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Experimental violations of Leggett-Garg inequalities on a quantum computer
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Leggett-Garg’s inequalities predict sharp bounds for some classical correlation functions that address the
quantum or classical nature of real-time evolutions. We experimentally observe the violations of these bounds
on single- and multiqubit systems, in different settings, exploiting the IBM Quantum platform. In the multiqubit
case, we introduce the Leggett-Garg-Bell’s inequalities as an alternative to the previous ones. Measuring these
correlation functions, we find quantum error mitigation to be essential to spot inequalities violations. Accessing
only two qubit readouts, we assess Leggett-Garg-Bell’s inequalities to emerge as the most efficient quantum
coherence witnesses to be used for investigating quantum hardware, among those introduced. Our analysis
highlights the limits of current quantum platforms, showing that the above-mentioned correlation functions
deviate from theoretical prediction as the number of qubits and the depth of the circuit grow.
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I. INTRODUCTION

As the effort to build fault-tolerant quantum computers
increases, the need for efficient benchmarking and character-
ization of these devices becomes more and more apparent.
Several studies have been realized in the direction of gauging
current noisy intermediate-scale quantum (NISQ) devices [1]:
some of them focus on the analysis of the entanglement
behavior of these systems and ways of measuring it [2,3],
while others propose new efficient entanglement detectors
to be used in experiments [4—6]. In this work, we want to
exploit Bell’s-like inequalities in time, dubbed Leggett-Garg’s
inequalities (LGIs) [7,8], to test the quantum coherence of a
quantum hardware. The availability of the open platform IBM
Quantum [9] gives us the opportunity to carry out a rigorous
study of its performance, highlighting, at same time, the power
of LGIs as a witnesses of quantum coherence, applying them
to real-world experiments.

A plethora of experimental tests of LGIs, and similar
conditions, have already been performed on two-level sys-
tems [10-12] as well as more complicated experimental
setups such as photonic systems, phosphorus impurities in
silicon, superconducting devices, and nuclear magnetic res-
onances [13-19]. However, while numerical computation of
LGIs to assess the quantum coherence of an open quantum
systems has been carried out in the past [20,21], their investi-
gation along the real-time dynamics of quantum hardware has
rarely been considered as a topic of study [22,23]. As IBM
Quantum becomes more popular [24-26] and its performance
improves [27-29], we gauge it as the perfect remotely pro-
grammable playground for analyzing the prowess of LGIs in
detecting quantum coherence [30-32].
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Understanding the frontier between quantum and classical
mechanics and how the latter arises from the former are open
problems and vivid topics of study. Following the flood of
studies about how macroscopic quantum coherence could be
realized in the laboratory, Leggett and Garg wrote Bell’s-like
inequalities that test correlations of the same system measured
at different times, in contrast with spatial Bell’s inequalities
that put constraints on the correlations of spatially separated
systems [7,8]. The starting point of the LGISs is the definition
of macrorealism. This is contained in a small set of principles
which have been phrased as follows: (i) Macroscopic real-
ism per se (MRPS): a macroscopic object with two or more,
macroscopically distinct, available states is, at any given time,
in a definite one of those states. (ii) Noninvasive measurability
(NIM): it is possible, in principle, to determine in which of
these states the system is, without any effect on the state itself
or on the subsequent system dynamics. When one of these
assumptions is not satisfied, one may assert that the system
cannot be described by a macrorealistic theory, i.e., a theory
which adheres to our intuition of how the macroscopic world
should behave. Thus, assuming a quantum theory as the only
alternative to a macrorealistic theory, LGIs can distinguish
between classical and quantum systems.

In calculating LGIs, one considers consecutive measure-
ments on a single system at different times and assumes NIM
to hold. A heated argument which rises from this assumption
is the so-called clumsiness loophole. This argument can be
summarized as follows: Observing a LGI violation, a skeptical
macrorealist might always appeal to hidden invasiveness of
the measurements to explain the violations, since it is impos-
sible to conclusively demonstrate that a physical measurement
is, in fact, noninvasive [33]. The analogous loophole in Bell’s
inequalities is the communication loophole [34], which can
be solved assuming that the measurements are sufficiently
separated in space so that one measurement cannot influ-
ence the other. This is commonly known as the principle
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of locality [35]. As an effort to go beyond the clumsiness
loophole in LGIs, a hybrid version of the LGIs has been
investigated [36—38]. These conditions, called Leggett-Garg-
Bell’s inequalities (LGBIs), extend LGIs as both temporal and
spatial Bell’s-like inequalities [36—39]. They assume the mea-
surement of spatially separated parts of a system at different
times so that the principle of NIM may be substituted by the
principle of locality [35].

