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Multiple-weak-value quantum measurement for precision estimation of time delay
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In quantum weak measurement, a weak value is a quantity related to a pointer shift of a measuring device
which is usually determined by pre- and postselection states. For conventional weak measurement, a single weak-
value model has been well addressed in precision metrology of time delay, but it only holds for a narrowband
light source. To further improve the measurement accuracy, a broad-spectrum light source is needed. We find
that the single weak-value model no longer holds, due to the occurrence of modified preselection states. Here,
a multiple weak-value model is established by introducing the modified preselection states in the estimation of
time delay. For broad-spectrum light source with 50-nm spectral width, the multiple weak-value scheme enables
us to achieve a high resolution of 1.6 x 10™*as. Our proposed multiple weak-value amplification may have
important applications in various fields involving precise time-delay detection.
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I. INTRODUCTION

High precision estimation of time delay is significant for
various fields of modern physics. The detection of time delay
is usually carried out in various optical systems including bire-
fringence and interferometer with optical-path change [1,2].
Apart from the traditional methods, the weak measurements
as an advanced technique showed a great improvement for the
estimation accuracy of time delay. Taking time delay as the
measuring pointer could extend it to various systems for other
parameter estimation, which holds great application potential
in precision metrology [3-9]. To further improve the time-
delay sensitivity, the scheme with designative weak value can
be performed as a powerful complement.

The concept of weak measurements was formulated by
Aharonov, Albert, and Vaidman [10]. An observable was
weakly measured in a preselected and postselected ensemble.
Such a weak measurement protocol will lead to a peculiar
result that is known as weak value. The weak value can lie
outside the range of eigenvalues for nearly orthogonal pre-
selection and postselection, and may even be complex [11].
On the one hand, the undisturbed properties of the weak mea-
surements can give possible practical applications, such as the
unorthodox prediction, direct measurement of the quantum
wave function, and the average trajectories of single photons
[12—-15]. On the other hand, the excellent weak-value ampli-
fication effect has been demonstrated as a tool for precision
metrology [16-24]. And the weak-value schemes have been
proved to have benefits to improving the accuracy by sup-
pressing technical noise [25-27]. In fact, further improvement
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of the accuracy in weak measurements is a longer-term issue.
There were some attempts beyond the general weak-value for-
malism for this aim, including optimization of pointer states,
higher-order expansions for nearly orthogonal preselection
and postselection, and amplification with recycled photons
[28-31]. Among that, the spectral weak measurements with
imaginary weak value was discussed to show its superiority
for the resolution enhancement, compared with the standard
scheme [32]. Since that, some important works based on
real or imaginary weak value amplification for applied ex-
periments have sequentially appeared [33-38]. However, in
some applications of the weak measurements based on the
frequency domain, such as magneto-optical Faraday effect
detection and chirality detection, the wavelength-dependent
properties require reconsideration when applied to broad-
spectrum light sources.

In this paper, the multiple weak value (MWYV) scheme
is proposed to enable the zero-order quarter-wave plate that
can only be operated in single wavelength light to be accu-
rately utilized for a broad-spectrum light source. Different
from the standard weak measurements with single weak value
(SWV), the multiple weak values with both real and imaginary
parts are obtained when considering the modified preselection
in a spectral-width light source. In the previous analysis of
weak measurements, this effect was usually ignored and the
small time delay only enlarged by single real or imaginary
weak value. To obtain the MWV amplification, the theory
of MWV weak measurements is derived compared with the
SWYV scheme. Moreover, the preselection angle and the spec-
tral width of the light source have been indicated as significant
influences on measurement efficiency [39]. To show the devia-
tion of the MWV and SWV schemes for the detection of small
time delay, we discuss the wavelength shift in two sensitive
regions with different spectral widths.

©2022 American Physical Society
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FIG. 1. Diagrams of the experimental setup and theoretical
scheme of the SWV. (a) Experimental system illustration of a
broad-spectrum weak measurement system based on frequency do-
main consisting of preselection, weak interaction, and postselection.
(b) The conventional single weak-value measurements with standard
preselection are presented, where the weak interaction is provided
by small time delay t. (c) Comparison of the standard preselection
consisting of elliptical polarization with the postselection of linear
polarization, where the magnitudes of angles a and b are m /4.
(d) Presentation of standard preselection and postselection states via
the Poincaré sphere.

