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Passage of a vortex electron over an inclined grating
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We study Smith-Purcell radiation from a conducting grating generated by an inclined passage of a shaped
electron wave packet with an electric quadrupole moment in the nonparaxial regime. Spreading of an asymmetric
wave packet induces quadrupole corrections to the radiation field. Although the nonparaxial corrections stay
small, they are dynamically enhanced during the interaction of the electron with the grating whose length
exceeds the Rayleigh length of the packet. To simplify the possible experimental setup where such effects could
be measured, we study the dependence of these effects on the inclination angle, i.e., the angle between the
mean velocity of the packet and the surface of the grating. There is a minimal angle such that the multipole
expansion always stays valid at the grating surface. In such a regime, the quadrupole contribution to the
Smith-Purcell radiation can become the leading one, which represents a quantum effect impossible for classical
pointlike electrons. Thus, the impact of the wave-packet shape (vortex structure or nonspherical shape) can be
observed experimentally by comparing the radiation for different orientations of the grating in the single-electron
regime.
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I. INTRODUCTION

Many theoretical studies suggest that one can influence
the properties of radiation or interactions of a free quantum
particle with atoms and condensed matter by adjusting its
wave-function shape [1–4]. As experimental capabilities in-
crease, they enable studying vanishingly small interactions
between quantum particles, condensed matter, and radiation,
thus providing reliable experimental tools to test the funda-
mental theories [5–8].

In the present paper, we extend our previous studies [9,10].
of the Smith-Purcell radiation induced by shaped electron
wave packets. A freely moving wave packet spreads. If such a
packet carries a nonvanishing quadrupole momentum, then,
according to the Heisenberg equations of motion, it has a
quadratic dependence on the evolution time. The standard
paraxial regime requires that the evolution time be small com-
pared to the Rayleigh diffraction time.

We consider the nonparaxial regime of emission since
the corresponding corrections become important already at
moderate values of the orbital angular momentum (OAM) of
vortex electrons [9,11]. A vortex electron carries an orbital
angular momentum �h̄ with respect to the propagation axis.
Such a shaped wave packet is also characterized by multipole
moments [12]. These multipole moments can be used to cal-
culate the corrections dWeQ and dWQQ to the intensity dWee of
Smith-Purcell radiation produced by a point charge when the
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quantum recoil ηq is small,

ηq := ω

ε
� dWeQ

dWee
,

ω

ε
� dWQQ

dWee
, (1)

and the energy losses stay negligible compared to the elec-
tron’s energy. We emphasize that there are two types of
quantum corrections to the classical radiation of charge
[13–17]: (1) the corrections due to recoil, which appear in
the operator method [17] and the eikonal method [16], and
(2) the corrections due to the finite coherence length of the
emitting particle, which appear in the nonparaxial regime of
emission [9].

The latter effects are usually neglected in the conventional
paraxial regime, where the packets are almost plane waves.
The nonparaxial regime, on the contrary, implies that one
cannot neglect the spreading of the packet.

In the emission of photons by electrons, a comparison of
the quantum calculations with the classical theory with the
point electrons and a localized current implies the correspon-
dence principle—the classical result should be recovered in a
certain limiting case. Although it is often the case even when
using the unlocalized plane-wave states of electrons [13], a
thorough comparison with the classical theory implies the
postselection of the emitting electrons in the same quantum
state as they were in before emitting the photon. Depending
on the electron states and on an experimental setup, this might
be an additional experimental challenge. However, the photon
emission measurements within the scheme with no postselec-
tion of the final electrons, which is the more frequently used
one, cannot generally be compared with the classical theory
at all, even if the recoil is small, because there is no classical
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limit of this procedure. For this reason, below we adhere to
the postselection scheme in which the final electron is also
detected as a vortex state in coincidence with the photon. Such
a scheme provides the most adequate test bed for comparison
with the classical results with the point emitters, even though
it might seem to be not the most experimentally convenient
one. In this sense, the question of whether we follow the point-
emitter interpretation or the one with the spatially extended
charge [9,18] is secondary. We simply perform the quantum
calculations as follows from the QED first principles with
the final electron being postselected to the vortex state, as
explained in Ref. [9], and then make a comparison with the
classical predictions. A fully quantum study of the influence
of the postselection procedure on a photon quantum state in a
generic emission process is presented in Ref. [19].

Compared to the Cherenkov radiation or transition ra-
diation from vortex electrons [4,20–22], the Smith-Purcell
radiation is a better candidate to study the influence of the
electron wave packet spreading on the radiation character-
istics because the radiation formation length is defined by
the grating length and, therefore, it can relatively easily be
changed and compared to the Rayleigh length of the electron
packet.

Our previous analytical results [9,10] highlight three
observable effects related to the quadrupole moment and
spreading of the wave packet. In contrast to a classical spread-
ing beam, the spreading of the quantum wave packet does
not lead to spectral line broadening. Numerical studies of
the spectral lines reveal not only an absence of the broad-
ening, but even a slight narrowing of the lines due to the
charge-quadrupole interference. The quadrupole contribution
is dynamically enhanced along the grating, leading to a non-
linear growth of the radiation intensity with the grating length.
At the same time, the maximum of the radiation intensity with
respect to the polar angle is shifted towards smaller angles.
The magnetic dipole moment results in a small asymmetry of
azimuthal distribution both for diffraction and Smith-Purcell
radiation [4,9,10]. Nevertheless, the corresponding correction
stays small for Smith-Purcell radiation, and we will not con-
sider this contribution here.

