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Conditions for steady-state entanglement of quantum systems in a stationary
environment under Markovian dissipation
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We study the entanglement dynamics of an open quantum system composed of two identical two-level
subsystems in a common stationary environment undergoing Markovian dissipation, with the help of a set of
physical parameters defined with the collective transition coefficients of the system. We then systematically
investigate the steady-state entanglement of such a system and obtain the necessary and sufficient condition
for steady-state entanglement when it is initial-state dependent. We also show in particular conditions for
steady-state entanglement in some circumstances and propose in general a conjecture for the necessary and
sufficient condition when it is independent of the initial state.
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I. INTRODUCTION

Quantum entanglement, which describes the nonlocal cor-
relation between different quantum subsystems that has no
classical counterpart [1], has become the core of quantum
information science and technology [2,3], such as quantum
cryptography [4], quantum teleportation [5], and quantum
computation [6]. In recent decades, as one of the basic issues
in quantum information science, the preparation of entangled
states [7,8], has been extensively studied. However, a thorny
problem is the inevitable coupling between a quantum sys-
tem and the ubiquitous environmental fluctuations, which in
general causes decoherence [9]. Moreover, unlike the asymp-
totic decoherence of a single quantum system, an initially
entangled quantum system may get completely disentangled
within a finite time due to spontaneous emission even in
vacuum, which is called entanglement sudden death [10,11].
Consequently, the fragility of entanglement has become one of
the main obstacles to the realization of quantum information
technologies. To fight against the destructive environmental
effects on entanglement, many active strategies have been pro-
posed, such as entanglement distillation [12,13], dynamical
decoupling [14], repeated projective measurements (i.e., using
the quantum Zeno effect) [15], and weak measurement and
quantum measurement reversal [16].

Nevertheless, on the other hand, the environmental noise
does not always play a negative role. It can also serve as a
medium to provide indirect interactions so that two otherwise
separable quantum subsystems may get entangled [17-30].
Then a natural question is whether the entanglement generated
for a quantum system undergoing dissipation can persist in
the steady state. In fact, it has been shown that, in some
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specific scenarios, quantum systems undergoing purely dissi-
pative dynamics can obtain steady-state entanglement, such
as in a thermal bath in the limit of vanishing interatomic
separation [31], in a plasmonic waveguide [32,33], and in a
nonequilibrium environment [34-36]. Now a question arises
naturally as to what the necessary and sufficient condition
is for steady-state entanglement of an open quantum system
undergoing purely dissipative dynamics.

In this paper we study the conditions for steady-state en-
tanglement of a certain class of open quantum systems, i.e.,
an open quantum system composed of two identical two-level
subsystems, each of which is weakly coupled to a common
stationary environment, and the dynamics is Markovian. We
define a set of parameters with the collective transition coef-
ficients of the system. With the help of these parameters, we
obtain the conditions for steady-state entanglement. Hereafter,
& denotes the logical AND and || denotes the logical OR. Nat-
ural units with # = ¢ = kg = 1 are used, where c is the speed
of light, 7 the reduced Planck constant, and kp the Boltzmann
constant.

II. MASTER EQUATION

We consider a quantum system composed of a pair of
identical two-level quantum subsystems weakly coupled to a
common stationary dissipative environment. The Hamiltonian
of the total system is

H = Hs + Hp + H;. (D

We assume that the two subsystems do not interact directly
with each other, so the Hamiltonian of the two subsystems Hy
takes the form
w )
Hs = 503“) + 503(2), 2)
where o is the energy-level spacing between the excited
state |1) and the ground state |O), U;(Ll) =0, ® 0p, and
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(2) = 09 ® 0,,. Here we define oy = [1)(1] 4+ 10){0], 01 =
10) (11 + 11)(0], 02 = i(0) (1] — [1)(0]), and o5 = [1){1] —
|0)(0|. Further, Hg is the Hamiltonian of the environment.
The interaction Hamiltonian describing the linear coupling
between the two-level subsystems and the environment can
be written as

2
Hy=¢) Y S@()® W, x" (1)), 3)

a=1 m

where ¢ is the coupling constant, which is assumed to be
small, ¥, (x® (7)) is the operator of the environment, and
SPV(1)=8,(r)® 0y and SP (1) = 0y ® S,,(t) are oper-
ators of the two subsystems, respectively, with S,,(t) the
single-subsystem operator. In the interaction picture, the
single-subsystem operator S,,(7) can be expressed as

Su(t) = dpoi e +dio_e ", 4)

where o, = [1)(0| and o_ = |0)(1] are the transition opera-
tors of the two-level subsystems and d,, = (1|S,,(7)|0). Note
that here the interaction Hamiltonian does not include terms
leading to pure dephasing.

Under the Born-Markov approximation and the rotating-
wave approximation, the evolution equation of the reduced
density matrix p(t) = Trg[pw:(7)] can be described by
the Gorini-Kossakowski-Lindblad-Sudarshan (GKLS) master
equation [37,38]

dp(t) _
dt
where the dissipator D[p(t)] takes the form

—i[Hetr, p(T)] + Dlp(0)], ®)

2
Z [DESQ)(ZO.EQ)'OU_&Y) _ {0.(01) () ,0})

o, 0=1

1
Dlp(1)] = 5

+D920 o — (oo pPI.  (6)

(1

Here o (2

= o0y ® 0y, 05 = 0p @ 04, and the dissipative co-

efficients D @) can be written as

DY = ZZd(“)*d(Q) / GUO(AT)e"  dAT,  (T)

D =822d}n“)d,59>* f GUO(AT)e ™ T dAT.  (8)

In the derivation of the master equation, we assume that the

environment perceived by the quantum system is stationary,

i.e., the correlation functions of the environment
Gad(7, T') = (U, (x (D)W, (@ (z"))) ©)

mn

in Egs. (7) and (8) are functions of At = t — 7/, i.e., they are
invariant under temporal translations. According to Egs. (7),
(8), (9), it can be proved that D@ = D{®* Note that here
we ignore the environment-induced energy shift of the sub-
systems and focus on the effects of dissipation, so the effective
Hamiltonian Heg in Eq. (5) is not shown.

