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Decay of a single photon in a cavity with atomic mirrors
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We study the decay of a single-photon pulse inside a cavity consisting of two atomic mirrors coupled to a
one-dimensional waveguide. The finesse of the cavity can be increased with proper choice of coupling strength,
cavity length, spontaneous decay rate, and separation between atoms. The loss rate of a single-photon pulse
inside the cavity can be decreased with narrower spectrum width and smaller detuning between the photon pulse
and the atomic resonance. The decay of a single-photon pulse in the atomic cavity can be significantly slowed
down with proper parameters and the increase of the number of atoms within the atomic mirrors.
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I. INTRODUCTION

Photons are ideal carriers of quantum information. The
transfer and storage of photons have important applications
in quantum information and quantum computation [1–4].
Many-body physics of photons and atoms has attracted a lot
of attention since the Dicke super-radiance [5–9]. Due to the
enhancement of the atom-photon interaction by the Purcell
effect [2] and because the interaction between the emitters me-
diated by the waveguide is long range [10], waveguide QED
plays an important role in manipulating photons in many-body
systems [11–13]. Many systems have been proved to be very
good one-dimensional waveguides, such as optical nanofibers
[14] and photonic crystal with line defects [15].

The propagation of photons in a one-dimensional waveg-
uide coupled to emitters has been extensively studied
[13,16–18]. The stationary solution of the photon transport
in the waveguide-QED system was first studied by Shen and
Fan [19,20] and then a number of different methods to cal-
culate the scattering properties of this system were proposed
such as Lippmann-Schwinger scattering theory [21,22], input-
output theory [23,24], and diagrammatic approach [25,26].
Similar approaches were developed to solve the transport
of a single photon scattered by multiple two-level atoms
[27–29]. Considering systems containing photon pulses with
finite bandwidth, a time-dependent theory was brought up
to solve the dynamics of the single emitter and the evolu-
tion of a single-photon pulse [30]. Then the time-dependent
solutions of the transportation of single-photon [31–34] and
multiphoton pulses [35,36] scattered by an atomic chain were
derived. Due to the coherent interference between the inci-
dent field and the field reemitted by the emitter, a photon
with frequency near resonant to the emitter transition fre-
quency can be reflected with very high probability. It has
been experimentally demonstrated that the extinction of a
single-photon pulse with finite bandwidth by a single emitter
can approach 100% [37,38]. Two atom arrays coupled to a

one-dimensional (1D) waveguide can then become a good
cavity [39–41] and a single-photon frequency comb can be
generated by this kind of atomic cavity [42]. The microscale
Fabry-Perot interferometer with high spectral resolution and
tunable transmission frequency may also be realized in this
system via chiral waveguide-emitter coupling [43].

Since the atom cavity can find important applications in the
integrable quantum photonic chip, in this paper, we focus on
studying the decay of a single photon inside the cavity with
atomic mirrors coupled to a one-dimensional waveguide. We
numerically study the results of cavities consisting of atomic
mirrors with different numbers of atoms. We illustrate how the
finesse of the cavity and the loss rate of the photon are affected
by various parameters, including coupling strength, cavity
length, spontaneous decay rate, separation between atoms,
spectrum width, and smaller detuning between the photon
pulse and the atomic resonance. The results here can be useful
for realizing waveguide-based quantum devices.

This paper is organized as follows. In Sec. II, we derive the
decay of a single-photon pulse in a cavity with two n-atom
mirrors coupled to a one-dimensional waveguide. In Secs. III
and IV, we numerically study the decay of a single-photon
pulse in a cavity with single-atom mirrors and two-atom mir-
rors, respectively. The effects of the parameters on the cavity
finesse and photon loss rate are discussed. In Sec. V, we study
the decay of a single-photon pulse in a cavity with multiple-
atom mirrors. The effects of the separation between atoms are
analyzed.