For a direct experimental test, the radiation obtained in
various experimental arrangements can be compared: with
gratings of different lengths, or with different ratios of the
initial mean radius ρ̄0 to the OAM of the packet, �. However,
the experimental task of isolating small effects on radiation
intensity from systematical effects can be challenging. Insta-
bilities in the wave-packet impact parameter, mean velocity β,
various gratings’ parameters, etc., could blur the nonparaxial
effects. The usage of a single beam source and a single grating
can simplify the possible experimental studies significantly.

Therefore, in the present paper we consider the case of an
inclined passage of a wave packet to provide a theoretical
prediction of the dependence of nonparaxial effects on the
inclination angle. When the inclination angle ϕI is positive
(see Fig. 1), motion away from the grating can extend the per-
mitted passage time, and as a result, an increase of nonparaxial
contributions can be expected. Let td be the diffraction time of
the packet. Generally, when the inclination angle

tan ϕI > ρ̄0/(βtd ),

FIG. 1. Variation of the inclination angle, i.e., the angle between
the mean velocity of the packet and the grating, results in the mod-
ification of the interaction length and effective impact parameter.
Dashed lines indicate spreading of the wave packets. While the
charge contribution (exponentially) decreases with the inclination
angle, the quadrupole contribution is increased when 0 < ϕI < ϕc.

the packet will always stay above the grating. Thus, one can
formally consider an inclined passage over an infinite grat-
ing. Since the distance between the charge and the grating
is increased in this case, the relative intensities of charge
and quadrupole contributions can be changed by adjusting
the inclination angle. This adjustment can be done simply by
rotating the grating without changing the rest of the experi-
mental setup, thus simplifying possible experimental studies.

Another potential application of our calculations is esti-
mation of the beam spreading effects in the single-electron
regime, i.e., a distribution of individual inclination angles and
impact parameters of each wave packet. In this case, it is
necessary to incoherently average the radiation intensities of
the charge and quadrupole contributions over a reasonable dis-
tribution of impact parameters and inclination angles, which
we expect to be a Gaussian distribution.

The paper is organized as follows. First, in Sec. II, we
generalize our considerations for arbitrary axially symmetric
wave packets with a quadrupole moment. The corresponding
intrinsic quadrupole moment is characterized by the function
Q(t ) = Q0 + Q2t2, and the constants Q0, Q2 are related to
the quadrupole contribution and the nonparaxial corrections.
Within the multipole expansion, electromagnetic fields of an
arbitrary axially symmetric wave packet can be calculated
using expressions from Ref. [12]. This allows us to apply the
method of generalized surface currents [23–25], with incident
fields obtained by planar rotation (see Fig. 1) of the electro-
magnetic fields [11]. Calculations of the radiation fields in
the wave zone in the Appendix, Sec. A 2 and the spectral and
angular distribution of the radiation in Sec. III follow the line
of Ref. [10]. The inclination angle results in the modification
of the effective impact parameter and the appearance of an
effective grating length. To study angular distributions, we
apply numerical integration in the vicinity of the first spectral
maximum.
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The detailed physical model allows us to estimate the val-
ues of the following parameters, including the size of the wave
packet and its aspect ratio, the orbital angular momentum,
velocity, etc., that are compatible with our calculation scheme
based on multipole expansion. Note that a single-electron
regime with a freely propagating packet is realized for low
electron currents, much lower than the so-called start current,
which is usually less than 100 nA for the electron energy used
in a transmission electron microscope (TEM) [26].

With obtained analytical expressions, in Sec. IV, we an-
alyze how the quadrupole contribution can be isolated by
changing the inclination angle. In the Conclusion, we dis-
cuss our final experimental proposal for the detection of the
quadrupole (nonparaxial) contribution to the Smith-Purcell
radiation. Our method is compatible both with moderate OAM
values of � ∼ 10 (see also Refs. [27–29]) and the large aspect
ratio of Gaussian wave packets.

Throughout the paper, we use the units with h̄ = c = |e| =
1.

II. WAVE PACKETS WITH INTRINSIC MULTIPOLE
MOMENTS

A. Gaussian packets and nonparaxial regime

It is shown in Ref. [9] that both the shape and the phase
of the electron wave function can affect the transition am-
plitudes depending on how the final electron is detected.
In classical electrodynamics, multipole moments describe
electromagnetic fields generated by a discrete or continuous
charge distribution. In particular, the quadrupole moment de-
scribes the deviation of the charge distribution from spherical
symmetry.

In Refs. [9,10], the generalized Laguerre-Gaussian (LG)
packet was used to describe a vortex electron with an electric
quadrupole moment [11,30],

Qαβ (t ) = [ρ̄(t )]2 diag{1/2, 1/2,−1}. (2)

This quadrupole moment increases together with the mean
radius of the wave packet,

ρ̄(t ) = ρ̄0

√
1 + t2/t2

d .

In this work, we generalize our previous results to arbitrary
wave packets carrying an electric quadrupole moment. The
simplest wave packet possessing a nonvanishing quadrupole
moment is a Gaussian wave packet with different uncertainties

σx, σy, σz. (3)

We isolate the intrinsic quadrupole moment, following
Ref. [12]. Due to the spreading of this free wave packet, its
quadrupole moment has a quadratic growth with time,

Qii(t ) = 2σ 2
i − σ 2

j − σ 2
k + t2 λ2

c

4

(
2

σ 2
i

− 1

σ 2
j

− 1

σ 2
k

)
,

(i, j, k) = cycle(x, y, z), Qxy(t ) = Qyz(t ) = Qxz(t ) = 0.