II. SINGLE WEAK-VALUE MEASUREMENT

In the general weak measurement schemes for time
delay estimation, polarization-based measurement systems
with spectral distribution are commonly used. As shown in
Fig. 1(a), the experimental setup of the frequency-domain
weak measurement system based on a broad-spectrum light
source consists of three components: the preselection consist-
ing of a line polarizer (P1) and a quarter-wave plate (QWP),
the weak interaction caused by the phase difference, and the
postselection operated by a linear polarization (P2). The weak
value of the observable A on the preselected and postselected
ensembles (¢r|¢;) is given by [29,40,41]

{orlAlg)
0= (1)
(@rldi)
where the mutual coupling of (¢/|¢;) determines the strength
of amplification and the signal-to-noise ratio. Here, we

consider the weak interaction procedure is introduced by a
birefringent crystal. A small time delay is induced between
the horizontal polarization (|H)) and vertical polarization
(|V)) after the interaction. Thus, the observable operator A is
|H)(H| — |[V){V]. Pl is set to 7 /4 4 ¢, and Jones matrix can
be written as
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For QWP with an angle of r /4, the retardation for the central
wavelength of light source is 'y = 7 /2, and the correspond-
ing matrix becomes
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Thus, the Jones matrix of standard preselection could be ob-
tained as
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To realize the standard single weak-value amplification, an
appropriate postselection nearly orthogonal to the preselection
is selected by a polarizer with angle —m /4. And we have

1 , ,
—=(e"“|H) +€*|V)), 4)
V2

1

lof) = 7

This standard single weak-value measurement scheme with
both the standard pre- and postselection is shown in Fig. 1(b).
The initial state first passes through the preselection. Then,
after the weak interaction with a birefringent crystal, it un-
dergoes a 2t time-delay difference between the |H) and |V')
components. Finally, the postselection performs projection
observation and the wave function with two completely sep-
arating peaks experiences a frequency shift. Substituting the
standard preselection and postselection into Eq. (1), the SWV
can be obtained as

L
—zsm4i|
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Here, it is assumed that the incident spectral distribution is
Gaussian:
1 (@ — wo)’
= -, 8
@) = 5= exp[ 5 ®)
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wherein the relationship between wy and central spectrum
wavelength X is wy = 2w c/Ag. And the o corresponds to the
width of the wave function. The standard preselection state
with the incident spectral distribution is expressed as

) = % / dof(@)e |H) + ¢ V)]jw). (9

Then, the time delay of 27 is introduced by the weak interac-
tion on |H) and |V) and the wave function becomes

v') = % / dof (@)™ |H) + e |V)]|w).
(10)

After postselection is applied, the probe state collapses to
1 . :
orlv') =3 / dof(@)[e™™ — e T Njw). (1)

In this case, the postselection probability is obtained as
T = fPf(w)dw = sy

1 2
= 5[1 — e cos(2e — 2twy)]. (12)

Therefore, the frequency shift can be calculated as
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As a result, the wavelength shift corresponding to the time
delay t and standard preselection angle ¢ present is given by
A2 e"zazkozraz sin(2e — 21 w)

A=——"Aw= — - (14)
27¢ 2mc[l — 779" cos(2e — 2tw)]

From Eq. (14), the variation of wavelength shift caused by the
time delay has the periodic change with (¢ — 7 )/wyp. In this
paper, the linear region of wavelength shift around 7 = (¢ —
nr)/wo(n =0, 1,2, ...)is defined as working region since the
time-delay change in this region is very sensitive. With the
increase of time delay, the trend of wavelength shift in the
working region is almost the same, and only the span of period
becomes gradually broader.