On the other hand, for a quantum system composed of a
pair of identical two-level subsystems in interaction with a
stationary dissipative environment, the transition amplitude

from the state |k, ¢o) to |k’, ¢f) can be expressed as

T
Aoy k.0 (T) = iK', @] /T dt Hi(t)lk, go), (10)

where |¢g) and |¢;) represent the initial and final states of the
environment, respectively, |k) and |k’) are two arbitrary states
of the quantum system, and 7 is the interaction time, which is
treated as infinite here. Then we can define a set of transition
coefficients as

Criswr = llm

ZA\k =Ko Al g1y (D

It is obvious that T'y; .y =T}, ;- Whenl =k and I’ = &/,
Eq. (11) becomes the transition rate of the quantum system
from |k) to |k’). So ['yx_pw = 0. If the state |k) is a superpo-
sition state which can be written as |k) = blk;) + c|k) with
|b]? + |c|> = 1, then the transition rate ['y;_, px can be written
according to Eq. (11) as

Thioiw = 1B Tipy—iw +
+ (b Tk + b oty —kw)- (12)

2
le] Tioky— ki

The term in parentheses in Eq. (12) contributes an interference

term. Therefore, when [ # k or I’ # k', Ty (which is

in general a complex number) is referred to as a coherent

transition coefficient, since it is related to the interference term

in the transition rate between coherent superposition states.
In the coupled basis {|e), |s), |a), |g)}, where

le) = [11),
lg) = 100),

with |u|? 4 |v|? = 1, the master equation (5) (consider the dis-
sipator only, i.e., dp(t)/dt = D[p(7)]) can be written as a set
of first-order linear differential equations using the transition
coefficients defined in Eq. (11), i.e.,

|s) = u]10) + v|01),
la) = v*[10) — u*|01), (13)

. 1
P =5 E Rowr T — prTirsiw — priTrisir],
kv

(14)

where Pkl = <k|,0|l) and pkl = dpkl/d‘[, with k, l,k/, l'e
{e, s, a, g}. Here the transition coefficient I'y;_;;» can be ex-
pressed as

2
Thmir = Y > (o) Ko TkDED.  (15)

a,0=1 k=%

According to Eq. (15), for a quantum system described by the
master equation (5), [y p 18 zero if AEy = AEy = wis
not satisfied, where AEy = E;, — Ep.

Substituting |e) = |11), |¢;) =|10), |¢2) =|01), and
|g) = |00) into Eq. (15), we obtain

(1) _ _ _
D+ = F¢1¢1—>8’g = Fee—>¢2¢2 = F¢1€—>8¢2’

(1) _ _ _
D™ = Fggﬁ¢1¢1 = Fd)zd)zﬂee = 1—‘<€’¢2%¢167

22)
D™ =Tg4,508 = Feesgipn = Do
22
D® =Ty, = Dpiprsee = Dgprspre- (16)
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Thus, the dissipation coefficients DS’_W) and D are the indi-
vidual downward and upward transition coefficients (rates) of
the ath subsystem, respectively. Similarly,

(12) _ ~@Dx _ _
D" =Dy = Tppioge = Leespipn
= Legpi>p1s = Tgreg0:

(12) _ @Dx _ _
D" =D~ - F88%¢2¢1 = F¢1¢2H€€

= Tgevepr = Dgpropres (17)

so the dissipation coefficients ng)|a¢g and D(flg)|a¢g are
the collective downward and upward coherent transition co-
efficients of the two subsystems. Moreover, it can be found
from Eq. (15) that all possible transition coefficients can be
expressed with DI, since {|11), |10), |01), |00)} forms a set
of the complete basis. The relationship between the dissi-
pation coefficients in the master equation and the collective
transitions coefficient of two subsystems shown in Eq. (17)
can be regarded as a generalization of the result in Ref. [39],
in which the relationship between the dissipation coefficients
in the master equation of a single quantum system and its
transition rates is shown.

III. ENTANGLEMENT DYNAMICS PARAMETERS

Now we define a set of eight parameters using D(f ) 1o de-
scribe the entanglement dynamics of an open quantum system
composed of two two-level subsystems.

(i) The factor I' is defined as

ran 4 re
2 ’

r (18)

where

(o) _ plee)
r'ee =Dy

~ D' (19)
is the spontaneous emission coefficient. That is, I is the av-
erage of the individual spontaneous emission rates of the two
quantum subsystems, so I" > 0.

(i1) The factor y is defined as

e _ pan
ran y e’

which describes the degree of difference between the in-
dividual spontaneous emission rates of the two quantum
subsystems. Obviously, |y| < 1. Here y = 0 means I'''D =
' j.e., the individual spontaneous emission rates of sub-
systems 1 and 2 are the same; y =1 (—1) means ran
(I'2?) is zero, i.e., the individual spontaneous emission rate
of subsystem 1 (2) is zero. The larger the |y|, the greater the
difference between the spontaneous emission rates of the two
subsystems.

(iii) For subsystem 1, we can define a parameter 1; with
the individual downward and upward transition rates of sub-
system 1 as

y = (20)

Dgl) +D(11)

w
nlEW=2N1+1 =C0thﬁ, 21
+ —

1

where N is the effective particle number perceived individ-
ually by subsystem 1. Then an equivalent temperature can

be defined as 7} = w[In(l + 1/N;)]~!
Eq. (21) that n; > 1 since N; > 0.

(iv) Similarly, for subsystem 2, we can also define a param-
eter 1o,

. It is obvious from

DfZ) + D92)

w
U2EW=2N2+1=COthﬁ7 (22)
+ —

2

and n, > 1.
(v) The angle 6, is defined as the argument of I'!?), i.e.,
6, = Arg[l'"?] = Arg[D{? — D®"], (23)
and the range is 0, € (—m, ]. Here 6; = 0 means ''?) =
') > 0and §; = 7 means ' = @D < Q. The factor 6,
characterizes the difference between the collective coherent
emission coefficient I'''? and its complex conjugate "D
(vi) We define a parameter A,

[Taren

M= ranrez’ 24)
to characterize the cooperative coherence of the two subsys-
tems in collective transition processes. It is obvious from
the definition that A; > 0. In the following, we prove that
A1 < 1, as required by the fact that the downward transition
rate cannot be smaller than the upward one for two arbitrary
energy eigenstates.

Proof. For a quantum system composed of two identical
two-level quantum subsystems, the eigenvalues and the cor-
responding eigenstates of the Hamiltonian Hg can be written
as

E.=w, |e)=]|11),
Ey, =0, |¥)=ul10) +v|01), 25)
E,=—w, |g)=00)

Here u = |u|e®', v = |v|e’®2, and |u|> + |v|*> = 1. The spon-
taneous emission rate from a higher level i to a lower level
[ can be expressed as 'y, — Iy np, since the stimulated
absorption rate and the stimulated emission rate must be equal
and are thus canceled. According to Eq. (12), we obtain

Lyy—ge = Doy
— |M|2F(11) + |v|2l—~(22) + (u*vr(lz) + MU*F(ZI)) (26)

= (lu[vVT1) — ||V T ) 4 2ul|v|vV T
+2Re[u*v T2
> 2|u||lv|vVTUDLCD) 4 2 Re[u*v 1] 7)

= 2Jul[v| (VT DT
4 /1"(12)1"(21)Re[ei(<ﬂ2—<ﬁ1+91)])

