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We argue that although the experiment of Remez ef al. [Phys. Rev. Lett. 123, 060401 (2019)] is interesting,
and its conclusions may well be correct, the observed lack of dependence of the measured angular distributions
on the electron’s transverse coherence length could have been expected for the parameters chosen. This is
because for Smith-Purcell radiation it is the coherence length of a virtual photon Uf’) ~ By < A that plays
a role of the radiation formation width and not the entire electron’s coherence length that can well be orders of
magnitude larger than the former. This is a common feature for all the radiation processes in which a photon
is emitted not directly by the electron packet, which can be delocalized in space, but rather by a much better
localized atom or a conduction electron on a surface. Therefore, in our opinion the results of Remez et al. cannot
rule out the alternative hypothesis of the delocalized charge. The question, mainly addressed in the Comment
by Karnieli er al., of whether the measurements were performed in the wave zone or not is interesting but
somewhat secondary. We emphasize that the measured azimuthal distributions are unusually wide and there
exists a family of classical effects that could also have resulted in the measured distributions. Such alternative
classical hypotheses include: (i) effects of the beam sizes, of its angular divergence, of the temporal coherence
of the radiation process, which is also related to how the wave zone is defined, and (ii) influence of the grating
shape and of its material—the effects that are known to be of crucial importance for Smith-Purcell radiation from
nonrelativistic electrons. Finally, we propose to repeat the experiment and to measure diffraction radiation from
a thin metallic semiplane (or a strip) in which case the aforementioned classical effects play a much smaller role.
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I. INTRODUCTION

In their Comment [1] to our paper [2] Karnieli et al. argue
that:

(1) The measurements in the original paper [3] were per-
formed in the far-field zone,

(2) The postselection process determines the dependence
of the radiation power on the initial electron’s phase, and our
calculations in Ref. [2] only describe the case in which the
electron is postselected.

Below we elucidate that we actually considered both sce-
narios, including the one with the final electron not being
detected at all (see Sec. III B of Ref. [2]), although the non-
linear effects we predicted in Sec. IV were indeed calculated
when the vortex electron was also postselected as a particle
with a definite angular momentum. The central idea of our
paper (see p. 2 in Ref. [2]), however, is that the main result of
Ref. [3], which is the lack of dependence of the azimuthal
distributions on the electron’s transverse coherence length,
could have been expected for the parameters chosen, and no
hypothesis of the localized nature of the electron’s charge is
needed to explain it. This is because, in contrast to emission in
the external fields, a photon in the Smith-Purcell effect is emit-
ted not by the electron packet itself, which can be quite wide,
but by an atom or a conduction electron on a grating’s surface,
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which is much better localized in space. This is also the case
for such processes as, say, transition radiation or diffraction
radiation. Regardless of how wide the electron packet is, the
radiation is due to scattering of a virtual photon by an atom,
the transverse coherence length of which is GY) ~ Byr S A
for B =u/c~04-07andy =1/{/1 - B~

Thus, no near field is needed to explain the main result of
Ref. [3]. If the measurements were in the wave zone, one could
still expect the obtained lack of dependence on the transverse
coherence merely based on the above physical picture of the
emission process, but this does not allow one to conclude in
favor of one of the hypotheses discussed in Ref. [3]. Next,
we stress that the azimuthal distributions reported in Ref. [3]
are unusually wide and several well-known models of the
Smith-Purcell radiation predict much narrower far-field dis-
tributions. Note that the very idea of the experiment [3] to
compare emission patterns for electrons of the different spatial
coherences looks very promising. However, in our view it
should be tested in the problems in which it is the electron
itself that emits a photon as was performed for instance, with
the Thomson scattering in a laser wave in Ref. [4].

Despite not being directly relevant to the main topic of this
discussion, below we further elucidate that the radiation for-
mation width and the corresponding radius of the wave zone
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are also connected with the temporal coherence of the radia-
tion process. We provide the necessary quantitative estimates
of a time interval during which the radiation is formed and ar-
gue that the wave zone is defined by the transverse coherence
length only for radiation of a single electron, whereas a finite
current of many electrons results in two-photon correlations,
which can contribute to the measurements for large statistics
and which represent a source of systematic uncertainties in
such experiments as Ref. [3].

Furthermore, there are several other classical effects that
can also result in broadening of the azimuthal distributions,
thus, mimicking the quantum effect of the spatially localized
charge. They include the role of the grating shape, of its ma-
terial, and of the beam angular divergence. For Smith-Purcell
radiation, these effects are known to be of secondary impor-
tance only for ultrarelativistic energies, 8 =u/c~ 1, y =
1/4/1 — B2 > 1, but for parameters of Ref. [3], 8 ~ 0.7, they
can well lead to the observed broadening.

