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Maximal coin-walker entanglement in a ballistic quantum walk
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We report that the position-inhomogeneous quantum walk (IQW) can be utilized to produce the maximal high-
dimensional entanglement while maintaining the quadratic speedup spread of the wave function. Our calculations
show that the maximal coin-walker entanglement can be generated in any odd steps or asymptotically in even
steps, and the nearly maximal entanglement can be obtained in even steps after 2. We implement the IQW by
a stable resource-saving time-bin optical network, in which a polarization Sagnac loop is employed to realize
the precisely tunable phase shift. Our approach opens up an efficient way for high-dimensional entanglement
engineering as well as promotes investigations on the role of coin-walker interactions in QW-based applications.
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I. INTRODUCTION

Quantum walk (QW) is the quantum version of classical
random walk (CRW) [1], which is considered as a universal
computational primitive [2–4]. The quantum walker can be in
a coherent superposition of many possible position states, re-
sulting in the ballistic transport, which is a quadratic speedup
compared with the diffusive spread of CRW [5]. In particular,
by adding control to QW dynamics, the inhomogeneous QW
(IQW) can behave as a variety of transport features, including
the ballistic behavior, super diffusion, and localization [6–9].
The IQW is also a powerful tool for investigating the interac-
tions and dynamics of quantum particles [10,11], simulating
of complex phenomenons [12–16], and engineering of quan-
tum states [17–28].

The evolution of a QW is a dynamical interaction process,
resulting in the coin-walker entanglement, or called the coin-
position entanglement, which was studied in a variety of QWs
[18–27]. As spanned in a large number of position states, the
entanglement is in a high-dimensional Hilbert space, and can
be used to enhance the test of quantum fundamentals [29,30]
and the performance in quantum communication [31,32] and
computation [33–35]. In a particular case that the coin is
another degree of freedom of the walker, it is called the hybrid
entanglement, which is also a valuable resource in quantum
information processing and has broad applications [36–42].
In addition, the the ballistic spread and quantum entanglement
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can be employed to improve the efficiency and performance of
the quantum algorithms [5,35]. All these applications usually
require an efficient way for maximal entanglement generation.
The Hadamard QW though exhibits the ballistic transport,
namely, the quadratic speedup, cannot reach the maximal
coin-walker entanglement [19,20]. In contrast, whereas the
maximal entanglement can be created asymptotically by intro-
ducing dynamical disorder [23,25], or after 10-step evolution
via an optimal set of coin operations [26,27], these QWs can
only behave subballistic transports with the decreased spread
velocity. Up to now, the simultaneous realization of maximal
entanglement and quadratic speedup in the QW has remained
a challenge.

In this work, we utilize the position-inhomogeneous quan-
tum walk (IQW) to produce the maximal entanglement after
any odd steps or large even steps asymptotically, and the
nearly maximal one can be obtained after 2-step evolution.
Meanwhile, the constructive interference is preserved leading
to the ballistic spread of the wave function in the high-
dimensional Hilbert space. Thereby the coin can be correlated
to the walker carrying more positions after the same steps
evolution, in contrast to the previous schemes with subballistic
spread. Further, we demonstrate our scheme by implementing
the IQW with a high-stable time-bin-encoded optical net-
work, in which a stable polarization Sagnac interferometer
is developed to perform the precisely controlled position-
dependent dynamics evolution. Based on the well-established
equivalence of the evolution of coherent light in a linear
optical network and that of a single photon (see p. 106 in
[43]), here the dimmed pulse laser is employed to simulate
the dynamic evolution of single photons [44–46] and this
works because only the superposition principle is needed. We
simultaneously observe the quadratic speedup transport and
maximal entanglement entropy through the time-multiplexing
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measurement and the coin-state tomography. Our approach
opens up an efficient way to engineer the maximal high-
dimensional entanglement, which is applicable in a variety of
different physical systems such as atoms [47], trapped ions
[48,49], and photons [50,51].