II. MODEL AND THEORY

We model our system as a cavity with two atomic mirrors
consisting of two-level atoms which are coupled to a one-
dimensional waveguide. The atom-field system is described
by the Hamiltonian in the rotating wave approximation
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where σ+
j and σ−

j represent the raising and lowering operators
of the jth emitter located at r j . Also, σ z

j = [σ+
j , σ−

j ]; γ is the
spontaneous decay rate of emitters to the nonguided modes,
ak and a†

k are the annihilation and creation operators, and gj
k

is the coupling strength between the guided mode and the
jth emitter. The jth atom is located at the position r j . In
order to apply the linearized dispersion relation, we assume
that the atomic transition frequency ωa is far away from the
cutoff frequency of the waveguide and the photonic spectrum
is narrow. Thus, δωk = ωk − ωa = (|k| − ka)vg, where the vg

is the group velocity of the photon pulse [45].
For the single-photon situation, the atom-field

quantum state is |�(t )〉 = ∑N
j=1 α j (t )e−iωat |e j, 0〉 +∑

k βk (t )e−iωkt |g, 1k〉, where α j (t ) is the excitation probability
of the jth emitter and βk (t ) is the photon spectrum. By tracing
out the field parts of the Hamiltonian in Eq. (1), the excitation
probability of the jth emitter is given by [42]
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where ri j = |ri − r j | is the distance between the ith and the
jth emitter, IN is an N-dimensional identity matrix, 
 =
2L|gka |2/vg is the coupling strength between the atom and
the guided photon with L being the quantization length of the
guided modes, and α j (0) and β0(δk) are the initial conditions
of the jth emitter and the photon spectrum, respectively. The
photon spectra of the left and the right propagating modes are
[42]

βL
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√
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2L
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where δk = |k| − ka with k < 0 (k > 0) in left (right) propa-
gating modes. By applying Fourier transform on Eqs. (3) and

(4), the spatial distributions of the left and the right propagat-
ing photon can be derived as shown in the Appendix:
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where the �(x) is the Heaviside function with �(x) = 1 for
x � 0 and �(x) = 0 for x < 0.

It follows from Eqs. (2)–(6) that the probability amplitude
inside of the cavity P(t ) is given by

P(t ) =
∑

j

|α j (t )|2 + L

2π

∫ rr

rl

[∣∣βL
x (t )

∣∣2 + ∣∣βR
x (t )

∣∣2]
dx, (7)

where rl (rr) represents the position of the left (right) boundary
of the cavity. The first part is the remaining probability ampli-
tude stored in the excited states of the emitters. The second
part is the photon propagating inside the cavity, including the
left and the right propagating parts. Clearly, the expression
of probability amplitude is too complex to analyze. In order
to study the effects of parameters on the decay, we make an
approximation that the decay of the photon can be treated
as a series of separate individual interactions between the
photon pulse and each mirror, which has been well studied
[33]. The effective reflectivity of the mirrors is denoted as Rδk .
Therefore, after N reflection, the probability amplitude that the
photon is still inside the cavity is proportional to RN

δk . In this
case, the remaining probability amplitude inside the cavity can
be expressed as

P(t ) =
∫ ∞

−∞
dδk|βδk (0)|2RN (t )

δk , (8)

where N (t ) means the Nth interaction at time t . Here, βδk (0) is
the initial shape of the photon pulse. With the help of Eq. (8),
the effect of various parameters on the cavity decay can be
discussed in the following sections.

The single photon is assumed to be initially trapped inside
the cavity. It can be achieved by applying an external field on
the side of arrays where the photon is coming from. As long
as the frequency of the photon is largely detuned from the
transition frequency of the atoms, the photon can propagate
through the atoms without being scattered. Then it is trapped
by turning off the external field before reaching the other
mirror.
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FIG. 1. Atomic cavity with two n-atom mirrors. The photon
pulse is initially incident inside the cavity and propagates towards the
right as shown. The distance between mirror atoms is l . The distance
between two mirrors is L. The emitters are initially in ground states
in all the cases.

We study the decay of the single photon inside the cavity
with atomic mirrors consisting of one atom, two atoms, and
multiple atoms.