In general, most of the experimental tests of the LGIs
conducted so far suffer from the clumsiness loophole [33]
and it is still an open question whether loophole-free Leggett-
Garg’s protocols can be constructed. In the only cases in
which LGIs have been implemented on the IBM Quantum
architecture [22,23], to the best of our knowledge, the authors
circumvent the problem of NIM by use of an alternative
witness. They introduce a condition that defines a “clumsy
macrorealism” which embodies the possibility of modifica-
tions of the state of the system after a measurement and
discuss its properties in several settings.

Also, in the case of LGBIs, for the principle of locality
to hold, one may observe that the parts of the system which
are measured should be infinitely distant or distant enough
according to the Lieb-Robinson bound [40], a condition which
may not be satisfied in the settings we are interested in.

In this work, we will not discuss these technicalities in
detail; nevertheless, we believe our work may stimulate the
search for generalizations of LGIs and LGBIs where the
NIM-locality assumption can be relaxed. For a more detailed
treatment of the loopholes of both LGIs and LGBIs, we en-
courage the reader to consult Refs. [23,41] and references
therein.

Evidently, quantum hardware may benefit from quantum
coherence witnesses, such as LGIs and LGBIs, acting as a
benchmark of their proper functionality. At the same time,
investigating theoretical bounds of correlation functions on
experimental setups is quite interesting on its own, from a
fundamental standpoint. With this in mind, we first introduce
LGIs and LGBIs; then, we discuss the prototypical example
of a single qubit (spin-1/2), evolving under a unitary dynam-
ics, comparing the experimental results against the theoretical
ones. We measure the LGIs for one of the IBM Quantum
transmons, which plays the role of a quantum qubit, evolving
with its own dynamics, experimentally showing the effects
of decoherence on the hardware. This allows us to roughly
estimate the value of the coherence time (75) of the transmon,
in agreement with the nominal value for the processor used
and the effective dynamics which describes it. Moreover, we
investigate multiqubit systems, calculating LGIs and LGBIs
in different settings. We observe LGIs and LGBIs violations
in several experimental setups, addressing the quantum coher-
ence of the hardware in the timescales investigated. Finally,
we apply LGBIs to a many-body example, namely, the trans-
verse field Ising model, to show that the performance of the
hardware worsens with an increasing depth of the circuit. This
result allows us to elaborate on the quantum coherence of IBM
Quantum processors in the case of multiqubit computations
and draw our conclusions. Error mitigation is exploited during
this work to improve the performance of the readouts of the
IBM Quantum processors. We observe that such procedure
is essential to witness most of the inequalities violations we

address, thus showing the limits of the hardware and the power
of LGIs and LGBIs alike.

II. LEGGETT-GARG’S INEQUALITIES

Leggett-Garg’s inequalities predict thresholds for classical
correlation functions which can be violated if the system
behaves according to quantum mechanics. Their definition is
based on the concept of macrorealism that is encoded in a set
of assumptions which a classical system must stick to [8,41].
Based on the assumptions introduced above, Leggett and
Garg derived Bell’s-like inequalities that any system behav-
ing “classically” should obey. Violations of these inequalities
provide evidence of quantum behavior of a system if it is
accepted that the alternative to classical theories is quantum
mechanics. In Appendix A, we present a detailed derivation
of the LGISs, according to [41], for the sake of completeness.
Here we introduce the basic details and show the inequalities
we will use for the remainder of the work.

Let us define a classical dichotomic variable Q which can
assume values +1 or —1: Q(t;) = Q; stands for the measure-
ment value of the observable at time #;. We denote with P;(Q;)
the probability of obtaining the result Q;. The correlation
function C;; is written as

Ci= Y. QP01 0), (1)
0i,0;=%1

where the subscripts of P remind us of the times at which the
measurements are performed. Assuming the principle intro-
duced before to hold, one can prove that

Ks=Cp+C3—-Cz, -3<K<1;
Ki=—-Cpp—Cy3—Cis, -3<Kj<1;
K¥'™ = —Cn+Cun+Cs, -3<K<L (2

These are all the conditions of the possible different cor-
relations functions one can derive at third order, namely,
performing three measurements in time, t; < t, < 3.

Even though LGIs are not necessary conditions to assess
the quantum coherence of the time evolution [42,43], they
have been successfully utilized to address this problem in the
study of open quantum systems [20,21].

