E3)
e,-,-EEk

The sum over edges in Ex can also be written as a sum over
all vertices in V. The number of times s appears in the sum
corresponds to the degree of v; in subgraph (K}, )k, leading to

A k= Z deg(v)ks’, (E4)

UEVk

where deg(v) is the degree of vertex v in subgraph (K, )k. If
deg(v)x is even, then deg(v)xs' = 0%; if deg(v)x is odd, then
deg(v)ks” = s”. As a result, one obtains

A k= Zs”. (E5)

o
veVy

To calculate the Hamming weight of A’ - k, one must deter-
mine whether (A" - k),,, = 0 or (A" - k),,, = 1 for an arbitrary
edge e;; = (v;, v;) € E:

(A"-K), =Y s mod2. (E6)
veW?
Recall that s; = 1 iff v = v; or v = v;. There are three pos-

sibilities for an arbitrary edge ¢;;:

(1) both v; and v; are in V,:

(A"-K)e, = (1 +1)mod2 = 0;

(2) none of v; and v; are in V;2: (A’ - k),,, = 0;

(3) one of v;, v; is in V;? and the other is not: (A" - k), =
L.

As there are i vertices in V)2 and m — [y vertices not in
Vios lk(m — I) edges satisfy the third condition and therefore
wt(A” - k) = I (m — k).

Lemma 9. Defining deg(v)x as the degree of vertex v in the
subgraph (K, )k, the bitstring k € {0, 1}£l'is in Z(|m/2]) iff
deg(v)x = even for all vertices in (K,,)x and wt(k) < |m/2].

Proof. In every graph, the number of vertices is no greater
than twice the number of edges, as every edge only contributes
at most two distinct vertices, so |Vx| < 2|Ex| in subgraph
(K, )x. When [y, = m, wt(A” - K) = 0 and one obtains

w[(A"- k) v k] = w(k) = |Ex]|
Z Vl/2 = IW1/2. (E7)

As |V2|/2 = |m/2], the bitstrings k satisfying [V}?| = m are
not in Z(|m/2]). When [y = 0, wt(A’ - k) = 0 and wt[(A" -
k) v k] = wt(k). For any other cases where lx # 0 and I #
m, wt(A" - k) > |m/2] from Lemma 8. Thus, k € Z([m/2])
iff x =0 and wt(k) < [m/2] so that wt[(A’-k) VK] <
lm/2]. As Ix denotes the number vertices with odd degree
in the subgraph (K, )k, Ik = 0 means that all the vertices in
(K )k have even degree.
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Euler’s Theorem states that a finite connected graph has
an Eulerian cycle iff all vertices have even degree. From
Lemma 9, if bitstring k € Z(|m/2]), then all the vertices in
subgraph (K, )x have even degree. As (K, )k is not necessarily
connected, every component of (K, )x has an Eulerian cycle.
Thus, every bitsring in the set Z(|m/2]) corresponds to an Eu-
lerian cycle or sum (symmetric difference) of Eulerian cycles
in K,,. The special structure of the complete graph ensures
that every cycle in K,, can be decomposed into the sum of

triangles.
Lemma 10. GivenK,, = (V, E) and k € {0, 1}/ if (K, )
is an Eulerian cycle, then there exist k', ..., k' € {0, 1}/f]

such thatk! + - .- + k' = k and (K, ), is a triangle for every
1<V <

Proof. As (K,,)x is an Eulerian cycle, without loss of gen-
erality one can represent it as

{(U], v2)9 (U29 U3)9 LR (vj—l > Uj), (vja U] )} (ES)

Partition the edges in the «cycle into two sub-

sets: {(v1, v2), (vj, v1)}, {(v2, v3), ..., (vj_1, V))}.
Adding edge (v,v;) to both subsets yields bit-
strings ki = {(vi, v2), (v2, v)), (v}, v1)} and k' =
{2, 03), ., (U1, v)), (vj, V), k', k" € (0,1},

respectively. Evidently, (K, )i is a triangle, and (K, ), is a
cycle of smaller length than (K,,)x (note that k = k! + k).
Applying this procedure recursively, one proves the lemma.

Recall that two bitstrings k', k> € {0, 1}/£! are orthog-
onal to each other iff (K,,) and (K, ), share an even
number of common edges. To prove a bitstring k is in
ZH(T,u, (3), Lm/2]), it is necessary to prove that K is orthog-
onal to every bitstring in Z(|[m/2]). Because of Lemma 9
and Lemma 10, to prove k € Z*(|m/2]) it suffices to show
subgraph (K, )k shares an even number of edges in common
with every triangle. It turns out that the bitstring s”, defined in
Eq. (El), satisfies this condition.