(12)1“(21)
(1H71T(22) _ -
> 2[ul|v|V/TDT (1 ‘/r<”>r<22>) (28)

where Re[x] means the real part of x. Note here that if and only

re2) ran
if lu| =,/ TG and [v| =,/ T the inequality (27)
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reduces to an equality. Moreover, the inequality (28) reduces
to an equality if and only if ¢; — ¢, = 61 + 7, that is,

Tyy—ge — Dggoyy = 2Mullv|vTUDTEI(1 = 2y)  (29)

if and only if ) = \/%eiwl 110) +
\/%e“‘m ~0=7|01). Similarly,

Fee—nj/w - Flp(//—we

ra2ren
(1H71(22) — —_—
>2|u||v|W<1 m) ¢

and the equality holds if and only if |[¢)=

ran ; re2 i(0) —0) —
e €110) + |/ b €1 =4[ 01). Therefore,

{Flpl//—>gg > Fgg—)’l/ll/l}&{ree—)l/f‘lﬂ' 2 Flﬂlﬁ—)ee} < )\1 < 1.
€Y

Q.E.D.
To conclude, A; € [0, 1]. When A; = 0, 12 =@ =,
which indicates that there is no cooperative coherence be-
tween the subsystems in the process of collective spontaneous
emission, e.g., when the spatial separation between the two
subsystems L — oo. At this time, we find that the interference
term in the collective spontaneous emission rate (26) van-
ishes. When A = 1, T321@D — 0UDP@)  which indicates
the strongest cooperative coherence between the two subsys-
tems. As we have shown in the proof, when A, = 1, there
exists a collective state |y) such that the upward and down-
ward collective transition rates are equal, i.e., the collective
spontaneous emission rate is zero owing to the interference
cancellation. Thus, the larger the X, the stronger the cooper-
ative coherence between the subsystems.

(vii) The angle 6, is defined as the argument of DY,

ie.,
6, = Arg[D?V]. (32)

Then 6, € (—m,7]. Here 6, =0 means D(_lz)(a)) =
D(_Zl)(a)) > (0 and 6, = means D(_u)(w) = D(_ZI)(a)) < 0.
The factor 6, characterizes the difference between the
collective coherent emission coefficient D'® and its complex

conjugate D@V,
(viii) We define A, as

pU1Pph
Ay = —DQI)D(ED , (33)

whose range is 0 < A, < 1. The proof is shown as follows.
Proof. Similar to the proof of 0 < A; < 1, we can obtain
that

Fegoyy = lul’DEY + [pPDEY + (uv* DI + wtwDY)

D(IZ)D(ZI)
>2|u||v|,/D(_“>D(_22)<1— ;> (34)

pUHpt)
The inequality (34) becomes an equality if and only if |u| =
sz) (11)

m, |U| = m, and 01— Qo = 92 + . Slml-

larly,

Tyyoee = [02D"Y 4+ |u>D® + (uv*D"? + uw*vD?V)

D(12)D(21)
>2|u||v|,/1)<_“)1)‘_22)<1— ;> (35)

pUHpt)
The inequality (35) becomes an equality if and only if |u| =

pv p®
W’ |U| = W,andgol—(pz:@z—i—n.There—

fore,
{Fggﬁx/n/f 2 O} & {F¢¢~>ee > 0} < )‘12 g L. (36)

Q.E.D.

Thus, when A, = 0, i.e., D"? = D®" = 0, the interfer-
ence terms in Eqgs. (34) and (35) vanish. As a result, there is
no cooperative coherence between the two subsystems in the
process of collective excitation. When A, = 1, there exists a
collective state |/) determined by D@ such that the upward
collective transition rate is zero owing to the interference
cancellation.

So far, we have defined eight parameters
{T, y,n,n2, A1, A2, 01,0,} and proved that T" > 0, |y| < 1,
m=2L =210 <1,and 0 < A, < 1 by using that
(a) the transition rate between any two collective states is
non-negative and (b) the downward transition rate is greater
than or equal to the upward one for two arbitrary energy
eigenstates. With the parameters defined above, D(f @) can be
reexpressed as

DY =1 £ 1)1 — )T,
D& =L £ (1 + )T,

DI =DV = 1/tn = D(m = Dige V1 = 2T,
D? = DEV* = (/g — D2 — Dz + 2, @)

x 1e®\/1—yT. (37)

Then we can use this set of parameters
{T,y,n,n2, A1, A2, 01,0} to describe the evolution of
the quantum system.

IV. STEADY STATE

Under the coupled basis {|e), |s), |a), |g)}, which is defined
in Eq. (13), the first-order linear differential equations (14)
describing the evolution of the system can be explicitly written
as

X =-UX, pge = _ﬁrpge’ Y =-U,Y. (38)

T
X= (Pee Pss Paa Pgg Pas Psa) and Y=
(Pse Pae Pgs ,oga)T are two column vectors and

Here

i =30m+nm+ 0 —n)yl (39)
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The coefficient matrices U; and U, can be written explicitly as

Pee _F‘vs—we _Faa—>ee
_Fee%ss Pss 0
-T 0 P
U = ee—aa aa
: 0 _Fss—>gg _Faa—>gg
_Fee—ms IC* IC*
_Feeasa K K
and
Pse ]C - ng—)xe - Fga—>se
_ ’C* Pae _FgS%ae _Fgaﬁae
U = _Fse%gs _Fae%gs Pgs K . (41)
- Fse—)ga - Fae—>ga IC* Pgu
Moreover, here we define
P = & >dor + Cimpn) (42)
kl — ) - kk—k'k H—k'k')s
with k, [, k' € {e, s, a, g}, and
K= %(Fas—we + Fas—)gg)~ (43)

Then the general solution of the differential equations (38) can
be written in the form

5
X(t) =My + ZMieisiﬁrr,

i=1

4
Y(r) =) Nje i,

J=1

(44)

pge(f) = )Oge(o)e_ﬁrry

where & and M; (i=0,1,2,3,4,5), and ¢; and N; (j =
1,2,3,4) are the eigenvalues and the corresponding eigen-
vectors of the dimensionless coefficient matrices U; /7T’
and U,/nl", respectively. Note that §y =0, and M, can
be uniquely determined by the normalization condition
> pxk = 1, which is independent of the initial state. How-
ever, the rest components of M; and N; are related to the initial
state.

The steady-state solution (when t — o0) of Eq. (38) must
be finite, which requires that the real parts of &; and ¢; must be
non-negative. This is naturally guaranteed since the dynamical
map generated by the GKLS equation is completely positive
and trace preserving [37,38,40]. Note that the two definite
eigenvalues for U; /7T are labeled as &y = 0 and & = 1 and
the rest of the eigenvalues &; and ¢; are labeled as &1, &, &3, &4
and ¢y, &2, &3, La, respectively, in increasing order with respect
to their real parts. Then, allowing for the ranges of parameters
|]/| < 1,)7] 2 1,7’}22 1,0<)\| < 1,and0<k2< l,itcan
be proved that there is at most one zero root in &; (or &;) (i =
1,2,3,4), ie., only & (or ¢;) can be zero. See Appendix A
for the proof.