III. LEGGETT-GARG-BELL’S INEQUALITIES

Leggett-Garg’s inequalities can be computed on any kind
of systems as the only prerequisite is the definition of a
dichotomic variable. Taking into account a large ensemble
of qubits, it is possible to exploit them considering a global
variable, e.g., total angular momentum or spin, as done in
Refs. [44,45]. From an experimental point of view, it may
lead to bigger errors in the computation as it implies the
readout of all the qubits. Remarkably, it is possible to take into
account different inequalities that circumvent this problem.
The rationale behind this extension is to substitute the NIM
postulate with the one of locality as anticipated before. In this
framework, measurements are made at different times and at
distinct locations, so that locality can be invoked to justify
noninvasiveness. The analytical derivation of the inequali-
ties is equivalent to the one of the LGIs where the second
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measurement is performed on a different location. Here we
define the correlation function C/}” as

cif= 3 olgir(el. 0f), 3)

04 0F =1

where the subscripts i, j denote the times when the mea-
surements are performed and the superscripts A, B are two
spatially separated locations. Considering macroscopic real-
ism and “Bell-macroscopic locality,” one gets [38,39]

L=CY+C5—C, -3<B<L
Ty =—Cjy —Cy —CY, -3<TH <L

o OB, 3T @)
at third order, i.e., considering three time instants.

The introduction of the LGB’s correlation functions T will
be very useful for us in the context of gauging IBM Quantum.
In fact, since they involve the measurement of only two qubits
but intrinsically take into account the spatial degrees of free-
dom of the system, they might be a valid alternative to LGIs
on multiqubit systems.

IV. SINGLE-QUBIT EXPERIMENTS
A. Time evolution of a single qubit

The starting point of the investigation of LGIs would nat-
urally be the canonical example of a qubit evolving under the
Hamiltonian

I'co,

2 9
where TI'; is the qubit frequency (we set /i = 1). It can be
used both as an introduction to how LGIs work and can be
interpreted, as well, as a first benchmark of the IBM Quantum
hardware. The analytical calculation of the LGIs for a two-
level system is straightforward and proceeds as follows. First,
we choose Q = o, as the dichotomic operator taking values
=+1 if the z component of the spin of the qubit is up or down.
Second, since the evolution operator,

H =

®)

Txox
5t
)

U@f)=¢e"' (6)

is a simple rotation around the x axis, the correlation C;; takes
the analytical expression [41,46]

Cij = COS Fx(fj — ). 7

If we sett3 —t, =1, —t; = 7, we can express the functions
K3, Kj, K¥*"™ in terms of the time difference between the two
measurements:

Kz =2cosI'yt —cos2I',T,
Kj = —2cosT,t — cos 2T, T,
K}*™ = cos2I',t. (8)
These functions oscillate in time and violate the inequalities
only for certain values of 7. The quantities in Eq. (8) are
plotted in Fig. 1 as continuous curves. As shown in Fig. 1 and

observed in Ref. [47], K3 and K} appear to be complementary:
one is violated when the other is not, and vice versa. This

Ci2  |o)

—— [¥(t3))

U A [4(ts))

Cis  |¢o)

Coz  [to) ——U — AU —:5y— [¥(t3))

i to t3

FIG. 1. Top: LGIs as a function of the time difference between
two subsequent measurements (circuit depth 7). The curves show
Ks, K, and K™, according to Eq. (8). The violation threshold is
marked by the solid black line. Markers are experimental results;
solid lines are theoretical predictions. The error bars are not visible as
the statistical error is about 1072, Bottom: Diagram of the evolution
and the measurement scheme.

complementary behavior allows a detection of the nonclassi-
cal properties of the two-level system over the full parameter
range.

It can be seen that this is just a particular case due to
the specific choice of the Hamiltonian and the dichotomic
variable. Hence one should not be misled that third-order
LGIs can provide a comprehensive picture of the physics of
the system. However, as already pointed out, the comparison
between the theoretical and experimental calculation of LGIs
may be informative of the performance of the hardware and
the experimental setup that is used.

The evolution of the system considered in this section is
straightforwardly implemented in IBM Quantum. We con-
sider N; = 75 values for T € [0, 27 /T';] and evaluate C;;, in
particular,

Ci2(7) = (07(0)o"(1)),
Ci3(t) = (07(0)o*(21)),
Cos(7) = (0%(1)o"(21)), €))

measuring the spin along the z axis at the two appropriate
time instants, as shown in the bottom panel of Fig. 1. We
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repeat each evolution, together with the needed measure-
ments, N = 217 times. In the upper panel, we show the
results of the experiment performed on the IBM Quantum
open-access hardware ibmq_manila (markers) and the analyti-
cal predictions according to Eq. (9) (solid lines). Error bars are
not visible as the error on the measurement outcomes should
be estimated of the order of 1/,/Ahors & 1072

From Fig. 1 is evident that the experimental results deviate
from Eq. (8) around I'yt ~ m even though the qualitative
picture is the same. Remarkably, while the results are not
perfectly in agreement with the theoretical ones, we see
that the LGIs threshold is always violated, witnessing that
the interaction with the environment does not spoil the
quantum dynamics. We seize this opportunity to mention
that all the shown experimental results are obtained per-
forming error mitigation. A detailed explanation of how it
works and its huge influence on the outcomes is given in
Appendix B.