II. MAXIMAL ENTANGLEMENT WITH CONSTRUCTIVE
INTERFERENCE

A quantum walk is defined on a bipartite system composed
of a quantum coin and a walker. The quantum coin is a two-
level system with |0〉 (|1〉) dictating the left (right) moving
direction of the walker for the next step. The position state of
the walker at node x is expressed as |x〉 (x ∈ Z). The evolution
operator of the IQW is defined as

Û =
∑

x

Ŝx[Ĉ(x) ⊗ Î], (1)

where Î is the identity operator on the walker and Ĉ(x) de-
notes the position-dependent coin operation. Here the coin
operation performed at the position x = 0 is the product of
the Hadamard operation and a phase shift

Ĉ(0) = 1√
2

(
1 1
1 −1

)(
eiφ 0
0 eiφ

)
, (2)

with φ ∈ [0, 2π ). While at the other positions x �= 0, Ĉ(x)
is the Hadamard operation. Thus, this IQW becomes the
Hadamard QW (HQW) when φ = 0 is chosen. The state-
dependent shift operation Ŝx makes the walker move to the
neighboring left (right) node determined by the coin state |0〉
(|1〉), which is expressed as

Ŝx = |0〉〈0| ⊗ |x − 1〉〈x| + |1〉〈1| ⊗ |x + 1〉〈x|. (3)

The nonlocal operation Ŝx leads to the coin-walker entangle-
ment.

We consider the initial coin-walker state is a localized state
at the original position x = 0, written as

|�(0)〉 = [a(0, 0)|0〉 + b(0, 0)|1〉]|0〉, (4)

with the complex coefficients satisfying |a(0, 0)|2 +
|b(0, 0)|2 = 1. After the t-step evolution described by
|�(t )〉 = Û t |�(0)〉, the final state can be expressed as

|�(t )〉 =
∑

x

[a(x, t )|0〉 + b(x, t )|1〉]|x〉, (5)

with x = −t,−t + 2, . . . , t − 2, t . The amplitudes a(−1, t )
and b(1, t ) can be calculated by

a(−1, t ) = 1√
2

eiφ[a(0, t − 1) + b(0, t − 1)], (6)

b(1, t ) = 1√
2

eiφ[a(0, t − 1) − b(0, t − 1)], (7)

and the other amplitudes derived from x �= 0 are

a(x − 1, t ) = 1√
2

[a(x, t − 1) + b(x, t − 1)], (8)

b(x + 1, t ) = 1√
2

[a(x, t − 1) − b(x, t − 1)]. (9)

FIG. 1. The von Neumann entropy of the coin-walker entangle-
ment E as a function of the initial state parameter θ and the coin
operation parameter φ of the inhomogeneous quantum walk for the
steps of (a) t = 9 and (b) t = 8.

It is clear that we have
∑

x |a(x, t )|2 + |b(x, t )|2 = 1 due to
the normalized condition.

The evolved coin-walker state remains pure as a result
of the unitary evolution together with the pure initial state,
so the entanglement of |�(t )〉 can be quantified through the
von Neumann entropy. The von Neumann entropy is defined
as E (ρc) = −Tr(ρclog2ρc) with 1 and 0 for the maximally
entangled and separable states, respectively, where ρc(t ) is the
reduced density matrix of coin state obtained by the partial
trace over the walker state TrP[|�(t )〉〈�(t )|]. According to the
state given by Eq. (5), we obtain

ρc =
(

A(t ) C(t )
C(t )∗ B(t )

)
, (10)

with A(t ) = ∑
x |a(x, t )|2, B(t ) = ∑

x |b(x, t )|2, and C(t ) =∑
x a(x, t )b(x, t )∗. Then the von Neumann entropy is calcu-

lated by

E (ρc) = −λ1log2λ1 − λ2log2λ2, (11)

where λ1,2 are two eigenvalues of ρc expressed as

λ1,2 = 1
2 {1 ±

√
1 + 4[|C(t )|2 − A(t )B(t )]}. (12)

A necessary condition of obtaining the maximal entanglement
is that the two diagonal matrix elements of ρc equal 1/2 [20],
and hence here we choose a typical balanced state as the initial
state which is given by

|�(0)〉 = 1√
2

(|0〉 + eiθ |1〉)|0〉, (13)

with θ ∈ [0, 2π ). Therefore, we have A(t ) = B(t ) = 1/2 and
λ1,2 = 1/2 ± |C(t )|. So the entanglement entropy E depends
on the initial state, coin operations, and evolution steps.