III. CAVITY WITH SINGLE-ATOM MIRRORS

In this section, we consider a cavity with two mirrors con-
sisting of one atom each, as shown in Fig. 1. A single-photon
pulse is initially incident inside the cavity and propagat-
ing towards the right. Thus the photon interacts with the
right emitter first. Emitters are initially in ground states, i.e.,
α1(0) = α2(0) = 0. Here we take the incident photon pulse as
a Gaussian with spectral width �, i.e.,

β0(δk) = (8π )1/4

√
�L

exp
[−(δk − �d )2/�2

]
, (9)

where �d is the detuning between the central frequency of
the single-photon pulse and the resonance of the emitters.
The initial central position of the emitter is r0. According to
Eq. (2), the matrix M(δk) and the excitation probabilities of
the two mirror atoms are given by

M(δk) = 


2

[
1 eikL

eikL 1

]
+

(
γ

2
− iδkvg

)
IN , (10)
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)
,

(11)
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(12)

Since we have α j (t ) � 0 when t < 0, the amplitude
α j (t ± x−r j

vg
) in the spatial distribution of the left (right) prop-

agating part is nonzero when vgt ± (x − r j ) � 0. Here, the
+ and − are for the left and the right propagating parts,
respectively. Here we only consider the remaining probability
amplitude inside the cavity. Thus, on substituting Eqs. (11)
and (12) into Eqs. (5) and (6), the left and right propagating
photon pulse shapes within the cavity are

βL
x (t ) = −i

√

π

Lvg
e−ikax+ikar2α2

(
t + x − r2

vg

)
, (13)

FIG. 2. Decay of a single-photon pulse in the atomic cavity with
single-atom mirrors. The remaining probability amplitude is shown
inside the cavity (blue, top line), including the propagating part
(yellow, middle line) and the part stored in the excited states of
the emitters (red, bottom line). The remaining probability ampli-
tude given by the approximation is also shown (dashed line) which
separates the process into individual interactions. The cavity length
L = 40λ, where λ represents the wavelength corresponding to the
atomic transition frequency ωa. The Gaussian photon pulse width
� = 0.1ka with no detuning. The spontaneous decay rate to the
nonguided modes γ = 0.05
.

βR
x (t ) = (8π )

1
4

√
�

2L
eikax exp

[
−

(
−�vgt+�x−i

2δa f

�

)2/
4

]

− i

√

π

Lvg
eikax−ikar1α1

(
t + r1 − x

vg

)
. (14)

On substituting βL
x (t ) and βR

x (t ) from Eqs. (13) and (14)
into the definition in Eq. (7), the decay of the single pho-
ton can be obtained. The result, when L = 40λ, γ = 0.05
,
� = 0.1ka, and �d = 0, is shown in Fig. 2. Here the red solid
line is the photon stored in the excited states of all emitters,
the yellow solid line is the total propagating photon including
both directions, and the blue solid line is the total remain-
ing probability amplitude inside the cavity given by Eq. (7).
According to the approximation described in the previous
section, the decay can be simplified into a series of individual
interactions between the photon pulse and each mirror, which
consists of one emitter in this case. The reflectivity due to the
interaction between the single atom and single photon is given
by Rδk = 
2/[(
 + γ )2 + 4δk2v2

g] [33].
The remaining probability amplitude with certain wave

vector inside the cavity can be written in the form of RN (t )
δk .

The propagating time of the photon between the two mirrors
is L/vg. Since we assume the photon is incident in the middle
of the cavity, the time-dependent form of N (t ) can be written
as [ vgt

L + 1
2 ], where [x] is the floor function, i.e., the greatest

integer function. As shown in Fig. 2, the purple dashed line
is the total remaining probability amplitude inside the cavity
given by the approximation described by Eq. (8), i.e.,

P(t ) =
∫ ∞

−∞
d (δk)|βδk (0)|2R[

vgt
L + 1

2 ]. (15)
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FIG. 3. The effects of the cavity properties on the decay of a single photon in the atomic cavity with single-atom mirrors. Solid lines are
the remaining probability amplitude derived from the definition in Eq. (7), while dotted lines are the results of the approximation in Eq. (8).
The Gaussian photon pulse with spectrum width � = 0.1ka and detuning �d = 0 is shown. (a) Comparison of different coupling strengths,