B. Transmon qubit

An interesting case study, in relation with IBM Quantum,
is analyzing the evolution of one of the qubits of the quantum
hardware when it is left untouched by the quantum circuit.
The processors provided by IBM Quantum are constituted by
transmons which can be modeled, for our purposes, as a two-
level system described by the Hamiltonian

hQ
HT = —701. (10)

It is possible to measure the LGIs on this system in the fol-
lowing way. Since one is interested in the dynamics of the
transmon according to H®f one can force the hardware to
evolve acting on an ancilla qubit with identity gates. In this
way, the transmon we are interested in would not be touched
by the quantum gates and would evolve under its intrinsic
“physical” Hamiltonian H°T. In H*, Q ~ 4.971 GHz is the
nominal frequency of the qubit used for the experiment [9].
Since the default initial state of the processors is |0), the
qubit is rotated in the state |[+) = %(IO) +|1)) by use of
a Hadamard gate at the initial time. Then the evolution is
executed. The qubit rotates in the same fashion discussed in
relation to Fig. 1, with its own intrinsic frequency 2. In Fig. 2,
we plot the LG’s correlation functions K as a function of time.
We observe that the threshold 1 is violated multiple times, for
t < 30 us. For long evolution times, the dynamics is damped,
witnessing the loss of coherence in the system. The average
coherence time estimated for the quantum hardware that we
used (ibmq_manila), according to IBM, is (T5) ~ 55 us. We
observe that assuming the theoretical behavior to hold, i.e.,
without any damping (dashed lines), K3 should have exceeded
the threshold periodically. However, the experimental results
do not violate the LGIs where one would have expected it
to theoretically (t ~ 45 ps). This is quite in agreement with
the coherence time (75) ~ 55 us predicted by IBM Quantum.
Here we point out that the nominal coherence time average
(T») is estimated at each recalibration of the processors. The
value we write here is the one reported at the time the experi-
ment was performed.

t (us)

FIG. 2. LGIs as a function of the time difference between two
subsequent measurements calculated on the transmon qubit evolu-
tion. The dashed curves are the theoretical predictions according to
Eq. (8); the markers are the experimental results (statistical error is
less than the size of the markers). A violation does not occur after
t ~ 45 us in the experimental data, witnessing the loss of coherence
of the system. This is compatible with IBM Quantum estimation (at
the time of the experiment) of the coherence time for the used system
(ibmqg_manila): (7;) = 55 us. The error bars are not visible as the
statistical error is about 1072,

V. MULTIQUBIT EXPERIMENTS

The ultimate goal of quantum computation is realizing a
scalable and fault-tolerant quantum computer, which allows
the usage of a large ensemble of qubits, taming the errors
accumulating during the computation. For this reason, we
want to investigate the behavior of the inequalities we have
introduced in multiqubit systems, to highlight their usefulness
and efficiency. In multiqubit systems, the LGIs would require
a dichotomic variable which is defined on the entire ensem-
ble [45]. For instance, one could choose the total spin along
the z axis, $* = Zi o;. With increasing system size, however,
not only do the sources of error during the computation accu-
mulate, but also the ones due to readouts, when measuring the
whole ensemble of qubits. We point out that the readout error
is a huge constraint for IBM Quantum and error mitigation
complexity scales exponentially with the system size. For this
reason, one would like to narrow the number of qubits to be
measured to the smallest possible amount. With this in mind,
we will exploit LGBIs which, by definition, take into account
both temporal and spatial correlations in the system and only
require two readouts. We will compare the LGBIs with the
LGIs, which can be defined both by performing measurements
on a single qubit and on all the qubits, and discuss their
limitations.

A. Noninteracting qubits

Let us start by considering a two-qubit system. We inves-
tigate LGIs calculated performing measurements on a single
qubit (LGIs single qubit), LGIs where the dichotomic vari-
able is a global one (LGIs multiqubit), i.e., measuring all
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FIG. 3. LGBIs and LGIs on a two-qubit system. Markers are experimental results (statistical error is less than the size of the markers);
solid lines are numerical predictions obtained with exact diagonalization. (a) LGIs calculated on a single qubit (circuit depth 11); (b) LGIs
considering the total spin of the system (circuit depth 11); (c) LGBIs (circuit depth 10). The horizontal line marks the threshold of the
inequalities. Bottom: Measurement scheme for calculating a LGI and LGBI and diagram of the evolution. Red crosses in the measurement
scheme label qubits which are not measured at times #; and ¢;; green check marks denote the qubits that are measured.

the qubits, and LGBIs where two readouts on two different
qubits are realized. We examine the dynamics of two qubits,
initially entangled, evolving independently according to the
Hamiltonian

(1)

H = Z%Uix’

i=1

and measured at times 1?1, £, t3; here, I'; = I', Vi. As before,
we will assume t, —#; =13 — 1, = 7 and plot the results as

