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The derivation of leading quantum electrodynamic corrections to the nuclear magnetic shielding in light
hydrogen- and heliumlike atomic systems is described in detail. The presented theoretical approach applies
to any light atomic and molecular systems, enabling the determination of the magnetic moment of light nuclei

with much higher precision than known presently.
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I. INTRODUCTION

The determination of the nuclear magnetic moment based
on NMR spectra or atomic beam magnetic resonance mea-
surements requires the calculation of the nuclear magnetic
shielding constant [1]. These calculations are usually per-
formed using the Dirac-Coulomb Hamiltonian including the
Breit interaction. If one aims for an accuracy as high as
~107?, which is attainable experimentally [2], quantum elec-
trodynamic (QED) effects should also be taken into account.
This accuracy, however, has not yet been reached in the calcu-
lation of the nuclear magnetic shielding, partly because of the
difficulties with the calculation of QED effects. There have
been attempts [3] to include them within the formalism based
on the Dirac-Coulomb Hamiltonian [4], but there is currently
no adequate formulation of the QED theory for many elec-
tron systems. Such a formulation exists only within the 1/Z
expansion of the Hamiltonian [5], where electron-electron
interactions are treated perturbatively.

For the one-electron systems (hydrogenic ions),
Yerokhin et al. [6,7] performed a nonperturbative numerical
evaluation of one-loop QED contributions and observed a
slow numerical convergence for the small nuclear charge Z.
Therefore, these results were supplemented by the leading
correction ~¢° evaluated by nonrelativistic QED (NRQED)
methods. However, some effects due to the magnetic moment
anomaly were omitted there, resulting in small discrepancies
compared to the nonperturbative results for the medium-Z
hydrogenlike ions. These discrepancies have been eliminated
in our recent work [8].
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For helium, the leading QED logarithmic correction
~a&® Inw was obtained by Rudzinski er al. in Ref. [9],
and the complete «> correction was obtained in Ref. [8].
Unexpectedly, significant cancelations were observed be-
tween the constant and the logarithmic terms, resulting in a
small QED correction for the magnetic shielding of about
96.3 x 10712,

In this work we present in detail the derivation of the
leading QED corrections to the nuclear magnetic shielding
in hydrogenic and heliumlike systems. Most importantly, the
obtained formulas can be generalized to any light few-electron
system, which will enable the determination of nuclear mag-
netic moments with significantly improved accuracy, for
example, 1072 for ?Be from the measurement of the electron-
nucleus magnetic moment ratio [2].

II. QED THEORY OF THE MAGNETIC SHIELDING

The coupling of the nuclear magnetic moment i with the
homogeneous magnetic field B is modified by the presence of
atomic electrons according to [10]

SH=—n-B( —o0). (1)

We assume, what is particularly suited for light atomic sys-
tems, the expansion of the binding energy and the magnetic
shielding o in the fine structure constant « and the electron-
nucleus mass ratio m/my,
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The expansion terms o™ oc " are subsequently the nonrel-
ativistic shielding, the relativistic, the leading QED, and the
higher-order QED corrections to the shielding in the infinite
nuclear mass approximation. The terms o™X oc " (m/my )
are the corrections due to the finite nuclear mass. In the case of
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one- [11] and two-electron systems [9] all lower-order correc-
tions are well known, while the derivation of the leading QED
correction is presented here, using the theory of nonrelativistic
QED (NRQED) [12].

J

Within the NRQED formalism, quantum electrodynamic
effects are incorporated in a general effective Hamiltonian
[13]. For the case of an electron subjected to electromagnetic
fields E and B, this effective Hamiltonian is given by

ﬁz 7?4 0 —>2 —» o 62 1 =3
HNRQED=E—W+6A ——(1+/<)a B+8—{ B}—z m_}_QM B

where we use i = ¢ = ¢y = 1, {, } denotes the anticommuta-
tor, 7 = p — eA, k is the magnetic moment anomaly, and

o
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where rg and ry, are the one-loop electron self-energy and the
vacuum-polarization QED contributions to the charge radius,
respectively, while o, is the one-loop self-energy contribution
to the magnetic polarizability [7]. Without QED (r7 = r2p
ay = k = 0), the effective Hamiltonian Hxroep reduces to
the nonrelativistic expansion of the Dirac Hamiltonian by the
Foldy-Wouthuysen transformation [14].

When it comes to the QED parameters 7 and ey, it is con-
venient to use a photon momentum cutoff € in the Coulomb
gauge, rather than a finite photon mass u as a regulator.
It can be shown that the two quantities are related to each
other as [14]

nw 5
With this substitution, these QED parameters read
2o 2 <1nﬂ+§) )
E7am\""2¢  6)
4o m 13

Their dependence on € cancels out in the complete expression
for any physical quantity, such as the Lamb shift or the shield-
ing constant, which will be demonstrated in the following.
Although we are free to use any gauge, as HnrQep 1S gauge
covariant, we will use the Coulomb gauge, as it is the most
convenient gauge in studies of bound states.

The vector potential Ain Hyreep is the sum of the external

magnetic potential A E

oo

Ap = (11)

N =

(1+2K)o (Exn—n XE)
m?