(4)

Note that in the spherically symmetric case, the quadrupole
moment vanishes. The case of an axially symmetric Gaussian
wave packet, σx = σy = σ⊥, is analogous to the nonparaxial

Laguerre-Gaussian wave packet, and the quadrupole moment
tensor reads

Qαβ (t ) = Q(t )diag{1, 1,−2}, (5)

Q(t ) = (
σ 2

⊥ − σ 2
z

)(
1 − λ2

ct2

4σ 2
⊥σ 2

z

)
= Q0 + Q2t2. (6)

Moreover, using the symmetry considerations and Heisenberg
equations for the quadrupole moment, one can find that (5)
and (6) are valid for arbitrary axially symmetric free wave
packets. As a result, in this case, all the calculations of Smith-
Purcell radiation can be made just by substituting ρ̄2

0 → Q0

and �2 λ2
c

ρ̄2
0

→ Q2.
Note that an axially symmetric wave packet without OAM

implies that Q0Q2 < 0, while in the case of an LG packet, we
have Q0 > 0, Q2 > 0. For the LG packet, there is a special
case when the packet has the same diffraction time in all
directions. This vortex packet spreads, and its transverse area
is doubled during the diffraction time td ,

td = mρ̄2
0

|�| = tc
|�|

(
ρ̄0

λc

)2

� tc, (7)

which is large compared to the Compton timescale tc =
λc/c ≈ 1.3 × 10−21 s, λc ≈ 3.9 × 10−11 cm. Moreover, the
proportions between its transverse and longitudinal dimen-
sions remain unchanged. The quadrupole moment (2) follows
the same law (it is doubled during the diffraction time), and as
a result, it increases monotonically.

For a Gaussian wave packet, such a uniform spreading
requires spherical symmetry of the packet, thus leading to
a vanishing quadrupole moment. In general, the packet will
invert its aspect ratio during the spreading. As a result,
sgn Q0 �= sgn Q2, and the components of the quadrupole mo-
ment change their sign.

B. Geometrical restrictions

When the LG packet moves nearby the grating, its finite
spreading time (7) puts an upper limit on the possible impact
parameter h, on the initial mean radius of the packet, and
on the grating length for a given inclination angle ϕI . The
geometry (see Fig. 1) yields the following inequality,

ρ̄(t ) cos ϕI < βt sin ϕI + h, (8)

which can be solved to find the maximum passage time,

t < tmax(φI )

= td
βtd h sin ϕI + ρ̄0 cos ϕI

√
h2 + ρ̄2

0 cos2 ϕI + β2t2
d sin2 ϕI

ρ̄2
0 cos2 ϕI − β2t2

d sin2 ϕI
.

(9)

Note that the singularity of the denominator defines the
critical angle

tan ϕc = ρ̄0

βtd
, (10)

and the passage time is unlimited for ϕI > ϕc. Therefore,
in the following, the estimates on the maximum time and
maximum grating length are considered only when ϕI < ϕc.
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The maximum number of strips Nmax(ϕI ) is

Nmax(ϕI ) = βtmax/d,

Nmax(ϕI > ϕc) = ∞. (11)

Note that in the experiment, the number of strips can be
larger than Nmax, and when N > Nmax, the electrons may col-
lide with the grating. However, the grating transition radiation,
which is produced by electron collisions with the grating,
should not affect the radiation pattern at larger polar angles.
Therefore, we take Nmax(ϕI )d as the formation length for
the Smith-Purcell radiation when the inclination angles obey
ϕI < ϕc.

The geometry implies that ρ̄0 < h = ρ̄(tmax), or ρ̄0 � h
for a long grating. In practice, only low diffraction orders
can be considered, so that d ∼ βλ for the emission angles
 ∼ 90◦. In the case of a parallel passage, a rough estimate of
the maximum number of strips for h ≈ heff ∼ 0.1λ, β ≈ 0.5,

ρ̄0 ∼ 1 nm yields [10]

Nmax(ϕI = 0) � hρ̄0

|�|λλc
∼ 103

|�| . (12)

Hence, if Nmax(ϕI = 0) � 1, then |�| < 103.

C. Electric fields of the quadrupole moment

The physical mechanism of Smith-Purcell radiation is re-
lated to the polarization and surface currents induced by the
electromagnetic interaction of a passing charge with the grat-
ing [23,25]. To calculate the surface current, we need only the
electric fields. In the Cartesian coordinates x′, y′, z′ aligned
with the vector of the mean velocity of the wave packet, the
electric field of the quadrupole moment can be calculated as
follows [11],

EQ(r′, t ) = γ

4R′3 ρ′
{

3
Q0

R′2

(
1 − 5

R2
z′

R′2

)
+ Q2

[
3

T 2
z′

R′2

(
1 − 5

R2
z′

R′2

)
+ 3

R2
z′

R′2 − 6β
Rz′Tz′

R′2 − 1

]}

+ γ

4R′3 (z′ − βt )

{
3

Q0

R′2

(
3 − 5

R2
z′

R′2

)
+ Q2

[
T 2

z′

R′2

(
3 − 5

R2
z′

R′2

)
+ 3

R2
z′

R′2 − 1

]}
, (13)

where the following notations are used: β = (0, 0, β ), z′ =
(0, 0, z′),

ρ′ = {x′, y′}, Rz′ := γ (z′ − βt ), Tz′ := γ (t − βz′),

R′ = {ρ′, γ (z′ − βt )}, γ = (1 − β2)−1/2. (14)

Note the complex time dependence of the quadrupole field in
a fixed point of grating. First, the time dependence is included
in the change of the distance between the packet and a fixed
point. Second, there is an additional time dependence due to
the terms proportional to Tz′ , T 2

z′ .
The transformation from the accompanying coordinate

frame to the laboratory frame (see also Fig. 2) reads

x′ = x,

y′ = (y − h) cos(ϕI ) − z sin(ϕI ),

z′ = z cos(ϕI ) + (y − h) sin(ϕI ). (15)

The components of the electric field in the two coordinate
systems are related by the rotation

Ex = Ex′ ,

Ey = Ey′ cos(ϕI ) + Ez′ sin(ϕI ),

Ez = Ez′ cos(ϕI ) − Ey′ sin(ϕI ). (16)