II. PREWAVE ZONE AND TEMPORAL COHERENCE

The prewave zone effect arises because of partially de-
structive interference between the waves emitted from a
source of a finite spatial extent. For radiation from a sin-
gle electron, the width where the radiation is formed is the
transverse coherence length of the electron packet. When sev-
eral electrons can emit several photons nearly simultaneously,
these photons can interfere while propagating to the detector.
As a result, the whole beam width defines the region of the
radiation formation, not only the transverse coherence length
of single electrons, and so the prewave zone radius becomes
larger.

The paper [3] and the Comment [1] do not take into ac-
count these collective effects. As can be seen in Figs. 3(a) and
3(b) of Ref. [3], the radiation formation length is much larger
than the interaction length and is several times larger than
the average distance between electrons in the beam. So the
generation of, at least, two photons nearly simultaneously by
different electrons with a random transverse shift can happen,
and one needs to estimate the contribution of such a process.
The simulations in Refs. [1,3] were performed for a single
electron emitting a single photon, and the intensities were
summed incoherently. For radiation from a beam, such an ap-
proach is applicable only in the wave zone where interference
between the waves emitted by different electrons is construc-
tive, whereas it is inapplicable in the prewave zone. For the
low current used in Ref. [3], the beam effects (two-photon
correlations) represent a source of systematic errors, which
can be estimated knowing the temporal characteristics of the
radiation process.

For the kinetic energy of 200 keV (8 = u/c =~ 0.7), the
current 40.8 nA, and the distance between electrons in the
beam of Az = 0.8 mm, one can estimate the time of flight
between each electron assuming that the they pass one after
another without a transverse shift (see Fig. 1, left). This as-
sumption per se is incorrect, and a real beam rather looks like
the one shown in Fig. 1, right. This time interval is
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FIG. 1. Spatial distribution of electrons (marked by stars) in the
beam. Left: an idealistic situation to derive the estimate (2). Right: a
more realistic picture for which the time a~! At is shorter.
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The probability to emit a photon by each electron on a
tree level is roughly & = 1/137. An inverse of the emission
rate—that is, a time interval between events of the photon
emission—is on the order of

a 'At ~ 0.5 ns. )

A more realistic estimate must account for the transverse
shape of the beam (it decreases this time as seen in Fig. 1,
right) as well as for details of the specific radiation process.

In order to guarantee that we have a genuine single-electron
regime and that the radiation is formed on a width of the
transverse coherence length, this time interval must be many
orders of magnitude larger than the radiation formation time,
that is, the time during which a virtual photon emitted by the
moving electron is scattered by the grating. Microscopically,
the virtual photon excites (polarizes) atoms or conduction
electrons on a grating surface, and there is a finite relaxation
time 8ty.;, during which the real photon is emitted. Clearly,
this time strongly depends on the grating material and on
virtuality of the initial photon, i.e., on the electron energy. A
lower bound for this time can be obtained from the uncertainty
relation,

Stretbw > 1/2. 3)

For the optical wavelengths A ~ 0.5-1 um, we have roughly,
w

Otrel 2 — x 1fs. “4)
dw

A linewidth of §w/w ~ 1073-1072 yields
Strer > 0.11 ps. )

For metals, more rigorous estimates based on a finite free path
of conduction electrons yield similar numbers. Unlike Eq. (2),
the estimate (5) is but a lower bound, and the real relaxation
time can be much higher.
Thus, one can look at the ratio,
8tre1
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as at a measure of temporal coherence of the radiation process
generated by the beam. When this ratio approaches unity,
the destructive interference of photons emitted by different
electrons can well happen in the prewave zone, and in this
case it is the beam width and not the transverse coherence
length that defines the wave zone radius. For parameters of
the experiment [3], the lower bound for this ratio is

K, > 1073-1072, (7

but the exact value is unknown. The large samples of data
with N, > 1 points will inevitably contain contributions of
two-photon events as well as statistical fluctuations with a
weight of 1/ \/17), . When a sample contains but a few points
(such as shown in Fig. 3 of Ref. [3]), one can likely neglect
the two-photon correlations, but the uncertainties of such
measurements stay large. The data in Refs. [1,3] seem incon-
clusive to fully rule out the influence of the collective effects
because neither the errors nor the sample size were discussed
in detail.

III. OTHER CLASSICAL EFFECTS: THE GRATING
SHAPE, ITS MATERIAL, AND THE BEAM DIVERGENCE

Another family of classical effects that could lead to broad-
ening of the azimuthal distributions is a role of the beam
angular divergence, of the grating shape, and of its finite
permittivity e(w) = &’ + ig”. It is only for ultrarelativistic
energies with y > 1 that the grating shape and the angular
divergence do not play any significant role and the angular
distributions of Smith-Purcell radiation are well described by
simple formulas of the surface current models [5—10]—see
comparison of the different models in Refs. [9,11]. It is so
because the coherence length of a virtual photon By A/2m is
much larger than a size of the grating strip.

