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We present a protocol that allows the estimation of any density matrix element for continuous-variable
quantum states, without resorting to the complete reconstruction of the full density matrix. The algorithm
adaptatively discretizes the state and then, by resorting to controlled squeezing and translation operations, which
are the main requirements for this algorithm, measures the density matrix element value. Furthermore, we show
how this method can be used to achieve full quantum state tomography for continuous-variable quantum systems,

alongside numerical simulations.
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I. INTRODUCTION

Quantum information processing tasks always rely on
preparing, manipulating, and measuring states. In order to
perform such tasks, it is essential to have a tool to characterize
quantum states. The protocols to characterize quantum states
are usually referred to as quantum state tomography (QST)
[1-7].

When it comes to one-dimensional continuous-variable
systems, the state density matrix in position representation
p(x, x') contains all the information on the state of the system.
In this article we will focus on measuring p(x, x’) for any
given x and x’. The proposed protocol is selective since it
allows one to choose any x and x’ and then estimate the
associated density matrix element.

Our protocol builds upon [2] and resorts to controlled
translation and squeezing operations in order to make it suit-
able for continuous-variable systems. Even though currently
the implementation of a controlled squeezing gate is not easy,
there are proposals for such a task, as shown in [8].

This article is organized as follows. First we review the
protocol from [2]. Then we present our protocol for selective
measurement of continuous-variable density matrices. Finally,
we show some numerical simulations of how our protocol
behaves on different states, and how it can be used for full
state tomography.

II. QUANTUM STATE TOMOGRAPHY IN
FINITE DIMENSION

We will now review the quantum state tomography proto-
col for finite dimensional systems from [2], upon which we
build the continuous-variable one.

Let H be the Hilbert space for the system we want to ana-
lyze, and D its dimension. And let us consider an orthonormal
basis B = {|y,), a = 1, ..., D} for H. Then, the state p can be
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written as

D
p= awlVa) (il M

a,b=1

The protocol for selective and efficient quantum state to-
mography will be able, then, to measure any given coefficient
o, efficiently (i.e., with resources that scale polynomially
with log D).

Consider the circuit from Fig. 1, where the operators Vj, are
preparation operators for the basis B such that Vi [vo) = |y).
It is straightforward to see that

Tr(pout| o) (Yol ® 0x) = Reaas, 2

Tr(pout| Vo) (Yol ® oy) = Imatay, 3)

where poy is the composite output state for the system and
auxiliary qubit. This means that, by measuring o, conditioned
to having |v) on the first register, one has the real part of o,
and by doing the same but with oy, one gets the imaginary part.

Finally, it is shown in [2] that the number M of experimen-
tal runs in order to have an uncertainty € with a probability p
of success is bounded, using a Chernoff bound [9], by

2In(3)

M >
=z 2

) “4)

proving the efficiency of the method.

III. SELECTIVE QUANTUM STATE TOMOGRAPHY FOR
CONTINUOUS VARIABLE

As an extension of the protocol just reviewed, in this sec-
tion we introduce a new protocol for the case of continuous
variables, that allows to selectively measure an estimate of the
density matrix element p(x, x'), for any x and x’.

©2022 American Physical Society
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FIG. 1. Quantum circuit for selective and efficient quantum state
tomography.

The proposed quantum circuit makes use of a control state
and relies on controlled and anticontrolled translation 7" and
squeezing S gates, as depicted in Fig. 2.

The translation operator 7 (x) acts on a position eigenstate
ly) as

Tx)ly) = lx +y). &)

The squeezing operator [10-12] is represented by S(r),
with r a real parameter. The action of this operator on a
position eigenstate |y) gives a state proportional to the position
eigenstate |e~"y) [13]. Since S is unitary,

S()ly) = e le”"y). (6)

The input state (system and control state) to the circuit is
,ogA = p ® |0)(0]. A Hadamard gate is applied on the control
state, yielding

P = 1p ® (10)(0] + [0)(1] + [1)(0] + [1)(1]).  (7)

A controlled operation CU acts on the combined
state |¢)[0) as CU(]¥)|0)) = [¢)]0) and on [y)[1) as
CU(|y)|1)) = Uly)|1), while for the anticontrolled oper-
ation, U only acts on |¢¥) when the control state is |0).
Therefore, for our circuit 2, the controlled operations T )
and ST (') act when the control state is |1), while the anticon-
trolled gates 77 (x) and S™() are applied when the state is |0).
After the action of the controlled and anticontrolled gates, the
combined state is given by

P> =1(ST (T (X)pT (x)S(r) ® 0)(0]
+ ST (NPT (NS @ [1)(1]
+ST(NT ()T ()S(r') @ |0)(1]
+ ST T ()T (0)S(r) ® 11)(0)).

