PHYSICAL REVIEW A 105, 032429 (2022)

Computable multipartite multimode Gaussian quantum correlation measure
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In this paper, definitions of the unification condition, the hierarchy condition, and three kinds of monogamy
relations for multipartite quantum correlation measures are given and discussed. A computable multipartite
multimode Gaussian quantum correlation measure M® is proposed for any k-partite multimode continuous-
variable systems with k > 2. The value of M® only depends on the covariance matrices of continuous-variable
states, is invariant under any permutation of subsystems, has no ancilla problem, is nonincreasing under k-partite
local Gaussian channels (particularly, invariant under k-partite locally Gaussian unitary operations), and vanishes
on k-partite product states. For a k-partite Gaussian state p, M®(p) =0 if and only if p is a k-partite
product state. Moreover, M® satisfies the unification condition and the hierarchy condition that a multipartite
quantum correlation measure should obey. We also show that M® is not strongly monogamous but completely

monogamous and tightly monogamous.
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I. INTRODUCTION

An amazing feature of quantum mechanics is the presence
of quantum correlations in composite quantum systems. It is
proved that quantum correlations beyond entanglement can
also be exploited in quantum information tasks as physical
resources. Various methods have been proposed to describe
bipartite quantum correlations such as quantum discord [1],
geometric quantum discord [2—4], measurement-induced non-
locality (MIN) [5], and measurement-induced disturbance
(MID) [6] for discrete-variable systems. Notice that in many
quantum protocols the systems considered are continuous-
variable (CV) systems. Therefore it is also important and
interesting to study quantum correlations in CV systems.

Denote by GS""(H, ® Hp) the set of all (m + n)-mode
Gaussian states in the CV system described by a Hilbert space
Hy ® Hp. Let Gajp : GS™™ — [0, +00) be a functional. Fol-
lowing the idea from [7-10], G4,z is a Gaussian quantum
correlation measure (GQCM) for a Gaussian quantum corre-
lation (GQC) with respect to subsystem A/B if it satisfies the
following four conditions:

(i) For any Gaussian state pap, Ga/8(pap) = 0 if and only
if pap contains no GQC.

(ii) (Locally Gaussian unitary invariant) Gup[(W ®
V)pagWT @ V)] = Ga/p(pap) holds for any Gaussian uni-
tary operators W on Hy, V on Hp, and any Gaussian state psp.

(iii)) (Nonincreasing under local Gaussian channels
performed on B/A) Gal(I ® ®p)pap]l < Galpa) [resp.
Gp((®4 ® Ipap) < Gp(pap)] holds for any Gaussian channel
Op (resp. ©4) performed on subsystem B (resp. on subsystem
A) and any Gaussian state pap.
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(iv) Gasp describes the entanglement on pure Gaussian
states; that is, if |y)(y| is a pure Gaussian state, then
Ga/s(I¥){(¥]) = 0 if and only if [) is a product state.

Furthermore, G4 is a nice GQCM if it satisfies (i)—(iii) and
the following:

(iv’) (Reducing to an entanglement measure for pure
states) There exists an entanglement monotone £ such that
Ga(l) () = E(JW){(¢¥|) for any bipartite Gaussian pure
state |y) (Y.

Several GQCMs have been proposed for bipartite CV
systems. Giorda and Paris [11] and Adesso and Datta [12] in-
dependently gave the definition of Gaussian quantum discord
D for Gaussian states. Adesso and Girolami in Ref. [13] pro-
posed the concept of Gaussian geometric discord Dg. It was
shown that for a Gaussian state pag, D(0ag) = 0 (Dg(pap) =
0) if and only if psp is a product state; that is, psp has no
quantum correlation if and only if it is a product state. Since
then, remarkable efforts have been made to find simpler ways
to quantify this Gaussian correlation. For instance, the MID
of Gaussian states was proposed [14] and MINs Q, Op for
Gaussian states were studied [15]. Gaussian discriminating
strengths based on the minimum or maximum change induced
on the state by a locally Gaussian unitary operation were
investigated in [16—18]. Based on Gaussian unitary operation
and the fidelity, several kinds of Gaussian response of discord
(for example, GD}, Nr, Nr) were proposed and discussed
in [19,20]. For other related results, see [21-25] and the
references therein. All quantifications mentioned above de-
scribe the same GQC as that described by Gaussian quantum
discord.

However, not one of the bipartite GQCMs mentioned
above is easily accessible. It is very difficult to calculate the
values for all (n + m)-mode Gaussian states except (1 + 1)-
mode Gaussian states or some special Gaussian states, since
these GQCMs involve some measurements on a subsystem
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and some optimization process. Also note that these GQCMs
are not symmetric about the subsystems, though the corre-
sponding GQCs are. The second point is that these GQCMs
cannot be extended to multipartite systems evidently.

Thus, two problems arise.

Problem 1. Are there some ways of quantifying GQCs for
bipartite CV systems that are easily accessible?

Problem 2. What are the rules that every multipartite mul-
timode GQCM (beyond entanglement) should obey and are
there such GQCMs for multipartite CV systems that are easily
accessible and monogamous in some sense?

For the first problem, an effort is made in [26] where
a computable GQCM M for (n 4+ m)-mode CV systems is
proposed. It is shown that M satisfies the following nicer
properties:

(1) For any (n + m)-mode Gaussian state pag, M (pap) =
0 if and only if p4p is a product state;

(2) M is locally Gaussian unitary invariant;

(3) M is nonincreasing under local Gaussian channels in
the sense that M((®4 ® Pp)poap) < M(pap) holds for any
Gaussian channel @4,z performed on subsystem A/B and any
Gaussian state pap;

(4) M is independent of the mean, is symmetric about
subsystems, and has no ancilla problem.

But for the second problem, by our knowledge, no results
of quantifying GQCs (beyond entanglement) for multipartite
multimode CV systems were known. The purpose of this
paper is to give an answer to the second problem.

Not like the bipartite GQCM, as a multipartite multimode
GQCM, it should obey some additional rules. For multipartite
entanglement measures, these additional rules were discussed
first in [27]. It is pointed out in [27] that a multipartite entan-
glement measure should meet the unification condition and
the hierarchy condition. For a quantum correlation beyond
entanglement, as a physical resource it is reasonable to re-
quire that the unification condition and the hierarchy condition
should also be obeyed by their multipartite quantum correla-
tion measures. The unification condition is easily understood,
but the hierarchy condition is not defined clearly in [27].

In this paper we give an exact definition of the hierarchy
condition which declares that the whole correlation of lower
partition is not greater than the whole correlation of higher
partition; the partial correlation is not greater than the whole
correlation; and the correlation after kicking some parties
out of subgroups is not greater than the correlation between
the subgroups. We also propose a multipartite multimode
GQCM M® and discuss its properties for any k-partite CV
systems (k > 2). The definition of M® only depends on
the covariance matrix of CV states and thus is more eas-
ily calculated for any CV state with finite second moments.
M® is a multipartite extension of M as M?® = M. We
show that M® has almost all expected good properties:
M® vanishes on k-partite product states and, for a k-partite
Gaussian state p, M® (p) = 0 if and only if p is a k-partite
product state; M® is invariant under any permutation of
subsystems; has no ancilla problem; and is nonincreasing
under k-partite local Gaussian channels (particularly, is in-
variant under k-partite locally Gaussian unitary operations)

/\/l(k)(,oAl,A2 AAAAA 4,) for any Gaussian channel ®; in subsystem

Hy; and any Gaussian state pa, 4,,...4,- More importantly, we
show that M® satisfies the unification condition and the
hierarchy condition that a multipartite quantum correlation
measure should obey. Therefore it is true that M® is an
accessible multipartite multimode Gaussian quantum correla-
tion measure for CV systems.

Finally, the monogamy relation for M®) is investigated.
Recall that a bipartite entanglement measure E is monog-
amous if E(papc) = E(pa) + E(pac) (CKW inequality)
holds for any papc [28]. Many bipartite entanglement mea-
sures are monogamous (see Refs. [29-31] and the references
therein). In [31], Guo and Gour proposed the monogamy
without inequalities. It seems that the monogamy relation (i.e.,
CKW inequality) is a natural feature for quantum entangle-
ment, because entanglement is a kind of physical resource
and thus the amount of part entanglements cannot exceed
the amount of total entanglement, which is almost equivalent
to the statement that if two parties A and B are maximally
entangled, then neither of them can share entanglement with
a third party C [27,31]. The monogamy relations for quantum
correlations beyond entanglement have also been investigated
[32,33]. But it is surprising that all bipartite quantum corre-
lation measures beyond entanglement for discrete systems,
including quantum discord, are not monogamous in general
[33], which is a contradiction to the fact that many quantum
correlations beyond entanglement are physical resources. The
trouble may come from the definition of monogamy relations.
The monogamy relation discusses relationships between three
parties by using a bipartite measure, focuses only on the rela-
tion between the parties A, BC, the parties A, B, as well as the
parties A, C and ignores the relation contained in the parties
ABC and the relation between parties B, C, which seems
incomplete. In fact, by the hierarchy condition, E(p4pc) is
still a part of the total entanglement E® (p4pc) shared by A,
B, and C, where E® is a tripartite entangled measure and is
consistent with E. So, to understand the monogamy relation
better one should consider the question in framework of mul-
tipartite entanglement measures. Guo and Zhang gave a strict
framework for defining multipartite entanglement measures,
based on which, the complete monogamy relation and the
tight monogamy relation were established [27].