J

Cij(ti, 1)) = (Q)0)) = Y qugu T, U (¢, t)T1,U (8, 0)poU” (11, OTLU (25, £:)TL, .

n,m

Here, g, are the possible values of the dichotomic observable
Q. 1, are the corresponding projection operators, U @, 1) =
e ™H! is the evolution operator, and pq is the density matrix
of the system at time ¢ = (0. This expression can be easily
calculated analytically in the case of noninteracting Hamil-
tonians [45] and numerically in the case of interacting ones.
A sketch of the evolution and of the measurement scheme is
depicted in the bottom panels of Fig. 3. Each upper panel
plot corresponds to a different setup described in the lower
left plot, “Measurement scheme”: the rows g, ¢ correspond
to the two qubits of the system and the columns #;, ¢; denote
the times at which measurements are performed. We mark the

a function of the time difference r. The initial state of the
system is a Bell state,
1
1Y) = —=(00) + [11)), (12)
V2

obtained by use of a Hadamard gate and a CNOT. For each
setup that we have introduced above (LGIs single qubit,
LGIs multiqubit, LGBIs), we take N, = 75 values for 7 €
[0, 277 /T] and repeat each simulation ng,q, = 2! times on
ibmq_manila. The continuous lines in Fig. 3 are obtained by
calculating the correlation function exactly according to

13)

(

square box with a red cross if a qubit is left untouched by the
measurements at a given time; we check it with green check
marks if the qubit is measured instead.

In Fig. 3(a), we perform two measurements, for each
choice of r, on the same qubit (LGIs single qubit). We
choose as dichotomic variable of (considering o5 would be
analogous) and calculate the LGIs. Evidently, the result is
equivalent to the one in Fig. 1. We ascribe this behavior to
the fact that single-qubit LGIs are measuring the coherence of
the single qubit and they cannot provide information on the
full system, even if the qubits are entangled at the beginning
of the evolution. In Fig. 3(b), we calculate the LGIs choosing
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a dichotomic observable defined on the whole system, namely,
0 =2|Y,07| — 1 = o{o} (LGIs multiqubit). Evidently, a vi-
olation of the LGIs occurs. This allows us to affirm that
LGIs can be used to detect the quantum coherence during
the evolution in the time interval that is considered. Since
we are using a global observable, we are confident that the
information provided concerns the whole system. The bottle-
neck of multiqubit LGIs is the required number of single-qubit
readouts. Since it scales with the size of the system and error
mitigation is mandatory, as discussed in Appendix B, it is not
affordable for large system sizes.

Finally, in Fig. 3(c), we calculate the LGBIs measuring
of and o;. We observe that LGBIs are also able to detect
the quantum coherence of the evolution. In this experimental
setup, the violation is much stronger than in the case of LGIs
multiqubit; however, one cannot assert with generality that
LGBIs exhibit stronger violations with respect to LGIs in all
cases.

Let us comment that LGBIs can detect the quantum coher-
ence with only two single-qubit readouts instead of measuring
an observable defined on the whole system. Evidently, it
would be interesting to expand the investigation to larger
systems. For this reason, in the following, we will focus on
LGBIs to observe if they are able to witness the quantum
coherence of the system also in a many-body scenario.

B. Interacting qubits

Having understood that the family of inequalities we have
introduced can be successfully exploited to witness the quan-
tum coherence of a quantum evolution, from now on the focus
of the study will be the performance of the hardware used to
investigate exploiting LGBIs. In particular, we will discuss
an interacting quantum many-body system to elaborate on
the performances of IBM Quantum in a physically intriguing
setup.

Simulating interacting systems on quantum computers is
well known to be a famously daunting task and bound by very
small coherence times [48,49]. In this respect, we decided to
consider an interacting evolution where the interaction contri-
bution is a slight perturbation over a noninteracting dynamics.

Here we investigate a system of N =5 qubits, initially
entangled in a Greenberger—Horne—Zeilinger (GHZ) state
(J00000) + |11111))/ V2, to be reproduced on ibmqg_manila,

TABLE L. Circuit depth of the circuits related to Fig. 4 for differ-
ent values of the number of Trotter steps. In columns Cy, and Ci3, Ca3,
we write the circuit depths related to the circuits used to estimate Ci,
and C\3, Cy3, respectively.

Trotter steps Cy; (depth) Ci3, Cy3 (depth)
k=1 18 29
k=2 29 51
k=3 40 73
k=4 51 95
k=5 62 117

during a transverse-field-Ising-chain-like (TFIC) evolution
described by the Hamiltonian

N-1 N
_ P A X,
H = JE 0707y E I'io;
i=1 i=1

N =35 is the maximum number of qubits available in
ibmq_manila. We measure o and o7 to calculate the LGBIs.
We considerJ =0.1andI'; = 1fori=1,...,4,T's =2.The
choice of the parameters is made in order to have a violation
of the inequalities for I';jt < 1 (see Appendix C for more
details).