Lemma 11. The bitstrings® € Z+(|m/2]) foreveryv € V.

Proof. The subgraph graph (K, )s», composed of all edges
incident to v, is a star graph on m vertices where the high-
degree vertex is v. Without loss of generality, consider s"':

ES"I = {(U11 v2)s (Ulv U3), DR (vlv vm)}- (E9)

All triangles in K, share an even number of edges in common
with (K, )s : if the triangle R composed of edges

{(va, vy), (Vp, Ve), (Ve, Vo)) (E10)

does not contain vertex v; then R does not share any edges
in common with (K, )i ; whereas if R does contain vy, then it
shares two edges in common with (K}, )¢ . Therefore, bitstring
s”! (and every s") is orthogonal to all bitstrings corresponding
to triangles in K,,,. With Lemma 10, s” is also orthogonal to all
bitstrings corresponding to cycles in K,,. With Lemma 9, one
concludes that s” is orthogonal to every bitstring in Z(|m/2]).

There is one final step left to prove Theorem 4.

Lemma 12. Bitstring s' ¢ W(T,,, (';'), lm/2]) for every
veV.

Proof. Without loss of generality, assume v = v; so Eg =
{(vy, v2), (V1, v3), ..., (v1, vy)}. It suffices to prove that if
bitstrings k, 1 € {0, 1}/Fl satisfy A’ - k +1 = s", then

wtk V1) > |m/2]. (E11)

If A’ - k and s’ share ¢ nonzero entries, i.e., there are ¢ edges
e € E such that (A’ - k), =s? = 1, then

g=Y A K.

i=2
wt(l) = wt(A’' -k + ") = wt(A" - k) + wi(s’) — 29
(E13)

Note that wt(l) = wt(—A’ - k +s) = wt(A” - kK + s¥) because
addition and subtraction are equivalent mod 2. From Eq. (E6),
(A" -K), vy =1 for i € [2, m] iff one of v; and v; is in V
and the other is not. If deg(v;)k is even, where deg(v)x as
the degree of vertex v in the subgraph (K, )k, then vy ¢ V0
and (A" - K)@, ) = 1 if v; € V2, s0 g = I; on the other hand,
if deg(vy)x is odd, then (A" - K), vy =1 if v; ¢ Vi, s0 ¢ =
m — lk.

Consider first the scenario where deg(v; )k is even and g =
Ix. One then has

(E12)

=hkm—Ix)+m—1-—2q.

wt) =k(m —lx —2)+m — 1. (E14)

When 0 < Iy <m—2, wtl) > m — 1> |m/2]. There is at
least one vertex in (K, )k such that deg(v)k is even, however,
in which case [y, < m — 1. When Iy = m — 1, wt(l) = 0 and
instead one needs to check the weight of k. In this case, I is
even because of the handshaking lemma, and therefore

wi(k) = |Ex| 2 [Vkl/2 2 b/2 = mT_l = m/2]. (EL5)

This again justifies d = [m/2]. Consider the second scenario
when deg(v; )k is odd and ¢ = m — Ix. Then

wt(l) = (I — 2)(m — L) +m — 1. (E16)

As there is at least one vertex such that deg(v;)x is odd
and /i is even, one obtains /x > 2 and wt(l1) > m — 1, which
evidently exceeds |m/2].

In summary, wt(k V1) > |m/2] if A’ -k+1=5s", 508" ¢
W (T, (3). Lm/2)).

It immediately follows that s* € C(|m/2]) for every v €
V,so C(lm/2]) # ¥ holds for every 2 < m € N. As the num-
ber of qubits is n = ('Z) and the distance is d, = [m/2] =
©(4/n), together with Theorem 2, one obtains d™* > |m/2]
for the line graph of the complete graph and Theorem 4 is
proven.

APPENDIX F: LINE GRAPH OF THE COMPLETE
BIPARTITE GRAPH

In this Appendix, we give a rigorous proof for Theorem 5:

Remark The family of line graph states S =
{IL(Knn)) Inza is in TQO-1.