We give exactly the definitions of the monogamy relations
for a multipartite quantum correlation measure in this paper. It
is revealed that there are three kinds of monogamy relations:
(1) the tight monogamy relation, which claims that the cor-
relation between subgroups attains the total correlation will
imply that the parties in the same subgroup are not correlated
to each other; (2) the complete monogamy relation, which
claims that the correlation of a subgroup attains the total
correlation, will imply that the parties out of the subgroup are
not correlated with any other parties of the system; and (3) the
strong monogamy relation, which claims that the correlation
between subgroups after “kicking some parties out of” each
subgroup keeps invariant will imply that the remaining parties
are not correlated with the parties kicked out of them. Then,
we prove that M® is completely monogamous and tightly
monogamous. However, M® is not strongly monogamous.

The paper is organized as follows. In Sec. II we recall
briefly some notions and notations from CV systems and
propose the quantity M®. Section III is devoted to studying
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the basic properties of M®. In Sec. IV we show that M®
satisfies the unification condition and the hierarchy condition.
The monogamy relations for M® are studied in Sec. V.
Finally, a short conclusion is given in Sec. V1.

II. DEFINITION OF M®

Before giving our definition of the quantity M®, we
need to briefly recall some notions and notations concern-
ing Gaussian states (for more details, see Ref. [34]). Recall
that an n-mode continuous-variable system (CV system) is a
system determined by 2n-tuple (Ql,ﬁl, e, Q,,, pn) of self-
adjoint operators with state space H=H, Q H, ® --- ® H,,
where P., O, are respectively the position and momentum
operators of the rth mode, which acts on the separable
infinite-dimensional complex Hilbert space H,. As it is well
known, 0, = (d, + &,")/v2and b, = —i(d, —a,")/v/2 (r =
1,2,...,n),witha' and a, being the creation and annihilation
operators in the rth mode H,, which satisfy the canonical
commutation relation (CCR),

[a,,al1= 68,1 and [a],al]=la,a]=0,
rns=12,...,n.

Denote by S(H) the set of all quantum states in a system
described by H (the positive operators on H with trace 1). The
characteristic function y, for any state p € S(H) is defined as

Xp(2) = tr(pW (2)),

where 7= (X1, Y1, ..., X0, Ya)' € R?, W(z) = exp(iRz) is
thg VYeyl disAplacAement operator, R = (Iél,léz, .. .,ﬁzn) =
(QI’PI""’Q}’[’PH)'

Let FS(H) be the set of all quantum states with finite
second moments, that is, p € FS(H) if Tr(pR,) < oo and
Tr(pR,>) < oo for all r = 1,2, ..., 2n. For p € FS(H), its
first moment vector

d=d, = (R), (Ry), ..., (Ruu))"
= (tr(pR)), tr(pRy), ..., tr(pRy,))" € R
and the second moment matrix
I'=T, = (i) € M2u(R),

defined by y = tr[p(ARLAR; + AR ARy)], with AR, =
R — (Iék) ([35]) is called, respectively, the mean (or the dis-
placement vector) of p and the covariance matrix (CM) of p.
Here M (R) stands for the algebra of all k¥ x k matrices over
the real field R. Note that a CM I" must be real symmetric and
satisfy the condition I" 4+ iA > 0, where A = ®7_| A, with

A, = (_01 (l)) for each r. A Gaussian state p € FS(H) is

such a state of which the characteristic function x,(z) is of
the form

Xo(2) =exp (—52'Tpz +id}z).

A quantum channel (trace preserving complete positive
map) P is called a Gaussian channel if ® sends every Gaus-
sian state into a Gaussian state. A unitary operator U acting on
H is said to be Gaussian if the unitary operation p > UpU
is a Gaussian channel.

Let PAL Ay, A, € .FS(HA] ®HA2 Q- ®HAk) be a CV
state in a k-partite (ny +np + --- + ni)-mode CV system.
Then its CM can be represented as

An A - An
= |

Ann A - An
where Aj; € My, (R) is the CM of the reduced
state pa; = Trac(pa, 5.4 OF  pajay.a, Aj=

A, ..., Aj_1,Aj41, ..., A}, namely, Aj; = FPA/, and
Ajj = A%, € My, 2,,(R) for any i, j € {1,2,...,k}, which
reveals quantum correlation between subsystems A; and A ;.
Definition 1. For any (ny + np + - - - + n)-mode k-partite
state 0a,.A,,..4, € .FS(HA] ®HA2 X - ®HAk ), the quantity

.....

B det (FpAl.Az...,.Ak)
— o v
IT_, det (T, )

where I'y, and T, ., are respectively the covariance ma-

trices of pa, 4,....4, and pa;.
Obviously, the function M® : FS(Hy, @ Hy, @ -+ ®

independent of the mean. Particularly, for biﬁéftite case, M

is just the same as M proposed in [26].

III. BASIC PROPERTIES OF M®

By Definition 1, it is clear that for any pa, 4,4, €
FS(Hy, @ Hy, ® - -- @ Hy,), the value M®(pa, a,...4,) is
easily calculated, avoiding performing any measurement and
any optimization procedure. Furthermore, M® has the fol-
lowing properties:

(1) M® vanishes on product states.

(2) M® is invariant under any permutation of subsystems,
that is, for any permutation 7 of (1,2, ..., k), denoting by
PArayAry.Ang, the state obtained from the state pa, a,....4,
by changing the order of the subsystems according to the
permutation 7, we have

when considering the k-partition A;|A;] ... |Ax—1]AxC of the
(k + 1)-partite system A1A; ... AxC.

(4) MW is invariant under k-partite locally Gaussian uni-
tary operations.

(5) For any (n;+ny+---+n)-mode k-partite
state o4, .A,,...4, € .FS(HAI ®HA2 & ®HAA-) with CM

.....

only if A;; =0 whenever i # j. Particularly, if o4, 4, . 4,
if oA, .,...4, 1S a k-partite product Gaussian state, that is,
PA1As.... A = PA, @ PA, B -+ @ Pa,-

(6) (Nonincreasing under local Gaussian channels) For any
Gaussian state pa, 4,,..4, € FS(Ha, @ Hy, ® --- ® Hy, ) and
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any local Gaussian channel ®; ® ®, ® - - - ® Py, we have

MP[(@1® P2 ® - ® P)pa, ...t ] < MY (pa,a5...,)-

.....

Particularly, M® is locally Gaussian unitary invariant.

Proofs of (4)-(6) will be given in Appendix A.

Thus M® (k > 2) is a possible candidate of computable
quantification of the multipartite multimode GQC for k-partite
CV systems, which describes the natural quantum correlation
for Gaussian states that a state contains no correlation if and
only if it is a product state.

IV. UNIFICATION CONDITION AND HIERARCHY
CONDITION FOR M®

To show that M® is a multipartite multimode GQCM,
we have to check the unification condition and the hierar-
chy condition further for M®. The unification condition
and the hierarchy condition were first proposed in [27] for
the multipartite entanglement measure. Recall that a bipar-
tite entanglement measure E is a non-negative functional
on bipartite states which vanishes on separable states and
is nonincreasing under local operations and classical com-
munication (LOCC). However, a multipartite entanglement
measure should satisfy some additional conditions, such as the
unification condition and the hierarchy condition. For exam-
ple, for a tripartite entanglement measure E® : S(H, ® Hp ®
Hc) — [0, +00), apart from the usual requirements that E®
vanishes on full separable states and cannot increase under
3-partite LOCC, E® should satisfy further the unification
condition (i.e., E® is invariant under the permutations of
subsystems, and a bipartite entanglement measure E? can
be defined which is consistent with E®) and the hierarchy
condition [i.e., E®(papc) = E®(pxyz) = E® (oxy), where
XYZ is any permutation of ABC]. Generally, for a k-partite
entanglement measure E®), the unification condition ensures
that one can restrict E® to any subsystems and any subpar-
titions without causing any trouble; the hierarchy condition
mainly requires that, as a kind of physical resource, the partial
entanglement is never greater than the whole entanglement.
Therefore the unification condition and the hierarchy con-
dition are natural requirements for E® to be a k-partite
entanglement measure. But the situation is much more com-
plicated for k > 3, particularly, no exact definition for the
hierarchy condition is known.

We remark here that the hierarchy condition lives also in
the bipartite entanglement measure. In fact, the inequality
E(papc) = E(pap) may be regarded as the hierarchy con-
dition and should be satisfied by the bipartite entanglement
measure E.