 = 0.5�vg, �vg, 2�vg [red (bottom line), blue (middle line), and green (top line), respectively]. Cavity length L = 40λ, spontaneous decay
rate γ = 0.05�vg. (b) Comparison of different spontaneous decay rates, γ = 0.01
, 0.05
, 0.1
 [red (top line), blue (middle line), and green
(bottom line), respectively]. L = 40λ, 
 = �vg. (c) Comparison of different cavity lengths after the first, second, and third interactions [red
(top line), blue (middle line), and green (bottom line), respectively]. 
 = �vg, γ = 0.05
.

Even though the approximation cannot give the exact amount
of remaining probability amplitude in arbitrary time, it fits
well when the mirror atoms are in the ground states.

The decay rate of the photon inside the cavity is deter-
mined by the intrinsic properties of the cavity, including the
cavity length L, the coupling strength 
, and the sponta-
neous decay rate γ of mirror atoms. In Fig. 3(a), we present
the effect of coupling strength 
 of the mirror atoms. The
red, blue, and green solid lines represent the results for

 = 0.5�vg,�vg, and 2�vg, respectively. According to the
reflectivity 
2/[(
 + γ )2 + 4δk2v2

g], higher 
 can provide
higher reflectivity. Specifically when δk = 0, the reflectivity
for the resonant mode reaches the maximum. Two mirrors
with higher reflectivity can form a cavity with higher finesse.
In Fig. 3(b), a comparison of the decay of the photon in cav-
ities with different spontaneous decay rates is presented. The
red, blue, and green solid lines represent the results of γ =
0.01
, 0.05
, and 0.1
, respectively. Higher γ means faster
decay due to the spontaneous emission into nonguided modes
when the mirror atoms are in the excited states. Nonguided
photons are not considered here. Thus the higher spontaneous
decay rate causes lower cavity finesse. In certain waveguides,

 can be much greater than the spontaneous emission rate. For
example, in a photonic crystal waveguide, 99% of the collec-
tion efficiency of a photon into the waveguide was achieved,
which indicates that the 
 is 99 times the γ [38]. Next we
consider the effect of the cavity length. It is obvious that
larger cavity length can lower the photon loss rate by lowering
the frequency of interactions between the photon pulse and
the atomic mirrors. So we choose vgt/L as the timescale to
rule out the effect of the magnitude of the cavity length. In
Fig. 3(c), the red, blue, and green solid lines represent the
probability amplitude after the first, second, and third inter-
actions, respectively, with cavity length L ranging from 40λ

to 41λ. The remaining probability amplitude is not influenced
in the timescale vgt/L, i.e., the photon lost in each interaction
is independent of the length of the cavity.

Since we consider the incident photon with Gaussian
shape, the decay rate of the photon inside the cavity is also

determined by the parameters of the photon pulse, includ-
ing the spectral width � and the detuning �d . As shown in
Fig. 4(a), we compare the decay of the photon with different
spectral width �. The red, blue, and green solid lines represent
the results of � = 0.05ka, 0.1ka, and 0.2ka. In Fig. 4(b), we
show the effect of detuning �d . The red, blue, and green solid
lines represent the results of �d = 0, 0.5�, and 1�, respec-
tively. The reflectivity 
2/[(
 + γ )2 + 4δk2v2

g] indicates that
modes with smaller δk can lead to larger reflectivity. Higher �

means that the spectral distribution is more dispersed around
δk = 0. Larger �d shifts the center further away from δk = 0.
Both cases cause lower reflectivity of the mirror and lower
cavity finesse.

IV. CAVITY WITH TWO-ATOM MIRRORS

In this section, we consider the decay of a single-photon
pulse in a cavity which consists of two two-atom mirrors.
Within the mirror, the distance between atoms is l . The sep-
aration between mirrors is L. All four emitters are initially
in ground states, i.e., α j (0) = 0. The photon pulse is initially
incident in the middle of the cavity. It propagates towards the
right as shown.