The proof proceeds analogously to the proof of Theorem 4,
i.e., by showing that C(L(K, ), m2, m) # @ for the line graph
L(K,n.m) of the complete (symmetric) bipartite graph K, ,,. We
analyze A’ - k for arbitrary k e {0, 1}/E!; then define the sets
Z(m) and Z*(m); then identify specific bitstrings in Z*(m)
and prove they are not in W (m).

For some bitstring k € {0, 1}'£!, the subgraph (K,,.)x =
(Wk, Ex) and the degree of its vertices deg(v)x are defined
analogously to the line graph of the complete graph consid-
ered previously. Edges in K, ,, and vertices in L(K, ) are
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denoted by e. In subgraph (K, )k, the vertices with odd
degree are contained in the set V}? = X? L1Y)?, where X? and
Y,? are complementary subsets containing vertices in X and Y,
respectively. Their sizes are [X?| = [ and |Y°| = ;.

Lemma 13. wt(A" - k) = m(L + 1) — 251

Proof. As before, A’ is the adjacency matrix of the line
graph, and A’ - k = Ze k.(A" - b%), where K, is the eth bit of k
and A’ - be is the eth column vector of A’. A" - b® has nonzero
entries at edges which share a common vertex with e. With
e= (v}, v)), A" b =s" 45", wheres” € {0, 1}l (v e V)
denotes the bitstring with nonzero entries only for edges
incident to v in K, ,: st =1 iff e is incident to v in

K. For example, the bitstrings s%, s € {0, 1} (i, j e

[m]) only have nonzero entries at {(v}, v}), ..., (v}, v;,)} and
{(v], v?), (VA vif)}, respectively.
As aresult,
Ak= Y k(s ). (F1)
e=(v{,v:}f)€E

Again, one only need sum over the edges where k, = 1, cor-
responding to the edges in the subgraph (K, m)x:

A k= Z

e=(vf, v;)EEk

(" +sY). (F2)

Rewriting the sum over edges as a sum over vertices, the
number of times s appears in the sum equals the degree of
v in subgraph (K, )k:

A k=) deg(w)s'. (F3)

UEEk

If deg(v) is even, then deg(v)xs’ = 0"; similarly, if deg(v)k
is odd, then deg(v)xs” = s*. Then

Ak=)s"= ) s+ > s (F4)

o X o v
veVy vy €X) v}eYk"

For an arbitrary edge ¢’ = (v7, vjf,), one has

@k =Y si+ 387, (F5)

X o v
vy eXy vie VA

where s:fr =1iffi =i and sz,j = 1 iff j = j’. The first sum
therefore equals 1 if v; € X and is O otherwise; the second
sum equals 1 if v} € ¥ and is O otherwise. There are four
possible cases:

vl € X2 and v;f, €Y (A Ky =1+1 mod2=0,

1

v ¢ X and vi, ¢y (A -k)py=0+0=0,

I
vi € XQand v, ¢V (A -K)p = 1,
vi ¢ XP and v, € V01 (A k) = L.

There are [;;(m — ;) edges satisfying the third condition
and (m — [)l; edges satisfying the fourth condition, so there
are m(lii + I) — 2L nonzero entries in A’ - k.

With the above result, wt(A"- k) =0 when [} =, = 0.
For any other cases, as shown below, wt(A'k v k) > m and

Lemma 14. Given k € {0, 1}¥l, if ke Z(m), then
deg(v)x = even for every vertex in subgraph (K, ,» )x.
Proof. Rewrite wt(A’ - k) as

WH(A" - K) = ml + (m — 211 (F6)

The lower bound of wt(A’k Vv k) can be determined by con-
sidering the following different cases:

(1) when /[ = 0,wt(A" - k) = ml) > m, aslongas [} is not
also 0;

(2) when 1 < <m/2, m—2 >0 and wt(4" - k) >
mly > m;

(3) when m/2 < <m—1, m—2L <0 and wt(A’-
k) > ml + (m — 2[))m = (m — [ )m > m;

(4) when [ = m, then X = X and there are at least m
edges in Ex; thus, wt(A” - k v k) > wt(k) > m.

Therefore, wt(A’ - k v k) > m if [ + [} # 0. Equivalently, if
wt(A’k VK) < m then [f + [ = =0, ie., no vertices in
subgraph (K, )k has odd degree if k € Z(m).

As a result, every bitstring k € Z(L(Ki.), m?, m) corre-
sponds to a subgraph (K, ,,)x in which every component is an
Eulerian cycle. Because of the special structure of K, ,,, all
cycles in K, ,, can be decomposed into the sum (symmetric
difference) of four-edge cycles.