First of all, if I' = 0, then p(co0) = p(0) and the quantum
system is locked up in the initial state. If T" # 0, then the

0 - Fa‘v—> ee - Fsa—> ee
- F 28— 58S IC IC *
-r gg—aa ’C K:*
40
ng - Fas—> 8¢ - Fsa—> gg ( )
-r gg—as Pas 0
I gg—sa 0 Pm

(

asymptotic state can be expressed as

_ My +M;, & =0
X(e0) = {Mo, & #0,
_JNi, & =0

Y("o)‘{o, & # 0,

and pg(00) = 0. Moreover, there are three cases in which
51 = 0, i.e.,

lyl=1 (casel),
M=h=1&y=0&m=mn#1&0,=0,

M=1&|y|#1&n =n =1 (caselll),

(case II),

and there are two cases in which ¢; = 0, which are cases I and
III shown above. The relevant proofs are given in Appendix A.
Then, when none of I', &, or ¢; is zero, the steady state
is independent of the initial state, while the steady state is
dependent on the initial state if at least one of I', &, or ¢
is zero.

V. CONDITIONS FOR STEADY-STATE ENTANGLEMENT

We characterize the degree of entanglement by concur-
rence C [41], which is

Clp(r)] = max{0, K(7)}, (45)

where K(t) = k1 — ko — k3 — kg, With k; (i = 1,2, 3, 4) the
square roots of eigenvalues of the matrix p(o» ® 02)p” (02 @
07) in decreasing order. Here p is the density matrix in the
decoupled basis {|11), [10), |01), |00)} and o7 is its transpose.
According to the discussion in Sec. IV, the steady states can
be divided into two types, i.e., those related to the initial state
and those independent of the initial state. In the following,
we discuss the possible steady-state entanglement for the two
types of steady states, respectively.

A. Steady-state entanglement depending on the initial state

First of all, if I' = 0, the quantum system will be locked
up in the initial state and the initial entanglement will be pro-
tected. As an example, in Ref. [42], a pair of two-level atoms
placed in between two perfectly reflecting plate is shown to
be locked up in its initial state when the distance between
the plates is less than half of the transition wavelength of the
atoms.

In the following, we focus on the case of I # 0. In this sec-
tion, we work in the coupled basis {|e), |s), |a), |g)} [Eq. (13)]

with
u:wl—l_yei‘g‘/z, v:,/—1+ye_i9‘/2. (46)
2 2
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Then the state |a) can be a subradiant state [43], i.e., the
downward collective transition rate between the subradiant
state and the ground state is zero.

Case I. |y| = 1. In this case, & =0 and ¢ = 0. The
asymptotic state can be expressed as the block matrix

p(00) = (l:) I?+>, (47)
where
Pj: — 77i :l: 1 ( paa(o) + )Oee(o) loag(o) + VIOES(O)> (48)

Here n; = n, when y = 1 and n; = n; when y = —1. Substi-
tuting p(o0) into Eq. (45), we can obtain

K(00) = —({[pss(0) + peg(O)[0aa(0) + pec(0)]
— 100a(0) + ¥ O)P}(1 = n;2)) 2 < 0. (49)

So there is no steady-state entanglement. Specific examples
of this can been found in the literature. For example, in
Refs. [42,44], it was shown that if one of the two atoms
is placed extremely close to a reflecting plate (|y| = 1), the
entanglement will be completely degraded by dissipation.

Casell: \y =2y =1,y =0,n1 =n# 1,and 6; = 6,. In
this case, § =0 and ¢; = (1 —n~") > 0, where n = 5, =
1, and the nonzero density matrix elements of the asymptotic
state can be obtained as

00y = 1= L1 = Pa©)]
pee - 1+3’72 £

(00) = (7 = DI = paa(0)]
IOSS - 1+3’72

’

Paa (00) = Paa (0),

(4 1[I = paa(0)]
N 1+ 3n2 '

Pgg(00) (50)
For the expression of the asymptotic state in the uncoupled
basis {|11),]10), |01), |00)}, see Appendix B. Substituting
Eq. (50) into Eq. (45), we find that

2032 - 1)

301> = 1)
Ce= 3 B+l

aaO_
Paa®) =

>0  (51)
|

if pue(0) > 23((3'7,’22111)). Examples of this case include two atoms
in certain initial states with a vanishing interatomic separation
immersed in a thermal bath, which were shown (in Ref. [31])
to be able to obtain steady-state entanglement, and the two-
qubit system prepared in |10) or |01) in a one-dimensional
plasmonic waveguide, which was found (in Ref. [32]) to
satisfy these conditions so that steady-state entanglement is
obtained.

Case III: Ay =1, |y| # 1, and n; = n, = 1. In this case,
& = 0 and ¢; = 0. Then the nonzero density matrix elements
of the asymptotic state are

Paa(00) = Pee(O)V2 + 0aa(0),
Pge(00) = 1 = Pee(0)y* = paa(0), (52)
,Oga(OO) = ,O;g(OO) = pga(o) + ypse(o)-

For the expression of the asymptotic state in the uncoupled
basis {|11),[10),|01),]00)}, see Appendix B. Substituting
Eq. (52) into Eq. (45), we obtain

C(20) = V1 = ¥?[0aa(0) + ¥ pee(0)]. (53)

This indicates that, as long as the initial state has components
of |a) or |e), entanglement can be created and maintained in
the asymptotic regime. An example of this case is when the
environment can be modeled as a single-mode field (i.e., the
Tavis-Cummings model) [45,46] in vacuum, which has been
extensively studied [15,18,19,47]. For clarity, we summarize
the necessary and sufficient condition for steady-state entan-
glement depending on the initial state in Table I.

B. Steady-state entanglement independent of the initial state

When I'#0, & #0, and ¢ #0, the asymptotic
state p(oo) is independent of the initial state. See Ap-
pendix B for the explicit expressions in the uncoupled basis
{|11), |10}, |01), |00)}. The concurrence coefficient K (oc0) can
be expressed as

VT = 2/ 0ang — Jong)? + © — /&_ Dy
E :

K(o0) =
(54)

where 7 has been defined in Eq. (39), n, = (n; + 12 — 2)/2,
ng = +/(n1 — 1)(n2 — 1), and

1 1
by = 5[7‘72 — (1= yHang + 1)1 £ D £ 1) + F[Gong + 21 = i) — y2(hang + A1 £ A%

N A
+ 221 Aany sin? (7) {ﬁ +14+(1 - )/2)|:7]1772 + (2n, + 1) — A1hang cos? (7” } (55)

O =404 2 (29[ 2 (A8 I N 2
= 4hidangsin” | — " na + A1Aang cos > Ai(ng + 1 —nay”) — dang(ng + 1)(1 — y7)]

—27%y% = 272 (1 — pH) (g 4+ 1)? + 4hihang(ng + DA — y3) (g + 1 — nay?) cos? (A—e)} / 772}, (56)

2

Z =1 — y)ri[hing + rang(ng + 1) cos(AO)] + A7 — 7? + ©_ + . (57)
{

Here, A = 6; — 6,. Thus, as long as K(co) > 0, the steady
state is entangled, regardless of whether the initial state is
entangled or separable. In the following, we discuss the

conditions for steady-state entanglement independent of the
initial state.
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TABLE I. Necessary and sufficient conditions for steady-state entanglement related to the initial state. No entry denotes no constraints.