As many quantum correlations beyond entanglement are
also physical resources, naturally, when quantifying these
multipartite quantum correlations, the unification condition
and the hierarchy condition should be basic requirements.
Consider a multipartite quantum correlation (MQC) and as-
sume that for any k > 2, C¥) is a k-partite quantum correlation
measure for MQC. The meaning of the unification condition
is well understood. We say that C*) satisfies the unification
condition if, for any 2 </ < k, one has a uniform way to
introduce the [-partite quantum correlation measure C for
any [ partition so that the elements in the sequence {C(”}f‘:2

get along well with each other. For the hierarchy condition
we should consider at least three situations. Roughly speak-
ing, C%®) satisfies the hierarchy condition means that for any
multipartite state, the correlation of subpartition is not greater
than the whole correlation; the correlation of part is not greater
than the correlation of the whole; and “kicking some parties
out of” each subgroup will not increase the correlation be-
tween subgroups of subsystems. In the present paper, as M®)
is symmetric, we mainly consider the symmetric multipar-
tite quantum correlations (SMQCs), namely, the multipartite
quantum correlations which are invariant under any permuta-
tions of subsystems.

To consider the hierarchy condition for M® with k > 2,
one has to check several kinds of inequalities. To make the
question more clear, let us consider the case of k = 4. For a
4-partite system ABCD, it has three kinds of two subpartitions:
WXI|YZ, W|XYZ, WXY|Z; and three kinds of 3-partitions:
WIX|YZ, W|XY|Z, WX|Y|Z, where WXY Z is any permuta-
tion of ABCD. So the hierarchy condition requires that M®
should satisfy the natural property “total correlation” > “par-
tial correlation,” that is,

M (papep) = MP (pwxivz)
>

MP (owxy) = MP(oxy), 2
MD(papcn) = MP (pwixyz)
> MP(pwixy) = MPowix), ()
M (papcp) = M (pwixyz)
> MP(owxy) = MP(owixy), @)
and
MW (pascipe) = MD(oacp). )

Inequalities (2)—(5) motivate in general what kinds of in-
equalities should be checked for M® to obey the hierarchy
condition. Obviously, the truth of Inequalities (2)—(4) also
implies that both M and M ® meet the hierarchy condition.

Since the unification condition is usually clear from the
definition of a multipartite quantum correlation measure, we
give here only an exact definition of the hierarchy condition
for quantifying SMQCs. Let k > 3. For any / subpartition
Pi(A1A; ... Ap) (2 < I < k) of a k-partite system A A, . . . Ay,
it is obvious that there exists a permutation 7 of (1,2, ...k)
and positive integers iy, i, ..., i; with ij 4+ - -- +i; = k such
that

Pi(A1A; ... Ay)
=Az) - AniplAri1) - ArGi+in A Gitint 1) - oo e -
An iyt DMAr ot +1) - - - Ar - (6)

Definition 2. For k > 2, let C® be a candidate as a
k-partite quantum correlation measure of a symmetric mul-
tipartite quantum correlation which satisfies the unification
condition on k-partite composite system AjA;...A;. Let
Pi(A1A; ... Ar) be any [-subpartition of AjA,...A; deter-
mined by 2 </ < k and the permutation 7w of (1,2,...,k)
as in Eq. (6).
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(1) C™® is nonincreasing under subpartition if, for any 2 <
| < k and the permutation ,

CO (oA, tsnne) = CV (0P (412 10)

holds for any state pa,4,...4, -

(2) C™® is nonincreasing under taking subgroup if, for any
2 <1 < k, the permutation = and each h € {0,1,2,...,1}
with iy = 0,

(k) (in)
C (pAl,Az ----- Ak) = Cln (pAn(z‘0+i1+~»+ih,,+1)---An(xo+i1+-~+ih))

holds for any state pa,4,.. 4,

(3) € (I >2) is nonincreasing under kickout, if, for
any k > [, any permutation 7w of (1,2, ..., k) and for each
h=0,1,2,...,1, letting C, be a nonempty subset of B, =

M ipr Anci s - Anci,inh
C(l)(pPI(AlAz“‘Ak)) > C(l)(locl\cz\-uIszl\C/)

holds for any state p,4,...4, -

We say that C® satisfies the hierarchy condition if C®)
is nonincreasing under the subpartition, nonincreasing under
taking a subgroup and nonincreasing under kickout. In the
case that C® is a k-partite Gaussian quantum correlation mea-
sure, C®) satisfies the hierarchy condition if it is nonincreasing
under subpartition, nonincreasing under taking a subgroup,
and nonincreasing under kickout at least for all k-partite Gaus-
sian states.

The hierarchy condition for bipartite quantum correla-
tion measures beyond entanglement is less studied. Generally
speaking, many known bipartite Gaussian correlations are not
hierarchied. This is often the case for those quantum corre-
lations with the ancilla problem. For example, considering
the Gaussian nonlocality A proposed in [18], with pspc =
0aB ® pc, we have

N(pase) = N (pap)trpe < N(pag),

whenever pc¢ is not pure. This means that partial correlation
may be bigger than the whole correlation, that is, the hierarchy
condition is broken by A/. But M(=M®) proposed in [26]
satisfies the following hierarchy condition:

For any (m4n+1[)-mode tripartite state
FS(Hy ® Hp ® Hc), we have M(pajpc) = M(pap).

We claim that M@ satisfies Inequalities (2)—(5) and thus
meets the hierarchy condition. In fact, this is a special case of
the following general result.

Theorem 1. For k > 2, M® in Definition 1 satisfies the
unification condition and the hierarchy condition. Thus M®
is a k-partite multimode Gaussian quantum correlation mea-
sure.

It is clear from Definition 1 that M® satisfies the uni-
fication condition. To show that M® meets the hierarchy
condition, one has to check that, by Definition 2, M® g
nonincreasing under subpartition, nonincreasing under taking
a subgroup, and nonincreasing under kickout for all k-partite
FS states. A proof will be given in Appendix B.

PABC €

V. MONOGAMY RELATIONS FOR M®

An important feature of many bipartite entanglement
measures is that they are monogamous. Here we accept
a slightly more general concept of monogamy relation of

entanglement without inequalities from [27,31] rather than
the CKW inequality, which says that if two parties A and
B are maximally entangled, then neither A nor B can be
entangled with the third party C. In [27] multipartite entangle-
ment measures and multipartite monogamy relations (mainly
tripartite systems) were discussed. For a bipartite entangle-
ment measure E : S(Hy ® Hg) — [0, +00), the monogamy
of E implies E(papc) = E(pap), and E(pajpc) = E(pap) will
force E(pac) = E(ppc) = 0 (which is equivalent to the state-
ment that there exists some « > 0 such that E(p4pc)* >
E(pap)* + E(pac)* [27]). Clearly the monogamy relation
of entanglement accords with the resource allocation the-
ory: if the first part and the second part share all resources,
then the third part can share any resource with neither the
first part nor the second part. However, as pointed out in
[27], the monogamy relation of the above form discusses the
entanglement allocation among three parties by a bipartite
entanglement measure E and thus is not complete, because
E(paipc) is only a part of the whole entanglement contained
in papc (or shared by A,B,C). Therefore, to discuss the
monogamy relation of entanglement, one needs the help of
multipartite entanglement measures.

Different from the bipartite monogamy relation, there
are three kinds of monogamy relations for a tripar-
tite entanglement measure: E is bipartitelike monoga-
mous if E®(pscp)) = E®(pasc) implies E@(pap) =
E®(pgp) = E@(ocp) =0 (this monogamy relation is
not proposed and discussed in [27]); E® is com-
pletely monogamous if E®(pspc) = E®(psp) implies
E@(pac) = E®(ppc) =0; E® is tightly monogamous if
E® (papc) = E®(papc) implies E® (ppc) = 0. The bipar-
titelike monogamy relation is more stringent or stronger
than the complete monogamy relation, as we always have
E®(papcp) > EG)(,OA‘BWD) by the hierarchy condition. So
we may call it the strong monogamy relation. Thus the monog-
amous bipartite entanglement measures are in fact strongly
monogamous.

Note that many multipartite quantum correlations are
physical resources. Naturally, when discussing multipartite
quantum correlation measures, the three kinds of monogamy
relations similar to those mentioned in the previous paragraph
for E® should be explored. Let us give a precise definition of
the monogamy relations as follows.

Definition 3. For k > 2, let C® be a k-partite quantum
correlation measure of a symmetric multipartite quantum
correlation on a k-partite composite system AA; ... Ag. Let
Pi(A1A; ... Ay) be a [-subpartition of AjA; .. .A; determined
by 2 <1 < k and the permutation 7 of (1,2,...,k) as in
Eq. (6).

(1) (Tight monogamy relation) C*® (k > 3) is tightly
monogamous if, for any /, any 7, and any k-partite state
PALA;. A

C(k)(pAlAz...Ak) = C(Z)(pp’(A‘Az"'Ak))

h=1,2,...,1,
where B, =
with

will imply that, for every
C(pg,) =0 whenever i =2,
A Gig-tirt-ein 1 +DAT Ggrtin+-vvin 1 42) - + - A ligrtin+--in_1+i1)
ip =0.

(2) (Complete monogamy relation) C® (k > 3) is com-
pletely monogamous if, for any /, any m with i; > 2 and any
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k_partlte state IOAlAz...Ak s C(k) (pAlAz.,.Ak ) = C(il )(pAﬂ(])An(2>...A,((,'] ) )
will imply that

2) —
¢ (pArr(l)---Arr([])|A7[(11+1)Arr(i]+2)--<A7t(k)) =0

and
(k—i) —
c (/OAn(i,+1)An(11+2>---An<k>) =0.