Taking into account that for continuous-variable systems
a projection measurement cannot be carried out with infinite
precision, we define the projection operator around the origin

p —?{T*(x') st o) H T (@) |- 57(r) }‘ 1
o)~} |

SA SA
P1 P2

Oz, 0y

FIG. 2. Quantum circuit for continuous-variable selective quan-
tum state tomography.

5/2
M, = / ) ldy. ©)
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where the parameter ¢ is set by the measurement device.
The measured average value of the operator [15 ® o, is

5/2
Tr(ﬂzsA / y) (yldy ® ax>

5/2

1 97 .
=3 / IST(HTT )T (HS()y)dy
—8/2

1 5/2
+5 / GISTEHTT ()T (x)S(r)ly)dy
—8/2

, 8/2 ,
= e;(’“)Re[/ ple”"y +x, e’y+x’)dy:|. (10)
—s)2

Considering the action of the translation and squeezing
operators on a position eigenstate, that is, (5) and (6), we
obtain

GISTHTT ()T ()S)y)
= (e YT ()pT (e y) = (e "y +x|ple"y +x),
(11)

and

WISTGHT ()T (X)S()ly) = (e y +x'|ple™"y + x).

(12)
Therefore (10) gives
8/2
Tf</025A / D) yldy ® ax)
—8/2
1 / 8/2 ’
= e 20 tr )Re[f ple™y+x,e"y+ x’)dy:|.
—5/2
(13)

The squeezing parameters » and r’ allow one to select a
rectangular region,

Raow =[x — Ax/z’x + Ax/z] X [.X/ - Ax//zvx/ + Ax’/z]a
(14
where A, = e "Sand Ay = e’ [Fig. 3(a)]. The integration
in (13) is done over the diagonal of R, , which includes the
density matrix element p(x, x') we want to estimate.
Assuming that the density matrix elements do not exhibit
meaningful fluctuations over Ry, p(x, x") can be approxi-
mated as

/ 1 52 4 /
Pest (X, X') = 3 / ple”y+x,e " y+x)dy. (15)
—5/2

Hence we can derive directly from our measurement an
estimate for the real part of p(x, x).

Replacing the o, measurement by o, we obtain an estimate
for the imaginary part of the density matrix element p(x, x'),
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FIG. 3. (a) Region R,y (14) over which the density matrix ele-
ment p(x, x') is estimated. The squeezing parameters r and r’ allow
one to select R, and it is assumed that the density matrix elements
do not exhibit meaningful fluctuations over this region. (b) The
region R,y o, defined setting » = r' = 0, is subdivided into smaller
regions until conditions (18) and (19) are attained and the region R,/
determined.

namely

8/2
ﬁ@?/ale@®%>
—8/2

52
= e 20+ [/ pey+x, e y+ x/)dy:|. (16)
—5/2
In order to select the aforementioned region R, in other
words select the squeezing parameters r and r’, we define
the weight ¢ and seek to determine A, and A,  such that the
condition,

Xit+Ay, /2
/ p(y.y)dy < ¢ (17)
Xi—Ay /2

is verified for x; = x, x'.

The integral we bounded represents the probability of find-
ing the system in the region [x; — Ay, /2, x; + A, /2].

The above condition can be tested for x; = x by measuring
|0) (0| instead of o, on the auxiliary qubit and for x; = x’ by

measuring |1)(1] on the auxiliary qubit. Thus, we choose the
parameters r and 7’ in a manner such that the conditions,

Tr(p3* s ® 10)(0]) < 3, (18)

[NSH )

and

Tr(p5" T ® [1)(1]) < =, (19)

| ™

are verified.