Then we investigate the von Neumann entropy as a func-
tion of θ and φ for any step with the amplitude recursion
formulas given by Eqs. (6) to (9). Taking t = 9 and t = 8
for example, the calculation results are shown in Figs. 1(a)
and 1(b), respectively. We can see that the maximal value
of the von Neumann entropy can be obtained by choosing
φ = π/4, θ = π/2, or φ = 7π/4, θ = 3π/2. Actually, the
two conditions can maximize the von Neumann entropy for all
the steps except step 2. Taking either condition, here choosing
the first one, we plot the entanglement entropy for 60 steps in
Fig. 2(a), and list the von Neumann entropy values for 11 steps
in Table I (column E theo

IQW). It is shown that for any odd steps,
maximal entanglement E = 1 can be obtained, while for the
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FIG. 2. In the IQW with θ = π/2 and φ = π/4, the von Neu-
mann entropy E as a function of evolution step t and the actual
dimension can be confirmed by the nonzero probabilities of t + 1
positions such as t = 9 and t = 8.

even steps, the maximal entanglement is achieved asymptot-
ically and nearly maximal entanglement with E > 0.99 has
been achieved since step 2. For comparison, we also list the
von Neumann entropy values for the HQW in Table I (column
E theo

HQW), which are all around 0.87. The actual dimension of
the maximal coin-walker entangled state in the IQW is 2 ×
(t + 1) because the coin state is in a two-dimensional Hilbert
space as shown in Eq. (10) and the walker is spanned in t + 1-
dimensional position space {|x〉} with x = −t,−t + 2 . . . , t
after the evolution of t steps. The dimension of the walker can
be confirmed by the nonzero probabilities of positions and the
examples of t = 9 and t = 8 are shown in Figs. 2(b) and 2(c),
respectively.

TABLE I. Experimental results and theoretical values of the von
Neumann entropy of the inhomogeneous quantum walk (IQW) and
the Hadamard quantum walk (HQW). Errors are estimated from the
statistical errors.

Step E theo
IQW E exp

IQW E theo
HQW E exp

HQW

1 1 0.99 ± 0.01 1 0.99 ± 0.01
2 0.81128 0.86 ± 0.01 0.811 0.81 ± 0.01
3 1 0.99 ± 0.01 0.811 0.81 ± 0.01
4 0.99967 0.95 ± 0.02 0.896 0.88 ± 0.02
5 1 0.95 ± 0.02 0.896 0.88 ± 0.02
6 0.99967 0.99 ± 0.02 0.857 0.83 ± 0.02
7 1 0.99 ± 0.02 0.857 0.86 ± 0.02
8 0.99999 0.97 ± 0.03 0.882 0.90 ± 0.02
9 1 0.99 ± 0.04 0.882 0.89 ± 0.03
10 0.99999 0.99 ± 0.05 0.865 0.88 ± 0.04
11 1 0.99 ± 0.06 0.865 0.85 ± 0.05

FIG. 3. Trace distance between two neighboring coin states as a
function of evolution step t with θ = π/2 and φ = π/4.

To further investigate the asymptotic limit of entanglement
in even steps, we calculate the trace distance between two coin
states in adjacent steps by

D(t ) = 1
2 Tr[|ρc(t ) − ρc(t − 1)|], (14)

where |M| =
√

M†M for a matrix M. For the qubit state ρc(t ),
the trace distance D(t ) is equal to the Ky Fan 1-norm, i.e., the
largest singular value of ρc(t ) − ρc(t − 1) [52]. In Fig. 3, we
plot the calculation results of D(t ) in up to 1000 steps and
then get a nonlinear fitting function of D(t ) ∼ t−1.90. Con-
sequently, we have limt→∞[ρc(t + 1) − ρc(t )] = 0. Namely,
ρc(t + 1) = ρc(t ) works in the large step regime. As for any
odd steps maximal entanglement is obtained, and hence max-
imal entanglement is achieved in the large even step regime as
well.