The frequency-domain weak measurement scheme based
on the SWV maintains the ability to measure minimal time de-
lay in the linear amplification region precisely. In the working
region with positive integers n, the SWV simulation was con-
sistent with the detection [34,39]. However, the final received
waveform spectrum under the situation of n = 0 is partial
overlap, it may be a discrepancy with the SWV theory. In this
case, to confirm the high measurement accuracy, these two
working regions with n = 0 and 1 are discussed. For brevity,
the working region of n = 0 is named Zone 0, and the one
with n = 1 is Zone 1.

Due to the differences in the production process and
application scenarios, there are zero-order, multiorder, and
achromatic quarter-wave plates. The achromatic quarter-wave
plates possess a flat spectral response to the broad-spectrum
light source, but they are not commonly used in weak mea-
surement because of the expense. Nevertheless, the period of

phase delay between the fast and slow axes of the multiorder
quarter-wave plates cannot be accurately controllable, which
is not suitable for the frequency domain weak measurements
that require precise control of the time delay. Therefore,
the effect of zero-order plates with spectrally dependent re-
tardance is worthy of being further explored. In the SWV
scheme applied in most cases, the standard preselection of
elliptic polarization states is calculated only based on the
central wavelength, which means that the analysis of phase
retardation through QWP needs to be reconsidered for broad-
spectrum light sources. Here we explore the effects of a
standard zero-order waveplate with its spectrally dependent
response. In the following, the concept of MWYV is proposed
to avoid the SWV scheme’s deficiency.

III. MULTIPLE WEAK-VALUE MEASUREMENT

The weak measurement model based on the SWV in Zone
1 has become a powerful tool for the precision measurement
of time delay. According to the theory above, the intensity of
wavelength shift is proportional to the quadratic of the spectral
width. This section investigates Zone 0 with higher sensi-
tivity by analyzing the broad-spectrum source couple to the
weak measurement system. In the weak measurement theory
based on the frequency domain, the measurement accuracy
is positively correlated with the bandwidth of the light source
[39]. In this section, the zero-order quarter-wave plate is taken
into account to deal with its spectrally dependent response
for broad-spectrum light sources. For the ray with the design
wavelength of QWP, the phase difference between ordinary
ray and extraordinary ray through the wave plate is given by

ro = 2% ) == (15)
= —WWng—n = —=.
0 o f )
Since the amount of delay corresponding to the broad-
spectrum light is constant, the optical path difference gener-
ated by the QWP can be obtained;
A
(n, —ny)d = ZO' (16)
It is not hard to obtain I' ¢ 1/A, the phase delay relation-
ship in Eq. (15), after considering the adjacent wavelength of
finite spectrum source can be rewritten as
r 271( \d 2m Ay TAy (17
m=—Ms—np)d = ——=——.
» ! 4 2
We define I'), as the modified phase delay, representing the
conversion relationship of QWP at each wavelength. For
broad-spectrum light sources, the I',, varies with each wave-
length which is shown in Fig. 2(a). Therefore, the Jones matrix
of the wavelength-dependent modified phase delay of QWP
set to 7 /4 could be obtained:

:Tm .
T _gin Z| it fid f:d
|:cos 1 sin 4:| e ' 0 |: cos § sin 4]
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Combined with the Jones matrix for P1 with the angle be-
ing set to w/4+ ¢ in the previous section, the modified
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FIG. 2. Graphical presentation of the MWV scheme.

(a) Schematic illustration of the MWV scheme based on the
modified preselection. (¢) Diagram of the modified preselection with
multiple elliptical polarization components and postselection with
linear polarization, where the magnitudes of angles a and b are 7 /4.
(c) Presentation of modified preselection and postselection states via
the Poincaré sphere. (d) The modified phase difference of the QWP
(") varies with different wavelengths in the broad-spectrum source,
and the dashed line here indicates the phase difference of the central
wavelength of the broad-spectrum source I'y.

preselected state can be written as
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As aresult, the modified preselection of the MWV scheme
is obtained as
Thg
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Since the wavelength affects the elliptical polarization ellip-
ticity in the modified preselection, the modified preselection

state of the broad-spectrum light source should be in the form
of a combination of elliptical polarization states with different
ellipticity. The schematic illustration of the MWV scheme
is shown in Fig. 2(b), where the wave-function distribution
in this case after passing through the system exhibits an
incomplete separation of Gaussian form. Different from the
general situation, Eq. (20) represents modified preselection in
the weak measurement system, which is graphically shown
in Fig. 2(c). For more clearly comparing, the modified pres-
election and the postselection states on a Poincaré sphere are
shown in Fig. 2(d).