(3) (Strong monogamy relation) C? (I >2) is
strongly monogamous if, for any k >/ and for each
h=1,2,...,1, letting C, be a nonempty subset of

Bi =z Axidinry o Arlyinh
l l
C )(pP,(AIAz...Ak)) = )(Pc1|c2|...\c,_,|q)

will imply that C("’l)(pc,,) = 0 whenever r, > 2, with r;, the
number of subsystems contained in Cj,, and that C® (pa4,) =
0 whenever one of A; and A; is not in U} _, G,

If C® is a multipartite multimode Gaussian quantum cor-
relation measure for CV systems, we require that C*) meets
the definition at least on Gaussian states.

Roughly speaking, the tight monogamy relation means that
if the correlation of subpartition attains the total correlation,
then the parties in the same subgroup are not correlated to each
other; the complete monogamy relation means that if the corre-
lation of a subgroup of subsystems attains the total correlation,
then the parties out of the subgroup are not correlated with
any other parties in the system; the strong monogamy relation
claims that if the correlation of subpartition keeps invariant
after “kicking some parties out of”” each subgroups, then the
remain parties are not correlated with the parties kicked out.

The following bipartitelike monogamy relation is a special
case of the strong monogamy relation.

(4) (Special case of strong monogamy relation) C*®
(k = 2) is strongly monogamous if, for any (k + 1)-partite
state pa, 4, i CO (oA 40 a1 1AiAe) = CO(Paas.a, 1a,)
will 1mp1y that C(z)(/)A]AkH) = C(z)(pAzAkH) =...=
C(pan,,) = 0.

Many bipartite GQCMs beyond entanglement are not
monogamous. For example, the Gaussian nonclassicality N
proposed in [18] is obviously not monogamous since it breaks
the hierarchy condition. Though M = M® obeys the hier-
archy condition, it is not monogamous by the next theorem.
Hence it is reasonable that a good multipartite (Gaussian)
quantum correlation measure should be at least completely
monogamous and tightly monogamous.

Theorem 2. The bipartite Gaussian quantum correlation
measure M is not (strongly) monogamous.

Proof. Let papc be an (m + n + [)-mode tripartite state

] A X z ]
with CM T'ypc = ()Z(; }g g) Then, by Theorem B3 in

Appendix B, M(papc) = M(pap) if and only if XB~'Y =
Z, which may not be zero. However, M (pac) = M(ppc) =0
if and only if Z =0 and Y = 0. Thus M (paac) = M(pap)
does not imply that M (pac) = M(ppc) = 0.

To make it clearer, we give an example which reveals
that there does exist a tripartite Gaussian state papc SO that
M((pajpc) = M(pap) but M(pac) #0 and M(ppc) # 0.

Therefore M is not monogamous.

Let
2 01 o3 0
0 2/0 1|0 1
I 03 0[1 0
=10 1]0 3]0 1 |
: 0]1 of2 o0
0 1|0 1]0 2
0 1|0 0|0 O
-1 0] 0 0] 0 0
A_| O 0[O0 1[0 0
“l. 0 o|-1 0/0 0
0 0/ 0 0[]0 1
0 0/ 0 0|-1 0

Since ' +iA >0, I" is a CM of some (1 + 1+ 1)-mode
Gaussian state pspc. Note that

(3 D696 96 -

However, it is easily calculated that M(papc) = M(pap) =
0.3056, M(pac) ~ 0.0548 # 0, and M(ppc) ~ 0.3056 # 0.
So M breaks the monogamy relation at pspc. |

The fact that M is not monogamous is not surprising
because, by the hierarchy condition, M(papc) = 0.3056 is
just a part of the total quantum correlation M® (papc) =
0.5144 shared by three parties A, B, C. So M(papc) =
M ((pap) cannot always force that both M (4c) and M (ppc)
are zero. However, for some special tripartite Gaussian
states oapc, M(oapc) = M(oap) do imply that M(oac) =
M(opc) = 0.

Example 1. For any tripartite fully symmetric Gaussian
state oapc, M(GA\BC) = M(oasp) implies that M(oac) =
M(opc) = 0. In fact, we have M(oa5c) = M(oap) if and
only if oppc = 04 ® 05 ® o¢.

Recall that o4p¢ is fully symmetric if it is an (n + n + n)-
mode Gaussian state with CM having the form

A X X
Mo,.= (X" A X|,
xT xT A

where A, X € M,,(R). We have to show that M (o pc) =
M(oasp) if and only if X =0. This will be done in
Appendix C.

To illustrate the meaning of three kinds of monogamy
relations in Definition 3 for multipartite multimode GQCM
C®, we consider the case k = 4. For a 4-partite composite
system ABCD, let WXY Z be any permutation of ABCD. The
three kinds of monogamy relations for C* can be stated as
follows:

(a) (Tight
monogamous if

(ap) C®(papcp) = CP(pwxyz)
CP(pwx) =CP(pyz) =0,

(a2) C9(pascp) = CP(pwixyz)
C®(pxyz) =0,

and

(a3) CY(pascp) = C¥(pwixyz)
C¥(pyz) =0.

monogamy relation) C® is tightly
implies that

implies that

implies that
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(b) (Complete monogamy relation) C* is completely
monogamous if

(b1) C¥(pascp) = C®(pwxy) implies that C(owz) =
CP(pxz) = CP(pyz) =0

and

(b2) C¥(pagcp) = C* (pwx) implies that C? (pwxyz) =
CP(pyz) = 0.

(c) (A special case of the strong monogamy relation) C®
is strongly monogamous if M (papcipE)) = M@ (pascp)
implies  that ~ MP (pap) = MP (ppr) = MP(pcg) =
MP(ppg) = 0.

We claim that M® is completely monogamous and tightly
monogamous but is not strongly monogamous. In fact, this is
a special case of the following general result, which will be
proved in Appendix C.

Theorem 3. Let M®:FS(Hy, ® Hy, ® --- @ Hy, ) — [0,
+00) be the k-partite (n; + ny + - - - + ng)-mode Gaussian
quantum correlation in Definition 1.

(1) For k > 3, M® is tightly monogamous.

(2) For k > 3, M® is completely monogamous.

(3) For k > 2, M® is not strongly monogamous.

Example 2. Consider the (k4 1)-partite (14 ---+41)-
mode case. Let I' = (A;;) be a real symmetric matrix, where

Ajj=C Nfor j=1,2,.. k=1k+1, Au=(C 9,

1 .
Ap-rk = Arirt = (o DiA-ia = (1), and otherwise,
A;; =0 for i < j. It is easily checked that ' =T, is a CM
for some Gaussian state 0 = pa,4,..4,4,,, Since I' +i EB’;E
A; > 0with A = (fl (1)). For this state pa,4,..4, 44,1 > WE
have M® (pa,4,. 4, 1 1aia) = M® (04,4, 4,_,4,) = 0.3056,
but M®@(pa, ,a,,,) ~ 0.0548 # 0. Hence M® is not
strongly monogamous.

VI. CONCLUSION

For a k-partite (n; 4+ ny + - - - 4+ ng)-mode Gaussian state
P = Pa,4,..A,» WE say that p is not quantum correlated if it is a
k-partite product state, that is, p = p4, ® p4, @ - - - ® pa,. In
this paper we propose a computable multipartite multimode
Gaussian quantum correlation measure M® for any k-partite
multimode continuous-variable (CV) system. The value of
M® only depends on the covariance matrices of CV states,
is invariant under any permutation of subsystems, has no an-
cilla problem, is nonincreasing under k-partite local Gaussian
channels (particularly, invariant under k-partite local Gaus-
sian unitary operations), and vanishes on k-partite product
states. For a k-partite Gaussian state p, M®(p) = 0 if and
only if p is a k-partite product state. Moreover, as a multi-
partite Gaussian quantum correlation measure, M® satisfies
the unification condition and the hierarchy condition that a
multipartite quantum correlation measure should obey (which
means that M® is consistent with M for any 2 < [ < k,
the correlation of the subpartition is not greater than the whole
correlation, the correlation of part is not greater than the corre-
lation of whole, and the correlation after kicking some parties
out of subgroups is not greater than the correlation between
the subgroups). Finally, the monogamy relations for multipar-
tite quantum correlation measures are discussed. Generally
speaking, there are three kinds of monogamy relations for a

multipartite correlation measure: the strong monogamy rela-
tion (the correlation between subgroups after “kicking some
parties out of” each subgroups keeps invariant will imply
that the remain parties are not correlated with the parties
kicked out), the complete monogamy relation (the correla-
tion of a subgroup attains the total correlation will imply
that the parties out of the subgroup are not correlated with
any other parties of the system) and the tight monogamy
condition (the correlation between subgroups attains the total
correlation will imply that the parties in the same subgroup
are not correlated to each other). Though M® is not strongly
monogamous, M® is completely monogamous and tightly
monogamous. Thus M® is a nice multipartite multimode
Gaussian quantum correlation measure. As M® is easily cal-
culated, it is more convenient to be applied in other scenarios
of quantum information.