: ‘

3\ = =
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and that due to the nuclear magnetic moment,

7
A= x5

4 (12)

Following Ramsey’s theory of magnetic shielding [10,15], we
split the Hamiltonian Hxrqep as

Hxroep = Ho + 6H, (13)

8H = 68Hy, _z_o+ 6Hy, 5,0+ 0H;, 5,
+ 8Hg, 5, + O(A7 ), (14)

where §H is treated as a perturbation to the nonrelativistic
Hamiltonian Ho, 8Hj; _z _ is independent of the magnetic

fields, (SHA Ap=0 is 11near in A,, SH _o is linear in AE,
and 8Hj_z 1is bilinear in both ﬁelds Because we are only
interested in energy corrections that are proportional to i - B,
we write

SE = (8H) +<3H mm>
= (6H; 1)+ 2< N T 3H5E2g120>
+2<8HA, AE_Oﬁ Fy - 0>+_”, (15)
where
(Eo _1H0)/ = & _Ho(l — l¢o) (o) (16)

is the reduced Green’s function, and the ellipsis denotes terms
that are not proportional to f - B and will be discarded. All
the expectation values are taken with respect to the ground
state ¢y of Hy. The spherical symmetry of ¢ then implies the
relation,

WB = — i B, (17)

which allows for a simple factoring of fi - B from many terms
appearing in Eq. (15), and the magnetic shielding constant o
is obtained through the relation E = o i - B.
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III. MAGNETIC SHIELDING IN HYDROGENLIKE IONS
WITH SMALL NUCLEAR CHARGE

A. Leading-order o and relativistic o* contributions

Let us assume an electron placed in the field of an infinitely
heavy point nucleus, i.e., AV = —7 e/(4m r)with E = —VAO,
The first derivation of the leading-order magnetic shielding for
atoms and molecules was presented by Ramsey [10]. Later,
the Dirac equation was used to calculate the shielding constant
for hydrogenlike ions to incorporate relativistic effects to all
orders [11]. In this section we rederive the nonrelativistic and
the leading relativistic correction to the magnetic shielding
of hydrogenlike ions, which, in contrast to the Dirac formal-
ism, allows a straightforward generalization to many-electron
systems.

J

The nonrelativistic shielding constant comes from the A2
term in the electron kinetic energy 7%/(2m) in Eq. (3). Thus,
the relevant energy correction is

@ e e L
E %2_<A)%_<AE'A1>
m m
o - . 7
Zﬁ(er)' g ) (18)

where the matrix elements are calculated with the non-
relativistic wave function, being the ground state of the
nonrelativistic Hamiltonian Hy,

Zo

=2
Hy=1_ 2% (19)
2m r

Using Eq. (17) we obtain the shielding constant for the hydrogenic ground state as

3m

o
PG <_

1

=3 Za). (20)

For the derivation of the relativistic correction we note that terms that are proportional to the angular momentum L vanish
because we only consider corrections to the ground state. Keeping only terms of order a*, Eq. (15) becomes

2 2 2 —4
e 5 - o es o o e” . o 1 nZa
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(Ey — Ho) \ 2m? 8m
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where B; = V x A;. This can be simplified and written in terms of the shielding constant as

w_ _ @ 1_»2 _2710( s Sta(Za)
’ 6m3<r > 3m’ ) + 9m?
2o

3wl

where the second rank tensors are defined by

e P o o8

igH? = =P 23

(r'q’) > 5 TP (23)

Using the hydrogenic matrix elements from Table I we obtain
97

@D =_"—aZa). 24

o Tog ¢ 4 (24)

This result may be compared with the correction found from
the Dirac equation [11],

4 (Z)l 1 +2 3
o=—alo)|z———F7—+————
9 3 6(+y) vy 2y-1

ezl e T e+ 2 gy
—oz(Zoz)|:3~|— 108(205) +216(Z(x) +...:|, 25)

where

y =1 - (Za) (26)

In Eq. (25) we recognize the result for ® in Eq. (20) and
for o™ in Eq. (24) as the first two terms of the expansion, as
expected.

(-
r (Eo — Hp)

FriN® 1 riri\®
}"5 E() — HQ }"3 ’ (22)

- 1 2 a(Za)
<8(r) (Eo — Ho) u > 8wl <<

57)) — (L
YT 2m\ B —Hoy ¥

B. o® QED correction without magnetic field

Before considering QED effects to the shielding constant,
let us first recalculate them for hydrogenic energy levels with
vanishing angular momentum, following Ref. [16]. The lead-
ing QED correction (Lamb shift) to hydrogenic energy levels
is obtained by splitting it into the low- and high-energy parts,

E® =E® 4+ ED. 27)

The high-energy part is the following expectation value of the
relevant terms from the NRQED Hamiltonian in Eq. (3),

3T 9 15
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TABLE I. Formulas for ground-state expectation values in hy-

drogenic systems.

Operator Expectation value
= 1 3.3
§(7) —(Za)y m
b4
ﬁZ (ZO{)Z m2
1
~- p? 3(Za)m?
’
1 1 - 3 2.3
— 8(7) ——Za)y' m
r (Ey — Hy) 27
1 1
T TR 1_52 —Zam?*
r (Ey — fllo) 3
5(7) P —y @yt
(Eo — Hp) b4
1 1
p —10Za) m*
r (Eo — Ho)
1 3
5(7) p? ~= Zay m*
(Eo — Hp) T
rrin® 1 ririN®@ 8 5
—-—(Z
() 5= () 77 @eom

14
~> Za)m?

while the low-energy part (in the Coulomb gauge) is due to
emission and absorption of the low-energy (k < €) photons,

2O _ z/
L=C o @ny2k

kK

i
N (AL
<mE0—H0—km

J

Eg>=<_ezaM§.§,)+<£<

4m2

_2ap o — el 2¢€
_3_71<;( 0 0){ n[m(Za)2:|
—In [M”E> (29)
m(Za)? m

The total Lamb shift thus becomes

4
o e mZay {g In[(Za)2] + (9 - i)

P 9 15
4
-3 ko(n)}, (30)
where
_ n _ 2(Hy—Eo) .,
Inko(n) = 2m Za) <P (Ho — Eo)In [W] >

€29

is the Bethe logarithm [14,17,18]. The In € term cancels out,
as expected.