Due to the existence of the modified preselection, the weak
value here is no longer the same as the purely imaginary
one in the SWV scheme. And combining with @ = 2mc/A,
the MWV contains both real and imaginary parts, which is
obtained as

A i/m
Apm = M = Re(Ayn) + ilm(Ay,)

(0r1@idm

Tw &%)
=—cos| — Jcote +isin| — ) cote. 21
2(00 260()

After selecting a preselected angle ¢, the relation between the
weak value and wavelength is shown in Fig. 3. The MWV in
the modified weak measurement can be divided into real and
imaginary parts, which correspond to the conditional mean
value of observable under the restriction of zero interference
and the system fluctuation in the weak measurement, respec-
tively [17,42]. As shown in Fig. 3, the trend of the imaginary
part is nearly not affected by the spectrum characteristics of
the light source. However, the real part of the weak value can
change rapidly in a small range of the preselection angle or
the wavelength. The MWV in the modified theory is formed
by accumulating the weak values corresponding to different
wavelengths of the broad-spectrum Gaussian source.

Considering the modified preselection, the whole state with
the Gaussian spectral distribution selected by |¢;),, is written
as

[Vrm) = dwf\(;%) |:e_i‘f‘5<0> <coss — ¢'% sin 8> |H)

+e_i‘m)<coss+ei;w% sin8>|V)]|a)). (22)

After the weak interaction between |H) and |V), the time
delay is introduced and it becomes

[¥,) = /dw%[em(“zot) (cose — ¢'% sin e>|H)
+ eiiw(ﬁﬂ) (coss + ¢ sin 8>|V):||w). (23)

When the light passes through the postselection element,
the wave function is converted into

(orl¥y,) = /dw@[eiw(“%r) (coss — &% sin 5)

_ e_""(ﬁ“) <coss + ¢ sin 8):| ). (24
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FIG. 3. (a) Re(A,,,) and (b) Im(A,,,,) of the MWV scheme as a
function of preselection angle and wavelength.

The corresponding postselection probability of modified
weak measurements is

1
T, = —|2A — 2B cos2¢e cos(2twy)
4A

4
_ (1 + ewo) sin 2¢ sin(2w)o):|, (25)

where A =explo?(w + 4twy)?/16w}] and B=
explro?(m + 8twy)/16w3].

In Fig. 4, the postselection probability of the weak mea-
surement for SWV and MWV schemes varying with the time
delay is illustrated. In terms of the range from O to 15 000
as in Fig. 4(a), it is impossible to distinguish the difference
between the two models. However, there is virtually a differ-
ence in a narrower range in Fig. 4(b). In particular, the insets
with the orange box and the green box show a closeup of
the two working ranges of Zone 0 and Zone 1, respectively.
The discrepancy in postselection probability between the two
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FIG. 4. (a) Postselection probability of the SWV scheme and the
MWYV scheme. (b) The probability from O to 2000 as to show the
distinction between these two schemes. The orange and green boxes
identify the working ranges of Zone 0 and Zone 1, respectively. The
spectrum width is chosen as 50 nm and ¢ is set to 1 degree.

schemes in Zone 0 significantly impacts on subsequent ampli-
fication performance.

Finally, based on the wave-function state and the postselec-
tion probability, the frequency shift of the MWV scheme can
be obtained as

2 2 o2t
Aw,, = M e (m—4twy)—4twy—m | sin2e
16AwoT,,
+ 8Btwytan(2tw) cos 2¢e } (26)

Similarly, the corresponding wavelength shift can be cal-
culated from the frequency shift, yielding

Ad Xoo? cos(2Tawy) @(4 V4Tt 2
m=—————1|e » (drwy—m Twy+7 | sin 2e
327 cAwy T, 0 0