By now we think that M® is the only known multipar-
tite multimode Gaussian quantum correlation measure beyond
entanglement. It is interesting to find other multipartite multi-
mode Gaussian quantum correlation measures.
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APPENDIX A: PROOFS OF BASIC PROPERTIES OF M®

This Appendix section is devoted to proving the properties
(4)—(6) of M™® in Sec. I11.

Property 4. M® is invariant under k-partite local Gaussian
unitary operation.

Proof. For an n-mode CV system determined by R =
(Ri,R>,...,Ry) = (01, P1,...,0, P), it is known that a
unitary operator U is Gaussian if and only if there is a vector
m in R?" and a matrix S € Sp(2n, R) such that UTRU =
SR + m [36,37], where Sp(2n, R) is the symplectic group
of all 2n x 2n real matrices S that satisfy S € Sp(2n, R) <
SAST = A. Thus every Gaussian unitary operator U is de-
termined by some affine symplectic map (S, m) acting on
the phase space and can be parameterized as U = Ug . It
follows that if Us, is a Gaussian unitary operator, then for
any n-mode state p with CM I', and mean d,, the state
o= Us,m,oUST.m has the CM I', = SI'ST and the mean d, =
m + Sd. Particularly, if p is also Gaussian, then the char-
acteristic function of the Gaussian state o is of the form
exp(— 32 Toz +idl2).

Now, assume that p = pa 4,4, € FS(Ha, @ Hy,
® --®Hy) is an (n; +ny+ - -+ ng)-mode k-partite
state, and Usm =U1 QU ®--- QU is a Gaussian

unitary operator with U; = Us, m; being Gaussian unitary
on Hy. Clearly, S=@&_S; and m=@&_m;. Let
O = 0p, Ay....Ar = USmPa, A,...., AkUST,m’ Then Iy, = SFPST
and F% = SjFij SJT. As det(S) = H’;Zl det(S;), it follows
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from Definition 1 that
det(T'y)
IT§_, det (T, )

det(ST,S7)
ITj_, det (S;T,, ST)

~ det(S)det(I",) det(S")
IT5_, det(S;) det (T'y, ) det (ST)
_ det(T)
5_, det(T, )

as desired. |
Property 5. For any (n; + ny + - - - + ng)-mode k-partite
state pa, A,,...A, € .FS(I‘IA1 ® I‘IA2 R & HAk) withCM T =

.....

...........

PA, & Pa, @ -+ @ pay-
Proof. This is an immediate consequence of Lemma Al
below. ]
Lemma Al. Assume that

Ay Ap oo Ay

Ay Ap o Ay
k= : N .. :

A A - Ak

is a positive-definite block matrix over the complex field C.
Then det(T"y) = HI;'=1 det(A;;) if and only if A;; = 0 when-
everi # j.

To prove Lemma A1, we need the following lemma proved
in [26], which is also useful in the other part of the present
paper:

Lemma A2. For S, T € M,,(C) with S > T > 0, det(S) =
det(T)ifandonly if S =T.

Proof of Lemma Al. The “if” part is obvious. We prove
the “only if” part by induction on k. For the case k =
2, denote T’ = (CAT g). It is well known that det(I';) =
det(A)det(B — CTA™!C) = det(B)det(A — CB~'CT) > 0. If
det(T',) = det(A) det(B), then det(B — CTA~!C) = det B. Let
D=B—-CTA7'C.AsT, > 0, we have 0 < D < B. Thus, by
Lemma A2 we must have B = D as det(D) = det(B), which
entails that C = 0.

Now, assume that the assertion is true for kK — 1 > 2. De-
note by I'y_; the principal submatrix of I't, that is,

An A A k-
Ay Ap As k-1
Fo = . . ) ,
Aol Arcrp Ap_1k-1

which is positive definite, too. Note that the condition
det(T'y) = TT5_, det(A;;) implies

IT_, det(A ;) = det(T%)

Ay

Agy

=det(Ag)det | I'y_1 — .

A1k

I t
XAkk(Alk Ay - Ak—l,k)

< det(Agg) det(T'y—y)
<

det(Ag)TTZ] det(A ;) = TT}_, det(A ). (A1)
It follows that H’;;l det(A;;) = det(I'x—;). By the inductive
assumption, A;; = 0 wheneveri # jandi, j e {l,2,...,k—
1}. What remains is to check that Ay =0 for all j=
1,2,...,k— 1. By Eq. (A1) again, one gets

Ay
Aok —1 (7t i i
det | I'—y — Ag (A Ay - Akfl,k)
Ar—1k
= det(I'v_1),
which forces
Aj
A
* | =o,
A1k

and so Ay =0 forall j=1,2,...,k— 1. Hence the “only
if” part is also true, completing the proof. ]

Property 6. (Nonincreasing under local Gaussian channels)
For any Gaussian state p, 4,4, € FS(Ha, ® Hy, @ -+ ®
Hy,) and any local Gaussian channel @1 ® ®, ® -+ @ ¥y,
we have

,,,,,,,,,,

Particularly, M® is locally Gaussian unitary invariant.

To prove Property 6, we need a lemma on matrices
from [26]:

Lemma A3. Let B, K,M € M,(C) with B and M positive
semidefinite. If both B and KBK' + M are invertible, then
K"(KBK'" + M)~'K < B~'. The equality holds if and only if
M = 0 and K is invertible.

Proof of Property 6. As Gaussian state p is characterized
by its CM I' and mean d, and we can parameterize it as
o = p(I",d). Recall that if & is a Gaussian channel of n-
mode Gaussian systems, then for any n-mode Gaussian state
p=pI, d), (I, d)=pI",d)with

d=Kd+d and I"=KIFK' +M (A2)

for some real matrices M, K € M,,(R) satisfying M = M7 >
0 and det M > (det(K) — 1)?> and some vector d € R?",
So we can parameterize the Gaussian channel & as ¢ =
(K, M, d).
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Let p = pa,a,...4, € FS(Hs, @ Hy, ® - - - ® Hy, ) be a Gaussian state whose CM is presented as in Eq. (1) and ¢; ® ¢, ®
-+ ® &4 be alocal Gaussian channel with ®; = ®;(K;, M;, d;). We first show that for any j € {1,2,...,k},

MD ® L1 @D @Iy @+ ®L)payas,.n) < MP(04,.45....,) (A3)
where ®; is a Gaussian channel performed on subsystem A ;. Since M®) is invariant under permutation of subsystems, we may
assume that j = k. Denote

O =0y pyon, =L ® - L1 ® Pp)pa, a,...A

.....

Then the CM I'yy of pj, 4, 4, has the form

.....

Aqy Ap - Ao Akl
Az Ayn - Agi AyKl
r, = :
A1 Ak—12 0 Ak Ar—1k
KA KAy -+ KiAek—1r  KiAK! + M
and thus, by Lemma A3, one gets
det(T)

.....

det (KkAkkK +Mk H det(AH)

Alk
1
det | Ty — K (KAuK! +Mo) " Ke(Al, AL - AL))
Ak 1Lk
=1- k=
IT,Z) det(A;)
Ak
A
det | Do — | 7 |AG (A AL - ALLL)
Ar
<1- k—1,k _M(k)(pAl Ao, Ak)

MZ] det(A )

Therefore we have proved that the inequality in Eq. (A3) is true.
Then, applying the inequality in Eq. (A3), we have

MP((@1@ P ® - @ Pp)pa, as,.ny) = M(k)[(nl;zl(h QL1 ®P;®1i11 ® - ®L))pa, ns...tr]

..........

< M(k)[(n]jczz(ll ® Ij 1 ® (D ® Ij+1 ® ®Ik)),0A1 VA Ak]

MO ® -+ Iet @ P)pa ar,.ay)
<

Hence M™® is nonincreasing under k-partite local Gaussian channels.
Particularly, if the k-partite local Gaussian channel ® = ®; @ &, @ - - - ® Py is invertible and ®~! is still a Gaussian channel
(it is the case when @ is a k-partite locally Gaussian unitary operation), then

MO (pan,..a,) = MO(D7'0(pa4,..0,)) < MO (@(p4,4,..0.)) < M (pa,45.,)

and consequently, M®(®(pa,4,..4,)) = M©(pa,a,..4,). This reveals that M® is invariant under k-partite Gaussian unitary
operations. |

APPENDIX B: PROOF OF THEOREM 1, THE HIERARCHY CONDITION FOR M®

In this Appendix section we show that M® satisfies the hierarchy condition and thus completes the proof of Theorem 1 in
Sec. IV. We begin with considering the bipartite case. The following lemmas are needed.
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I D F
Lemma BI. Let (? EI 115) be a positive-definite block matrix over the complex field C. Then max{||D||, |E||, |F||} < 1,
1 S -1 +
I E Df + I E D' :

-1 -1
oy 2 (e w0 o 8) (e

Furthermore, the equality holds for any one of the above four inequalities if and only if the equality holds for all of the above

four inequalities, and in turn, if and only if ¥ = DE.
I D F
Proof. By the assumption, (? El 1;") > 0 and is invertible. So we must have max{||D||, |E|l, |F ||} < 1. We only give a

proof of the first inequality in detail, and the others are checked similarly by noting that
EI—EEY'=(U—EE"N'E and (I —-E'E)Y'E'=E'0—-EE")™".