Conditions
Case r Ay g 0, v Initial state Steady-state concurrence
1 =0 Cc0)>0 Cc(0)
2 2 32—
P#0  Mu=k=1  m=m=n 6,=06 y=0 Paa0) > 55 o paa(0) = F5
3 r#0 M=1 m=mn=1 PI#0. 1 pu(0)+pec(0) #0 V1= 72[pa(0) + 7°pee(0)]

First of all, we can give a necessary condition for steady-
state entanglement, that is,

{m #m ll A1 # Ao || 61 # 62}
& {m #1|n #1} & {r #0}. (58)

See Appendix C for the proof. An example that satisfies the
necessary condition (58) is when a two-qubit system in an
arbitrary initial state is placed in a common stationary envi-
ronment out of thermal equilibrium composed of a dielectric
body whose temperature is different from its surroundings
[35,36]. It is shown that the absence of equilibrium leads to the
generation of steady-state entanglement, which is inaccessible
when the environment is in thermal equilibrium.

Since the expression K (0o) [Eq. (54)] is very complicated,
here we analyze a relatively simple case, i.e., {n; = =
n # 1} & {y = 0}, which means that the individual upward
(nonzero) and downward transition rates of the two subsys-
tems are the same. According to Eq. (54), we can obtain the
necessary and sufficient condition for K(oco) > 0 as

\/ 02 (1233 + 451+4) — O+ (4— 12 =2, cos(AD)
4+ (n—1)A}sin*(A0)

)»1>)\C=

3

(59)
where
0 = 13{(* — H[(n — A3 + 4y — 3] + 4} sin’(A0).

Moreover, some concise constraints on the parameters A »,
n, and AO can be derived from the condition (59) together
with n > 1 and 0 < X, < 1. First, it is easy to prove that
dXr./9n = 0. Then a necessary condition for steady-state en-
tanglement is A > A.|,=1, which can be equivalently written
as

M[2X1 — Axcos(AB)] > 1. (60)

Second, it can be proved that X is always larger than or equal
to 1 when n > V2, s0 A1 > A, cannot be satisfied since 0 <
A1 < 1. As aresult,

n<~2 61)

is also a necessary condition for steady-state entanglement.
Third, it can be proved that A. reaches its minimum % when
n=1, A, =1, and A8 = 7, which indicates that another
necessary condition for steady-state entanglement is

o> L (62)

The conditions (61) and (62) suggest that a large enough

A1 and a small enough n (but larger than 1) is the key to
obtaining steady-state entanglement. The relevant proofs of

the conditions (60)—(62) are given in Appendix D. These con-
ditions (59)—(62) are helpful in judging whether steady-state
entanglement exists in specific scenarios. For example, the
entanglement dynamics of a pair of atoms rotating in coaxial
orbits with the same radius and with their separation per-
pendicular to the rotating plane was studied in Refs. [48,49],
in which numerical calculations were done systematically in
the ultrarelativistic limit (v/c — 1), and the phenomenon of
steady-state entanglement was not found. However, it can
actually be predicted directly with the necessary conditions
(60)—(62) that steady-state entanglement is impossible in the
ultrarelativistic limit and high angular velocity limit (i.e., the
angular velocity €2 is much greater than the energy-level spac-
ing of the atoms w), as we will show elsewhere [50]. For more
general cases, we can investigate numerically the steady-state
concurrence coefficient K(oco) in Eq. (54). In Fig. 1 we plot
the contour maps of the steady-state entanglement C(co) as
a function of A; and an another parameter (y, 1, A8, or
A2) when the rest of the parameters are fixed. Numerical
calculations, as shown in Fig. 1, suggest that C(oc0) is always
a nondecreasing function of A;. We conjecture that this propo-
sition is true, although we do not have a rigorous proof for it
at the moment. Then the necessary and sufficient condition for
steady-state entanglement independent of the initial state can

5 (b)
| Cl) C()
W lozer 4 0.234
0.232 0.208
. 0203 =3 | Ho182
074 ~ fo156
116 2 / :8:182
087 ‘4 '0.078
958 : - 0052
04 06 08 1 0026
Ay
1.0(4)
Cle) 08 Cle)
s 0.184
)
] 0118 06 0161
7] 0.102 0.4 0.115
8 0.085 -
o 0.092
0068 o2 9.092
0.051 . -
0034 g 0:0%5
0,017 . -
08 09 1 08 09 1
A1 A1

FIG. 1. Contour maps of the steady-state entanglement C(c0) as
a function of (a) A; and y (with n; = 1.1, n, = 1.005, 1, = 0.5,
and AG = ), (b) A; and n; (with y = 0.5, n, = 1.005, A, = 0.5,
and A6 = 1), (c) Ay and cos(AQ) (withy = —0.1,n, = 1.12, 9, =
1.08, and A, =0.9), and (d) A; and A, (with y = 0.1, n; = 1.04,
n, = 1.08, and A6 = 0).
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1.0 T — S

———- Po=|g><g| —e— po=le><e| |

0.8 po=|S><S]| Po=[10><10|
\\‘ ......... po=|A><A| _____ Po=Po

FIG. 2. Time evolution of concurrence C as a function of I't

whenA; = 0.99, 4, = 0.98,y = 0,7, = 1.01, 9, = 1.02,and A§ =
7. Here |S) = (]10) +|01))/+/2 and |A) = (]10) — [01))/~/2.

be formally written as

A > A} &{m #m || 41 # Az || 61 # 02}
&{m # 1l m#1}&{i #0}, (63)

where A, is a function of 11, 12, ¥, A2, and AO. Therefore, a
large enough A, is the key to obtaining steady-state entangle-
ment.

VI. DISCUSSION

It should be pointed out that, in the present work, we
have neglected the environment-induced energy shift, which
is related to the effective Hamiltonian in the GKLS master
equation (5). Here we would like to note that such a term
will affect the entanglement dynamics but will not affect the
asymptotic state [51]. Moreover, the interaction Hamiltonian
does not include terms leading to pure dephasing. Neverthe-
less, in principle, all these factors can be included and our
approach can be extended to more general cases if more phys-
ical parameters are introduced. This is left for future work.