— 8Bwyt tan(2twg) cos 2¢e } 27

The linear-amplification region for sensitive measurement
of time delay has been confirmed in previous work [8,43].
To show the differences in SWV and MWV schemes, we
explore them in detail. The central wavelength is chosen as
800 nm, and the preselection angle is set to 1° for simulation.
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FIG. 5. (a) Wavelength shift AX for the MWV scheme and SWV
scheme as a function of time delay t with the situation of 50-nm
spectrum width and 1° preselection angle. The orange and green
boxes highlight Zone 0 and Zone 1, respectively. (b) and (c) The
wavelength shifts in Zone 0 and Zone 1 are shown with 20-nm
spectral width of light source. (d) and (e) The comparison is given
with the spectral width of light source being set to 50 nm.

In Fig. 5(a), the periodic evolution of the wavelength shift
changing with time delay is presented based on Egs. (14) and
(27), and the spectral width of the light source is set to 50 nm.
The orange box marks the region of Zone 0 with the highest
measurement resolution, and the following Zone 1 in the green
box has the second-highest resolution. In order to demonstrate
the necessity of WVM schemes with varied measurement
accuracy, two groups’ bandwidths of 20-nm bandwidth and
50-nm bandwidth are presented here for comparative analy-
sis. The first group constituted by Figs. 5(b) and 5(c) is the
presentation of the two working regions with a spectral width
of 20 nm, while Figs. 5(d) and 5(e) are the second group
with a spectral width of 50 nm. In Fig. 5(b), the comparison
between the SWV the MWV schemes in Zone 0 is exhibited.
It was found that the wavelength shift amplitude of the MWV
scheme is smaller than that of the SWV scheme, which means
that the SWV scheme overestimates the measurement accu-
racy in theory. And it is harsh to differentiate the two schemes
in the Fig. 5(c), which means that both schemes are competent
for the work within Zone 1.

To achieve higher measurement accuracy when the 50-nm
spectral width of the light source is applied, the compar-
ison of two schemes is presented in Fig. 5(d). And the
wavelength shift of the MWV scheme reaches 10 nm with

1000
900,
]
i

1000 53 1000

50,
)
i 30 Ratn o

0 900 1)
4y (593600 Zvoangg‘(‘)"’m b
FIG. 6. Intensity of the SWV scheme in Zone 0 is shown with
(a) 20-nm and (b) 50-nm spectral width of light source. For compar-
ison, the intensity evolution for the MWV scheme with the widths
(c) 20 nm and (d) 50 nm is plotted.

0.164as, whose rate of change can reach 60.98 nm/as. The
two schemes’ contrast in Zone 1 is illustrated in Fig. 5(e),
which is also indistinguishable. The MWV scheme can ob-
tain 10-nm wavelength shift at 8.6as with the rate of change
reaching 1.16 nm/as in Zone 1. It can also be seen from Fig. 5
that the coincidence degree of MWV theory and SWV theory
in the linear working region at 50 nm is significantly worse
than that at 20 nm. This is ascribed to the different retardation
for different wavelengths when light beam passes through the
optical elements. But due to the lower sensitiveness in Zone
1, the spectral width of the light source does not affect the
applicability of the SWV scheme for Zone 1.

In the frequency domain weak measurement, the wave-
length shift is obtained from the centroid of the final spectral
distribution, which is characterized by the change of the Gaus-
sian splitting waveform. By comparing the intensity of the
two schemes in Fig. 6, the wavelength shift affected by the
time delay and wavelength can be obtained. As Figs. 6(a) and
6(b) shown, the variation of intensity with 20-nm and 50-nm
spectral widths are compared in the SWV scheme. The Gaus-
sian splitting waveform in the MWV scheme is distinguished
from the complete splitting one in the SWV scheme, which is
shown in Figs. 6(c) and 6(d). Two splitting components still
overlap in Zone 0 due to the broadband spectral properties.
It can also be inferred from a smaller wavelength shift of the
MWYV scheme compared with the one of the SWV scheme in
Fig. 6.