It is easily checked that
I E\"' ([ U—-EE)' —EU-E'E)!
E' 1) “\-U-EE)Y'E" (U-EE)y' )
Then,
I E\ (D
(D F)(ET ) < ) =D —EEN'D' —FU—E'E)Y"'E'D' = DE(I — E'E)Y"'F' + FU — ETE)"'F'

=DD'+DE(I —E'EY'E'D' — FU —E'EY'E'D' —DE(I —E'E)"'FT+ FU — E'E)"'FT

E(I—-E'E)Y'ET —EU—-E'E)~"\ (D'
_ il ) ;

=bD'+ (D F)<—(I—ETE)1ET a—£eteyt J\Ft)
Obviously,

E(I —E'EY'EY —E(U —-ETE)™! S0
—(I —ETE)'ET (I—EE)y' )7

since [-E(I —ETE) [0 — ETE)Y""1"'[-U — ETE)"'ET] = E(I — E'E)"'E". Hence we have

—1 n
I E Dt . E(I—E'EY'ET —EU-E'E)""\ /D'
D F)(ET ,) (FT) — DD + (D F)(_E, I )(FT> >pp', @B

as desired.
It is clear from Inequality (B1) that the equality holds if and only if

EI—-E'E)'E" —E(UI—-EE)""\(D"\ _
@ F)<—(I—ETE)‘1ET (I—-E'E)”! ><F*) =0

As for operators A, C with A > 0, CAC =0« CA =0, we see that the above equation holds if and only if
DE(I—-E'E)'E' —FU—-E"Y'E"=0, —-DE(I—-E'E)"'+F(UI—-E'E)y"' =0;

and in turn, if and only if F = DE.
It is similar to show that the equality for any one of the other three inequalities holds if and only if the same condition F' = DE
is satisfied, completing the proof. ]
The following lemma is a generalization of Lemma B1, which is also useful.

A X Z
Lemma B2. Let ()z(’ f_r g ) be a positive-definite block matrix over the complex field C. Then

—1 + -1 T
X Z)(ﬁ g) (§T>>X31XT, 0:¢ Z)(fT g) (}Z(T)>ZC1ZT,

-1 -1
c (A X\'(z — v oA X\'(Z -
VAR )(X"‘ B) (Y)2ZA z and " YH(4r B) (v)=YBY.

Furthermore, the equality holds for any one of the above four inequalities if and only if the equality holds for all of the above
four inequalities, and in turn, if and only if Z = XB~'Y.
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Proof. Clearly,
A X Z A2 0 O0\/I D F\[fAr 0 0
r=|xt* B vY|=|lo B ollD 1 E||lo B o],
AR A o o ci)J\F" E" 1J\o o c?

where D = A~2XB~2,E =B :YC~2,and F = A~2ZC~z. As I" is positive and invertible, we have {||D|, | E|l, |F |} C [0, 1).
Then Lemma B1 is applicable. Let us give a proof of the second inequality in detail. By Lemma 4 we have

—1 &
(D F)(EIT If) (?T)2FFT.

Substituting D = A"2XB 2, E =B :YC?,and F = A"2ZC" 2 into the above inequality leads to

- T - i 1 1
wh o 0) (Zpi=e n(g 1) ()2 re—atzeza

F+
which entails that

-1
B Y X7 .
X Z)<YT c> <ZT) >zCc'7".

By Lemma B1, the equality holds if and only if F = DE, which holds if and only if Z = XB~'Y, completing the proof. |
The next result reveals that the bipartite Gaussian quantum correlation measure M = M@ satisfies the hierarchy condition.
Theorem B3. For any (m + n + [)-mode tripartite state papc € FS(Hs ® Hp ® Hc), we have M(papc) = M(pap). Further-

A X
more, M(papc) = M(pap) if and only if Z = XB~'Y, where Type = ()Z(;

z
ﬁ é) is the covariance matrix of papc.

A X z
Proof. Let papc be an (m 4 n + [)-mode tripartite state with CM ['ypc = ()Zf; y% g) Then the CM of p, is A and the CM
of ppc is Tpe = (YB, g) Clearly,
A2 0 O\/I D F\[fA* 0 0
Tage=|0 B2 o||D" 1 E||lo B o]
0o o0 c:)\F' E" I

(S

0 0 C

where D = A=3XB~3,E = B~:YC~%,and F = A~>ZC~>. As T['spc is invertible, we have {|D|, |El, IF|l} C [0, 1). It follows
that

((f )
et DT I E
det(T FT ET
M(pape) =1 (Dasc) =1

-1
I E DT
 det(A)det(Tpe) det (> %)) _1_det[1_(DF)<ET 1) (FT)}
and

N _ dCt(FAB) o _ T _ _ _ T
M(pap) =1 —det(A)det(B)_l det(I — D'D) = 1 — det(I — DD").

Thus, by Lemma B1, we have

—1
I E DT T
Hence

—1
det(l—(DF)(EIT f) <?;>>§det(1—DDT),

and consequently, M (papc) = M(pap).
Now, by Lemma A2 it is easily seen that M (papc) = M(pap) if and only if

o (g 7)) (Fr)=oo"

Therefore, by Lemma B1 we conclude that M(papc) = M(pap) if and only if F = DE, which is equivalent to say that

XB~'Y = Z. This completes the proof. ]
Now let us consider the general case.
Theorem B4. Let pa, 4,.....

A, € FS(Hy, @ Hy, ® - - - ® Hy, ) with the CM as in Eq. (1). For any [/-subpartition (2 < / < k) of
a k-partite system (k > 3) AjA; ... Ay as in Eq. (6), the following statements are true.
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JINCHUAN HOU, LIANG LIU, AND XIAOFEI QI PHYSICAL REVIEW A 105, 032429 (2022)

(i) (Nonincreasing under subpartition)
k 1
M® (pa, ay...n,) = M )(PAH(I)...A,,(;I)|A,,(il+1)...An(i]+i2)\ ...... \A,,(,.ﬁ..,ﬂlfl+1)...A”<il+...+il)).
(i1) (Nonincreasing under taking subgroup) With ip = 0, foreach i € {1, 2, ..., [}, we have

(k) (in)
M (pAl,Az,...,Ak) = MU (IOAn(iO+f1+-»~+ih,|+|)"'A”(i0+i1+"‘+i/1)).

Proof. (i) Let pa, 4,...a, € FS(Hs, ® Ha, ® - - - ® Hy, ) with the CM as in Eq. (1) and P;(A A, ... Ax) be an [ partition of
AjA; ... Ag as in Eq. (6). Denote by By, = A ig+iy+--in1+1) * * * Ax(ig+i+-in_+ip) and I'p, the CM of pg,, h =1,2,..., k. Then,
by Definition 1 and Lemma A1, we have, with iy = 0,

det (FPAIAZ‘,.A,() <1 det (FPA]AZ,..Ak)
T det(T.) S i1 41 i
Hh:l det (FBh) Hiz:] [Hlj]=i0+l':]<‘rl“4f]l'hf]+l det(Aﬂ(j).n(j))]

= M(k)(PAlAz...Ak)- (B2)

(1)( _
MO0, 11 A At 1Ay i) i iy a1 Ary) =

This completes the proof of (i).
(ii) For any h € {1, 2,...,1}, we also denote by By, ={w(iop +i1+---+ip-1+1),....w@o+ i1 +---+ip—1 +ip)} and
[pe = (Aij) with i, j € Bj, = {1,2,..., k} \ By, which is the CM of ppc. Then

N s, G
FP = FPA A A A A A FP e = T :
(1) Ar i) A (i +1) A iy i) b 1Ar iy iy 1) Ar iy i) B), B, Ch FBZ

12

Thus forany h = 1,2, ..., 1, we have

M(ih)( ) 1 det (Fle)
pAn(i0+il+-~-+ih_l+]).._An(i0+il+~--+ih) - io+i1++ip_1+in d t(A ] . )
j=iotirotin_i +1 S AT ()7 ()
. det (T's,) det (Tg; — C/ T;'Cy)
det (Tpe — CIT 5! Cy) TOLEH 40 det(Ar (i)
B, ht By, “h) Y j=igiy i 41 (). (j)
1— det (FPAIAZ.A.A,() < _ det (FPAIAZ.A.AI{)
o1+ Fip_1+i = k
det (T ) T2 0 T det(Aniyn(y) T, det(4;)
k
= M®(pa,4,..4,)- (B3)
This completes the proof of statement (ii). ]

To prove that M® satisfies the hierarchy condition, we still need a multipartite version of Theorem B3.
Theorem BS5. (Nonincreasing under kickout) For any / subpartition (2 < I < k) of a k-partite system (k > 3) AjA ... A; as
in Eq. (6) with i; > 2 and any pa,a,. 4, € FS(Ha, @ Hp, ® - - - @ Hy, ), we have

0 ) O( )
M PAz 1y Ani) Ay 41y Asiiy igooeec Ay 4oty 1) A -1y Anh) =z M PAz 1y Anipy Ay 41y Asiiy i oo [ Ar iy 4oty 1) Aoy ) -

Corollary B6. For k 2 2 and P = PAA;.. ArAis (S ./—"S(I‘IAl ®HA2 X ®HAk ®HA/<+1) with CM Fp = (Aij)(k+l)><(k+l)’ we
always have M®© (04,4, 4 1aiacs,) = MP(04,4,..4,)-

Note that M® is symmetric about subsystems, so the following corollary is true, which is a generalization of Theorem B5
and reveals exactly the meaning of “nonincreasing under kickout.”