Lemma 15. If subgraph (K, )k = (W, Ex) in K, 1
a cycle and |Ex| > 4, then there are vectors kl,... ki e
{0, 1}'¥! such that k =k' +---+ k' and every subgraph
G, (1 <7 < i) is a four-edge cycle.

Proof. If (K, m)k is a cycle, without loss of generality, let
us denote it as

The set of edges in the cycle can be partitioned
into the two subsets {(v],v)), (v}, v}), (v“]Y, v)} and
{3, 1), ..., (v}, v“;)}. Adding the edge (v3, v;) to both
subsets, one obtains {(v], vy), (v{, v3), (V3, v*j.), (v;', vy)}
and  {(v3,v3), ..., (v}, v?), (v';, v3)}, corresponding to
k' k" € {0, 1})El, respectively. Then k =k!+k', Gy
is a four-edge cycle, and G, is a cycle of smaller length.
Applying above procedure recursively, one proves the lemma.

Combining Lemma 14 and Lemma 15, then k € Z*(m) if
k is orthogonal to every bitstring corresponding to four-edge
cycles in K,

Lemma 16. s° € Z+(L(K,,.,), m*, m) forevery v € V.

Proof. Without loss of generality, assume v = v] so
(Kinm) gy 1s an (m + 1)-vertex star graph composed of edges

{(vf, v{),(vi‘, vy),...,(v’f, vm} (F7)
For an arbitrary four-edge cycle
{5 v)s (v v)s (v ), (v vi)} (F8)

in K, there are two vertices in X and two in Y. If none of
the two vertices in X is v{, then this cycle shares no edges with
subgraph (K, )1 ; otherwise, the cycle shares two edges. So

S
(Kin.m)gy always shares an even number of edges with every

four-edge cycle, and s'! is always orthogonal to bitstrings
representing four-edge cycles in K, ,,. Because of Lemma 15,
s¥ is also orthogonal to every bitstring in Z(m), and s*i (and
every s') is in Z+(m).
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One more lemma is required to prove Theorem 5:

Lemma 17. s* ¢ W(L(Ly.m), m2, m) for everyv e V.

Proof. Without loss of generality, let us assume v = vy. It
suffices to prove that if bitstrings k, I € {0, 1}/F! satisfy A’ -
k +/ = s, then wt(k vV [) > m.

If A -k and s'! share ¢ nonzero entries, i.e., there are ¢
edges e € E such that (4’ -k), = s.| = 1, then

a=> (A K)u ) (F9)
i=1

wi(l) = wt(A" -k + ") = wi(A" - k) + wi(s") — 2¢
=m(lg + ) = 28 +m — 2q. (F10)

From Eq. (F5), for i € [m], (A’ - k)(v,]t’v.l}‘) =1 iff one of vy
and v} has odd degree in subgraph (K, ,,)x and the other has
even degree. There are two scenarios: If deg(vy)k is even,
then (A’ - K)oy =1 if v €Y?, so g=1; on the other
hand, if deg(v{)x is odd, then (A" - K)( vy = 1 if v} ¢ ¥, so
g=m—1.

For both possibilities, it is only necessary to analyze the
case where I, [ < m — 1;if [, = m or l;, = m, then there are
at least m edges in Ex, in which case wt(l Vv k) > wt(k) =
|Ex| > m. First, consider the case where deg(vy] )y is even and

wt(l) = m(l{ + ) — 20+ m — 213,
= (m—25) (i + 1) + ml}.
Analyze wt(l) in four different domains of J; :
(1) when [} = 0, wt(l) = (& + L)ym > m;
(2) when 1 <[ <m/2, then m—2I >0, so wt(l) >
mly, > m;
(3) whenm/2 < I, <m—2,thenm —2[; <0, so

wt(l) > (m — 25)(m + 1) + ml;,

(F11)

=m*+m—1I(m+2)
>m*+m—(m—2)(m+?2)

=m+4; (F12)
(4) lastly, whenl;, =m — 1,
wil) = (—=m + 2)(5 + 1) + m(m — 1)
> (—m+2m+mm—1) =m. (F13)

Therefore, wt(k v 1) > m when deg(v])k is even. On the other
hand, if deg(vy)x is odd (/i > 1), one obtains g = m — lﬁ and

wt(l) = (m — 28)) (5 — 1) + ml;. (F14)
When ] = 0, based on the handshaking lemma, [ + [ =
I§ is even so [ > 2, then wt(l) = (f{ — D)m > m;
When 1 </ < 4, one obtains (m — 2[;) > 0, and wt(l) >
mly, > m;
when m/2 < I < m — 1, one obtains m — 2, < 0, and
wt(l) = (m — 25)(m — 2) + ml;,
=m*—2m—1L(m—4)
>m?*—2m— (m—1)(m—4)
=3m—4 > m,

(F15)

where m > 4 is assumed.