An important question is whether the steady-state entangle-
ment obtained from dissipative dynamics is useful in practice.
As has been shown by Horodecki et al., any two-qubit state
is distillable if and only if it is entangled [1,13]. In fact,
the efficiency of distillation from the steady entangled state

J

obtained from dissipation into the maximal entangled states is
an interesting question.

Another question of interest is how much time it takes
to establish steady-state entanglement. This is related to the
evolution rate I'ey. Actually, from the general solution (44),
the evolution rate I'., can be estimated as

ey = Xﬁrv (64)

where x is the minimum of the nonzero eigenvalues of &;
and ¢;. Then the evolution time f.,, which characterizes the
time to establish steady-state entanglement, can be estimated
as tey = I';!. In Fig. 2 we numerically study the evolution
of concurrence C as a function of I't. It is shown that, in
this specific case, the quantum system is driven to the steady
entangled state at about T ~ 80!,

VII. SUMMARY

We have studied the dynamics of an open quantum sys-
tem composed of two identical two-level subsystems in a
common stationary environment undergoing Markovian dis-
sipation. With the help of a set of physical parameters defined
with the collective transition coefficients of the system, we
systematically investigated the steady-state entanglement that
a quantum system composed of two identical two-level sub-
systems can obtain from purely dissipative dynamics, which
can be classified into two categories, i.e., steady-state entan-
glement depending on and independent of the initial state of
the quantum system. We demonstrated that a variety of works
concerning entanglement dynamics reported in the literature
could be viewed as specific examples considered here and we
expect more in the future.
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APPENDIX A: PROOF OF THE NECESSARY AND
SUFFICIENT CONDITIONS FOR §; =0AND ¢, =0

There are two definite eigenvalues for U;/#I", which are
labeled as &y = 0 and &5 = 1. The remaining four eigenvalues
for U;/pI" and all four eigenvalues for U, /7" satisfy the
characteristic root equations

E' —58% + GrE* — G1E+ Gy =0, (A1)

¢t =40 + Hyt* —Hi +Hy =0, (A2)

respectively, and are labeled as &1, &, &3, & and ¢y, &2, &3, {4, respectively, in increasing order with respect to their real parts.
Here Gy, G1, and G, (Hy, H,, and H,) are the coefficients of the zero, first, and second power terms of & (¢), respectively. Here
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Gy and H, can be written as

1—y? ,
Go = 27_73 {40nm2 + A1) 0% + 4nima(1 — A7 — 4 — D02 — DA = y*)(mna2 + A] sin® AG)A3
= 2[47 + (1 = y®)@mina — 1 — m)I[A] + A2ay/(m — D2 — D cos AG]}, (A3)
1 — 2
Hy = Tﬁi{Smnz(ﬁz —33) + 8a[(n + 2 — 232 — 2/Gn — D12 — Drha cos A6]

2
— (A= yD2(n + AT — (mma +27)" +4@nina — m — 12)v/ (i — D(n2 — DAz cos AB
+40m — D2 — D(mn2ds +A7)] + 4il(1+ y)’m — (L — yP’mly(m — D02 — Ddasin A6}, (Ad)
with ) = [n1 4+ n2 + (2 — n1)y]1/2 and i the imaginary unit. Also, the coefficients G| and H; can be expressed as

1— 2
G =4+ ﬁf [3mimi — (3 + 2)A7 — 4(m — D2 — DA — 247 + DAihay/(n — 1)1z — 1) cos AB],  (A5)

a2

H =2+ r_]f {mmii = 22 = (1 = D2 — DAZ — (27 + 1) cos A8 — iy sin ABJAaay/(1r — D(n2 — 1} (A6)

According to the eigenvalue equations of the two coefficient matrices U, /5I" and U, /#iI" (A1), we obtain the following two
conclusions.

Conclusion 1. There is at most one zero root in &; (i = 1, 2, 3, 4), i.e., only & can be equal to zero, and the necessary and
sufficient condition for £, = 0 can be written as

{lvl=l{m=0=1&y=0&n=mn#1&0 =0} |{M =1&|y[#1&n=mn=1} (AT)

Conclusion 2. There is at most one zero root in {; (j = 1, 2, 3, 4), i.e., only ¢; can be equal to zero, and the necessary and
sufficient condition for ¢; = 0 can be written as

{lyl=1 1 {Mm=1&|y|#1&n =n =1} (A8)

1. Proof of conclusion 1
In Eq. (A1), according to Vieta’s theorem, the necessary and sufficient condition that &; (i = 1, 2, 3, 4) has zero root is Gy = 0.
However, Gy can be written in the non-negative form
1— y2
274

Go = (A1 = A1) + Ax(1 — A2) + {A3[1 — cos(A)] + Ag + (1 — y>)(\/As + A2 — Ag) }1i0s), (A9)

where
Ap = (1421 = 2)IA = y) 1 + (L+ )02 +2(1 — yHmimal + mimra(l — A4 — y) (o + 12— 1)

+ [+ y)m — (1= p)m Py 4 2200 = y2) 1+ m2 = 2) + (mna — Dina — mi 4+ y (i + 12 — 2)1
+40mm + D +4nnl(d =)o — D+ A +y)n — DI} > 0, (A10)

A=A —yrPmnim — 14+ — DAT] + (L4 y)Pma[mns — L+ (2 — DAT]

+2(1 — yHmnal20m — D2 — Dra + mima — 11 > 0, (Al1)

A3 =2/(m — )2 — 1)((1 —yyPm+A+yPm+20 - Vz){nmz + 140 =D —1)

A6
+ (= 1= = 1?42/ — D2 — 1)[1 — Ak cos? (TH }) >0, (A12)

—1-= —1 2 - | 592
Ay = mnz[(l + V)/n% -1+ (2 m\/m L (1- V)\/n? —1+ S nz\/m ) }
As = 8711772(\/772 —1- \/771 — 11 +\/mj\/’727_1)(771772 — 1+ 2/ — 1\/772j) >0, (Ald)

As = 2mmal(v/m — 1 — 14 2)* — (g1 + n2 + 2)1. (A15)

>0, (Al3)
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Since n1p, 2> 1,0 < A2 < L,and |y| < 1, itis obvious that A} > 0, A3345 > 0, and

A=0n=mn=1, (A16)
A3 =0 {m =1} {m =1}, (A17)
Ag+ (1= y)(JAs+ A2 —Ag) =0 m=m=1} [ {m=m#1&y =0}. (A18)

Furthermore, applying the conclusions (A16)—-(A18) to Eq. (A9), it is easy to obtain that Gy > 0, and the necessary and sufficient
condition of Gy = 0 can be written as

lvl=lftm=h=1&y=0&m=mn#1&0 =0} {h=1&|y|#1&n=mn=1} (A19)

Now we prove that there is at most one zero root in & (i = 1, 2, 3, 4), that is, that G| # 0 when Gy = 0. According to
Eq. (A19), there are three cases when Gy = 0.