C. o® QED correction to the magnetic shielding

The derivation of the QED correction to the magnetic
shielding in hydrogenic systems using the formalism of
NRQED was first presented in Refs. [6,7], omitting acciden-
tally some contributions due to the electron magnetic moment
anomaly. Here we present a derivation of the complete QED
correction, which is in most parts similar to that in Ref. [7].
In analogy to the derivation of the Lamb shift, we split the
correction into low- and high-energy contributions,

E® =E® +EO. 32)

where ES ) is given by

3 n )
24— —K>(v x By) - (—eAE)>

2nZ«

m (Eo—Ho)/|: 3

+2<[i{ﬁ2,a—-§}—3ez"‘xa-<ixA'E>+i{ﬁ.§,a-ﬁ}]—l (—ia-é,)>. (33)
8 m3 4 m? r3 8m3 (Eh —Hy) \ 2m

The second line in Eq. (33) corresponds to the high-energy contribution of the Lamb shift in Eq. (28), and here in addition it
includes wave-function corrections due to the magnetic fields. Equation (33) leads to the following result for the high-energy
part of the shielding,

0(5)_40‘2 §1nﬂ_ ﬂ_l (5(,7»_,_—8“2(2“) lnﬂ—i- g_l 1—1 8(7)
H 7 3m3| 3 2e 144 5 9m3 2€ 24 5 r (Ey — Hy)

4o [ 1 o’ e \@ 1 . 3Zariy
- p 8(7 — (| — S [N R TN 34
9m4<p (E()_HO)/ (r)>+ 87Tm2 ( I"S ) (EO_HO),[ P p 2m }"3 :| ( )

(g +13) 8(7>]>

Using the hydrogenic matrix elements from Table I we obtain For the calculation of the low-energy part E*), we first

define the nonrelativistic Hamiltonian in the presence of the

8 m 221 3
(&) 2 3 .
-2 In — — =22 4+ 2| 35
oy 5 a” (Za) |:n e e + 51| (35)  magnetic field,

The term 3/5 in the brackets incorporates the vacuum 2 Za

polarization. H= T (36)
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with the ground-state energy E that accounts for interaction
with the magnetic fields. The low-energy contribution then

reads
5 o
Eis)zezf d’k Sij_klkj
ke 2k 2m)3 k2

7t 1 )
(T 37)
mE—-H—k m|[g

1 ﬁ (38)
mE—-H—km

2a

dkk<
37‘[

where the subscript B indicates the expectation value over the
ground state of H in Eq. (36). Evaluation of the integral in
Eq. (38), and writing the terms with and without In€ sepa-
rately, yields

B =E) +Epy, (39)
2a 2(H—E) #
ES) = — H—-E)lhn ——— —), 40
LA 371< ¢ ) m(Z a)> >B “0)
2a 2¢
(5) _
= H-FE —_—. 41
LB 3n< ( )m>B m(Z a)? “D

We first turn to the calculation of ES; using the following
identity,

2—(H—E)— =({|—=,|(H—-E), —
m mp m m ][

4nZa 262
= 8(r)+—V><(B+BI) 7T+—(B+BI)
5
(42)
and approximate the ground state |¢) of H by
|9} = l¢o) + AE A1lgo), (43)

(Eo — Hp) m
where |¢g) is the ground state of the Hamiltonian Hy without
magnetic fields, as defined in Eq. (19). Remembering that we

only need to keep terms proportional to fi - B, we find with
Egs. (42) and (43),

£O o 2¢€ 8 Za? 35t 1 1

= —— In . V) — —

LB 30 " mZa) | 3md H (Eo — Ho) r
4JTa R

16ra - -
(Ap - (V x Bp) + o (B'Bl>:|

8 2e ) 3. =
=—h——a° (Z i - B, 44
o m(Za)za( a) o (44)
where all expectation values in the above are calculated with

respect to |¢p).

For the derivation of E L(Z) we start again from Eq. (38),
transform it now in a different way, and finally drop all the
terms including In € because they are already included in E L(?
Noting that

T =—im[F,H—E], (45)
we write Eq. (38) as
37'[ 0 m E H k m
20 [ [ k(7 (46)
371 E—H-— k

The integrand in Eq. (46) may be expanded in the magnetic
fields by writing

e 7 -
L-g+...,

—>_E

e - o
-~ IL.B—
3mr“ 2m

damr’
47)

where the ellipsis denotes terms that are not relevant for the
shielding. The first term including the external field B can be
absorbed into the nuclear charge via Z' =7 — ji - E/ (B m).
Defining Hj = p*/(2m) — Z' a/r with the ground-state en-
ergy Ej, we rewrite Eq. (46) as

B =EY +E. (48)
2 1
D=2 [Taelr —L F
37 Jo E,—Hj—k
20 (€ 1 s
EQ?:L/ dkk*\f —————— LB
37 m? 0 Eo—Ho—k

>

1 L-ji 1 _
X r)l. (50)
E()—H()—k l’3 E()—H()—k

We note that perturbations containing L do not change the
ground-state energy or the ground-state wave function; there-
fore, in E/gz we now have the ground-state energy Eq of Hy
rather than E, and the expectation value is evaluated for the
ground state |¢o) of Ho For the E\) term we get

20 (€ 1 p
E® =22 dkk _ =
Al 3w mE’ Hj—k m
4 2¢
=—aZ a)m|ln —— —Ink
3na( a) m[nm(Z’a)2 n 0:|
16 , 3. = 1 2¢
=—oa' (Z ii-Bllnkg+ - —In——— |, (51
on @GR [n”z “m(za)2} 1

where Inky =1Inko(1) is the Bethe logarithm given in
Eq. (31). Using [L, Ho] = 0 and [L?, r']|) = 27'|¢0), E)
becomes

s 42 _ - 1 1 1 .
EY) = i B dkk3 — 7
A 97 m? o (Eo—Hy—k)? r3 Ey—Hy —k
202 - d 1 1 1