Following the generalized surface current model devel-
oped in Ref. [23], the radiation fields at large distances are
written as

ER ≈ iωeikr0

2πr0

∫
e0 × [n × E(kx, y, z, ω)]e−ikzzdz, (17)

where the electric field E = Ee + EQ is a sum of the Coulomb
field of the charge and the electric field of the quadrupole
moment. In the case of Smith-Purcell radiation, the integration

is performed along the periodic grating. This expression is ob-
tained for the far-field region, where the curl can be substituted
by e0. The current density induced by the incident field,

j(w) = 1

2π
e0 × [n × E(w)], (18)

FIG. 2. Inclined passage of a Laguerre-Gaussian (LG) packet
with respect to the conducting grating with the period d and width of
the strip a. The electric fields of the packet induce surface currents on
the grating, which are the source of the radiation. The transformation
from the (x′, y′, z′) to (x, y, z) coordinate system, and the transforma-
tion of the electric field components are given in (15) and (16).
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is defined by a vector product of E, i.e., the electromagnetic
field of the electron incident on the surface of an ideally
conducting grating, a normal to the surface n, and the unit
vector

e0 = r0

|r0| = (sin  cos �, sin  sin �, cos ).

For moderate electron energies required for the observation
of the effects discussed in this work, the normal component
of the surface current is crucial: For this reason, we employ
the model of Ref. [23], which is more general than that of
Brownell et al. [24].

D. Surface currents and radiation field

When the Fourier transform of xt is performed [see the
Appendix, Sec. A 2 and Eq. (A9)], the surface current density

j = 1

2π
(−Exe0y, Exe0x + Eze0z,−Eze0y)

reads

j(kx, y′, z′, ω) = exp

(
iz′ ω

β

)
[ j0(kx, y′, ω)

+ jQ1
(kx, y′, ω)z′ + jQ2

(kx, y, ω)z′2], (19)

where y′ and z′ should be substituted via (15). The first term
contains generalized currents, which are uniform along the
grating, j0(kx, y′, ω) = je(kx, y′, ω) + jQ0

(kx, y′, ω), while
the next terms are related to the linear and quadratic time-
dependent quadrupole contributions.

The integration with respect to the z coordinate along the
periodic grating∫ Nd

0
dz( j0 + jQ1

z + jQ2
z2) exp {iz[ωI + i sin(ϕI )μ]}

= [
j0 + jQ1

(−i∂�I ) + jQ2
(−i∂�I )2

]
FI (�I ), (20)

can be performed using the derivatives of the following gen-
erating function,

FI (�I ) =
N∑

j=0

∫ jd+a

jd
dz exp {iz[�I + i sin(ϕI )μ]}

= 2 sin
( a(�I +iMI

2

)
(�I + iMI )

sin
(Nd (�I +iMI )

2

)
sin

( d (�I +iMI )
2

)
× exp

(
(i�I − MI )

2
[a + (N − 1)d]

)
, (21)

with respect to the parameter �I , where

I = cos(ϕI )

β
− cos(), �I = ωI ,

MI = sin(ϕI )μ = sin(ϕI )

√
ω2

γ 2β2
+ k2

x . (22)

Due to the inclined path of the wave packet, the singu-
larity of the denominator in (21) shifts to the complex

frequency

ω =
(

2πg

d
+ i sin(ϕI )

√
1

γ 2β2
+ sin2  cos2 �

)

×
(

cos(ϕI )

β
− cos()

)−1

. (23)

Its real part corresponds to the resonance peaks

ωg = 2π

λg
= 2π g

d

(
cos(ϕI )

β
− cos()

)−1

,

g = 1, 2, 3, . . . , (24)

which is slightly shifted compared to the case of the parallel
passage. We can estimate the width of the spectral lines as
follows. When the passage is parallel, the width

� = δω

ω
= 1

N
(25)

is related to the finite grating length. In other words, the
integration of exp(izω) is performed over a finite interval. Al-
ternatively, one can integrate over the whole semi-infinite line
introducing a small imaginary shift exp[iz(ω + i�)]. Since the
inclination results in such a small imaginary shift, we obtain
the spectral width

�I = 1

N
+ sin(ϕI )

√
1

γ 2β2
+ cos2 � sin2 . (26)

Hereinafter, the effective number of strips is equal to

Neff = 1

�I
= N

1 + N sin ϕI

√
1

γ 2β2 + cos2 � sin2 
. (27)

When the inclination angle is positive, the grating can be
considered as infinite, and the corresponding limit is written
as

FI,∞(I ) = lim
N→∞

FI (I )

= 1

(MI − i�I )

exp [(i�I − MI )a] − 1

exp [(i�I − MI )d] − 1
. (28)

In the following text, these compact notations are used:

∂�I FI (�I ) = F ′
I (�I ), ∂

j
�I

FI (�I ) = F ( j)(�I ).