Case 1. If |y| = 1, a direct calculation of Eq. (AS) shows that G; =4 > 0.

Case2.If Ay =2y =1,y =0, 91 =, = 1, and 6; = 65, then it is found that G; = 3 + =2 > 0.

Case3.1f Ay =1, |yl # 1l,and ny = ny = 1,then G; =4 > 0.

Thus, G; > 0 when Gy = 0. Q.E.D.

2. Proof of conclusion 2

Similarly, according to Vieta’s theorem, the necessary and sufficient condition for ¢; to have a zero root is Hy = 0. Also, Hy
can be written in the form

l—y2

Hy = o810 —y)Y +By(1+y) +Bs(1 — y*) +iBu], (A20)
where
By =2n{2y/(m — D@2 — D1 — Az cos(AD] + (Vo — 1 — /1 — 1)?
+ = Dnma+m— D+ — DA+ (1= A7)} >0, (A21)
By = 2m{2y/(m — 1)(m2 — DIT — Airacos(A)] + (Vi — 1 = y/m — 1)
+ 2= Dmm+m — D+ — DA+ (1= 23)} >0, (A22)
By = 4nm{2y/(n1 — (2 — DI — Ara cos(AO)] + (v — 1 = /i — D? + (i — D2 — D(1 = 43)}
+2(1=22)mm + D) + (mm — D +3) + (1= 23 > 0, (A23)
By = 40 1hay/(n1 — D2 — DI(L+ y)*na — (1 — y)*n1]sin(A0). (A24)
With the helpof ;2 > 1,0 < A12 < 1, and |y| < 1, it is obvious that B; 5 3 > 0 and
B],2$3=0<:>)\.] ZI&T}I =T]2=1. (A25)

Moreover, it is found that B4 = 0 when A = 1 and n; = n, = 1. Therefore, according to the conclusions above, it is easy to
obtain that the necessary and sufficient condition for Hy = 0 can be written as

{lyl=01{=1&[yl#1 &n=mn=1} (A26)

which is also the necessary and sufficient condition for ¢; to have a zero root.
Furthermore, from Eq. (A6), we find that H; =2 > 0 when Hy = 0. Thus, there is at most one zero root in ¢ (i =
1,2,3,4). QED.

APPENDIX B: EXPRESSIONS OF THE ENTANGLED STEADY STATE IN THE UNCOUPLED BASIS {[11), [10), |01), |00)}
For convenience, we give the expressions of the entangled steady state obtained in this paper in the uncoupled basis
{I11), [10), 101), |00)}.

1. Entangled steady state corresponding to Eq. (50)

First, when Ay = Ay = 1,9y = np =1 # 1, 0; = 6, y = 0, and the corresponding initial condition is satisfied, we obtain an
entangled steady state related to the initial state, which has been shown in Eq. (50) in the coupled basis. In the uncoupled basis
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{|11), [10), |01}, |00)} it takes the form

p11(00) 0 0 0
0 p2(00)  p23(00) 0
= Bl
PEI=L 0 pnioo) panieo) 0 B
0 0 0 p44(00)
Then the nonzero density matrix elements in Eq. (B1) can be written as
(n—1)? £22(0) + p33(0) — [e™ p23(0) + € p3,(0)]
p11(00) = — - ,
3nc 41 2
22(00) = p33(00) = n”+1 1+ £22(0) + p33(0) = [ p23(0) + ™ p32 (O] | n* +3
(n+1)? £22(0) + p33(0) — [e™ p23(0) + € p3,(0)]
pa4(00) = —— 1 - ,
3nt+1 2
2 2if 2 2
« N[e23(0) + e p32(0)] 4 n-—1 17 [022(0) + p33(0)]
= = ! - . B2
p23(00) = p32(00) 31 +e G ) P (B2)

2. Entangled steady state corresponding to Eq. (52)

Second, when A; =1, ny =n, =1, |y| #0, 1, and the corresponding initial condition is satisfied, we also obtain an
entangled steady state which has been shown in Eq. (52) in the coupled basis. In the uncoupled basis {|11), [10), |01}, |00)},
this state takes the form

0 0 0 0
[0 p2n(00)  px(00)  p2s(00)
POI=10 paio) pr(o)  pu(oo) || (B3)
0 psp(00)  p43(00)  pasa(00)
where
— — 22— 06 6,
P2 (00) = H'Ty{ 251(0) + (I 4+ ¥)p2(0) + (1 — y)p33(0) 2\/ﬁ[e 023(0) + e p32(0)]}7
1 - 1 1— — 1 = 2[e—i0 i,
p33(00) = Ty{y2p11(0)+( + ¥)022(0) 4+ (1 — ) p33(0) 2\/7;/[e 023(0) + e pSz(o)]}’
=57
p14(00) = 1 = [p22(00) + p33(00)],  p23(00) = p32(00)* = —ge‘e‘ [p22(00) + p33(0)], (B4)
1 0 0 1 — 12[e 0) — 0
024(00) = pg2(00)* _ U+ ¥)pau(0) + v oo H"’ﬁﬁ p34(0) — ¥ p13( )]’
_ i6; _ — 2
034(00) = paz(00)* = (I —y)le ,034(0)+)/p13(0)]2 m[pz4(0)+yp12(0)]e_ial'

3. Entangled steady state independent of the initial state

Third, when I" # 0, & # 0, ¢; # 0, and the corresponding condition (63) is satisfied, we obtain an entangled steady state
independent of the initial state, which takes the same form as Eq. (B1) in the uncoupled basis {|11), |10), |01), |00)}, and the
nonzero density matrix elements are

oy = & oy = & ooy TRZ =@ @) 4 W
P11 =5z P44 =5z 022 = iz s
JI= 2P, + iPy) QZ—d, —d )W
= * = — N = P BS
023(00) = [p32(00)] 1z 033(00) 4z (BS)
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where @ and Z have been defined in Eqgs. (55) and (57) respectively, and P; , and W can be expressed as
Py = 277 (ngh1 €08 01 — nghs cos 62) + 2 Aang sin(AO)[1 + n,(1 — y?)IAs sin ) + ng(n, + 1)(1 — yH)rasindr},  (B6)

Py = 27% (A1 Sin6) — nghy sin6y) — 241 Aong sin(A6)
x {[1 4 n,(1 — yH)]r; cos O + ng(n, + (1 — y?)Az cos b}, (B7)

W =2yl (ang = hang) + (m = n)i[7° = A — (1 = y)(2hihang + A3n3) ]
) Ae _ 2 — 2 Ae
+ 4ngh iy sin - )\Yi- ng(1 — y2)| (m2 — )i + 2y A1Aa cos - , (B8)

with A0 =6, — 63, n, = 21 + 12— 2), ny = /(1 — D2 — D, and i = S[n1 + m2 + (n2 — m)y .