- “2ﬁ B/ kb —(f e — — —————F
9 m 0 dk E —Hy—k r’ Eg—Hy—k

207 _ [ 4/ 1 1 1

= 5 - Bl e 7 =
9 m E()—H()—Gl" E()—Ho—é

€ 1 1 1
7 —3/ dk k(7 — Al (52)
0 E()—H()—kl’3 E()—Ho—k
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We expand the integrand in the first term initially in «,

1 1 Ey—H
_ 1 _ 1 EB-H (53)
Ey—Hy— ¢ € €e?
and subsequently take the limit ¢ — 0, so that
37 ! ! ! 7) = (|7, (Ey — Ho)] | S (Za) m? (54)
Eo—H0—€r3E0—HQ—€ - ’ 0 0 ’r3 - )
With the implicit definition,
TR 1 1 1 S 1 3 0 2¢
dk k=(7 — Fl=e{-)—4(Za)y m“|In —— —Ink;s |, (55
0 E()—H()—kr3 E()—H()—k r m(Zoz)z

of the Bethe-type logarithm In k3, we find

8 S 2e 1
EQ)=-—a*Za)pi-B|lln——— —Inks — = |. (56
A2 37Ta ( Ol) Hn nm(Zoz)2 n K3 3 ( )
Dropping the terms containing Ine€ in E f{) and E ;52)’ because

they are already contained by definition in E L(? in Eq. (44),
finally yields
Ef) = B +Ep)
8 > 3.0 B 7
= —a" (Za) p-BQRInky — 31nk;).
9m

The complete QED correction is now the sum E®) = E L(Z) +
E L(? +E G ), which, expressed in terms of the shielding, gives

8
o® = e o’ (Za) [m [(Za)?]+2Inky —31Ink;
T

64 + 5
It is worth comparing the above result with the numerical
values from Refs. [6,7], which were calculated to all orders
in Z « but exhibited large numerical cancelations for Z < 10.
Following the procedure in Refs. [6,7], we define the function
D(Z) through

221 3:|. (58)

o =a*(Za))D2). (59)
Using the numerical values for In ky and In k3 [19],

Inky = 2.984128556, (60)

Ink; = 3.272806545, 61)

TABLE II. Numerical values for QED contributions to the
nuclear magnetic shielding in 3He (from Ref. [8]), which illus-
trate significant cancelations. All values are in atomic units with
o™ — g,

(

and omitting the vacuum polarization term of 3/5, D(Z) reads
8 )
DZ)=5— (In[(Za)™?] —7.303288) + O(Z ). (62)

The term O(Z «) indicates that we estimate the error of our
result to be of the order Z«. Numerical values for D(Z)
calculated to all orders in Z « in Refs. [6,7] are shown as dots
in Fig. 1 together with the present analytic result of Eq. (62)
(solid line). The analytic curve for D(Z) from Refs. [6,7] is
shown as a dashed line for comparison. We conclude that the
present analytic result is in good agreement with the numerical
calculations. The small differences are explained by the fact
that our approach is valid only up to O(Z o).

D. Recoil correction

Contributions to the magnetic shielding due to the finite
nuclear mass have been derived in Ref. [20]. The nonrelativis-
tic recoil correction is known to all orders in m/my, and the
lowest-order terms relevant for this work are given by

Za? (11—
CRI e ( gN—l)ﬁ, (63)
3 gn my
2 2
6(2,2)=Z(x <1+Z2+3gN_21_gN>m_2,
3 2gN 8N ny

(64)

TABLE III. Contributions to the shielding constant ¢ x 10° for
'H, *He™", and 3He (from Ref. [8]). Quantities that are preceded by
“4” represent the uncertainties. o ®?(He) is estimated to be between
o@Y(He") and 2 0>? (He™). The relative uncertainty of the finite
nuclear mass correction o is estimated as 2 m/my of 0. 0© is
partially known [see Eq. (25)], but we expect cancelation with the
radiative correction, so we estimate the uncertainty originating from
this contribution as (Z a)> o ®.

'H SHe* *He

Contribution Value

a?® 17.750 451 5 35.500903 0 59.936 770 5
a1 33.750 67(2) o® 0.002 546 9 0.020375 1 0.052 663 1
G2 —48.007 69(14) o® 0.000018 4 0.000 082 0 0.000 096 3
GRo 70.054 125 1(2) o@D —0.017 603 7 —0.013933 4 —0.022 5115
Gp1 —55.342 119 09(14) o2 0.000 022 7 0.000 007 1 0.000 010 7(36)
o 4.188 033 454(7) o@D + 0.000 002 8 =+ 0.000 007 4 4+ 0.000 019 2
6p3 0.011 67(3) c® =+ 0.000 000 1 =+ 0.000 004 3 + 0.000 011 2
&® 4.654 69(15) o x 100 17.735 436(3) 35.507 434(9) 59.967 029(23)
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—1.0 1

FIG. 1. QED correction to the magnetic shielding expressed
through the function D(Z) in Eq. (62). The solid line corresponds
to the analytic result obtained in this work, and the shaded area
corresponds to the estimated error of the order Z ««. The dots show
the numerical results from Refs. [6,7], which were calculated to
all orders in Z «. For comparison, the previous analytic result from
Refs. [6,7] is shown as a dashed line.

where the nuclear g factor is defined as

my u 1
Zm, uy I’

gN = (65)

In Eq. (65), m,, is the proton mass, (i is the nuclear magneton,
and p and [ are the magnetic moment and the spin of the con-

J

sidered nucleus, respectively. We note that the nuclear g factor
used here is defined analogously to the electronic g factor
and is thus, in general, different from the standard definition,
except for the proton. Consequently, the interaction of the
nucleus with a magnetic field is given by —ey gn/(2my) T - B,
where ey is the charge of the nucleus.