The signature of quantum effects is also imaged in the
walker’s spread velocity quantified by the position variance
ν(t ) = 〈x2〉 − 〈x〉2. We show the calculation results of the
position variance for the above IQW up to 1000 steps in
Fig. 4 (the black solid curve), and for comparison the position
variance values of the HQW (the red dashed curve) and CRW
(the blue dotted line) are given as well. One can see that the
IQW and HQW can both exhibit the ballistic transport due
to the maintained constructive interference, in contrast to the
diffusive spread of CRW. Moreover, the IQW spreads even
faster than the HQW.

FIG. 4. Position variance as a function of evolution step t with
θ = π/2 and φ = π/4.

042216-3



RONG ZHANG et al. PHYSICAL REVIEW A 105, 042216 (2022)

FIG. 5. Experimental setup of the ordered inhomogeneous quan-
tum walk. PBS: polarization beam splitter; HWP: half-wave plate;
QWP: quarter-wave plate; BS: single-mode fiber beam splitter; PC:
polarization controller; MOC: magnetooptic crystal; EOM: elec-
trooptic phase modulator; AWG: arbitrary wave generator; SPD:
single-photon detector.

III. EXPERIMENTAL DEMONSTRATIONS

We realize the IQW defined in Eqs. (1) to (3) by the
resource-saving time-bin encoded optical network as sketched
in Fig. 5. Our setup consists of three parts, the initial state
preparation (the green part), the evolution (the blue and pink
parts), and the state measurement (the yellow part). The hor-
izontal and vertical polarization states |H〉 and |V 〉 represent
the coin states |0〉 and |1〉, respectively. The position states
are encoded in discrete time bins formed by distinct path
lengths. We use an electromodulated picosecond diode laser
(Hamamatsu Photonics, PLP-10), with a pulse width of 70
ps, a repetition rate of 1 MHz, and a central wavelength of
1550 nm. The laser output first passes through a polarization
beam splitter (PBS0), a half-wave plate (HWP0), PBS1 and
the light intensity can be controlled by tuning the optical axis
angle of the HWP0. Then the light is coupled into the evolu-
tion of quantum walk via the 1/99 port of a 1 : 99 single-mode
fiber beam splitter (BS1) after passing through HWP1 and the
quarter-wave plate (QWP1), where the two wave-plates can
prepare an arbitrarily initial polarization of the light output
from BS1.

The evolution of a single-step IQW is realized by a round
trip through the optical network including the variable coin
operations (the blue part) and state-dependent shift operator
(the pink part). The position-dependent coin operations given
in Eq. (2) are realized through HWP2 followed by a polar-
ization Sagnac loop. Explicitly, the optical axis of HWP2 is
oriented at 22.5◦ to perform the Hadamard operation. Because
the phase modulations generated directly by the electroop-
tic phase modulator (EOM) (Eospace) depend on H and V
polarizations with the restriction φV /φH = 3.5, the Sagnac
loop in the the blue part of Fig. 5 is employed to perform
two respective fast-tunable phase shifts φV , φH on the H
and V polarization of the input light in a stable way. First,
a beam of light is input from one port of PBS2, and the H
and V polarization parts are separated into counterclockwise
and clockwise paths, respectively. Second, the input port of
clockwise light is fused with a single-mode fiber to introduce

a 39.1-ns delay of the arrival time at the EOM compared with
the counterclockwise light, so that the phases on H and V
polarization can be precisely controlled by the voltages on
the EOM separately. Both ports of the EOM are connected by
polarization-maintaining (PM) fibers in a slow aligned axis. A
magnetooptic crystal (MOC) is placed in each path to make
the polarization rotate 45◦ counterclockwise. The optical axis
of HWP3 is tuned to make the diagonal polarization coupling
with the slow axis of the PM fiber. Likewise, the polarization
controller PC1 is adjusted to couple the antidiagonal polar-
ization with the slow axis. Finally, the EOM was triggered
by a programmable electric pulse output from the arbitrary
wave generator (AWG) (Tektronix, AWG7012), and the light
in each path returns its original polarization with an individual
modulated phase at the output of the loop. Here the required
phases on H and V polarization are the same φV = φH = π/4
as shown in Eq. (2).