According to Eq. (2), the matrix M(δk) and the amplitude
α j (t ) are given by

M(δk) = 


2

⎡
⎢⎢⎢⎣

1 eikl eik(l+L) eik(2l+L)

eikl 1 eikL eik(l+L)

eik(l+L) eikL 1 eikl

eik(2l+L) eik(l+L) eikl 1

⎤
⎥⎥⎥⎦

+
(

γ

2
− iδkvg

)
IN , (16)

α j (t ) = vg

2π

∫ ∞

−∞

∑
k=3,4

[M(δk)]−1
jl bl (δk)e−iδkvgt dδk. (17)

The photon pulse shape can be calculated by substituting
α j (t ) into Eqs. (5) and (6). Then the probability amplitude
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FIG. 4. The effects of the photon pulse properties on the decay of a single photon in the atomic cavity with single-atom mirrors. Solid lines
are the remaining probability amplitude derived from the definition in Eq. (7), while dotted lines are the results of the approximation in Eq. (8).
The cavity with L = 40λ, 
 = �vg, γ = 0.05
. (a) Comparison of different Gaussian pulse spectra with � = 0.05ka, 0.1ka, 0.2ka [red (top
line), blue (middle line), and green (bottom line), respectively]. Detuning �d = 0. (b) Comparison of different detunings, �d = 0, 0.5�, 1�

[red (top line), blue (middle line), and green (bottom line), respectively]. � = 0.1ka

inside the cavity is obtained by the definition in Eq. (7). The
result when l = 1λ, L = 40λ, 
 = �vg, γ = 0.05
, � =
0.1ka, and �d = 0 is shown in Fig. 5. Here the red solid line
is the probability amplitude stored in the excited states of all
emitters, the yellow solid line is the total propagating photon
amplitude including both directions, and the blue solid line is
the remaining photon pulse inside the cavity given by Eq. (7).
The reflectivity of the interaction between a two-atom mirror

FIG. 5. Decay of a single-photon pulse in the atomic cavity with
two-atom mirrors. The total remaining probability amplitude inside
the cavity is also shown. The red line (bottom) represents the ex-
citation probability of the emitters. The yellow line (middle) is the
propagating photon amount. The blue line (top) is the remaining
probability amplitude inside the cavity, including the propagating
part and the part stored in the excited states of the mirror atoms.
The purple dashed line is the remaining probability amplitude given
by the approximation which separates the process into individual
interactions between the photon pulse single atom. The cavity length
L = 40λ. The Gaussian photon pulse width � = 0.1ka with no de-
tuning. The spontaneous decay rate to the nonguided modes γ =
0.1
.

and the single photon is known as [42]

R =
∣∣∣∣η
 (1 + e2ika)(1 − iηδk ) − 2η2


e2ika

(1 − iηδk )2 − η2

e2ika

∣∣∣∣
2

, (18)

where η
 = 


+γ

, ηδk = 2δkvg


+γ
. Again, as shown in Fig. 5, the

approximation fits well with the results when emitters are in
the ground states.

The parameters of the cavity have similar effects as dis-
cussed in the previous section. In Figs. 6(a) and 6(b), it is
shown that higher coupling strength 
 and lower spontaneous
decay rate γ help decrease the cavity loss rate. The dashed
lines are the result of a cavity with single-atom mirrors with
the same cavity properties, except for the separation l within
the mirrors. It shows that a cavity with two-atom mirrors has
better finesse. By ruling out the influence of the magnitude of
the cavity length, the loss of the photon in interactions with
the mirrors is not affected in timescale vgt/L, as shown in
Fig. 6(c). However, the separation between atoms l can change
the cavity finesse. The remaining probability amplitude, as
a function of l , is shown in Fig. 6(d), where the maximal
finesse can be found when l = λ/2, λ. The parameters of the
Gaussian photon pulse have similar effects in the two-atom
mirror case as well. As shown in Figs. 6(e) and 6(f), smaller
spectrum width � and detuning �d lead to a lower photon
loss rate since the reflectivity increases in both ways.