In order to implement the evolution on the quantum
hardware, exploiting the fact that the interaction is nearest
neighbors, we split the Hamiltonian in Heven = D ; ayen oizaiil
and Hodad = ) oaa 95 971>
—iHeendt p—iH,

(14)

then we approximate U (dt) ~

e udl To investigate the behavior of IBM Quantum
for different circuit depths, we set the number of applications
of U(dt)atk =1,2,3,4,5 withdt = t/k.

In Fig. 4, the experimental outcomes of T3, Ty, Ty are
shown together with the theoretical predictions. In each panel,
we plot several curves for different values of the number of
Trotter steps, as a function of time. In Table I, we write the
circuits depths for the different implementations considered.
While the agreement between numerical and experimental
simulations should improve upon increasing the number of
steps in the Trotterization, as the approximation of the evolu-
tion is more accurate, we observe that the experimental results
deviate more and more from the theoretical prediction with
increasing k. We believe this is due to the errors accumu-
lating during the computation, which grow with the number

,/”’“!\;\ o ”.”“:\‘\3\\
LN DY Ty
H R L
7 e

k=1 k=4 vk=1 k=4
=k k=5 k=2 k=5

k= k=3
0.5 0.75 10 0.25 0.5 0.75 1

FlT FlT
FIG. 4. Transverse field Ising chain, / =0.1 ;= 1,i=1,...,4, I's = 2. Markers are experimental results (statistical error is less than

the size of the markers); the curves are obtained according to Eq. (13). We observe an experimental violation of the LGBIs.
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of gates implemented in the circuit. Furthermore, we observe
that while the agreement between experiments and numerical
simulations is not perfect, the qualitative behavior is somehow
reproduced and it is possible to observe a violation of the
inequalities both in 7y and 77"™ for several values of circuit
depths. This could be used to estimate the coherence time of
the many-body system since, considering longer simulations,
one could expect that no other violation of the inequalities
occurs as the number of applied gates increases.

VI. CONCLUSIONS

With the advent of modern technologies, the study of
entanglement and quantum coherence of physical systems
is crossing the boundaries of purely theoretical interest and
is starting to intertwine with the practical investigation of
now available quantum platforms. For this reason, reliable
entanglement detectors and entanglement witnesses are be-
coming more and more important. In this work, we have
decided to exploit IBM Quantum processors to investi-
gate a class of well-known quantum coherence witnesses.
We have introduced Leggett-Garg’s inequalities (LGIs) and
Leggett-Garg-Bell’s inequalities (LGBIs) and measured their
outcomes in different physical setups, taking advantage of the
versatile programmable nature of IBM Quantum.

We have shown experimental violations of the LGIs and
LGBIs in single- and multiqubit systems. We have observed
that by investigating reasonable timescales, the LGIs are
in agreement with theoretical results in noninteracting sys-
tems, witnessing that the IBM Quantum processor used here
(ibmg_manila) is robust against decoherence at early times.
Furthermore, we have explicitly investigated the coherence of
one of the transmons constituting the ibmq_manila proces-
sor. We let it evolve under its own dynamics, according to
the effective transmon Hamiltonian, and observed that LGIs
violations do occur up to a characteristic time which is com-
patible with the nominal coherence time of the system, (75).
The nominal value of (7>) considered here is the one which
has been estimated at the time of the experiment.

To further deepen the investigation of the Leggett-Garg’s-
like inequalities, we have considered two-qubit systems where
the qubits, initially entangled in a Bell’s state, evolve inde-
pendently. We have made a comparison among LGIs using a
single-qubit dichotomic variable, LGIs using a global observ-
able, and LGBIs. We have shown that LGBIs provide the same
violation of the threshold as LGIs in the investigated time
range, requiring only two readouts. As a consequence, one
can focus on the calculation of LGBISs for studying multiqubit
systems.

Furthermore, we have elaborated on the necessity of error
mitigation for the observation of the inequalities violations in
a wide range of the time interval. Error mitigation complexity
scales exponentially with the system size and quickly be-
comes unfeasible for the estimation of LGIs using a multiqubit
observable. Then, LGBIs also show the merit of requiring
only two measurements, whatever the size of the system, such
that error mitigation is always possible after the experiments.

To apply the condition we have introduced to a relevant
physical case and to benchmark the IBM Quantum platform,
we discussed a quantum many-body problem where inter-

action is added as a small perturbation on a noninteracting
dynamics. In this simple case, where the value of the parame-
ters is fine tuned, we observed that experimental results violate
the threshold, but deviate from the curves predicted by the
analytical results. Furthermore, we showed that quantum co-
herence is lost, increasing the number of gates of the system.