A possible way to proceed is to start by setting the squeez-
ing parameters » = r’ = 0, that is, we will work only with
the detector precision § to define a region R,y o. If A, (Ay)
does not verify the condition (18) [(19)], then it is divided by
two and the condition retested. The procedure is repeated until
the aimed conditions are attained and our region R, defined
[Fig. 3(b)].

It is worthy of note that, since p is positive semidefi-
nite, the off-diagonal density matrix elements are bounded
by |p(x, x)|?> < p(x, x)p(x'x"), consequently the condition in
(17) also imposes a restriction of the form,

‘// p(x, xXNdxdx'

where the integral is done over the region R, . Although this
does not mean that there could not exist meaningful fluctu-
ations over Ry, it does guarantee an upper bound for the
weight of the cell.

Each time we test condition (18) or condition (19), the
number of experimental runs N required to obtain a result
having an error equal or greater than € with a probability p
or less can be determined by means of a Chernoff bound [9].
Taking into consideration that each experimental run gives
two possible results, corresponding to a click or no click
of the detector, and that each of these results is detected at
random with its corresponding probability, the number N of
experimental runs is bounded by

In (%)
2e2

<eé, (20)

N>

2y

Once the squeezing parameters r and »’ are set, the number
of experimental runs required to obtain a resulting peg (x, x")
having an error equal or greater than € with a probability p or
less depends on the detector precision § and the parameters
r and . For the estimation of pey(x, x"), we need to take
into consideration that each experimental run gives one of
three possible results, that can be labeled as +1, —1, and 0.
The results 1 and O correspond to a click of the detector of
the system state and a £1 result for the measurement of o,
(0y) on the auxiliary one. Each of the results is detected at
random with its corresponding probability. After M runs of
the experiment, the average values can be determined and the
density matrix element p(x, x") can be estimated by peg (x, X').
Therefore, this is a similar scenery as the one seen in [2]
and the number of experimental repetitions M is once again
bounded by a Chernoff bound, satisfying

21n (2
M > n(p)

Z e @
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FIG. 4. (a) Theoretical p(x, x") for the harmonic oscillator state with n = 3. (b) Reconstructed p(x, x") for the harmonic oscillator state

with n = 3, for ¢ = 0.01. For the reconstructed function, the mesh delimiting the regions R,

The detector precision was set equal to § = 0.1.

The number of experimental repetitions scales polynomi-
ally with the uncertainty €.

For this protocol to be implemented we also require an
efficient implementation of the controlled squeezing and
translation gates. This implementation is fundamental for
quantum computation with continuous variable [14—17] and

in which p(x, x") is taken as constant is shown.

iX)

there had been advances towards this end in recent years,
for instance [8], proposes the implementation of a controlled
squeezing gate for the squeezing of trapped ions. It is also
worth highlighting that displacement and squeezing gates,
along with other operations, can form a universal gate set for
continuous-variable quantum computation [15,18].
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FIG. 5. Theoretical and reconstructed p(x,x’) for a squeezed state with (x) =0, (p) =0.5, and 0 =0.1. (a) Real part of p(x,x’).
(b) Reconstructed real part of p(x, x'), for e = 0.01. (c) Imaginary part of p(x, x). (d) Reconstructed imaginary part of p(x, x"), for e = 0.01.
For the reconstructed functions, the mesh delimiting the regions R, in which p(x, x') is taken as constant is shown. The detector precision

was set equal to § = 0.1.
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IV. FULL QUANTUM STATE TOMOGRAPHY FOR
CONTINUOUS VARIABLE

The protocol introduced in the last section can also be
used to achieve full QST of p. To that end, we will take
a discretization approach, building the estimated function
Pest(x, x') : R2 — C as a piecewise constant function. The
regions in which the function will be considered as a constant
are not fixed and will be refined based on our measurement
results.

In order to determine the aforementioned regions, we de-
fine the weight ¢ and seek to obtain a partition of R such
that any subinterval [x; — Ay, /2, x; + Ay, /2] of the partition
verifies the condition (17).

The desired partition can be achieved by starting from an
interval for which the integral in (17) is approximately one,
then dividing it into two subintervals of equal length. If a
subinterval does not verify the condition, then it is likewise
subdivided. The process can be repeated until the condition is
attained for each subinterval.