E. Total result

The total magnetic shielding for hydrogenlike ions in-
cluding contributions up to order «’ is [Eq. (25) of
Ref. [8]]

vzo+ L azay
= Oé o 108(X o

8
+ 9—a2 (Za) [m [(Za)?]+2Inky — 31Ink;
T

221 3 Za? (1 —gy m
-+ |+ — —1)—
64 5 3 8N my
Za? 243 1-— 2
L 2o (1+Z t3gv 5 gzv>m_2' 66)
3 2gN 8N My

Numerical values for the cases of 'H and *He*, following
Ref. [8], are given in Table III.

IV. MAGNETIC SHIELDING IN HELIUMLIKE IONS WITH SMALL NUCLEAR CHARGE

We now go one step further and study the nuclear magnetic shielding in heliumlike systems. The generalization of the
Breit-Pauli Hamiltonian to the two-electron system is (see, for example, Ref. [21])

2
Hgp = ZHa + Hp», (67)
=2 -4 2
g b Zuo e " e 1 q
Ho=—t_Ta 2% ° ( Byt —— B — = — B
om  8m gy 2m TR0 +8 (7 J 2<4m3+“M> a
2nZa( 3 124 5(7) + Za (14263 Py X Tg
V r Fq o K)Og -
3 4m2 T E 4m? r3
ex . - . . e 3k S
+F{ﬂa'3avo—a'na}+6_m(ré+r\% _F>(vaXBa)'7Tav (68)
H o 4maf 3 i +1 5(F) — o 8”+rirj ; 27ma 5., 5(F)
= --—|— —r 71 — | — -G, 8(F
12 3 \4m 2w 2\ T )T B ’
iaj ij rir] o ... R,
+47(1+ ) S 37 +m[2(]+K)(Ul'(VX772)_U2'(rX7Tl))

+ (1 +2K)(az L x ) =61 - (F X ﬁ1)>],

(69)

Where 7 =7 — 7. H, corresponds to the one-electron NRQED Hamiltonian given in Eq. (3), and the QED parameters «, r%,

Vp, and oy, are given in Egs. (4), (9), (6), and (10), respectively. Note that Hgp can be naturally generalized to any number of
electrons, and thus the generalization of QED theory of shielding to arbitrary light atoms is more or less straightforward. The
magnetic shielding in helium has already been studied in Ref. [9], in which the complete result for the relativistic correction
was derived, together with the leading logarithmic QED contribution. In the following sections we present the derivation and
numerical calculation of the complete QED correction.
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A. Leading-order o and relativistic contribution o*

The leading-order nuclear magnetic shielding can be directly deduced from the hydrogenlike case because it is simply the
sum of the leading contribution from the two electrons,

1 1
@ =2 (=4 ) (70)
3m\n r

The expectation value is taken with respect to the ground state |¢) of the nonrelativistic Hamiltonian Hj,

=2 =2
Za Zo o
Hy=2L P 2% 29, % (71)
2m  2m r r r
For the derivation of the relativistic correction, we start from Eq. (15) and neglect all the QED corrections,

6‘2 2 ez N o o -
E(4)=<Z|:_4m {paaAEa Ala}_ Bla'B_Z_H/ﬁ{pa'AE,a»pa'AI,a}}

a

L (AP P
2m2 T 3 ) A, AR AL)
+2(Y C Koo K| 3 Pu + 22 50| - Z2 507
- a’ a — 7y — 5
— [ m " By —Hoy | &~ | 8m3 T 2m m?
o Y ripd . 21
j S o oo
) m”'<7+r—s>”2‘ 3m2 7! '“2‘“”}>
e > e o 1 -
2 [__qa.Aa___'a'Ba:I ,Pa - AEq
+ <Z m Pa a5, Can PL (Eo—Ho)/{Xa:I: {Pa P Anel

e ., _ = eZa Fa o ea (8Y  riyl
+ 8m* {p37 B}_ 4]’}12 Oq -+ <I"—§ XAE,H)} + 2m2 <_+ )(AE ]p2+p1AJE 2)
a

r

e

— 5 |8+ 5) - x Apo) = G128 (rxAE1>]}> (72)

where ), denotes a sum over a = 1, 2. Because the helium ground state is a singlet state, we have for the expectation value of
spin-spin terms (o oj) = —8'/; thus, o® becomes

77T -7) -
a<4>—12mz<[ }( 3 )> m3z< +_+4”(ra)>
20 1 nZa pa (SU rl.rj .
Sl [z B )

o L 1 1(ﬁzz+qzz)+ 1 _,_|_1ﬁ - 5 G (1 + Br)
al|l—-r X — 7 X —F XPHh|—=-
m3 Eo—Ho P L1+ PpyLa , 1 P2 , 2 X D1 1 2 3 D1 P2

1 p: P} Za Za o
S(F) — 8 pp_p_ 2 2% &
<”( (1) = 82— [ w3 T3, 3p iR

2 i AN i i icd @
o rr AT 1 rr rAr rr +r
_ ]51 _ 252 7 ]%1 -7 232 + (1 2) . (73)
8m3 " r Ey — Hy r r; r3

This result reduces to the hydrogenic case, Eq. (24), after removing the terms that involve the second electron.