The shift operation Ŝx given in Eq. (3) is implemented
by an unbalanced polarization Mach-Zehnder interferometer
formed by PBS3 and PBS4, where the V polarization is de-
layed 	t = 2.3 ns compared with the H polarization. The
temporal difference 	t corresponds to a step in two positions
x ± 1. Finally, about one percent of photons are coupled out
of the network to the measurement setup and the majority go
to the next round of the network via a 99 : 1 beam splitter
BS2, with a one-loop time of T = 72.9 ns. The one-loop loss
is measured to be 3.6 dB. The measurement setup consists
of a single-photon detector (SPD) (Quantique id201) and a
combination of QWP3, HWP4, and PBS5, which can realize
any state projection measurement [53,54]. The SPD and the
laser are both triggered by the electrical pulses from the AWG.
Therefore, the state evolution of each step can be accurately
monitored in our setup. All experimental results are averaged
over more than 104 detected events.

The initial coin-walker state at the original position is pre-
pared as |�1(0)〉 = (|H〉 + i|V 〉)|0〉/√2. As shown in Eqs. (1)
to (3), we realize the HQW and IQW by choosing φ = 0, and
π/4, respectively. For the HQW, the EOM is powered off. To
implement the required IQW, the phase shift φV = φH = π/4
on both H and V polarizations are performed at the position
x = 0 of even steps 2m corresponding with the time bins
of t0 = m(2T + 	t ) (m ∈ Z). So a programmable electrical
pules from the AWG with a pulse width of 1 ns and a pulse
height of 1.8 V at both time bins t0 and t0 + 39.1 ns is applied
on the EOM when the H polarization pulse and the V one of
the position x = 0 arrive.

After t-step evolution, the initial light pulses with the time
bin t = 0 are distributed in t + 1 time windows corresponding
with the positions x = −t,−t + 2, . . . , t . We apply project-
ing measurement on the polarization bases {|H〉, |V 〉, |H〉 +
|V 〉, |H〉 − i|V 〉} for each time bin. So we obtain the position
distribution probabilities by adding up the counts of projec-
tion measurement on state |H〉 and |V 〉 in each position, and
then normalizing them with the sum of all the positions. The
experimental results of IQW (red bars) and HQW (yellow
bars) in step 11 are shown in Fig. 6, with the black and blue
bars representing the corresponding theoretical probabilities,
respectively. The position distributions for both HQW and
IQW clearly show the non-Gaussian behaviors of the com-
pletely coherent quantum walks. To compare the experimental
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FIG. 6. Experimental and theoretical position distributions P(x)
of the inhomogeneous quantum walk (IQW) and the Hadamard
quantum walk (HQW) in step 11. Error bars are simulated from the
statistical errors.

(Pexp) and theoretical (Ptheo) distributions, we employ the fi-
delity defined by S = ∑

x

√
PexpPtheo, which ranges from 0

for the complete mismatch to 1 for the perfect concordance.
The fidelities for HQW and IQW after the 11-step evolution
are calculated as SH = 0.9805 ± 0.0002 and SI = 0.9673 ±
0.0002, respectively. Therefore, nearly perfect coherence in
our setup is confirmed by the non-Gaussian distributions after
the 11-step evolution. Particularly, the fidelities of the final po-
sition distributions of the maximal entanglement as a function
of dimensions t + 1 are shown in Fig. 7.

Based on the experimental results of the position dis-
tributions of the two types of QWs, we calculated the
position variance ν(t ) = ∑

x P(x, t )|x − μ(t )|2 with μ(t ) =∑
x P(x, t )x to quantify the spread of the wave function. The

variance of the HQW (blue triangle) and IQW (red circle)
in up to 11 steps is shown in Fig. 8, with the corresponding
theoretical results plotted as the red solid curve and the blue
dotted curve. For comparison, the variance of CRW is also

FIG. 7. The fidelities of IQW featured with the maximal entan-
glement as a function of dimensions. Error bars are simulated from
the statistical errors.