III. MULTIPOLE CORRECTIONS TO THE
SMITH-PURCELL RADIATION FROM

THE LG WAVE PACKET

A. Spectral distribution of the Smith-Purcell radiation
from the LG wave packet

The distribution of the radiated energy over the frequencies
and angles,

d2W

dωd�
= r2

0 |ER|, (29)
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is a sum of the following terms:

dWee = ω2

4π2
| je|2|FI (�I )|2, (30)

dWeQk = ik ω2

4π2

[
je j∗Qk

FI (�I )F (k)
I (�1)∗ + (−1)k j∗e jQk

FI (�1)∗F (k)
I (�1)

]
, (31)

dWQj Qk = (−i) j+kω2

4π2

[
(−1)k jQj

j∗Qk
F ( j)

I (�I )F (k)
I (�I )∗ + (−1) j j∗Qj

jQk
F ( j)

I (�I )∗F (k)(�I )
]
. (32)

Then, the radiation of a charge with inclined passage over an infinite grating is

d2We,I∞
dωd�

= exp

(
−ωhI

βγ

√
1 + β2γ 2 cos2 � sin2 

) {
cos(aωI ) − cosh

[
aω sin(ϕI )

√
1/(β2γ 2) + cos2 � sin2 

]}
{
cos(dωI ) − cosh

[
dω sin(ϕI )

√
1/(β2γ 2) + cos2 � sin2 

]}
× (1 + β2γ 2 cos2 � sin2 )−1{[cos2() + sin2(�) sin2()][cos2(ϕI ) + γ 2 sin2(ϕI )] + βγ 2 cos2(�) sin2()

× [2 cos(ϕI ) cos() + βγ 2 cos2() sin2(ϕI ) + βγ 2 sin2()[1 + sin2(�) sin2(ϕI )]]}
× [γ 2 cos2(ϕI ) − 2βγ 2 cos(ϕI ) cos() + β2γ 2 cos2() + sin2(ϕI )(1 + β2γ 2 cos2 � sin2 )]−1. (33)

Because of the inclination, the impact parameter is included
in the exponential factor in combination with the strip length
a and period d ,

hI = 2h cos(ϕI ) + (a − d ) sin(ϕI ). (34)

One can see that the angular dependence of d2We,I∞ becomes
d2We when the inclination angle is zero. When a = d , our
result coincides with the case of radiation diffraction on a
conducting semiplane [31].

The quadrupole contributions from jQ1
and jQ2

are defined
by the real parts of the product of currents, and by the form
factor FI and its derivatives. Nevertheless, explicit calculations
show [32] that these terms also have a factorized structure,

dWeQj = exp

(
−ωhI

βγ

√
1 + β2γ 2 cos2 � sin2 

)

× PeQj (kx, y, ω)FeQj (ω, kz ). (35)

Here, the functions PeQj (kx, y, ω) define the angular distri-
butions, and FeQj (ω, kz ) determine the positions of the spectral
lines and their width [therefore, we will call FeQj (ω, kz ) a
spectral factor]. In Fig. 3, we compare the intensities of
radiation from the charge, the quadrupole, and from their
interference. It can be seen that the radiation from the wave
packet decreases more slowly compared to the charge radia-
tion (or a wave packet with no quadrupole moment) when the
inclination is increased. The spectral line of the wave-packet
radiation is also slightly sharper.

For parallel passage, the charge and the charge-quadrupole
contributions have almost the same azimuthal dependence
(42), which is defined mostly by the exponential factor for
β ∼ 0.5. In the case of an inclined passage, these azimuthal
dependencies should be (linearly) mixed after the linear trans-
formation of the fields and the coordinate transformations.
However, since they all have the same form (for those param-
eters that we have already investigated), this mixing will have
little effect on the azimuthal distributions.

B. Qualitative analysis and multipole expansion

We suppose that the axially symmetric wave packet is
shaped to have only a nonvanishing electric quadrupole mo-
ment, similar to the case of (2) (a vortex wave packet) or (5)
(Gaussian wave packet). In this case, the total radiation in-
tensity dW includes classical radiation from the point charge
dWee, the interference term dWeQ, and the radiation from
quadrupole dWQQ:

dW

dωd�
≡ dW = dWee + dWeQ + dWQQ. (36)

In the case of a Gaussian wave packet, higher-order multipole
moments vanish. For Laguerre-Gaussian packets, higher-
order multipole moments are small compared to the dipole and
quadrupole ones, and this formula can be considered an ap-
proximation. This perturbative regime was derived from QED

ν (THz)

d2
W d

d
Ω

ω
.

bra(
)sti

n
u

Charge Packet
||  passage

passage
grating

14.98 14.99 15.00 15.01 15.02

FIG. 3. Comparison of the radiation spectrum of a classical point
emitter (solid curves) and of a vortex electron packet (dashed curves)
for the parallel passage and the inclined passage with a critical incli-
nation ϕI = 0.0045◦ defined by the impact parameter h = 2.8 μm,
ρ̄0 = 100 nm, � = 10, β = 0.5. The effects of beam and grating
inclinations are compared. A zenith direction perpendicular to the
grating plane  = � = π

2 is considered. The grating period d =
0.01 mm, a = d/2, and the number of strips N = 3500.
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in the quasiclassical approximation when the final electron is
detected in the vortex state [9].

For parallel passage, we neglected the dWQQ contribution
because of the finite grating length. In the case of infinite
grating, an inclined passage with a valid multipole expansion
is possible, therefore, we should keep this term. In the case of
inclined passage, all considerations of Ref. [10] are still valid.
We only need to substitute Nmax by Neff from (27). For a large
Nmax or for inclination angles larger than the critical one, ϕI >

ϕc, when Nmax = ∞, we can estimate Neff = βγ / sin(ϕI ).
Using the explicit formulas (31) (see also Ref. [10]), one

can distinguish three different corrections from the charge-
quadrupole interference: dWeQ0 , dWeQ1 , and dWeQ2 . Their
relative contributions are

dWeQ0

dWee
∼ ηQ0 := ρ̄2

0

h2
eff

quasiclassical quadrupole contribution, (37)

dWeQ1

dWee
∼ ηQ1 := �2 λ2

c

ρ̄2
0

ordinary nonparaxial contribution [31], (38)

dWeQ2

dWee
∼ ηQ2 := N2

eff �
2 λ2

c

ρ̄2
0

dynamically enhanced nonparaxial contribution [11],

(39)

where the effective impact parameter of Smith-Purcell radia-
tion naturally appears

heff = βγλ

2π
= βγ

ω
∼ 0.1λ for β ≈ 0.4–0.8. (40)

It follows from (39) that a large effective number of strips
Neff � 1 can lead to the nonparaxial regime of emission with

ηQ1 � 1, ηQ2 � 1, (41)

when the quadrupole contribution becomes noticeable.
All the inequalities and restrictions from Ref. [10] can be

summarized as follows. The packet radius should be smaller
than the wavelength of the emitted radiation. This is just a
condition of the multipole expansion in the wave zone. In
this case, we can also safely neglect the possible effects of
wave-packet reduction due to the measurement of the electron
position by observing an emitted photon.