B. «° QED correction in He without magnetic fields

We rederive here the helium Lamb shift following closely the former work [16], and for this we use the generalized Breit-Pauli
Hamiltonian in Eq. (67), which accounts for most of the QED effects. The helium Lamb shift is split into the radiative correction,

in which a photon is emitted and absorbed by the same electron, and the exchange one, where a photon is exchanged between
the two electrons.
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The radiative correction is split into the low- and high-energy parts E ;2) +E .Si) The low-energy part in the electron self-energy
Egy is [see also Eq. (29)]

2 062 €

Eg = 3 / dkk<131 ——— D > + (1 - 2), (74)
3rm? Jy

where the term (1 — 2) is identical to the first one but with electronic indices 2 instead of 1. This expression is linearly divergent

in €. Because after expansion in o, one goes with € to 0, the linear term can be subtracted out, but the logarithmic term stays.

After k integration, E éi) takes the form,

200 .,
B =S (P o= B0 n

2 2(Hy — E 47 o 8a
=[— a2<ﬁ1(Ho—Eo)1n<%> >+(H2)} [ L B + 8(G)) — <5( )>]

)+ =2)

75
3nm 3m? (75)

When combined with the low-energy part from the photon exchange, it will form a Bethe logarithm for the helium atom.
The high-energy part EéH is obtained from the generalized Breit-Pauli Hamiltonian in a similar way as for hydrogenic
systems, namely

2nZa . 7« 1 K . . R
ES‘-I) = Z (Vé +l’3p) (8(ra)) — (Vé + —r3p+ %0’1 -0'2> (6(7))

— 3 3 >
Zo? (10 4 4 L 10 4 4 )

where 10/9 comes from the electron self-energy and 4/15 from the vacuum polarization, and the last term (—2) is from the
spin-spin interaction.
We now move on to the exchange terms. The single transverse photon exchange diagrams lead to the correction,

Lk - 1
(5) s _ ik-Fy J 7lk ) H. 77
/(2n)32k< [ ><ple Ey—k—Hy ?¢ >+ “ an

which is split into the low- and middle-energy parts E}S) = Eis) + Ej; ). The low-energy part Eis) reads

T3 ). Cry2k\P By —H, —k P <

3721“ (1 (Ho — Eo) In (5= ) o) + (1 < 2

2
:[_32a <pl(H0_EO)1 (2(110 2E0)> >+(192)}+§“_ 2_62(5(;)), (78)
T m mao mao

The middle-energy part is obtained from Eq. (77) with the condition k > €, which allows us to perform the following expansion
of the denominator in Eq. (77):

SR S L L2 (79)
Ey—Hy—k  k k2

The first term gives an energy correction of order m o* and is already included in the Breit Hamiltonian. The next term contributes
at m . The following terms denoted by ellipses are of higher order and are neglected. Due to this expansion, the middle-energy
part becomes

ES = (s _ &k 81 — KK <pi ¢~ (Hy — Eo) p) e‘fE'72> + H.c (80)
M T2 J. Qr)2K3 k2 ! 2 "
The matrix element can be further rewritten as (7 = 7, — )
R P _iir B . o .
e {50 =B, e ) ([ T2 )
and the middle-energy part becomes
2 3 i
d’k . k kJ P T
=5 [ s (- L) 2. :
T f . Qrp 2k @ )\ ey (82)
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After k integration we obtain

P =2 (G )+ 5 (G ) e
By = 37 P (mar)’ 3 m?\3 ]nm(x 0, (83)
where

(¢|P< )|1ﬂ —11m/d3r¢> (r)|: @(r—a)+47r5(r)(7/+lna):|1/f(r) (84)

The double transverse photon exchange, namely the double seagull E S(S ) and the hard two-photon exchange E ) are considered
together because they are not affected by the presence of the magnetic field,

5 2
EQ +EY = 22 <p( ! >> ¢ <8ln2—%—21na>(8(7)). (85)

2 (mar)? m2 \ 3

The complete helium Lamb shift E® is the sum of the terms E(S) + ESI) + Eés) + ES) + Egs) + E(S),

164 14 2 19 4a°Z
E® :[ +—1n } :? (8(F) + [30 + In(a _2)} 3am2 (8(F) + (7))

15 3
14 1 1 2a
Tz e <EP((mar)3>>_ 3 m? M, (86)
where
2 (H, E
M =<(l71 + p2) (Hy — Ep) In M( P1 +P2)> =2maZ{5(F)+ () Inko, 87)

and where In & is the Bethe logarithm for the helium atom.

C. o’ QED correction to the magnetic shielding in He

We derive here the leading QED correction to the shielding, bearing in mind the derivation of the QED correction to energy
from the previous section. We therefore split the QED correction o® as

o® = opy + oy + oy, (83)

where op is the Lamb shift E®) with the wave function corrected by the leading shielding, oy is the high-energy part beyond
opo, and oy, is the low-energy part. The correction to the wave function is [see Eqs. (43) and (86)]

203 /1 L 1 164 14 5)
opp=——=\|—"FT—)————1| — + 5 h«a 7
=33\ ") EBe—Hyy |\15 T 3

5 1 H\4Z . 7o m? 1
+ (- — 5+ )>T [8(7) + 8(7”)] — P( )}> (89)

6 6w (mar)?

The high-energy part Ej is directly obtained from the generalized Breit-Pauli Hamiltonian,

e’ 3k o .
EH:Z<—e2aMB B,a—@<rE+rvp 1 2>AEa (vaxB,,a)>

a

eK - 1 e - e -
7 — 5 . B 2,—» B 5, B.5, P
w25 2.7 ””(Eo—Ho)'{;[SmS{”“ G- Bt g (P B 8 i)

3eZa o - eqa
a2 0 '(7 XAE,a>i| e 3[(2<71-|-<72) (FxApy) — (26, +61) - (rXAEl)]}> (90)

Ta

This can be expressed as the following correction to the shielding constant:
Oy = 0y + 0y + 0p3,

. a?(20 m 301 4
=2

op = — 3 nz—ﬁ“‘ 15><5(71)+5(F2))

032808-10



QED THEORY OF THE NUCLEAR MAGNETIC SHIELDING ... PHYSICAL REVIEW A 105, 032808 (2022)