In Figs. 6(a)–6(f), the dashed lines represent the results of
a cavity with single-atom mirrors with the same parameters,
including cavity length, coupling strength, and spontaneous
decay rate. A cavity with two-atom mirrors lowers the photon
loss rate and extends the time of the single-photon pulse being
stored in the cavity.

V. CAVITY WITH N-ATOM MIRRORS

The decay of a single photon in a cavity with N-atom
mirrors can be obtained by Eq. (7) as shown in previous
sections. Generally speaking, mirrors with more atoms can
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FIG. 6. (a)–(d) The effects of the cavity properties on the decay of a single photon in the atomic cavity with two-atom mirrors. Solid lines
are the probability amplitude derived from the definition in Eq. (7), while dotted lines are the results of the approximation in Eq. (8). Dashed
lines are the results of a cavity with single-atom mirrors. The Gaussian photon pulse with spectrum width � = 0.1ka and detuning �d = 0.
(a) Comparison of different coupling strengths, 
 = 0.5�vg, �vg [red (bottom line) and blue (top line), respectively]. The cavity length
L = 40λ, separation l = λ, and spontaneous decay rate γ = 0.05�vg. (b) Comparison of different spontaneous decay rates, γ = 0.01
, 0.05


[red (top line) and blue (bottom line), respectively]. L = 40λ, l = λ, 
 = �vg. (c) Comparison of different cavity lengths after the first, second,
and third interactions [red (top line), blue (middle line), and green (bottom line), respectively]. l = λ, 
 = �vg, γ = 0.05
. (d) Comparison
of different separations within mirrors after the first, second, and third interactions [red (top line), blue (middle line), and green (bottom
line), respectively]. L = 40λ, 
 = �vg, γ = 0.05
. (e),(f) The effects of the photon pulse properties on the decay of a single photon in the
atomic cavity with single-atom mirrors. Solid lines are the probability amplitudes derived from the definition in Eq. (7), while dotted lines
are the results of the approximation in Eq. (8). Dashed lines are the results of a cavity with single-atom mirrors. The cavity with L = 40λ,
l = λ, 
 = �vg, γ = 0.05
. (e) Comparison of different Gaussian pulse spectra with � = 0.1ka, 0.2ka [red (top line) and blue (bottom line),
respectively]. Detuning �d = 0. (f) Comparison of different detunings, �d = 0.1�, 0.5� [red (top line) and blue (bottom line), respectively].
� = 0.1ka.

provide higher reflectivity, which leads to a smaller photon
loss rate.

As shown in Figs. 7(a)–7(c), separation l = λ/2 (black
line) provides better reflectivity than l = λ/4 (red line) and
λ/8 (blue line) in all the cases with multiple-atom mirrors,

which accords with the results from Fig. 6(d). In Fig. 7(d), we
illustrate the effects of atomic separation on the reflectivity.
The mirrors with on-resonance atomic separations, i.e., l =
nλ/2, provide wider photonic band gaps and higher reflectiv-
ity, which guarantees better finesse. Considering nonidentical

FIG. 7. The reflection spectrum of a (a) two-, (b) three-, and (c) four-atom mirror with separation l = λ/2 (black solid line), λ/4 (red
dotted line), and λ/8 (blue dashed line). (d) The reflectivity varies with different separations l within atomic mirrors consisting of one (blue
line), two (red line), three (yellow line), and four (purple line) atoms.
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emitters, it has been demonstrated that the randomness of
parameters affects the reflection spectrum, for example, the
atomic transition frequency variation [34]. It shows that if the
energy differences of the emitters are large, far-off-resonant
atoms can be treated as absent. Less atoms will lead to a
higher decay rate. If the energy differences of the emitters are
relatively small and nonzero, a very narrow transmission win-
dow appears around the resonance frequency, which is called
dipole-dipole-induced electromagnetic transparency (DIET).
The transmission window also gives a higher decay rate of
photons with some narrow frequency bands.