Using the definition for the quantum and classical regimes
by Renieri [33], such a wave packet should be considered
within the “classical regime”: The electron operates in the
finite-length homogeneously broadened classical regime if
throughout the entire interaction length L its axial position can
be quantum mechanically localized with an accuracy better
than the wavelength of the electromagnetic force wave with
which it interacts [34]. However, despite the fact that the
electron is well localized, the internal structure of the wave
packet can be seen in the radiation intensity (see Ref. [9],
Figs. 3 and 4). Modifications of the radiation intensity are
created by the quadrupole moment, which is an entirely quan-
tum characteristic of the wave packet. Therefore, we call this
modification a nonlinear quantum effect.
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FIG. 4. Polar dependence of radiation intensity in the case of
a charge (solid lines) and a wave packet (dashed lines) when the
inclination angle varies form 0 to 1.5ϕc (illustrated with a change of
color from red to green—see the color bar). The number of strips
Nmax(ϕI = 0) = 1800 for the parallel passage of the wave packet
corresponds to the impact parameter h = 2.8 μm, velocity β = 0.5,
period d = 0.01 mm, OAM � = 10, initial mean radius ρ̄0 = 50 nm,
and grating length 2.5 cm.

In the case of an efficiently infinite grating, the energy
losses of the electron may become noticeable, or its size can
become larger than the wavelength emitted during its effective
path Neffd over the grating. From the width of the spectral line
we estimate

Neff = γ β

sin ϕc
= γ β2td

ρ̄0
.
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Then, during the effective interaction time, the vortex wave
packet will spread to

ρ̄

(
Neffd

β

)
= ρ̄0

√
1 + γ 2β2

d2

ρ̄2
0

.

The resulting size should be small compared to the emitted
wavelength,

ρ̄2
0 < λ2 − γ 2β2d2.

This condition is definitely violated when the right-hand side
of the inequality is negative. This occurs when β � 0.58 (for-
ward radiation) and β � 0.78 (vertical radiation). However, in
this case Neff is large, and very long gratings are required to
fulfill this condition.

The baseline parameter set for the IR and THz radiation
for parallel passage [10] is as follows: ρ̄0 = 100–102 nm, � ∼
101–103, N � 100–103.

IV. RADIATION INTENSITY FROM A WAVE PACKET AND
A POINT CHARGE AS A FUNCTION OF THE

INCLINATION ANGLE

To compare the radiation intensity from the wave packet
and the point charge in a fixed direction, we need to integrate
dW with respect to the frequency. At a nonzero inclination an-
gle, the analytical integration of quadrupole terms seems to be
impossible. However, numerical integration converges rapidly
and allows visualization of the resulting angular distributions.
We also test our numerical integration in the case of parallel
passage, comparing it with the analytical angular distributions
of the charge radiation in the main diffraction order g = 1,

dWee

d�
= N

d2ω3
1

π2
sin2

(aπ

d

)
exp

(
−2ω1y

βγ

√
1 + β2γ 2 cos2 � sin2 

)

× cos2  + 2βγ 2 cos2 � cos  sin2  + sin2 � sin2  + β2γ 4 cos2 � sin4 

β2γ 2(1 + β2γ 2 cos2 � sin2 )
, (42)

which is valid for large N .
Since the polar distribution strongly depends on the impact

parameter, in Fig. 4 we compared the evolution of polar dis-
tributions for varying inclination angles for different impact
parameters. There is a competition between the dynamical
enhancement of the quadrupole contribution and the general
exponential decay of radiation intensity that occurs with in-
creasing impact parameter or inclination angle. It can be seen
that the polar distribution for wave packets is shifted to the
smaller polar angles compared to the polar distribution of
charge radiation, and it behaves differently under variations
of the inclination angle. This confirms our idea that one can
distinguish radiation patterns from a wave packet and a point
charge by varying the inclination angles. The polar depen-
dence of the radiation intensity may be a suitable candidate for
experimental measurements. First, at the critical inclination
angle, the change in the polar dependence is not small (see
Fig. 4).

In Fig. 5 we fix a detector in the zenith direction � =
 = π/2 and observe how the radiation intensity changes
with variations of inclination angle. Radiation from the charge
demonstrates exponential decay with increasing inclination
angle. In contrast, for the wave packet, an initial increase of
the inclination angle will lead to higher radiation intensities
when the impact parameter does not exceed 2heff. To explicitly
show an interplay between the effective grating length which
depends on the inclination and quadupole contribution we
also calculate radiation intensities of a spherically symmetric
Gaussian (SSG) wave packet. They are shown by the dotted
lines in Fig. 5. We choose a spherically symmetric Gaussian
wave packet with the same Rayleigh length as the LG packet,
thus the corresponding effectige grating length is equal for
both packets. In this case the difference with the radiation
from the point charge is only due to effective grating length

variations (the angle at which the dotted line coincides with
the solid line corresponds to the minimal angle at a given
impact parameter, when both packets pass above the grating).
Thus, the difference between dotted and dashed lines is due to
the quadrupole momentum contribution only.