{660 - 562 Ah 4k Ze Za @ g g
opp = — ——=((8(F) — 8(F — = — 4+ — — —F-(+7R)|)
B2 3m3 ! 2 Ey—Hy|3m 3m r s 3r3 b
o ) o o o ; @)
3a? el ) 1 r r{ réré r (r{—i—ré) 2 o o
Oy = — - Z —Za +a +—\p - P ) 91
B3 167Tm3<< r r ) EO—HO( * r r3 373 3m(p1p] pzpz)) Oh
‘We now turn to the low-energy part. Analogously to Egs. (38) — (44), we have
L /Edkk(* A (1 4+7)) = Eu+E (92)
= T+ ) ——— (G + 7 = ,
L= 3 A 1 Dy 2 i LA LB

where (.. .)p denotes the expectation value with respect to the ground state with energy E of the Hamiltonian,

#2 #7 Za Za «

H= £ 4 93
2m+2m r r +r ©3)
and where
2a . . 2(H—-E) -
Eq=— (G + 7)) (H — E)In ——— (711 + 7)) (94)
3rm mo B
o 2¢ . - -
Eip = > In——([7 + 72, [H — E, 711 + 7211}
3am ma
252 [Py 45+ S22( L+ D)+ 8 95)
= . — 1n —_— r I _— — —_ | r T .
s R ) : ? 9 r ' r)(Eo—Hy ?
We thus obtain
2¢ 20 R
o = In = —(8(F)) + 8(F2)), 06)
ma* 9

in which we have dropped the terms already included in ogy. We observe that the divergent terms in Eq. (96) cancel with those
in oy,

op1 = 0g + oL, 7

as expected.
Equation (94) is only a formal expression for Er4, and it needs to be expanded in the magnetic field. For this we rewrite Ej4
in the form,

2af 3, 2H-E)
Epn=—=((A+R)H-E)yIh———F + 7)), (98)
37 mo 5
and the Hamiltonian H as
1 - - _
H=Hy+—p-BU - L. B———p-0, (99)
3m 2m dnm

where L' = L + L}, U = a/ry + &/ry,and U' = Li /r; + L} /r3. We note that L|¢o) = 0 and (U’) = 0. The fact that U'|¢) #
0, in contrast to the hydrogenic case, makes the evaluation of E;4 more complicated for the helium atom. Following the
hydrogenic case, E7 4 is split again into two parts,

Ersa =Ea1 + Exo, (100)

where each part comes from different perturbations. The first part due to 1/(3m) i - BU is given by

2a Lo 3, 2(Ho—Eo) ., | | 2a
Opl = — _SU (I‘] +r2) (H() —E()) In—— (rl +I‘2) = DA] lnkAl’ (101)
on ma? T m?
where
Dy = —4n7 Z<U —/(5(771)+8(f2))>+2n a(8(71) + 8(r2)). (102)
(Eo — Hp)

A detailed derivation of In k4, is presented in Appendix. The second part is due to perturbation from the two other terms in
Eq. (99),

o’ . 2(Hy—Eo) _ | .
=g aL,-aU,»<(r1 +72) (Ho — Eo)*In == (7 + r2)> (103)
T m mao
O[2
= - (1 4 3 Inkpz) Do (104)
97 m?
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where

Dap =87 (8(71) + 8(72)). (105)
A detailed derivation of In k4, is also presented in Appendix.
The final result in atomic units and using the notation o™ = o™ is
6O =6y + 61 + G2 + Gp3 + Gar + G, (106)
w0 = 2 ([~ + — )| Z( 2 i) )56 + 5630 + (2 + 2 e )o) - ()]}, o)
Gpo==-\[—+— ) —=———| = = +In(x 3 2 — 4+ —Ina )5(®)— —P(=)|)
P 3\\n T ) B —Hoy | 3 \30 : : 153 67 \r
20 1361
5p1 = (| — In(@™?) — —— )(8(F1) + 8(R)), 108
Gp1 <9 n(a™") 540>( (F1) + 8(72)) (108)
i = — | () — b ———| 2= - L L LG (109)
0, = —_—— —_ —_— = —_—— —_—— _——— .
A R 7 R R PR
N ) . S @

N 3 rirl 1 rir rhry  rri ) 2 o

- _ _ 7 — i, pl - ppl , 110
o8 16n<< 5B ) E-Hl n = 37 T3 ) (10
- 2
a1 = — Da1 Inkyy, (111)

¥4
1

Gar = “on Daz (1 43 Inkay). (112)

This result for o> forms the complete expression for the QED corrections of order &’ in the infinite nuclear mass limit for

heliumlike ions.

D. Recoil correction

Contributions to the magnetic shielding in helium due to the finite nuclear mass are given by [9,20]

gen_ e (L 1\ 1 A\, U d-swfiv
3m r rn (E()—H())/ mpy 3m ZgN mpy
o 1 711 ﬁa
— (A X P+ 7P X P) —— — X —), 113
+3m<(r1><pz+rz><p1)E0_H02a:n3 mN> (113)
where py = —p; — p» is the momentum of the nucleus and gy is the nuclear g factor defined in Eq. (65).

V. SUMMARY

We have presented the derivation of the leading
quantum electrodynamics corrections to the magnetic shield-
ing for hydrogen- and heliumlike atomic systems. Our results
for hydrogenlike ions are in good agreement with the direct
numerical calculations of Refs. [6,7], and we note significant
cancelations for the low-Z systems like 'H and *He ™. Similar
numerical cancelation of the QED correction is present also
for *He, as shown in Table II. One may therefore conclude
that QED effects to the nuclear magnetic shielding are not
significant for low-Z systems.