Hence, we have defined rectangular regions R, of the
form (14), that is,

RX,'XJ‘ = [xl - AX,‘/Z’ 'xi + A)(,/2]
x [x; — Ax /2% + Ay /2], (23)

and we can now set

Pest (X, X') = pest (xi, X;), (24)

for any (x, x') in Roxxj» With pese(x;, x;) as defined in (15).

As pointed out in the previous section, this procedure guar-
antees an upper bound for the weight of each of the cells R ,;.

To test our protocol, we numerically simulated its behavior
for different pure states. In order to simulate the reconstructed
states we proceeded as follows.

(1) An initial interval was chosen so that the bounded
integral in (17) is approximately one for this interval.

(2) In each step, intervals which did not verify (17) for
our chosen weight ¢ were subdivided into two subintervals
of equal length and the condition (17) retested for each new
subinterval. This subdivision procedure stops when condition
(17) is verified for each subinterval, thus obtaining the regions
R [Eq. (23)].

(3) The simulated reconstructed states were then obtained
by setting the value of peg (x, x') constant in each region Rix;»
as specified in (24).

Taking into consideration that for pure states p(x, x') =
¥ (x)¥ (x'), with ¥ (x) the pure state wave function, we stud-
ied squeezed coherent states whose wave functions can be
expressed as

(x — ()

Ysq(x) = quexp|:_ 202

+ i(p)x], (25)

where Cyq is a normalization constant, (x) the expected value
of the position, (p) the expected value of the momentum, and
o? the variance, which specifies the degree of squeezing, with
o2 = 1 corresponding to a nonsqueezed state.

TABLE 1. Fidelity for different reconstructed squeezed quantum
states as a function of ¢. The degree of squeezing is given by the
standard deviation o, the expected value of the position is (x) =0
and the expected value of the momentum is (p) = 0.5. The detector
precision was set equal to § = 0.1.

Fidelity
o e =0.01 e =0.05 e=0.1
0.1 0.992 0.987 0.948
0.4 0.987 0.982 0.945
0.9 0.981 0.976 0.940

We also analyzed the states of the quantum harmonic os-
cillator with wave functions of the form,

Vo) = Coe™ T Hy(x). 26)

The energy level is denoted by n, C, is a normalization con-
stant and H,(x) are the Hermite polynomials.

The results obtained for two states of the form (26) and (25)
are presented in Figs. 4 and 5, respectively. Even though the
experimentally reconstructed states could be not physical, our
results are numerically simulated, so we can use the fidelity
as a measure of the distance between the state p and our
simulated estimate of it. The fidelity between the pure state
o = |¥)(¥| and our estimate p, is given by

F(p, pesd) = (W1 el
= st [ pwvdrax, @)
Reix; R

where the sum is done over all the regions Ry, .
The computed fidelities for different states of the form (25)
and (26) are shown in Tables I and II.

V. DISCUSSION

In this paper we proposed a protocol that allows one to di-
rectly estimate any density matrix element of a quantum state

TABLE II. Fidelity for the reconstructed quantum harmonic os-
cillator states as a function of ¢ for the first 10 energy levels. The
detector precision was set equal to § = 0.1.

Fidelity
n e =0.01 e =0.05
1 0.992 0.906
2 0.984 0.818
3 0.981 0.953
4 0.958 0.846
5 0.957 0.736
6 0.957 0.748
7 0.919 0.853
8 0.952 0.820
9 0.944 0.775
10 0.928 0.743
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for one-dimensional continuous-variable systems. This proto-
col is selective and works without requiring the reconstruction
of the full quantum state or of a quasiprobability distribution,
such as the Wigner function [19], and without relying on in-
verse linear transform techniques or statistical inference tech-
niques for such reconstruction, procedures commonly used in
the most conventional QST schemes for continuous-variable
systems [7].

We also showed how this protocol can be employed to
achieve full QST. The numerical simulations for different
states showed that continuous-variable quantum states could
be reconstructed with high fidelity, although the cases in

which the density matrix elements fluctuate significantly in
small regions remain a limitation found as well in other QST
protocols.
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