The critical angle for � = 10 is rather small, ϕc = 0.0089◦,
however, it is already within the currently available angular
positioning technologies [35] with angular accuracy about 2
arcsec. The critical angle also can be scaled by a transition
to a large OAM. In the case of � = 100, ϕc = 0.089◦, we can
expect a strong manifestation of the quadrupole contribution,
observing flat behavior of the radiation intensity for the incli-
nation angles from 0 to 0.06◦.

V. CONCLUSIONS

We have calculated Smith-Purcell radiation generated by a
free-electron wave packet with an electric quadrupole moment
in the range from THz to optical frequencies. Diffraction
grating is assumed to be ideally conducting, and arbitrary
inclination angles of the wave-packet passage are considered.
The state of an electron can be described by the Gaussian-
Laguerre wave packet with an orbital angular momentum or
a Gaussian wave packet with an axial symmetry only. In the
former case, the nonparaxial parameter is scaled with the
OAM, while in the latter case, it depends on the aspect ratio
of the wave packet. In the case of a Gaussian wave packet, our
results are exact within the quasiclassical approximation.

As the electron moves near the grating, the spreading of the
packet leads to an increase of the quadrupole moment, which
also can be seen in the radiation. Although the quadrupole
radiation is low as long as the multipole expansion stays
valid (in practice, almost always), it leads to an interesting
effect: While the radiation intensity from a charge linearly
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FIG. 5. Radiation intensity in the vertical direction  = � = π

2 as a function of the inclination angle ϕI for an LG wave packet with
OAM, compared to the radiation intensity from a point charge and a spherically symmetric Gaussian (SSG) wave packet. The effective impact
parameter is heff = 1.84 μm, number of strips N = 2500, velocity β = 0.5, period d = 0.01 mm, and the initial mean radius ρ̄0 = 50 nm.

increases with the number of the grating periods, the
quadrupole contribution leads to a faster qubic growth, which
resembles the coherence effect (superradiance) from a clas-
sical many-particle beam. However, in our problem, this is
a purely quantum effect of the spatial coherence of a vortex
packet. For relativistic particles, spreading can be neglected,
but for nonrelativistic and even moderately relativistic elec-
trons (with kinetic energies of 100–300 keV), this effect can
lead to both a change in the angular distribution and an in-
crease in the total radiation loss.

Note that a large OAM leads to a quick spreading and re-
quires short gratings, while small OAM results in a relatively
slow spreading and allows using longer gratings. Neverthe-
less, in the case of inclined passage, we can assume that the
wave packets have a large OAM and small Rayleigh lengths.

We have shown a possibility to track the effects of the
spatial coherence of the wave packets with intrinsic angular
momentum by measuring the intensity of radiation with vary-
ing inclination angle (Fig. 5). The observed dependencies of
the radiation intensity reveal a qualitative difference between
the cases of a charge and a structured wave packet. The radia-
tion of a charge demonstrates an exponential decrease with the
inclination angle. In contrast, the radiation from a wave packet
increases when ϕI ∈ (0, 0.5ϕc) and the impact parameter h <

2heff. The critical angle is defined by the Rayleigh length,
and in the case of a vortex electron, it is proportional to the
OAM. Our calculations show that experimental observations
of the quadrupole contribution to the Smith-Purcell radiation
can be done with a moderate value of OAM, � ∼ 100, or
with Gaussian packets with large asymmetry. The reverse is
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also true: An inverse problem can be used to determine the
wave-packet “shape” by observing the resulting Smith-Purcell
radiation, which provides a noninvasive experimental tool to
study, for instance, vortex electrons.
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APPENDIX

1. Electromagnetic fields of LG wave packet in the rest frame

Consider a vortex electron described by the LG packet with n = 0 or an axially symmetric Gaussian wave packet with a
nonunity aspect ratio. Its electromagnetic fields are a sum of those of the charge e and of the electric quadrupole moment Qαβ ,
Eq. (5) (and of the magnetic moment μ in the case of vortex electrons). The fields in cylindrical coordinates in the rest frame
were calculated in Ref. [11]. In our problem, we prefer to use the Cartesian coordinates

Ex = x

r3

(
1 + 1

4

{
3Q0

r2

(
1 − 5

z2

r2

)
+ Q2

[
3t2

r2

(
1 − 5

z2

r2

)
+ 3

z2

r2
− 1

]})
,

Ey = y

r3

(
1 + 1

4

{
3Q0

r2

(
1 − 5

z2

r2

)
+ Q2

[
3t2

r2

(
1 − 5

z2

r2

)
+ 3

z2

r2
− 1

]})
,

Ez = z

r3

(
1 + 1

4

{
3Q0

r2

(
3 − 5

z2

r2

)
+ Q2

[
3t2

r2

(
3 − 5

z2

r2

)
+ 3

z2

r2
− 1

]})
,

Hx = z

r5

(
3x

l

2m
− 3

2
Q2ty

)
,

Hy = z

r5

(
3y

l

2m
− 3

2
Q2tx

)
,

Hz = l

2m

(
3

z2

r2
− 1

)
1

r3
, (A1)

where in the case of an LG wave packet, we can just substitute Q0 = ρ̄2
0 , Q2 = l2λ2

C

ρ̄2
0

, and in the case of a Gaussian packet, we
take � = 0 and

Q0 = (
σ 2

⊥ − σ 2
z

)
,

Q2 = (
σ 2

⊥ − σ 2
z

) λ2
c

4σ 2
⊥σ 2

z

.

We now transform these fields to the laboratory frame, where the particle moves along the z axis with a velocity 〈u〉 ≡ β

according to the law

〈z〉 = βt .