The numerical results for all the contributions to the
nuclear magnetic shielding for 'H and for the particularly
important cases of *He™ and *He are shown in Table III. The
overall uncertainty of the obtained shielding constants is well
below 10~'° and comes exclusively from the unknown higher-
order terms in o« and m/my. The finite nuclear size effects
have been omitted here as they are much smaller than the
overall uncertainty; nevertheless, they may become significant
for heavier elements.

(

The most important, however, is the fact that the conver-
gence of the expansions in the fine structure constant « is
very rapid for low-Z systems, which justifies our approach
based on NRQED theory. This is the only approach that allows
for the rigorous estimation of uncertainties in the calcula-
tion of the nuclear magnetic shielding (as well as of binding
energies), in contrast to methods which are based on the
Dirac-Coulomb-Breit Hamiltonian. This NRQED method can
be applied to other elements, which may lead to the improved
determination of magnetic moments of other nuclei. For ex-
ample, the measurement of the electron magnetic moment to
the shielded nuclear one in ° Be™ is accurate to 107° [2],
allowing for the determination of the °Be nuclear magnetic
moment with the similar 10~ accuracy, which is much higher
than presently known [22,23].
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APPENDIX: BETHE-LOG-TYPE CONTRIBUTION

We will use atomic units throughout the Appendix for simplicity of formulas. Equation (94) is only a formal expression for
E L(i), and it needs to be expanded in magnetic fields. For this we have to return to the integral representation [compare Eq. (46)

and the following derivation],

Ef) = (71 + 7z)> , (A1)

€

1
= | dkiF + 7)) ————
< ), <(71+r2)E_H_k ;
where in the above integral it is assumed that in the limit of large €, the linear and In(2 € /(m «?)) terms are dropped.

The first part 6,4, due to the perturbation 1/3 i - BU from Eq. (99), is given by

) 2 3 .-
&) = — = 8u((Fi + ) (Ho — Eo)* In[2 (Hy — Ep)] (71 + 7))
9w
2
= -5z Su((P1 + P2) (Ho — Eo) In[2 (Hy — Eo)] (1 + P2))
2
F14
where
Ny = fedkff“, (A3)
0
fAl _k|:2<U;(" + B );(_’ +p )>
B (Eo—Hoy ' TPV B —H, —k TP
1 1
+ <(ﬁ1 P g U O g P ﬁz)>]- (A4)

Changing the integration variable to t = 1/+/1 + 2k, N1 can be rewritten in the form [21],
1 Al Al Al (2
t) — — t
NA]Z / dtf () J;()3 f2 , (AS)
0

where fg“ and f{“ are first terms in the small ¢ expansion of 4!, namely

o = - 2<U (Fo—Hoy (P1 +ﬁ2)2>, (A6)
M= — 2Dy, (A7)
where Dy, is defined in Eq. (102). It is more convenient, from the numerical point of view, to consider the ratio,
Nai
Inky = Day’ (A8)
and the 6;51) low-energy contribution becomes
~(5) 2
G, = P Da1 Inky. (A9)

Inky; and Inky, calculated below, similarly to the standard Bethe logarithm In ky, exhibit the striking property that they only
weakly depend on the number of electrons (see also Ref. [24]). Table I of Ref. [8] presents their accurate values, which differ
only slightly from the corresponding hydrogenic limits, which are also shown in this table.

The second part is due to perturbation from the two other terms in Eq. (99),

1
53 = —— 8udui(( + F2) (Ho — Eo)’ In[2 (Hy — Eo)] (Fy + 72) (A10)
9w
—om [k [o (v o ) 1+
9w 0 E()—H() ! 2 E()—H()—k E()—Ho—k ! 2

i ; 1 . 1 : 1 . .
2 J J U Li J J All
2l g s Y e )] (A1

1 [€ , ‘
— dkk3ie”k[2<U’

- 1)

oh+)

Ey — Hy (Ey — Hy — k)?
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; ; 1 . 1
o (I j U k4 .k Al2
) g e ) A2
1 € d . 1 . : 1
=—ie’ | dki®—|2(U' —— (H +7r) ———— (1 +7
or '€ /0 dk[ Fo — Ho (r1+r2)E0—Ho—k(rl+r2)
A A 1 , 1
J Ui k ok Al3
+<(r1+r2)EO_HO_k EO_HO_k(r1+r2) (A13)
1
= 9_7_[(CA2_3/\/;&2)» (Al4)
where
Car = lim ie* e [2(U _ (rj—i—rj) _ (rk—i—rk)
A2 €—>00 Ey — Hy ! 2 Ey—Hy— € : 2
; ; 1 . 1
J J Ul k k
+<(r1+r2)EO_HO_6 EO—Ho—e(r1+r2)
= — Do, (A15)
and
€
Nip = lim / dk 4%, (A16)
- 0
- ij i 1 j j 1
Jaz =lefkk2|:2<U BT (rl +1r3) Bk (r{‘+r’2‘)>
; i 1 , 1
J J Ul k k , Al7
+<(r1+r2)Eo—Ho—k B k1t A1

where Dy, is defined in Eq. (105). Changing the integration variable to r = 1/+/1 + 2 k, Nx» can be rewritten to the form,

1 A2\ _ FA2 A2 .2
NA2=/ A {03 iy (A18)

0

where féu and 5‘2 are the first terms in the small ¢ expansion of 42, namely

w2 2y (Fi X Do+ T2 x p1) ) +2 noh (F1 + ) (A19)
o= Eo — Hy 1 X P2 2 X P1 r13 r; 1 2) )
42— 2Dy, (A20)
It is more convenient, from the numerical point of view, to consider the ratio,
Naz
Inky = —/=, (A21)
Dp
and the 613) low-energy contribution becomes
~(5) 1
Opp = — 9—]_[ DAz (1 +31In kAz). (A22)
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