On the contrary, for parameters of the experiment [3]
different models of Smith-Purcell radiation disagree and, in
particular, they disagree in the predicted width of the az-
imuthal distributions even for gratings of the same shape—see
Figs. 10 and 11 in Ref. [11] (for parameters of Refs. [1,3] the
difference is much larger). So it is generally not clear what
width of the azimuthal distributions one should expect for
these parameters and for the chosen grating [12] in the wave
zone.

The width of the azimuthal distributions also depends on
the impact parameter and on the grating material. The finite
angular divergence of the beam implies that different impact
parameters contribute to the measured intensity and in order
to judge how this divergence modifies the distributions av-
eraging over the impact parameters—or, alternatively, over
the angles—is necessary. Finally, it is not clear whether the
dielectric substrate of the grating used in the experiment [3]
can contribute to the radiation or not. To illustrate the possible
influence, we present in Fig. 2 the angular distributions in
the wave zone for a grating made of rectangular strips of an
arbitrary permittivity e(w) separated by vacuum gaps [13].
Whereas large impact parameters & >> d correspond to narrow
angular distributions, the values & < d yield much wider dis-
tributions, especially if there is an influence of the dielectric
substrate. Clearly, the contribution of the large impact param-
eters is exponentially suppressed, and the small values of &
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FIG. 2. The azimuthal distributions of Smith-Purcell radiation
by a single electron in the wave zone for different impact param-
eters i and for the polar angle of radiation 6 = 7 /2, the grating
period d = 416, the wavelength A = 600 nm, the distance between
the strips d/2, and the height of each strip d/4. The red dotted
line—silver (the permittivity was taken from Ref. [14]), the green
dashed line—ideal conductor, the black solid line—a dielectric. The
model of Ref. [13] was used. Clearly, if the impact parameters & < d
mostly contribute to the data of Ref. [3] due to angular divergence of
the beam, the azimuthal distributions can be wide, thus, mimicking
the quantum effect of the spatially localized charge. A contribution
of the dielectric substrate could lead to the similar effect for large
statistics.

can be of main importance. To make quantitative estimates,
one needs to average over the angles with a form factor of
the real beam taken into account, which was not performed in
Refs. [1,3]. The contribution of the dielectric can be neglected
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only when the metallic surface is continuous (it is not clear
from Refs. [3,12] if this is the case), otherwise it is also a
source of systematic uncertainties for large statistics.

IV. THE ROLE OF ELECTRON POSTSELECTION

In our paper [2] we studied in detail two scenarios: One
in which the final electron is not detected (see Sec. III B)
and when the final electron is detected in coincidence with
the final photon (see Sec. III C). The key consequence is that
in the former case (the electron is not detected) the radiation
intensity does not depend on a phase ¢ of the initial electron’s
wave function in the momentum space ¥ (p) = || exp{ip},
but it still depends on the absolute value || of this wave
function. In other words, the emission rate does not depend on
the shape of the electron wave packet (defined by its phase),
and it does depend on the size of this packet, defined by the
overall envelope in |y|. This observation has also been noted
in several other papers (for instance, in Refs. [15,16]).

V. CONCLUSION

We have argued that whereas the main problem, discussed
in the Comment [1], of whether the measurements of Ref. [3]
were performed in the wave zone is interesting and worth
scrutiny, it is not that important for the key question, which
is whether or not those measurements allow one to conclude
in favor of the localized-charge hypothesis. In our view, they
do not, and the observed lack of dependence on the electron’s
transverse coherence could have been expected from the gen-
eral considerations, provided that the electron packets are,

at least, approximately Gaussian [2]. On the other hand, the
unusually large width of the azimuthal distributions reported
in Ref. [3] can be explained by a family of classical effects that
represent alternative hypotheses, which should be carefully
checked in order to make an unambiguous conclusion in favor
of one of them.

Summarizing, we think that the choice of Smith-Purcell
radiation for studying the influence of the electron packet’s
width on the radiation characteristics is an unfortunate one
because there are too many subtle effects that must be taken
into account to make reliable conclusions. A much better
candidate for such measurements seems to be diffraction ra-
diation from a thin conducting semiplane or a rectangular
strip. The radiation formation length is much shorter in this
case, and the beam divergence and the temporal coherence
of the radiation process do not play such an important role.
In addition, the theory of such a process (see, for instance,
Refs. [5,9,13]) leaves less room for controversy than it is for a
more complex geometry of Smith-Purcell radiation. Thus, the
results of such measurements would have higher credibility.
Another candidate, which is the emission in a laser pulse, has
already been successfully tested in Ref. [4].
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