Applying the Lorentz transformations, we obtain electric fields in the laboratory frame,

E (lab)
x = γ (Ex + βHy),

E (lab)
y = γ (Ey − βHx ), E (lab)

z = Ez. (A2)

Simultaneously, we need to transform the coordinates and the time as follows [36]:

ρ = {x, y} = inv, z → γ (z − βt ) =: Rz, t → γ (t − βz) =: Tz,

r2 → [ρ2 + γ 2(z − βt )2], γ = (1 − β2)−1/2. (A3)

We omit the magnetic fields, because to calculate the surface current in the following, we need only the electric field.
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2. Fourier transform of the fields

First, we calculate the Fourier transform of the electric fields produced by the wave packet

E(qx, y′, z′, ω) =
∫

dxdt E(r′, t )eiωt−iqxx

in the coordinate system (x′, y′, z′). Note that x′ = x. Thus, we obtain the same integrals as in Ref. [10]. Consider the general
structure of these integrals,

E(qx, y′, z′, ω) =
∫

dxdt f (x, y′, z′)
Rn

z′

R′ ν
2

eiωt−iqxx = γ neiωz′/β f (i∂qx , y′, z′)(iβ∂ω )ne−iωz′/βIν (qx, y′, z′, ω), (A4)

where Rz′ = γ (z′ − βt ) and f (x, y′, z′) are polynomial functions depending on x, y′ variables (the maximum degrees of x, y′ are
equal to 1, and the maximum z′ degree is 2 for the quadrupole contribution). Note that the master integrals

I2n+1(qx, y′, z′, ω) =
∫ ∞

−∞
dt

∫ ∞

−∞
dx

ei(ωt−qxx)

[x2 + y′2 + γ 2(z′ − βt )2](2n+1)/2 = 2π

γβ

in+1μnh(1)
n−1(iμ|y′|)

(2n − 1)!!|y′|n−1
exp

(
iwz′

β

)
, n = 1, 2, 3.

(A5)

where μ =
√

ω2

γ 2β2 + q2
x , and h(1)

n−1 are spherical Hankel functions of the first kind [37], which contain y′ in the denominator.

Nevertheless, the final expressions for the Fourier-transformed fields are polynomials in y′, z′, and sgn(y′) (up to an exponential
factor). It follows from the fact that the only singularity of fields 1/R has spherical symmetry. Such a structure is preserved after
the coordinate substitution (15).

In particular, the electric field from the charge

Ee(qx, y′, z′, ω) = γ [i∂qx , y, (z′ + iβ∂ω )]I3(qx, y′, z′, ω), (A6)

after the differentiation, reads

Ee(qx, y′, z′, ω) = 2π

β

⎡
⎣−iqx, sgn(y′)

√(
ω

βγ

)2

+ q2
x ,−i

ω

βγ 2

⎤
⎦exp

{
iz′ ω

β
− |y′|

√(
ω
βγ

)2 + q2
x

}
√(

ω
βγ

)2 + q2
x

. (A7)

Calculations of (A4) for the quadrupole fields can be done with the aid of computer algebra (see the public repository [38]). In
the case of the inclined passage, we have to rotate the fields and change the coordinates before the integration along the grating.
Due to the polynomial dependence on the y′, z′ variables,

EQ(qx, y′, z′, ω) = e[iz′( ω cos(ϕI )
β

+i sin(ϕI )μ)][ẼQ0 (qx, y′, ω) + ẼQ1 (qx, y′, ω)z′ + ẼQ2 (qx, y′, ω)z′2]. (A8)

The linear coordinate transformation (15) to y and z variables preserves this polynomial structure. Once again, the quadrupole
contribution contains constant, linear, and quadratic terms in the z variable:

EQ(qx, y, z, ω) = e[iz( ω cos(ϕI )
β

+i sin(ϕI )μ)][EQ0 (qx, y, ω) + EQ1 (qx, y, ω)z + EQ2 (qx, y, ω)z2], (A9)

where a z-dependent plane wave is multiplied by a second-order polynomial in the z variable, where the coefficients are
some functions. The terms linear and quadratic in z contain the quadrupole contribution only and represent the nonparaxial
contributions mentioned earlier.

3. Heisenberg equations for the quadrupole moments

Let us derive a general equation that describes the time dependence of the electric quadrupole momentum of a free scalar
nonrelativistic packet ψ (r, t ). Starting with the components of the current jμ = { j0, j}, which are

j0(r, t ) = |ψ (r, t )|2,
∫

d3r j0(r, t ) = 1, j(r, t ) = ψ∗(r, t )
−i

2m
∇ψ (r, t ) + c.c., (A10)

we define the first three multipole moments corresponding to the initial state 〈ψ |, in the Heisenberg picture,

d(t ) = 〈ψ |r(t )|ψ〉, μ(t ) = 1

2m
〈ψ |r(t ) × p(t )|ψ〉,

Qαβ (t ) = 〈ψ |[3rα (t )rβ (t ) − r2(t )δαβ]|ψ〉, (A11)
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and the corresponding intrinsic values [11,30]

d int = 0, μint(t ) = μ(t ) − 1

2m
d(t ) × 〈ψ |p(t )|ψ〉,

Qαβ,int(t ) = Qαβ (t ) − 3dα (t )dβ (t ) + d2(t )δαβ,

α, β = 1, 2, 3. (A12)

Only the intrinsic moments are considered throughout the paper, therefore the subscript “int” is omitted. The Hamiltonian of a
free particle H = p2/(2m) defines the equations of motion i∂t A = [H, A] and well-known solutions

p(t ) = p, r(t ) = r + p
m

t .

The Hamiltonian is quadratic in the momentum operator, and the quadrupole moment is quadratic in the position operator. From
the Heisenberg equations, it follows that the third derivative of the quadrupole moment vanishes (it was obtained by direct
calculations for the LG packet in Ref. [12]), thus, one can see that

Qαβ,int(t ) = Qαβ,int(0) + Q(2)
αβt2. (A13)
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