Corollary B7. (Nonincreasing under kickout) Assume k >3 and consider any [ partition (2</ <k) of a k-
partite system AjAy...Ax as in Eq. (5). For each h=1,2,...,1, let C;, be a nonempty subset of Bj, =
{Aﬂ[(zﬁ;‘) iH+1] A”[(Z@-I IRYEIIREE ’Aﬂ@ﬂ;o i/)}, where iy = 0. Then, for any pa,4, 4, € FS(Ha, @ Ha, ® - -+ ® Hy, ), we have

=

) )
MO (A1) A Anty sty Ants iyt s ) = MO (Peiicalic10)-

Proof of Theorem B5. By the invariance of M® under permutations, with no loss of generality, we may assume that the [
subpartition of A1A; ... Ax_1Ax is

Ay AL AL Ans

Ai1+i2+l ...... Ai1+---+i171 |Ai1+---+i1,1+l . ~Ak—l,k—lAkk~ (B4)

Asi; >2,weseethati; +i, +---+i_; <k—1.
For any k-partite state p = ps,4,.4, € FS(Hs, @ Hy, ® --- ® Hy, ) with CM as represented as in Eq. (1), write By, the hth
party of the [ subpartition in Eq. (B4), that is, B, = A i, ++i, ,+1 - - - Ai,+.i;,» and pp, the corresponding reduced state of
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PAA..An R =1,2,..., . Let p be the reduced state pre = 0a,4,..4,_,,_, Of Pa,4,..a,. Then

det(I",,)

] —

M( (pA A lA: AL . . )_
Ve Aig A 1 Ay i Lo J A iy 1 Ak k=1 ARk 7

IT),_, det (T, )

and
(O]
M (pAl---A[] [Ai 1Ay iy Lo J A iy 1 A1 k=

So the theorem is true if and only if

Vo1 det (1)

det (r”Afl+...+f,,,+1--~Ak_1k_] )1 det (rth) .

det(I",) det (I'p,.)
det (T,, )  det(T =
et ( pBI) et ( pAll+~-+1171+l"-Ak—1k—1)
Decompose I', into
1 1
A 0 IT Ep - Eu\ (A0 O
2 E /] .- E 2
Ip=(4Aij) = 0 A?z 2 * O A_22 0 ,
) 1 E‘T E.T oo 1 ' 1
0 0 AL Lk % 0 0 AL
_1 _1
where E;; = A, 2AijAjj2 (i # j), and denote
IT Ep Ex
E 1 E
A, = .12 .2k
Then the inequality in Eq. (B5) holds if and only if
det(A ,) det (A )
det (A,, )  det(A (B6)
et ( PB/) et ( pAil+...+,‘,71+1..,A,‘,1.k71)
Rewrite
L) (e
_ _ T
Ap . - X PAj| ooy +1Ak—1
T T
EL, E} - I z Y
where
E iyt +1 Ey it 42 E1 k-1
¥ — Ey iy totip 41 Ey i totii 42 Ep j—1

Ei iy iy 1

Ei|+---+i17| J i 2

E Eipotir 11k
I T
Eitotip 1k Ei1x
Ay ¥
Then A, = ( Al...A},(l;..,ﬂ,,l ADAH%HFIHNAF])’
det(A,) = det(A,. ) det (1 — T YT)A;; <§>>’

and

det (A,,KI) = det (A

PAL ooy 1A= 1 k=1

)Jdet (I —YTA}!

PAL ooy 1A= 1 k=1

032429-13
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So the inequality in Eq. (B6) holds if and only if

z
—zT TYA™! _yT A-l
det [1 @' YAl (Yﬂ Sdet (1=vra, oY) (B7)

Now, by the fourth inequality in Lemma B2, we have

@ YA (?) > YA,

PAL Gy 1A= 1 k=1

(B8)

which implies that the inequality in Eq. (B7) is true. Consequently, the inequality in Eq. (B6) is true, and hence the inequality in
Eq. (BS) holds, which completes the proof. |

It is clear from Theorem B4 and Corollary B7 that M®) satisfies the conditions (1)—(3) in Definition 2 and thus meets the
hierarchy condition. This completes the proof of Theorem 1.

APPENDIX C: PROOF OF THEOREM 3

We first complete the proof of Example 1, that is, to show that, for any tripartite fully symmetric Gaussian state o4pc,
M(GA|BC) = M(oup) if and only if oppc = 04 ® 05 ® o¢.
Proof of Example 1. Recall that o4p¢ is fully symmetric if it is an (n + n + n)-mode Gaussian state with CM having the form

A X X
M= (X" A X|,
x" xT A

where A, X € M,,(R). We have to show that M(o4pc) = M (0o4p) if and only if X = 0.

The “it” part is obvious. For the “only if” part, assume M (o4jpc) = M(04p). By Theorem B3, X = XA~X.

Assume that X # 0. If X is invertible, then X = A, which is impossible as I, .. is invertible. So ker X # {0}. Under the space
decomposition R?" = ker X @ (ker X)*, A and X can be represented as

(A Ap (0 Xpp
A_<A1T2 A22> and X_<O X )"

OABC

Notice that

_ -1 _ _ -1

Al = ( (All - A12A221A1T2) _A111A12(A22 - A1T2A111A12) )

- _ -1 _ _ -1 :
_(AZZ - A1T2A1 11A12) A1T2A1 11 (A22 - A1T2A1 11A12)

Then X = XA~!X gives
_ —1 _
X22 =0 and X12 = _X12(A22 _ATZAII]AD) AT2A11]X12
with ker X;» = {0}. It follows that A;;, X;; € M,(R) and A5, X;» are invertible. Therefore a tripartite fully symmetric Gaussian
state oxpc satisfies M (oapc) = M(oap) if and only if its CM has the form
Ay Ap | 0 Xpp| O
AIT2 Apn | O 0 0
_ 0 0 A“ A12 0 XIZ
e X 17; Asz Ay 0

0
0 0 0 0 | Ay Ap
xL o | x5, 0 |AlL An

where A;;, Xj» € M,,(R) are invertible and

Xip = —An (A7) (A — ALAT Ap).

A A >0 X\ (An A A 0y (D O
AL an)Z\o o )\l an) (xz o)=lo o)

D = Xip(An — ADATAR) " Xy = An(Ar) (A — ADAT AR)AT An

AsT > 0, we have

OABC

where

T _
=A11(A121) AnAT' Ay — Ay

032429-14
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Thus we have

_I\T _ _
2411 — Al (AR) AnA A > ApAy AT,

TN
Note that (ﬁ'r; 2;) > 0 implies that there is a contractive matrix £ with ||E|| < 1 such that Aj, = A EAJ,. E is invertible as
1

A is. So the above inequality becomes to
1 1 1 1
2A11 > AL EETA;, + A} (EET) A7,
and consequently,
2 > EET + (EET)™".

This is impossible because it leads to a contraction 0 > (I — EET)? > 0. Therefore we must have X = 0 and o4pc = 04 @
o ® oc.

As an illustration, let us consider the (1 + 1 4 1)-mode case. If I" is a CM of an (1 + 1 + 1)-mode symmetric Gaussian state
oapc satisfying M(oapc) = M(oap) and o4pc not a product state, then, by what discussed above, I" has the form

a c 0 _ab;c2 0 ab;c2
c b 0 0 0 0
ab—c?*
I'= 2_ 2 0 ¢ 0 ¢ ’
4 = 0 b 0 0
0 0 0 0 a c
_ab;c2 0 _ab;c2 0 b
where a, b, c € R witha > 0,5 > 0 and ab > ¢* > 0. Since
a c+i 0 —‘Zbci 0 “bzc2
c—1i b 0 0 0 0
. 0 0 a c+i | 0 gb—c*
[+iA = ¢ =0,
’ —a= g | e—i b 0 0
0 0 0 0 a c+i
_ab;cz 0 ah;cz 0 c—1i b
we have
ab—c*—12>0
and
_ 22
(ab_c2_1)2_ab(ab—2c) >0
c

However, the last inequality is not true, as it will lead to a contradiction ab(ab — ¢?)*> < c¢*(ab — ¢* — 1)?> < ab(ab —c*)>. R

The “only if” parts of statements (i) and (ii) of the next general result imply respectively that M®) is tightly monogamous
and completely monogamous.

Theorem CI. Assume k > 3. Let p = pa, 4,,..4, € FS(Hy, ® Hy, ® - -+ ® Hy,) with the CM I', = (A;;)kxx as in Eq. (1).
For any [ partition (2 < I < k) of a k-partite system A A, . .. A; determined by a permutation 7 of k as in Eq. (6), the following
statements are true.