In conclusion, our results both show the experimen-
tal observation on a quantum computer of violations of
Leggett-Garg’s type inequalities and provide evidence of the
usefulness of these quantum witnesses in the context of NISQ
devices. The results also suggest that by increasing the cir-
cuit depth, even LGBIs, which emerge as the most efficient
witness among those introduced, rapidly depart from the theo-
retical prediction and may fail in detecting quantum coherence
since the gates errors accumulate.

As we have observed that Leggett-Garg’s-type inequalities
can be successfully used to discriminate against classical or
quantum evolution, one would be interested in checking their
behavior with larger system sizes and more complex quantum
circuits. It could also be interesting to investigate particular
topologies, not currently available in IBM Quantum, which
allow one to connect an ancilla to all the qubits performing a
given computation, in order to assess if ancilla-based methods
may be beneficial in this framework.

The data that support the plots within this paper and other
findings of this study are available from the authors upon
request.
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APPENDIX A: DERIVATION OF LGI

Let us derive the Leggett-Garg’s inequalities in Eq. (8) ex-
plicitly. Derivation of LGBI is analogous where Bell locality
plays the role of NIM.

Let us start with the definition of a classical dichotomic
variable Q. It must take two values Q = %1, but it is not
necessarily associated to a dichotomic operator [45]. We use
Q(t;) = Q; to denote the measurement value of the observable
at time ¢#;. Finally, we label the probability of obtaining the re-
sult Q; at time t; as P;(Q;). Therefore, the correlation function
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Ci; can be defined as follows:

Ci= Y. QQPj(Q:0), (A1)

0:,0==%x1

where the subscripts of P are used to explicitly remind
the reader of the times at which the measurements were
performed. The assumption of macrorealism per se guaran-
tees that P;; can be obtained as the marginal probability of

Pij(Qi, Qj, Or),

Pjo= Y PulQi 0}, Q). (A2)
Ok, j |

Cl2=P(+a+,+)+P(+,+a_)+P(_a _5+)+P(_7_7
C13:P(+s+s+)+P(+7_7+)+P(_1+1 _)+ P(_v_v
C23:P(+,+,+)+P(—,+,+)+P(+, ] _)+P(_7_7

where we have used P(+, &+, &) = P(£1, 1, £1).
Exploiting the completeness relation
20,00, P(Qi» Q. Q) = 1, we obtain Kz =Ciy + Cp3 —
13:

Ky =1—4[P(+, —, +) + P(—, +, —)]. (A5)

The wupper bound of K3 is given by P(+,—,+)=
P(—, +, —) = 0, which is K53 = 1; the lower bound, instead, is
given by P(+, —, +) + P(—, 4+, —) = 1, and hence K3 > —3.
Besides the above inequality, that is,

—3< Ky < 1, (A6)

other inequalities exist, which can be found in the literature.
Various symmetry properties may be used to derive fur-
ther constraints on the correlations. First, we can redefine the

3r/2 2o

FIG. 5. Same as in Fig. 1 without error mitigation. LGIs
as a function of the time difference between two subsequent
measurements.

Without the assumption of noninvasive measurability, earlier
measurements may affect the following ones and the prob-
abilities do not necessarily come from a joint probability
distribution. Considering instead the NIM assumption to hold,
measurements do not affect the state of the system or the
subsequent system dynamics. Therefore, the order of the mea-
surements is not important; one can drop the subscripts of P; j
and use the P(Q;, O, Ox) to calculate the three correlation
functions: Cj,, Cy3, C13. Starting from the general expression

Ci= Y. QQ;iPQ:0)=(Q:0)),
0i,0;=+1

(A3)

we obtain

=-)—P(+,—+)—PH+,— —)— P(—,+,+) = P(—,+, ),
_)_P(+7+7_)_P(+9_9_)_ P(—,+,+)—P(—, _1+)7
=)= P+, +,-)—P(—+,+)— P(+,— +) — P(—, —, +),

(A4)

(

dichotomic variable Q — —Q at different times in K3. This
operation generates the following inequality:

—-3<K;<1; Kj=—-Cip—Cp—Cys.

Finally, the last, different, third-order inequality can be ob-
tained from K3, just by changing a sign:

-3 < K;)erm <1 Ké)erm = —Cip 4+ C3 + Cy3.

(AT)

(A8)

In principle, one can derive other functions starting from the
function K3 and building all the quantities obtained permuting
all the time indices. In our example (three measurements
in time, i.e., order 3), the only three different cases are the
inequalities proposed above.