In addition to accurately measuring time delay, this weak
measurement scheme can also measure tiny polarization rota-
tion. Similarly, the broadband spectral property also affects
the angle measurement based on the emergence of modi-
fied preselection states. The wavelength shift of the SWV
and MWV schemes as a function of the preselection angle
has been shown in Fig. 7. The difference between the two
schemes is also related to the spectral width. The amplitude
of the wavelength shift in the MWV scheme is smaller than
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FIG. 7. Wavelength shift of the two schemes varies with the
preselection angle. (a) and (b) The comparison between the single
weak-value model and the multiple weak-value model with a spectral
width of 20 nm and 50 nm, respectively. The insets show the situation
of the preselection angle from 1.5° to 2.5°.

the one in the SWV scheme for a fixed preselection angle,
which means that the prediction of the angle measurement in
the SWV scheme for Zone 0 may be a deviation. For more
obvious comparison, the insets show the difference between
the two schemes in a smaller range from 1.5° to 3°. The SWV
scheme becomes inaccurate for the measurement with wider
spectral width 50 nm in this nonlinear region.

The time delay caused by weak interaction is a direct tiny
effect in the frequency domain weak measurements. With a
periodic change in the resulting wavelength shift, there is a
working region with linear relation between wavelength shift
and time delay. The Zone 1 mentioned above can abundantly
demonstrate the measurement accuracy in recent works. Al-
though the SWV scheme shows a higher accuracy, the MWV
scheme can more precisely measure time delay based on a
more accurate theoretical model. Therefore, the difference be-
tween the two models can improve the measurement accuracy
by decreasing the time delay to achieve the sharper working
region, namely Zone 0. Considering the detection resolu-
tion of a receiving instrument is 0.01 nm, the measurement

resolution of Zone 0 and Zone 1 based on the MWV is
1.6 x 10~*as and 8.6 x 10~ 3as, respectively. This indicates
that the MWV scheme in Zone 0 can almost improve two
orders of magnitude of the accuracy compared with the resolu-
tion based on Zone 1. However, higher precision measurement
also means a higher sensitivity in the experimental manip-
ulation that may be limited by technical issues, such as the
light source stability, unwanted movement caused by rotating
optical elements, and the resolution of detection equipment.

For weak measurements, various improvements with a
diversity of theory have been proposed for more accurate de-
tection [18,31,44-47]. The improved weak measurement with
multiple weak values proposed here aims to predict the sensi-
tive zones more accurately. In Zone 1 with lower measurement
resolution, both SWV and MWV schemes are applicable for
using the zero-order QWP in weak measurement experiments.
However, the SWV scheme becomes inaccurate for Zone 0
with extremely high resolution. Therefore, the MWV scheme
proposed in this work is significant for the experimental setup
with the zero-order QWP. Although the current experimental
conditions are not adequate for measurement in Zone 0, we
believe the MWV scheme provided in this work can signifi-
cantly improve the existing measurement experiment.

IV. CONCLUSIONS

In this paper, a weak measurement scheme with MWV is
proposed to handle the influence of a broad-spectrum light
source on modified preselection. The detailed deduction of the
MWYV amplification in the weak measurements is presented.
The preselection is the superposition of elliptically polar-
ized ellipses with different ellipticity for a linearly polarized
incidence case. As a result, the complex MW Vs and the defor-
mation of spectral distribution appear, leading to postselection
probability change. Comparing the standard SWV scheme
with the MWV scheme, the significance and necessity of the
modified scheme are verified in the two linear amplification
regions, namely Zone 0 and Zone 1. For Zone 1, both the
SWYV and the MWV schemes are valid to detect the slight time
delay based on broad-spectrum light source [7-9]. But for the
region with a higher sensitivity (Zone 0), the SWV scheme
and the MWYV scheme have perceptible discrepancy and the
MWYV scheme can more precisely measure the time delay.

The dependence on other parameters can allow this WMV
system for precision metrology. However, the prerequisite is a
very accurate prediction of the measuring system, especially
for the high-accuracy region of Zone 0. Since every weak
measurement in the frequency domain operates with broad-
spectrum light sources [34-38], the multiple-state effect is
always present in the birefringence elements and inevitably
affect the spectral distribution. Therefore, the MWV effect
must be taken into account for future investigation of optical
devices in spectral weak measurements.
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