Thus, wt(k V1) > m also holds when deg(vy)x is odd.
We have therefore proven that A’ -k +1 =s" and wt(k Vv
1) <m cannot both be simultaneously true, i.e., st ¢
W (L(Lyy.m), m*, m). One can replace v} with an arbitrary ver-
tex in V and the above argument still holds.

Thus, s* € C(m) for every veV when m >4 and
C(L(Kyy.;m), m*, m) # @ trivially holds. In other words, for a
rook’s graph, d™* > ,/n and Theorem 5 is proven.

APPENDIX G: 3D TORIC GRAPH CODE

Remark The subspace Ct C %”Z@’LB isan [[L3, L, L]] stabi-
lizer QECC.

Proof. Similar to the 2D toric code, the set of stabilizers
{874} are not entirely independent because

L
To=[] Sl =1.kelL].

ij=1

(G1)

The L constraints in Eq. (G1) are independent. From the
structure of the S7, it is straightforward to verify that there
are no other constraints that are independent of Eq. (G1).
Suppose there is a subset D C [L] x [L] x [L] such that
Tp = n(i,j,k)ED Sl/;k =1.1If (1,1,1) € D, then X(l,l,l) and
X,1.1) are in the final product. Because there is no other X
operator in the stabilizer generator, X, 1,1) must be canceled
by including (2,1,1) in D. Repeating the same argument, one
ends up with (i, 1,1) € D for all 2 < i < L. Analogously,
because there is no Z operator left in the final product,
(1,i,1) € D holds for all 2 < i < L. Applying this argument
recursively for all (i,1,1) and (1,7, 1), where 2 <i <L,
then (i, j, 1) € D for all i, j € [L]. Therefore, Tp = T, T)} if
(1,1, 1) € D. Repeating the same argument for other qubits
in D', one obtains Tp = ]_[l.E pCiL] T;. This proves that no other

constraint independent of Eq. (G1) exists, so there are L3 — L
independent stabilizer generators and the dimension of the
stabilized subspace is then 2%.

This implies that one can choose L independent and mutu-
ally commuting operators, which commute with all stabilizers
in Eq. (54). A simple choice for such operators are Pauli X
string operators along (say) the j axis of the three-dimensional
grid of qubits:

L
Se =] [ X (G2)
j=1

as shown in Fig. 7(b). All the S; commute with one another,
as they each consist of only Pauli X operators, and in any case
act on different subsets of qubits. In addition, every S; also
commutes with every Slf;.k, which can be shown as follows.
Without loss of generality, consider S, which has support on
qubits Q1 := {1} x [L] x {1}. The stabilizer generators S;}k
trivially commute with S, if Pauli Z operators in S, don’t
have any support on qubits Q;; otherwise, one can notice from
Fig. 7 that there are two qubits in Q; acted on by Z operators
in S, . As a result, S; and S;}k always commute. The same
argument holds for other Pauli X string operators S; as well.
It remains to determine the distance of this error correction
code, which has a 2E-dimensional encoded subspace and L
string X operators. The code distance of a subspace stabilized
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by group S equals the minimum weight of operators in N(S) —
S, where N(S) is the normalizer of S, consisting of all gates
U such that USUT = §. In our case, S = {Slf}k} and the §; are
in N(§) — S as shown above. It remains to show that the S;
operators have the minimum weight.

All operators in N(S) — § can be written as products of the

S; and S}, . The S’ each have two X operators in the same k

level, expanding in the i direction, so any Slf}k multiplied by S,
yields either L X operators or L 4+ 2 X operators. Continuing
in the same vein, multiplying arbitrary many S;}k by S; will
not produce an operator with fewer than L X operators when
k = 1. Likewise for other string operators. Thus, the S; are
indeed the operators with minimum weight in N(S) — S. The
distance of this generalized toric code is therefore d = L.
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