With proper choices of atomic separation, the reflection
spectrum would be broadened due to the collective interaction
effects. Higher reflectivity can be achieved considering the
same photon pulse, even with other different shapes, e.g., the
Lorentzian shape. In the above discussions, the atom chain
is assumed to be uniform. Although the spatial disorder and
inhomogeneity of the atomic parameters can affect the reflec-
tivity of the photon pulse, the overall qualitative results are
similar to the case we discussed above.

VI. SUMMARY

In summary, we study the decay of a single-photon pulse in
a cavity consisting of two atomic mirrors, which are coupled
to a 1D waveguide. The properties of the cavities, including
coupling strength, cavity length, spontaneous decay rate, and

separation between atoms, affect the finesse of the cavity. The
parameters of the photon pulses, including spectrum width
and detuning, affect the loss rate of a single-photon pulse
inside the cavity. The results can be applied to help with the
storage of a single-photon pulse. With proper choice of pa-
rameters, the time of a single-photon pulse being stored in the
cavity can be significantly extended. The results found here
might help to engineer microscale cavities with high-quality
factors which can be used for integrable quantum devices
and a high-resolution waveguide-QED-based spectrometer. In
addition, a high-finesse cavity can also help to realize a single-
atom laser in the waveguide systems.
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APPENDIX

Through substituting Eq. (3) into the Fourier transform in
Eq. (5),

βL
x (t ) = 1√

2π
e−ikax

∫ ∞

−∞
dδkβL

δk (t )e−iδk(x+vgt ) (A1)

= 1√
2π

e−ikax
∫ ∞

−∞
dδk

(
− i

√

vg

2L

) N∑
j=1

ei(ka+δk)r j

∫ t

0
dt ′α j (t

′)eiδkvgt ′
e−iδk(x+vgt ) (A2)

= −i
1√
2π

√

vg

2L
e−ikax

N∑
j=1

eikar j

∫ ∞

−∞
dδk

∫ t

0
dt ′eiδk(r j+vgt ′−x−vgt )α j (t

′) (A3)

= −i
1√
2π

√

vg

2L
e−ikax

N∑
j=1

eikar j 2π

∫ t

0
dt ′δ(r j + vgt

′ − x − vgt )α j (t
′) (A4)

= −i

√

π

Lvg
e−ikax

N∑
j=1

eikar j α j

(
t + x − r j

vg

)
�(r j − x). (A5)

Similarly, substituting Eq. (4) into the Fourier transform in Eq. (6),

βR
x (t ) = 1√

2π
eikax

∫ ∞

−∞
dδkβR

δk (t )eiδk(x−vgt ) (A6)

= 1√
2π

eikax
∫ ∞

−∞
dδkβδk (0)eiδk(x−vgt ) + 1√

2π
eikax

∫ ∞

−∞
dδk

(
− i

√

vg

2L

) N∑
j=1

e−i(ka+δk)r j

∫ t

0
dt ′α j (t

′)eiδkvgt ′
eiδk(x−vgt )

(A7)

= 1√
2π

eikax
∫ ∞

−∞
dδkβδk (0)eiδk(x−vgt ) − i

√

π

Lvg
eikax

N∑
j=1

e−ikar j

∫ ∞

−∞
dδk

∫ t

0
dt ′eiδk(−r j+vgt ′+x−vgt )α j (t

′) (A8)

= 1√
2π

eikax
∫ ∞

−∞
dδkβδk (0)eiδk(x−vgt ) − i

√

π

Lvg
eikax

N∑
j=1

e−ikar j 2π

∫ t

0
dt ′δ(−r j + vgt

′ + x − vgt )α j (t
′) (A9)
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= 1√
2π

eikax
∫ ∞

−∞
dδkβδk (0)eiδk(x−vgt ) − i

√

π

Lvg
eikax

N∑
j=1

e−ikar j α j

(
t + r j − x

vg

)
�(x − r j ) (A10)

= (8π )
1
4

√
�

2L
eikax exp

[
−

(
−�vgt + �x − i

2δa f

�

)2/
4

]
− i

√

π

Lvg
eikax

N∑
j=1

e−ikar j α j

(
t + r j − x

vg

)
�(x − r j ). (A11)
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