(i) With iy = 0, we have

if and only if

M (py =O0forallhe(l,2,...,1} withi, > 2.

(g g +1) A ig+i) +»~+i,,>)

(ii) For each h € {1, 2, ..., 1}, we have

if and only if, when i > 1,

M(Z)(pA =0

2y ety D A iy i) [ (1) Ay ety ARGy +---+i,,+1>~~~An<k>)
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and

MO, — o,

”(])"'A”(il+"'+ih—l)A”(il+"'+ih+])"'A”(k))
whenh =1,
2 k—i
M( )(pAn(])~~~AJ'r(i])lAzr([]+])Aﬂ(il+2)~~~Aﬂ(k)) =0 and M( “)(IOAK([IH)A,,(;HZ)MAN(,()) =0.
Proof. (i) Denote by By, = Az (iy+iy+-ip_1+1) - * * Am(ig+is+-ip_1 +ip) and I'p, the CM of pp,, h = 1,2, ..., 1. Then, by Eq. (B2),

O] — (k)
M (pAn(l)mAn(i,)|An(i|+1)---An(f]+i2)\---lAn(i,+---+i,,1+1)~~An(k))_M (pAlqu ~~~~~ Ak)

if and only if

l l i in1 i
IT)_, det(I'g,) = ITj,_, [T e det(Agjy.n( ]

By Lemma Al, the above} equation holds if and only if det(I',) = H;‘;g;:f’:‘ﬂ’;hiﬁ] det(Ax(jy,x(j)) foreachh =1,2,...,1, and
in turn, if and only if M(l'l)(pA”(/0+il+"'+"h71+l)'“A”(“I+"'+ilx)) =0foreachh =1, 2, ..., whenever i, > 2.

(i) Forany h € {1, 2, ..., 1} with i, > 2, denote by FB; = (A;j) withi, j € {1,2,...,k} \ B, = Bj, then
~ (T, G
Fp - F’DBHBIEZ - <C[ FB;>

M(ih)('OAﬂ(io+i1+"'+ih—1+|)~~~A7r(i0+i1+»~+ih)) = M(ih)(th) =M®© (pAIAZ---Ak) (CD)

By Eq. (B3),

if and only if
det (T — Cy T'5'Ch) = e det(A).
By Lemma A1 and Lemma A2, the above equation holds if and only if C;, = 0 and det(FB;) = jep; det(A;;). Therefore Eq. (C1)
is true if and only if
M(z)(pB,,B;) =0 and M(kfi”)(pgz) =0.

This completes the proof of statement (ii). |
To prove that M® is not strongly monogamous, the following general result is useful.
Theorem C2. For any p = pa,a,.4, € FS(Hy, @ Hy, @ --- @ Hy, ) with CM I', = (A;;)kxk as in Eq. (1) and any [ partition
2 <l <k)of AjA; ... A, determined by a permutation 7 as in Eq. (6) with i; > 2, we have

(O] )
M (pAn(l)---An(il WAz +1) Ay +ig) |- JAz Gy 4oty 1) Ar )
— )
=M (IOAN(I)---AJT(I'])|Azr([1+l)---An(il+[2)|---‘Arr(i]+m+i[,|+])---Arr(k—l))

. . _ 71
if and only if F = D(FpAn(i]+-~-+i171+])"-Arr(k—l)) E, where
Az (1),7 i+ +1) Az (1), 7 (i 142) e Ex (), mk-1)
D— A @), 7 (i) An (@), 7y -ii-142) e Er@.mik-1)
Ar(iytotip )it +1)  Anltetic Dl +2) 0 Anlieti k-1

isan (k — i;) x (i; — 1) block matrix,

Az (1), 7 (k) A iy tir 1), (k)
Fo An<2.>,n<k> od E— An<i1+~~+z;,71+2>,rr<k>
A iy - tir )7 (k) Ax(k=1),7 (k)

The following result is a special case of Theorem C1, which illustrates the exact meaning of Theorem C2 plainly.
Theorem C3. Fork > 2 and p = PA A AcArs € fS(HAl QHpy Q- @Hy @ HAk+1) with CM Fp = (Aij)(k+1)><(k+1)’

A jp Ak
) *) . . A 41 A |
M (IOAIA2<--AI(—1|A1{A1{+I) =M (,OAlAz..,Ak) if and only if . = : A Al kst
A1 k+1 Ak—1,k

Proof of Theorem C2. Without loss of generality, we may assume that the / partition of AjA; ... A;_1Ax is

A] .. .Ail Ai1+1 .. -Ai]+i2 Ai1+i2+1 .. -Ai]+---+i/,1 |Ai1+--~+i/,]+1 .. .Ak_l’k_lAkk,
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since M® is invariant under any permutation of subsystems. It is clear by the assumption i; > 2 that ij 4+ iy + -+ 4+ ij_; <
k — 1. With the same symbols used in the proof of Theorem B5, and by Eqgs. (BS)-(B8),

@)
M (pAI A AL 1Ay i VA i 1Al iy A e »~~Ak—]Ak—1Akk)

— @)
=M (IOAI A VA 1Al i VAl i 1A iy A i1 A=k )’

if and only if
det(A,)  det(T',) det (I'p..) B det (Ap,.) ©)
det (A”BI) det (FBI) det (F/’A,,+---+zl,1+1»~Ak71k7| ) det (APA,‘,+---+,‘1,1+1-~Ak71,k7| )
where
IT Ep Eiy PAL Ay ki) X
EL 1 Ex| T
Ap : - PAG ooy +1Ak=1
EL EL I zr YT I
_1 _1
with E;; = A, 2A,~_,-Ajj2 N
Ei i fotip +1 Eyiovii_ 12 E -
¥ B iy tip +1 B iyt +2 Es i1
Eil+"'+il—1’il+"'+il—l+l Ei|+---+i/71,i1+~--+i171+2 Ei|+---+i/71,k—1
Eq Ei|+-~~+i171+1,k
7 E'Zk and ¥ — Ei1+---+.i,_1+2,k
Ei1+»--+i1,1,k Ek—l,k
It is clear that Eq. (C2) holds if and only if
Z
T TyA -1 _ yT A-1
“ Y )Apk" (Y) =Y ApAi1+---+i,,1+l~~Ak—l,k—l Y (€3)
emma s . 1s true 1f and only 1 = N , which 1s equivalent to
By L B2, Eq. (C3) i if and only if Z XApAl_ _ lAklle hich is equival
iy e+ Ak— 1 k=
-1
F= D(FPA:‘]+---+i,,1+1--~/‘k—1,k—1) E, (C4)

where

Al.i1+~~-+i171+1

Az i
it +1
D = .

Ai1+"'+i1_1,i1+"'+51_1+1

Ay
Ao

Ail +eetipork

Hence the statement of the theorem is true and the proof is
completed. |

Now we are in a position to prove Theorem 3.

Proof of Theorem 3. Assume k > 3. It is obvious that M ®
is tightly monogamous by (i) and is completely monogamous
by (ii) in Theorem C1. Hence the statements (1) and (2) of
Theorem 3 are true.

To prove the statement (3), assume k > 2. Let
PaAs A € FSHp, @ Hyy @ -+ - @ Hy, @ Hy,,,) with

Al,i1+---+i1—1+2
Ag iy oty 42

Ai1+~~~+i1_1,i|+--~+i1—1+2

and E =

Ak
A k-1

Ai1+-~~+i1_1,k*1

Ai1+--~+i171+1,k
Al totip 42,k

A1k

[
CM T, = (Aij)arnxctn- It is clear that M@ (py,a,,,) =

M (paya,,,) =+ = MP(pa,,,) = 0if and only if
Al k1 0
Az,'k-s-l _ 0 —o.
Ak—1 k+1 0
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However, by Theorem C3, M®(paa, 4 a4,) =
M®(pg 4, 4,) if and only if

Al AA
Al,k+1 Lk g Ak, k+1
Azt Ao kAt Ar it
A=kt A1 kA Ak s

which may not be zero. To make this sure, let us give an exam-
ple here. Consider the (k + 1)-partite (1 + 1 + - - - 4+ 1)-mode
case. Let I' = (A;;) be a real symmetric matrix, where A;; =

(6 Dforj=1.2.. k—Lk+LAx=( 3)Aix=

1 0 ) .
Apgrr = (0 1), Ai 11 = (8 %), otherwise, A;; = 0 for

i < j.Itis easily checked that I' =T, is a CM for a Gaus-
sian state 0 = pa,4,,... A4, Since I' +iA > 0, where A =

@’J‘:{Aj with A = (_01 (1)) Obviously, we have

-1
Al gt Al kA Ak ket
-1
Az k41 Az kA Ak ke
_ £0
—1
Ak—Li+1 Ak—1kA Ak k1

as Ag_1i1 = Arc14A A ir # 0. In fact, for this state
p, we have M®(pa 4, 4 acar,) = MP (044, 4, 14) &
0.3056, but M@ (pa, ,a,,,) =~ 0.0548 # 0.

Hence M® is not strongly monogamous, which completes
the proof of statement (3) in Theorem 3. |
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