APPENDIX C: PROOF OF A NECESSARY CONDITION OF THE STEADY-STATE ENTANGLEMENT
INDEPENDENT OF THE INITIAL STATE

To prove that a necessary condition for steady-state entanglement independent of the initial state is

m#m | #2610 # 62} & # 11| m2 # 1} & {& # 0}, (ChH

that is, to prove that K(co) < 0 [Eq. (54)] when {n; = m & A1 = A, & 01 =62} || {m =1 & np, = 1} || {A; = 0}, we have the
following.

(1) When n; = gy & A1 = Ay & 6 = 6,, if the conditions shown in Table I are not satisfied, then direct calculations show that
K(o0) = (2 = D <0.

(i1) When n; = 1 & n, = 1, we can directly obtain that K(co) = 0.

(>iii)) When A; = 0, K(00) can be written as

U — U

K = 9
() 2mma{ln2 — mi + v + 1)+ 40 — y2)[mn2(1 = 23) + (n + 2 — DA3]}

(C2)

where

Uy = 4iaay/ (1 — y2) (1 — D2 — 1),

U = 4\/(77? =) = D[ — A = y»)HQmm + m + n)A3][12 — (1 = y)(mmz — m — n2)A3], (C3)

with @ = (n; — 1)(m2 — 1)/(n1 + 1)(n2 + 1). It is obvious that the denominator in Eq. (C2) is positive. Thus, to prove K(co) <
0, we just need to prove I/{lz < L[zz, which can be written as

Uy — Ut = (7 — D(n3 — VLV, (C4)

where

b g 20Dl = ) = (= (5 — 1) £ V30 = D03 = 1) + 0 = 1) o)
(m+ D@+ 1

Itis obvious that V., > 0and V_ =1 > 0if n; = n, = 1. When n; # 1 and 1, # 1, V_ can be written as

2 2 2
Ny — i Wnin, — W)
Vo=I[m—n )2+W][ + ] , (C6)
e Y (m —myP+W (m —myP+W
where
= 2l — (3 - 1) + /307 = 1) (8 — 1) + Grna — 1 = (i = 1] - n
Bl (m + D@2+ 1) -
and W = 0 if and only if n; = 1, = 1. Now we prove 45,1, > W, as long as 4111, > W)|;,=:. It can be obtained that
X2+ 16 1 1 —m)? 2 -1 X
b — Wiy = VA2 +16001 + D02 + DI — m2)* + (n + 1) +mi + 12 = 2)] ’ C8)

(m+ D0z +1)

where X = 4\/3(r]% — 1)(n5 — 1) + (mn2 — 1)2. It is obvious from Eq. (C8) that 451m, — W/,—1 > 0, so 41717, > W. There-
fore, V_ > 0, U; < U,, and K(00) < 0. Moreover, K(oo) = 0 if and only if ny = 1 orn, = 1. Q.E.D.
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APPENDIX D: PROOF OF SEVERAL NECESSARY CONDITIONS FOR STEADY-STATE ENTANGLEMENT
WHEN#, =9, =9n#1ANDy =0

When n; = n, = n # 1 and y = 0, some concise necessary conditions for steady-state entanglement can be derived from the
condition (59) together withn > 1 and 0 < A1, < 1, 1€,

M2A = Aacos(AD)] > 1, 7 <2, i > 1L (D1)
Proof. First, we prove oA./on > 0. Whenn; = n, =n # 1 and y = 0, A, can be written as

W VT + (4 —n* —2n)k; cos(A)
o 4+ (n — DAZsin®(A0)

, (D2)

where J is a positive parameter defined as
T =n* (4 +4n+n*A3)[1 — A3 sin®(A0)] + {7+ A3 + (n — DI2n — D(n + 3)A3 + 7(n — 1) + 301} 23 sin*(A9).  (D3)

Then the first derivative of A, with respect to n can be expressed as

e VN + M2 - M

5, (D4)
I T[4+ (i — DA3sin*(A0)]

where
M = cos(AOV T {8(n + 1) + sin®(A0)A3[(n — 1)> + 11}, (D5)

N =T[4+ (n — 123 sin*(A0)] {28 sin*(A0)(n? + 61 + 8)?
+ 825 sin*(AO)[1 — A3 sin*(A0)](n + 1)(n* + 61 + 6)
+ (1 = 23)AS sin*(A0)(2n° + 150 + 3207 + 15n* + 961 + 80)
+ (1 = 23)23 sin*(AO)(Tn* + 581% + 157n + 80)
+4(1 = A3)[1 = A3 sin*(A0) |n*[n*(2n + DA3 + By +2)7]
+4(1 — A3)A3 sin*(AQ)[ 1 — A3 sin*(A0)|n(n + DI(n — 1)’ + 197 + 17]
+ (1 = 23)23 sin®(AO)[1 — A3 sin*(AD)][(n — 1)*n* + 19n* + 2477 + 200> + 961 + 641}. (D6)

Since 0 < A, < 1and 5 > 1, itis obvious that N° > 0. Thus dA./dn > 0.
Second, we prove A (1, Ao, AB)/d[1; cos(AB)] > 0. From Eq. (D2) we easily obtain that

Ae(1, Az, AB) = §[A2cos(AB) 4 /8 + A3 cos?(AB)]. (D7)

(1, Az, AB) 22 cos®(AB) + 8 — iy cos(AB)
9lr2 cos(A0)] 4,/23 cos*(A0) + 8

Now, accordingto 0 < A2 < 1,7 > 1,9x./9n = 0, 0A.(1, Ay, AB)/I[A; cos(AB)] > 0, and the condition (59) (i.e., Ay > A.),
we obtain

Then

> 0. (D8)

12 A1 > A, Ap, AG) Z Ac(1, A0, AB) = A(1, 1, 7)) = % (DY)
in which A1 > A.(1, A», Af) can be equivalently expressed as
M[2A1 — Ay cos(AB)] > 1. (D10)

From the inequality (D9), 1 > A.(n, A», Af) can be equivalently expressed as

P20 — 4= JA0 — 17 + G — 42 + 07 = 3)n — 13

cos(A6) > (D11)
(n — Dz
Combining the inequality (D11) with cos(A6#) < 1, we can further obtain that
4 — 773 _ 7,]2
I>0> ————— &n <2 (D12)
(n— D> —4)

032426-13



YUEBING ZHOU, JIAWEI HU, AND HONGWEI YU

PHYSICAL REVIEW A 105, 032426 (2022)

When A, — 1, we can obtain from the inequality (D12) that the maximal upper limit of 7 to guarantee A; > A, is

n <2

is a necessary condition for steady-state entanglement.

2,1.e.,
(D13)
Q.E.D.
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