APPENDIX B: ERROR MITIGATION

Quantum error mitigation refers to a series of techniques
aimed at reducing (mitigating) the errors that occur in quan-
tum computing algorithms due to hardware limitations. These
techniques try to reduce the impact of noise in quantum
computations without, in general, completely removing it. As
the sources of noise during quantum computing algorithms
are present through the whole computation and a complete
account of these is a very complex task, we decided to deal
only with the error occurring at readout. Namely, we tried to
mitigate the readout noise of IBM Quantum, correcting the
output of the experiment a posteriori. A way to deal with it
is already implemented in IBM Quantum and quite simple in
its realization; here we give an account of the basics. Let us
assume to have an n-qubit system. We perform a measurement
on all the qubits at a certain time and obtain an n-bit string
output. This string could be one of 2" possible realizations.
Now let us assume that the same output is read again and a dif-
ferent outcome is collected. We might imagine that the noise
perturbed the measurement outcome, slightly modifying the
output string. Easily enough, one could prepare all possible
2" states of the n-qubit string and perform a readout on all
of them, in the hypothesis that the error on the preparation of
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FIG. 6. (a)—(c) As in Fig. 3 without error mitigation; (d) as in Fig. 4 without error mitigation. (a)—(c) LGBIs and LGIs on a two-qubit
system. Markers are experimental results; solid lines are numerical predictions obtained with exact diagonalization. (a) LGIs calculated on a
single qubit; (b) LGIs considering the total spin of the system; (¢c) LGBIs; (d) LGBIs calculated for the transverse field Ising chain.

the states is negligible. Repeating the readout several times
on each of the 2" possible states, one can construct a matrix
M which contains the outcome probabilities for each initial
state, ideally without errors, M = [. In the framework we
are working in, we may assume that the noisy measurement
output opeisy is the product of M times a noiseless output
Onoiseless -

(BI)

Onoisy = Moyoiseless-

The error mitigated results oyoiseless are obtained applying M ~!
On Oyoisy -

This approach allows one to collect better results than the
nonmitigated ones. We also acknowledge that its complexity
scales exponentially with the system size, making it necessary
to deal with few-qubits measurements. In Fig. 5, we show an
explicit example of experimental measurements without error
mitigation. The results are a replica of the ones in Fig. 1.
When error mitigation is not performed, the performance of
the hardware is evidently worse.

For completeness, we also show the results without error
mitigation for Figs. 3 and 4 in Fig. 6.

APPENDIX C: ESTIMATION OF THE PARAMETERS
FOR THE INTERACTING EVOLUTION

In this Appendix, we explain the choice of the pa-
rameters for the simulation of the many-body system,
discussed in Sec. V. We examine the dynamics of n
qubits, initially entangled in a GHZ state (|0)®" + |1)®")/+/2,

evolving independently according to the Hamiltonian
—oj. (C1

In particular in Fig. 7, we show contour plots of 73, T3, and
T7°™ in two different cases: (i) upper panels show the result of

Tp erm
2

Iy/T

B /2 7 3m/22n

17T

B2 7 3nj22n W 72 7 3n/22m
Iyr Ihr
(f) perm

B /2 7 3m/22m

00 /2 T 3m/227
17T r

O() w/2 7 3w/227
1T r

17T

FIG. 7. Contour plot of the LGBIs as a function of time and
parameters I'; for a system described by Eq. (C1). The results are
obtained via exact diagonalization according to Eq. (13). Yellow
(black) areas correspond to regions where there is (not) a violation
of the LGBIs. Upper panels: simulations for a system of two qubits.
Lower panels: simulations for a system of five qubits.
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TABLE II. Characterization data of ibmq_manila quantum de-
vice at the time of the experiments.

Quantum hardware properties Estimated value

Average /X, X, R.(0) error 0.0003
Average CNOT gate error 0.01
Average readout error 0.03
Average relaxation time qubits 140 us
Average decoherence time 60 s
Minimum decoherence or relaxation time 24 us
Gate length 0.03 s

the LGBIs among qubit 1 and qubit 2 for a system composed
of two qubits as a function of time and the ratio I';/I'y;
(ii) lower panels show the same quantities among qubit 1
and qubit 5 evaluated for a system composed of five qubits

as a function of I's/I"; with ', 34 = I';. The black regions
correspond to values of the parameters where the LGBIs are
not violated; yellow lobes correspond to violations of the
inequalities.

We observe that in the case of the two-qubit system, a
violation of the inequalities occurs for any value of the ratio
I',/T"; as a function of time. On the other hand, in the case
of the five-qubit system for I's/I"; = 1, no violation occurs
in any of T3, Ty, and T*™. For this reason, in Sec. V, we
investigated the case where I's/I') =2 and 'y 34 =Ty

APPENDIX D: HARDWARE PROPERTIES

In this section, we provide experimental details of the
quantum device. In Table II, we report the characterization
data of the IBM Quantum processor at the time in which
the simulations where performed. We refer the reader to the
official IBM Quantum site for further details [9].
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