FIG. 8. Experimental position variance against the evolution step
t for the inhomogeneous quantum walk (IQW), the Hadamard
quantum walk (HQW) in up to 11 steps, with the corresponding the-
oretical solid curves. The black solid curve represents the theoretical
position variance of the classical random walk (CRW). Error bars are
simulated from the Poissonian statistics.

plotted with the black dashed curve. We can see that, in
contrast to the diffusive spread in CRW, the IQW as well
as the HQW can behave the quadratic speedup spread, and
moreover, the IQW spreads even faster than the HQW. Tak-
ing step 11 as an example, the position variances of the
IQW, HQW, and CRW are νI (11) = 46.91 ± 2.99, νH (11) =
37.46 ± 2.76, and νC (11) = 11, respectively.

The above experimental results, including both the non-
Gaussian distribution and quadratic speedup, demonstrated
that the coherence are maintained perfectly and further con-
firm that the coin walker is in the coherent superposition state
during the whole evolution [55]. We also employ the normal-
ized linear entropy (NLE) [56,57] to estimate the purity of the
coin-walker state directly. NLE is defined as N (ρ) = d

d−1 [1 −
Tr(ρ2)] with d is the dimension of system, and N (ρ) = 0 for
pure states and 1 for completely mixed states. We first calcu-
lated the lowest bound of Tr(ρ2) with the coin-walker state ρ.
Then the coin state at every position of two neighboring steps
can be obtained by projecting corresponding light pulses on
measurement basis {|H〉, |V 〉, |H〉 + |V 〉|H〉 − i|V 〉}. We can
obtain partial entries of the coin-walker density matrix by the
experimental results. Then the disciplined convex program-
ming toolbox of the MATLAB software [58] is employed to
achieve the lowest value of Tr(ρ2) = 0.900 ± 0.082 based on
the properties of density matrix including Hermitian, unity
trace and nonnegative eigenvalues. So we obtain N (ρ) �
0.105 ± 0.071, which experimentally certifies the coin-walker
state is a nearly pure state.

So the von Neumman entropy can be used to quantify
the coin-walker entanglement. The state tomography on the
reduced coin density matrix can be obtained by adding up the
counts of all t + 1 positions for each bases polarization state
{|H〉, |V 〉, |H〉 + |V 〉|H〉 − i|V 〉}. And we reconstruct all the
coin density matrices from step 1 to 11 of the HQW and IQW,
respectively. The fidelities, calculated by F =
(Tr

√√
ρ

exp
c ρ theo

c

√
ρ

exp
c )2, are all higher than FH =

0.967 ± 0.008 and FI = 0.952 ± 0.009 for HQW and IQW,
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respectively. The calculated values of the von Neumman
entropy from the experimental results are listed in Table I,
which all agree well with the corresponding theoretical
values. Therefore, it is experimentally shown that the
maximal coin-walker entanglement can be produced in the
ballistic quantum walk.

IV. CONCLUSION

We proposed and experimentally demonstrated that the
position-inhomogeneous quantum walk (IQW) can gener-
ate maximal coin-walker entanglement as well as behave
in the quadratic speedup by employing position-dependent
coin operations. Our theoretical analysis showed that maximal
coin-walker entanglement can be created in any odd steps
or asymptotically in even steps, and approximately maximal
entanglement can be generated in even steps after 2 as well.
We implemented the IQW through a stable time-bin-walking
optical network, with a fast-tunable polarization Sagnac loop

developed for implementing the coin operations. We observed
high-fidelity evolutions in up to 11 steps and both the max-
imal entanglement and quadratic speedup in the IQW were
confirmed experimentally. Our approach opens up a way for
efficient creation of high-dimensional (hybrid) entanglement,
which has applications in a variety of quantum technologies.
Our investigations can be extended to high-dimensional QW
with broader applications. Our work can also prompt the ap-
plications such as quantum computation based on the quantum
walk with respect to the role of coin-walker interactions.
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